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Online Appendix: Proofs and Derivations (Not for Publication)

My derivations use two technical lemmas from convex analysis.
Lemma 1. For any set of computational requirements {a(w)} (including a(w) = o), the function

1
MQ (H)hes) = max | FULW) + 25 Q) st ), 0@) < Q,

Z L(w) < H(s)foralls € S (5)

weQ)(s)
is jointly concave in Q,{H(s)}.

Proof. Consider y1 = (Q1, {H1(s)}ses) and y2 = (Q2, {H2(8)}ses), and let x1 = ({L1(w), Q1(w)}wen)
and x7 = ({L2(w), Q2(w)} weq) be corresponding maximizers. Forany A € [0,1], Ax;1 + (1 -A)xx € X
is a feasible allocation for an endowment level of Ay; + (1 — A)y», since all resource constraints are

affine. This implies:

M(Ayl +(1- A)yz) > F(Ax1 + (1= A)xo)

\%

AF(x1) + (1 = A)F(x2)

AM(x1) + (1 = A)M(x2)

and M is concave. m|

Lemma 2. Let A(Q,{H(s)}ses) = 0 be the Lagrange multiplier on computing resources in (5). The

multiplier is finite and (weakly) decreases in Q, while the function

M(Q,{H(s)}ses) = A(Q, {H(s)}ses) Q

(weakly) increases in Q for all Q > 0.

Proof. The envelope theorem says that A(Q, {H(s)}scs) is a super-gradient of M with respect to
Q. That is, the line going through M(Q, {H(s)}ses) with slope A(Q, {H(s)}ses) is above M. The
concavity of M then implies that A(Q, {H(s)}secs) weakly decreases in Q.
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Therefore, for any Q1 > Qop, we have

M(Q1, {H(s)}ses) — M(Qo, {H(5)}ses)

5o > A(Qi1, {H(s)}ses).

Rearranging terms

M(Q1,{H(5)}ses) — A(Q1, {H(5)}ses) Q1 = M(Qo, {H(s)}ses) — A(Q1, {H(8)}ses) Qo-

From the concavity of M we conclude that A(Qo, {H(s)}ses) = A(Q1, {H(5)}ses), which implies that
we can substitute A(Qo, {H(s)}ses) for A(Q1, {H(s)}ses) on the right and preserve the inequality:

M(Q1, {H(s)}ses) = A(Q1, {H(5)}ses) Q1 = M(Qo, {H(5)}ses) — A(Qo, {H(5)}ses) Qo-

This shows that M(Q, {H(5)}ses) — A(Q, {H(s)}ses) Q is increasing in Q for Q > 0 as wanted. O

Proofs of the propositions in the main text

In the proofs, I assume the economy is competitive and maximizes output at each point in time
subject to its computational resources Q; and skill endowment H(s). The derivations assume that
this problem has a unique solution (in terms of X;(w)) and that the resulting outputis a differentiable

function of Q; and human skills H(s), with continuous derivatives.

Proof of Proposition 1. We first show that output Y; must grow in an unbounded way. Because the

economy is organized efficiently,

Y > F({Li(w) + —— &

B at(w) W})l

where N is the size of the set (). Because output increases in X;(w), this also implies

Y > R 3 = F(

11
at(a)) N

Qs = Rz b O

~—_———
=A

The first equality uses the fact that F is constant returns to scale. The second inequality uses the fact
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that a;(w) decreases and converges to a finite constant. This shows that Y; > A Q, for some A > 0,
which shows that output grows in an unbounded way.

Let {X;(w)} denote an optimal production plan. The above observation shows that F({ X;(w)})
is unbounded.

Suppose wy is a bottleneck. The definition of bottlenecks implies that either i. X;(wo) is
unbounded or ii. F,,({X¢(w)}) is unbounded along an optimal production plan.

In case i, we conclude that wg must be produced with Al systems, since otherwise X;(wg) = L¢(wo)
would be bounded.

In case ii, we conclude that wg must also be produced with AI systems. Denote by A; the
marginal product of compute Q; at time ¢ (that is, the Lagrange multiplier of Q at time t). Because
of CRS and marginal diminishing returns to work, A; eventually decreases in time. Specifically,
once a;(w) = a(w) for all w, the only source of technological progress are increases in Q;, which

weakly reduce A; (from Lemma 2). As a result, we reach a time when

Fo,({Xe(@)}) > At ar(wo),

and reallocating one unit of compute from other uses to producing X;(wp) raises output, implying

that wp must be eventually produced with Al systems. O

Proof of Proposition 2. Fix an allocation of labor {L(w)}weq. I first characterize the limit behavior of
the production frontier of the economy for this allocation, as compute Q increases and a;(w) —
a(w). I then use this to characterize the behavior of the production frontier in terms of skills, once
we allow labor to be reallocated within €)(s).

For large values of Q, the maximum output we can attain at this allocation is
~ 1 =
MQ {L(@)}weay) = _max  F({—— Q(@)}oveas, {L(®)}oeay)
(Q@acn, ¥ @)
s.t: Z Q(w) < Q + Z a(w) L(w).

weQqg w€eq

=Q

Here Q) # is the set of work produced by Al systems and Q) the set produced exclusively by workers

in the long run (given the fixed allocation of labor and large quantities of compute Q). The function
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M is concave (this is a special case of Lemma 1) and features constant-returns to scale.
I first characterize the long-run behavior of M as compute Q increases.
Let A(é ,{L(w)}wen) denote the Lagrange multiplier of compute. Since M is assumed differen-

tiable, the envelope theorem implies its derivative with respect to Q satisfies

Mo(Q, {L(@)}weay) = AQ, {L(@)}weay)-
Define
V(Q, {L(@)}won) = M(Q, {L(@)}weay) — AQ, {L(®)}weay) Q-

Lemma 2 implies that V increases in Q.
In addition, the fact that work in Qp is not automated (even though it could be) implies that V

is bounded from above. To show this, note that constant returns in M plus Euler’s theorem imply

V@QAL@)}weay) = . Map(Q, {L(@)}wen) L(w).

woeQpn

Since wp € Qy is not automated, we must have that for large é,

Mao(QAL(@)} weay) < AQ, {L(®)}weay) a(wo).

Else, we would get more output by reallocating some compute to producing wg (the marginal benefit

would exceed the opportunity cost of compute). This implies that

V(Q {L(@)}weay) < AQ {L(@)hweny) ), a(@) L(w),

wey

and V is bounded from above. We conclude that, as compute grows in time,

V(Q, {L(®)}weay) = V{L(@)}weay)

for some finite limit function V that only depends on {L(w)}weq, -

I now show that

lim A(Q, {L(@)}weay) — A,

Q—o0
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for some constant A > 0. Lemma 1 shows that A(é ,{L(w)}weqy) is non-negative and decreasing in

é (since M is concave). From

M(Q’{Lg))}“’m”) = A AL(@)}urny) + V(Q'{L(.Q?))}“’EQN),

we conclude that the limit of A(é, {L(w)}weqy) as (5 increases must be positive. Otherwise, the
right side of this equality would be zero (recall that V is bounded) while the left would be positive
(recall that output is bounded from below by A é, as shown in the proof of Proposition 1).

The above derivations show that, in the long run, and as compute increases

M(Q, {L(@)}weay) — A Q + V{L(®)}weay),

for some positive constant A > 0 and some function V, bounded from above by

V{L(@)}oeay) < | Aa(w) L@). (6)

a)eQN

I now turn to the long-run production frontier of the economy in terms of compute and skills.

The maximum output we can get from a stock of compute Q; and skills {H(s)}ses is

weQ)

M'(Q {H()kses) = max M(Q, {L(@)}oeoy) st Q= Q+ ) alw) L(@),

> L)< H(s)foralls € S
we)(s)

Using the limit behavior of M, we can rewrite this as

MY(Q, {H(s)bses) = max A(Qr+ Y a(w) Li(@)) + VHL(@)}wen)

{L(a))}wEQ a)EQy{

st: Z L(w) < H(s) forall s € S. (7)
weQ)(s)

One can distinguish between two cases for each skill. For group A, at least one type of work
in argmax,eq(s) a(w) lies in Q# (ie., the “best” use for s is in work that is also produced by

AlI). For these skills, the right-side of (7) is maximized by allocating all labor of skill s to work in
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arg max,cq(s) NQa, resulting in an output of A CEU(s) H(s). Note that these skills are not used for
any work in Qp, as this would yield a lower marginal product of at most A a(wy) (from the fact
that no compute is allocated to this work).

For group N, all work in arg max,eq(s) @(w) lies in Q. These skills account for all labor used
in Qx and some of the labor used in automated work. Therefore, we can write the contribution of

these skills to output as

N({H(s)}sen) = {L(wﬁ??ﬁwseNsezNweQ%mﬂA o) L) + V{L(@)}wer)

st: Z L(w) < H(s) forall s € N. (8)
weQ)(s)

This problem admits three classes of solutions: skills s € N produce supplementary non-automated
work, automated work outside Q*(s), or both.

These derivations show that we can write

M(Q, {H(s)}bses) = A Qi+ ) CEUGs) H(s)) + N{H(S)bsen), ©)

seA

with N defined in (8). Moreover, the bound on V' in (6) implies that

N({H©)}sen) < Y. ( Y Adw) L@ + Y Aaw) L(a))) < Y ACEU(s) H(s)

seN  weQ(s)NQ4 weQ(s)NQy seN
as wanted. m]
Proof of Proposition 3. Follows from the expression for output in Proposition 2. m|

Proof of Proposition 4. The expression for output in Proposition 2 shows that the marginal product
of skill s € A (and so its wage) is
W(s) = A CEU(s).

For all other skills, wages converge to

W(s) = max {{A a(a)O)}wer(s)ﬂQﬂ’ {Mwo(é/ {L(w)}“’EQN)}wer(s)ﬂQN} < A CEU(s).
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This uses the fact that, for s € N, a(wo) < CEU(s) for all wg € Q(s) N Q4 (by definition of the set
N), and Ma,O(Mwo(é, {L(w)}weay)) < A a(wg) < A CEU(s) (as otherwise, wg should be produced

with compute). m]

Proof of Proposition 5. The labor share is

Ysesn CEU(s) H(s) + Y,ep CEU(s) H(s)
Qt + Yoen CEU(s) H(s) + Yyen CEU(s) H(s)

This is bounded from above by

2s CEU(s) H(s)
Qr + X5 CEU(s) H(s)’
which converges to zero as Q; expands over time. |
Proof of Proposition 6. The argument is given in the text. m|

As explained in the text, the results for the transition assume there is g—complementarities

across all forms of work. Formally, what I mean by this is:

Assumption 1 (j—complements assumption). Let Py, ..., Pn be an arbitrary partition of Q, such that
all w € P; are allocated efficiently across an input in total supply X;, with productivity p(w) > 0 in each
w € Pj. Then, the marginal value of X; is increasing and continuous in all X; for j # i, and decreasing and

continuous in X;.
Proof of Proposition 7. Define

1
Q@)

st: ZQ(w) < Q and Z L(w) < H(s).

seQ)(s)

M(Q, {H()}sesit) = maxF({Liw) +

Lemma 1 implies that M(Q, {H(s)}ses; ) is concave. Moreover, it is assumed in the following
derivations that M is differentiable and has continuous derivatives.

Output at time ¢ can be written as

Vi = M(Qt, {H(s)}sesi ),
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while the MRT of compute into output is

Ap = MQ(Qtz {H(s)}sesi t).

Finally, from constant-returns to scale for M and Eulers’ theorem, we can write the wage bill as

Wi = M(Qt, {H(5)}ses; t) _MQ(Qtr{H(S)}seS} t) Q.

Let T(w1) < ... < T(wy) be the times at which work becomes automatable. The functions Y;,
A¢, Wy are continuous in (0, T(w1)), (T(w1), T(w2)), ..., (T(wN), o), since during these intervals,
only Q; changes, this change is continuous (recall that Q; is assumed continuous in time), and
M(Q,{H(s)}ses;t) and Mg(Q, {H(s)}ses; t) are continuous in Q for all ¢.

Moreover, the assumption that compute binds implies that Y;, A;, W; are continuous at T(w) for
all w, since the technology is not implemented at this time. This shows that the aggregates Y;, A;,
W; have no jumps or discontinuities.

Next, I show that A; is decreasing and W; is increasing in time. The fact that A; is decreasing
follows from the fact that A; does not jump at T'(w) and is otherwise decreasing in Q; (from Lemma
2). Likewise, W; does not jump at T(w) and is otherwise increasing in Q¢ (from Lemma 2).

I now turn to wages and the allocation of labor. Wages are given by

Wi(s) = Mps)(Qr, {H(5)}ses; b)-

As a function of time, W;(s) is continuous in (0, T(w1)), (T(w1), T(@2)), - . ., (T(wnN), o), since during
these intervals, only Q; changes, this change is continuous (recall that Q; is assumed continuous in
time), and Mp5)(Q, {H(s)}ses; t) is continuous in Q. Moreover, the assumption that compute binds
implies that Mp(5)(Q, {H(s)}ses; t) is continuous at T(w) for all w, since algorithmic advances have
no consequences when they arrive.

Let’s now characterize the dynamics of employment and wages for skill s. Let’s order the work
in Q(s) according to the time it becomes automated T(w). Assume there are N(s) elements in Q(s),
automated at dates

T((ul) < T(a)z) <... ,T(a)N(s)),
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and suppose that N(s) > 2 (the case with N(s) = 1 is considered below).
Let’s analyze first what happens when w is automated. This takes place at a time T(w1) > T(w1),
such that
Wi(s) = Ar alwr).

I now show that for some interval of time after T(w1), Li(w1) (i) reaches zero after some finite
period of transition, (ii) decreases during this period, and (iii) does so continually.

For (i), suppose by way of contradiction that L;(w;) > 0 for all t > T(w1). Because labor is being
used for wi, we must have W;(s) = A; a(wq) for all t > T(w1), since wages must be equal to the cost

of producing w; with Al systems. Let’s now consider w,. We have two potential cases:

1. If a(wy) < a(wi), T(w) must be greater than T(w1) or wy would have been automated first.
However, note that this implies that at time T(w2), we have Wi(s) = A; a(w1) > A; a(w2),
which implies Al systems would be adopted immediately, contradicting the premise that

compute binds at all points in the transition.

2. If a(wy) > a(wq), then Wi(s) = Ar a(w1) < Ar a(ws) forall t > T(w1), but this would imply w»

is never automated, contradicting the assumption that all work is a bottleneck.

This shows that, if there is some other work w, € Q(s) that has not been automated at time T(w1),
then it is necessarily the case that L;(w) must reach zero in some finite time as claimed.

For (ii), suppose by way of contradiction that L;(w1) increases at some time t > T(w). The
g—complements assumption implies that the marginal value of labor allocated to w, ..., W)
must increase, while the value of labor allocated to w; decreases. This is because both compute Q
and L;(w1) increase, while the quantity of labor used for wy, ..., wn(s) decreases (from labor market
clearing). This is a contradiction, since the fact that L;(w1) > 0 requires the marginal value of labor
to be equalized between w; and the remaining w, ..., W)

For (iii), suppose by way of contradiction that L;(w1) jumps down at time t > T(w1). Labor
market clearing implies that the quantity of labor used for w», . .., wn(s) jumps up. This implies that
the marginal value of labor allocated to w», . . ., wn(s) jumps down (compute affects it continuously),
while the marginal value of labor allocated to w1 increases (from the g-complements assumption).
This generates a contradiction: workers of skill s cannot jump to w», ..., wN¢s), as this work would

pay them a strictly lower wage than w.
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In sum, (i)-(iii) show that, after T(w1), employment L;(w1) decreases gradually and reaches zero
in a finite amount of time A(w1). During this transitional period, workers of skill s earn a wage
A; a(wq). Attime T(w1) + A(w1), we have no more labor in w1, which means that, at least until some
other automation date is reached, we have a fixed quantity of skill s labor in wp, ..., wN(s), while
Q keeps growing. The g—complements assumption implies that from here on and until we reach
T(wy), wages will decouple from A; a(w1) and grow while A; a(w7) decreases.

Let’s now consider the automation of w,. This cannot happen before T(w1) + A(w1). During this
period, W;(t) = At a(w1). Thus, the only way in which it would make sense to automate w, for the
first time in this period is if a(w1) = a(w2), which was ruled out by assumption. After T(w1)+A(w1),
wages are growing and exceed A; a(w1). Thus, at the point T(w>) when we automate w», it must
be the case that

Wi(s) = At a(w2)

and we necessarily have

a(wr) > alwq).

This shows that, in a transition where compute binds, work in €(s) is automated in order of
computational requirements.

We can repeat the same analysis for w;, w3, and so on, all the way up to wyys)-1. The only new
detail is in the proof of (iii), where we have to account for the possibility that workers could go
back to work that had been previously automated. For example, after T(wy), one could have labor
jumping from w; to wi. However, by the time we reach this point, wages are necessarily lower at
w1 (wages are A;a(w1)) than in wy, showing that workers won't reallocate in this direction and the
same argument developed above for (iii) applies.

By the time we get to wy(s), we have a(wn (s)) = CEU(s), since the most computationally-complex
work is saved for last. This work is automated only when W;(s) reaches a level A; CEU(s). After
this point, wages are pinned down by A; CEU(s) and all labor of skill s remains employed at wys)-

Note that this also describes what would happen if N(s) = 1. O

Proof of Proposition 8. Let T(w1) < ... < T(wn) be the times at which work becomes automatable. I
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first show that Y; jumps up at T(w;). As t — T(w;)~ (from below), we have

Fo,({Xt(w)}) > At a(w;).
— —
% u

This is because work w; is produced with compute the moment this is feasible. Suppose we reach
time T(w;). Reallocating a mass ea(w;) of compute from other uses to w; and keeping all else fixed

at its level prior to T (w;) raises output by
(V-U)e>0.

Thus, Y; must jump up by at least this amount at T(w;).
Suppose now that w; is performed by workers of skill s, and that after time T(w), only work in

Q(s) € Q(s) is not yet automatable. Consider three possible cases:

* Labor still used in w; at T(w;) and Q(s) is non-empty: I show that, on impact, A; jumps up,

Wi (s) jumps down, and L(w;) jumps down.

At time T(w;), the quantity of labor of skill s and compute used to produce work in {w;} U
Q(s) jumps up, while the compute used for w1, ... w;_1 jumps down. The g— complements
assumption implies that the marginal value of compute in wq, ... w;-1 (Which pins down A;)
jumps up and the marginal value of skill s in {w;} U Q(s) jumps down. Therefore, in this case

At jumps up on impact while W;(s) jumps down.

To conclude this case, I show that L;(w;) necessarily jumps down on impact. Suppose this
is not the case, then the quantity of compute and labor used for wj, ... w; does not change
on impact or jumps up. At the same time, the quantity of labor of skill s used for Q(s) is
unchanged or jumps down. In both cases, the g—complements assumption implies that the
marginal value of skill s in ((s) remains unchanged or jumps up. This, however, contradicts

the fact that W;(s) jumps down on impact.

* Labor fully displaced at T(w;) and Q(s) is non-empty: This case necessarily features a jump
down in Li(w;). I show that, on impact, A; jumps up too, but the effects on W;(s) are now

ambiguous.
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AtT(w1), the quantity of compute used in wy, . . . w; is Q and the quantity of skill s used for Q(s)
is H(s). The g—complements assumption implies that the marginal value of compute is higher
in this allocation than in a counterfactual one where we force lim;_,7(,,)- L(w) workers of skill
s to produce w; (Where they can be pooled with compute) and remove these workers from
Q(s). This is because in such allocation, we would have more resources producing wy, ... w;
and fewer producing Q(s). To conclude, note that relative to the initial pre-automation
allocation, this counterfactual one features less compute producing wj, ... w;-1 (since some
compute would be optimally employed for w;), and more resources producing both w; and
Q(s). The g—complements assumption then implies that the marginal value of compute in the
counterfactual allocation exceeds that in the pre-automation one by some positive amount.
This chain of reasoning shows that the marginal value of compute jumps up on impact, as

claimed.

Q(s) is empty: Let’'s now suppose w; is the last work in Q(s) to be automated. This happens

at time T'(s). Right before T(s), skill s wages satisfy
Wi(s) > A; CEU(s).

This is because either arg max,ecq(s) @(w) was automated earlier (and the g—complements
assumption ensures it remains automated) or because w; = arg max,eq(s) @(w), in which case
the above inequality holds because this work is assumed to be produced with compute the
moment this is feasible. At T(s), the maximum wage that workers of skill s can getis A;CEU(s),

which shows that W;(s) necessarily jumps down on impact at this time.

To conclude, observe that aggregate wages can be writtenas W; = Y; — A;Q;. Wages jump up

if the expansion in output (the productivity effect) dominates the increase in A;. Otherwise wages

may jump down, as shown in Acemoglu and Restrepo (2018). |

Proof of Proposition 9. By assumption, the compute allocated to science is A Q; and the compute

allocated to production is (1 — A) Q;. The same steps from the proof of Proposition 1 show that all

production and scientific work are automated.

The same steps from the proof of Proposition 9 show that, when this happens, output and
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scientific progress can be written as
Yo = ZiA(1-A)Q + ) CEUGs) Hs)),
seS
as in (3), where

Zt

7 = ZPB(AQ + ZCEU(S) H(s)).

seS

Here, B > 0 is the marginal rate of transformation of compute into innovation.

The unique solution to the differential equation for Z; is

Z; = (53 é Qi +tpB ZCEU(S)H(S) +K)1/ﬁ,

seS

for some constant x (pinned down by Zy). This shows that, as t — oo,

(5 B é Q: + tpB Y CEUGs)H(s) + K)l/ﬁ

Zt _ seS 51
g 1/
(5 B(AQ: + Yy CEUGs) H(s))) (B (1 Qi + Y CEUs) H(s)))
SeESR s€SR
for B = BB/ g0, showing the validity of the approximation in (4). O
Proof of Proposition 10. This follows directly from (3) and (4) O

Proof of Proposition 11. Consider the problem of allocating total computational resources between
science and production. Let’s denote by c; the share of compute used for productionand A; = 1—¢;
the share used for science. Let’s assume c¢; and A; are bounded away from zero (a point we verify
below).

Let’s also assume we have reached a time when all bottleneck production and scientific work

are automated. From this point onward, the behavior of output and scientific knowledge is

Y, = Z A (e Qr + ZCEU(S) H(s))
seS
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where

7z -
?i = ZPB(1-c)Q + ;SCEU(S) H(s)) (10)

=HR

The planner’s objective is then to pick c; € (0,1) so as to maximize

t

/we—pt (Zi At Qv + H)7Y J
0 I-vy

starting from some Zy and Qo, and with production technology evolving according to
. 1_ﬁ —
Zy=Z, " B((1—ct) Qr + Hp).
Throughout, we assume
1
p> (1+E) go(1-y), (11)

which ensures this problem is well define (i.e., has a finite maximum).

The Hamiltonean associated with this problem is

(Ze Ac; Qi + H))'7
I-vy

Hi(At, Zy, i) = + Ay Ztl_ﬁ B((1-c) Qi + Hg),

where A; is the co-state for Z;, whose behavior is given by

JdH;

37, - Z7 (A Q + H)' ™+ =B A Z,P B((1-¢) Qi + Hp):

pAt —j\t =

The optimal control condition for c; satisfies

-1

B
_ z]
ot _ 0 + Ho_ gy L (12)

aCt Ql‘ Qt /\7%
t
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Plugging in the co-state rule of motion, we get

H H

p-L=m(o+ =)+ A=-pm A-c + =) (13)
Qt Qt
where m; = B Zt_ﬁ Q¢. This measures the effective brainpower of computing resources relative to
the difficulty of frontier scientific problems.

Our next goal is deriving a system of equations in ¢; and m;.

For c;, we can differentiate (12) to obtain:

T

a+H/Q | Q%

= (==-1)mQAQ-c + =)- —— -mplcr + =) - A-pf)m (l—ct + —
(V ) mi (1-c Qt) 80 7/(P ¢ (et Qt) (1-p)ym (1-c Qt))

SISy {

Z A
from Z h» from (13)

Ast — 00,1/Q; — 0 and this simplifies to our first equation

¢ 1
LA —mt(l—ct)—gQ - _(P—mt)- (14)
Ct ')/
For m; we obtain
1ty Hpg
— = - l—c+—)+
o B m (1—c Qt) 80
——
fromg—i %

Ast — 00,1/Q; — 0 and this simplifies to our second equation

Z—i = —Bm (1-ct)+ go- (15)

Any solution to the planner’s problem must satisfy equations (14), (15), and the transversality

condition
lime P Ay Zy — 0.

t—o0

The phase diagram for the system formed by (14) and (15) is shown in Figure 3. The figure
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shows there are three potential types of solution paths.

A

¢

;. Stable arm

Figure 3: Limit behavior of the system formed by (14) and (15).

First, we have paths converging to the northeast, labeled by the letter A in the figure. These
paths become infeasible, since they involve ¢; > 1.
Second, we have paths converging to ¢; = 0 and m; = gg/p, labeled by the letter B in the figure.

These paths violate transversality, since the growth rate g? of e Pt A; Z; along this path is

1 8Q

8 = —p +op - G-Dso+ § =35>0
——
fromj}—i from%—i

Finally, we have a unique path along the stable manifold converging to a steady state, given by

. 8Q
¢ =1- ,
Bp + (1+B)ysaq

) 1
m =p+ng(1+E)-

Along this path, the transversality condition holds. This is because the growth rate g7 of e=P* A; Z;
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along this path is

* * % * * gQ
gr=—p+p-mc—-QA-p)m (1-c) + ?
from 4t -
o from%
t

Substituting m* and c*, this growth rate becomes

1
8r = —P+(1+E)8Q(1—7/)/

which is negative, from (11), establishing the transversality condition.

The above argument shows that the only possible solution to the planners’ problem lies along the
stable manifold. Because there is a solution to the problem, it is the one along this path. Moreover,
along this path, A; converges to the long-run value for A* in the proposition. Note that inequality
(11) ensures ¢* € (B/(1 + B), 1), or equivalently, A* € (0,1/(1 + )). This shows that, as initially
guessed, the quantity of compute assigned to both uses grows proportionally along the optimum.

To conclude, note that starting from any my > m* (i.e., a point where the level of scientific
knowledge is low, relative to available computing resources), the solution to the planner’s problem
features an increasing path for c¢;, or equivalently, a decreasing path for A;, as claimed in the

proposition. |
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