
B Online Appendix (not for publication)

This Online Appendix provides some additional results referenced in the paper.

B.1 Proof of Corollary 1

The proof is the same as in a single-sector case, but done with slightly different notation.

B.1.1 Preliminary

The system is rewritten in the following form by redefining δsi = δsiYi.

Xs
ij = Ks

ijγiδ
s
jYj

Yi =
∑
s

∑
j

Xs
ij

Bs
i Yi =

∑
j

Xs
ji

Yi = Biγ
α

1−β
i (δi)

β
1−β

δi =
∏
t

(
δti
)θt

,

where
∑

sB
s
i = 1. The new set of α∗ and β∗ is α∗ = α

1−β and β∗ = β
1−β . Actually it turns out

that it is easier to show existence and uniqueness of the system with this notation. However

we need to show that it suffices to establish existence and uniqueness for α∗ and β∗. The

following lemma tells that the mapping between these two is one-to-one so that if the system

has an property for (α∗, β∗), then the (original) system has the same property under (α, β) .

Lemma 7. There is an one-to-one mapping between (α, β) and (α∗, β∗)if β 6= 1.

Proof. Fix (α, β) , then (α∗, β∗) is uniquely pinned down. Fix (α∗, β∗) , then there exists an

unique β such that

β =
β∗

1 + β∗

Then α∗ is uniquely pinned down by α = (1− β)α∗ = α∗

1+β∗
.

Lemma 8. Denote the function from (α, β) as f. Then f (D) = {(α∗, β∗) ;α∗, β∗ ≤ 0, α∗ − 1 ≤ β∗} ,
where D = {(α, β) ∈ R2;α, β ≤ 0 or α, β ≥ 1} .
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Proof. Take (α, β) ∈ f (D) . Namely

α∗ =
α

1− β

β∗ =
β

1− β
.

Then if α and β are both negative, then, α∗ and β∗ are both negative. Also

α∗ − 1− β∗ =
α− β − 1 + β

1− β
=
α− 1

1− β
≤ 0,

which implies (α∗, β∗) ∈ {(α∗, β∗) ;α∗, β∗ ≤ 0, α∗ − 1 ≤ β∗} . Suppose α, β are greater than

1. Then both α∗ and β∗ are negative, and

α∗ − 1− β∗ =
α− 1

1− β
≤ 0.

Again we have (α∗, β∗) ∈ {(α∗, β∗) ;α∗, β∗ ≤ 0, α∗ − 1 ≤ β∗} .
Fix (α∗, β∗) ∈ {(α∗, β∗) ;α∗, β∗ ≤ 0, α∗ − 1 ≤ β∗} . Then define (α, β) as follows.

α =
α∗

1 + β∗

β =
β∗

1 + β∗
.

Then if 1 + β∗ < 0, then

α =
α∗

1 + β∗
> 1

β =
β∗

1 + β∗
> 1.

If 1 + β∗ > 0, then both are negative. Namely (α∗, β∗) ∈ f (D) , which completes the

proof.

Lemma 9. Denote the function from (α, β) as f. Then f (D) = {(α∗, β∗) ;α∗, β∗ ≤ 0} ,
where D = {(α, β) ∈ R2;α, β ≤ 0 or α ≥ 0, β ≥ 1} .

Proof. Take (α, β) ∈ f (D) . Namely

α∗ =
α

1− β

β∗ =
β

1− β
.

65



Then if α and β are both negative, then, α∗ and β∗ are both negative,which implies (α∗, β∗) ∈
{(α∗, β∗) ;α∗, β∗ ≤ 0} . Suppose α ≥ 0 and β ≥ 1. Then both α∗ and β∗ are negative. Again

we have (α∗, β∗) ∈ {(α∗, β∗) ;α∗, β∗ ≤ 0, α∗ − 1 ≤ β∗} .
Fix (α∗, β∗) ∈ {(α∗, β∗) ;α∗, β∗ ≤ 0} . Then define (α, β) as follows.

α =
α∗

1 + β∗

β =
β∗

1 + β∗
.

Then if 1 + β∗ < 0, then

α =
α∗

1 + β∗
≥ 0

β =
β∗

1 + β∗
≥ 1.

If 1 + β∗ > 0, then both are negative. Namely (α∗, β∗) ∈ f (D) , which completes the

proof.

These lemmas imply that if we can establish existence (uniqueness) on (α∗, β∗)-space, then

under the associated (α, β) , we can show that the system has a solution (unique solution).

Strictly speaking, we loose uniqueness result when β = 1.

From now on, for notational convenience, we omit the star“*”. From the previous lemma,

it suffices to show that if (α, β) ∈ f (D) , the system

Xs
ij = Ks

ijγiδ
s
jYj

Yi =
∑
s

∑
j

Xs
ij

Bs
i Yi =

∑
j

Xs
ji

Yi = Biγ
α
i (δi)

β

δi =
∏
t

(
δti
)θt

.

has an unique solution. Then for (α, β) ∈ D, the (original) system has an unique solution.
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As we did in a single-sector economy, we can re-define variables as follows.

xi = Biγ
α−1
i (δi)

β

ysi = (δsi )
−1 (= (P s

i )1−σ)
zi =

∏
s

(
(ysi )

θt
)(α−β)

δi =
∏
t

(
δti
)θt

=
∏
t

(
yti
)−θt

=

[∏
t

(
yti
)θt]−1

= (zi)
− 1
α−β .

Here zi, loosely speaking, represents the aggregate price index for country i Pi. The power

α− β is 1
1−σ for Armington with intermediate case, and (δsi )

−1 = (ysi ) = (P s
i )1−σ.

Then we can express (γi, δi, δ
s
i ) by (xi, y

s
i , zi) .

δi = (zi)
− 1
α−β
(
= (Pi)

σ−1)
(γi)

α−1 = (Bi)
−1 xi (δi)

−β

= (Bi)
−1 xi

(
(zi)

− 1
α−β

)−β
γi = (Bi)

− 1
α−1 (xi)

1
α−1 (zi)

β
(α−β)(α−1)

δsi = (ysi )
−1 .

Then substituting these (γi, δi, δ
s
i ) into the equilibrium conditions, we get

xi =
∑
s

∑
j

BjK
s
ijδ

s
jγ

α
j (δj)

β

=
∑
s

∑
j

BjK
s
ij

(
ysj
)−1

(Bj)
− α
α−1 (xj)

α
α−1 (zj)

αβ
(α−β)(α−1) (zj)

− β
α−β

=
∑
s

∑
j

Ks
ij (Bj)

1
1−α (xj)

α
α−1
(
ysj
)−1

(zj)
β

α−β
1

α−1

ysi = (δsi )
−1 = (Bs

i )
−1
∑
j

Ks
jiγj

=
∑
j

Ks
ji (B

s
i )
−1 (Bj)

− 1
α−1 (xj)

1
α−1 (zj)

β
(α−β)(α−1)

zi =
∏
s

(
(ysi )

θt
)(α−β)

.
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The system is finally written in the following form.

xi =
∑
s

∑
j

Ks
ij (Bj)

1
1−α (xj)

α
α−1
(
ysj
)−1

(zj)
β

α−β
1

α−1

ysi =
∑
j

Ks
ji (B

s
i )
−1 (Bj)

− 1
α−1 (xj)

1
α−1 (zj)

β
(α−β)(α−1)

zi =
∏
s

(
(ysi )

θt
)(α−β)

.

B.1.2 Existence proof

The existence proof consists of two steps. First we consider the following system.

xi =

∑
s

∑
jK

s
ij (Bj)

1
1−α (xj)

α
α−1
(
ysj
)−1

(zj)
β

α−β
1

α−1∑
i,s,jK

s
ij (Bj)

1
1−α (xj)

α
α−1
(
ysj
)−1

(zj)
β

α−β
1

α−1

ysi =
∑
j

Ks
ji (B

s
i )
−1 (Bj)

− 1
α−1 (xj)

1
α−1 (zj)

β
(α−β)(α−1)

zi =
∏
s

(
(ysi )

θt
)(α−β)

.

Then we know that xi is bounded since we normalize xi. The following lemma ensures that

we can obtain the bounds for ysi and zi under certain conditions.

Lemma 10. If α, β ≤ 0 and α− 1 ≤ β, then ysi and zi are bounded.

Proof. First we construct (candidate) bounds, and show that actually they are bounds.

Suppose that

my ≤ ysi ≤My.

Suppose that α, β ≤ 0 ,α ≥ β, and α− 1 ≤ β. Then zi is bounded as follows

(my)
α−β ≤ zi ≤ (My)

α−β .
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Then

ysi =
∑
j

Ks
ji (B

s
i )
−1 (Bj)

− 1
α−1 (xj)

1
α−1 (zj)

β

(α− β) (α− 1)︸ ︷︷ ︸
≥0

≤ max
i,s

[∑
j

Ks
ji (B

s
i )
−1 (Bj)

− 1
α−1

]
︸ ︷︷ ︸

,Cy

(mx)
1

α−1

(
(My)

α−β
) β

(α−β)(α−1)

= Cy (mx)
1

α−1 (My)
β
α−1

ysi ≥ min
i,s

[∑
j

Ks
ji (B

s
i )
−1 (Bj)

− 1
α−1

]
︸ ︷︷ ︸

,cy

(Mx)
1

α−1 (my)
β
α−1

= cy (Mx)
1

α−1 (my)
β
α−1 .

Set my and My as follows,

My = Cy (mx)
1

α−1 (My)
β
α−1

=
[
Cy (mx)

1
α−1

] α−1
α−1−β

=
[
Cy (mx)

1
α−1

] α−1
α−1−β

my = cy (Mx)
1

α−1 (my)
β
α−1 =

[
cy (Mx)

1
α−1

] α−1
α−1−β

.

It is easy to show My > my since α−1
α−1−β ≥ 0.

Now suppose that α ≤ β. Then zi is bounded as follows

(My)
α−β ≤ zi ≤ (my)

α−β .
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Then

ysi =
∑
j

Ks
ji (B

s
i )
−1 (Bj)

− 1
α−1 (xj)

1
α−1 (zj)

β
(α−β)(α−1)

≤ max
i,s

[∑
j

Ks
ji (B

s
i )
−1 (Bj)

− 1
α−1

]
︸ ︷︷ ︸

,Cy

(mx)
1

α−1

(
(My)

α−β
) β

(α−β)(α−1)

= Cy (mx)
1

α−1 (My)
β
α−1

ysi ≥ min
i,s

[∑
j

Ks
ji (B

s
i )
−1 (Bj)

− 1
α−1

]
︸ ︷︷ ︸

,cy

(Mx)
1

α−1 (my)
β
α−1

= cy (Mx)
1

α−1 (my)
β
α−1 .

Set my and My in the same as before,

My = Cy (mx)
1

α−1 (My)
β
α−1

=
[
Cy (mx)

1
α−1

] α−1
α−1−β

=
[
Cy (mx)

1
α−1

] α−1
α−1−β

my = cy (Mx)
1

α−1 (my)
β
α−1 =

[
cy (Mx)

1
α−1

] α−1
α−1−β

.

Note that α−1
α−1−β ≥ 0. Therefore My > my.

Since we bound the variables, existence follows immediately from the Schauder’s FPT.

Lemma 11. (Scaling) Suppose that (xi, y
s
i , zi) solves

xi =

∑
s

∑
jK

s
ij (Bj)

1
1−α (xj)

α
α−1
(
ysj
)−1

(zj)
β

α−β
1

α−1∑
i,s,jK

s
ij (Bj)

1
1−α (xj)

α
α−1
(
ysj
)−1

(zj)
β

α−β
1

α−1

ysi =
∑
j

Ks
ji (B

s
i )
−1 (Bj)

1
1−α (xj)

1
α−1 (zj)

β
(α−β)(α−1)

zi =
∏
s

(
(ysi )

θt
)(α−β)

.

Then ∑
i,s,j

BjK
s
ij (Bj)

− α
α−1 (xj)

α
α−1
(
ysj
)−1

(zj)
β

(α−β)(α−1) = 1.
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Proof. Define λx for notational convenience.

λx =
∑
i,s,j

Ks
ij (Bj)

1
1−α (xj)

α
α−1
(
ysj
)−1

(zj)
β

α−β
1

α−1 .

Multiply
[
(Bj)

1
1−α (xi)

1
α−1 (zi)

β
(α−β)(α−1)

]
for the first equation and take a sum w.r.t. i.

λx =

∑
i xi

[
(Bj)

1
1−α (xi)

1
α−1 (zi)

β
(α−β)(α−1)

]
∑

s

∑
jK

s
ij (Bj)

1
1−α (xj)

α
α−1
(
ysj
)−1

(zj)
β

(α−β)(α−1)

[
(Bi)

− 1
α−1 (xi)

1
α−1 (zi)

β
(α−β)(α−1)

]
=

∑
i

[
(Bi)

− 1
α−1 (xi)

α
α−1 (zi)

β
(α−β)(α−1)

]
∑

s

∑
j

(
Ks
ij

) [
(Bi)

− 1
α−1 (xi)

1
α−1 (zi)

β
(α−β)(α−1)

]
(Bj)

1
1−α (xj)

α
α−1
(
ysj
)−1

(zj)
β

(α−β)(α−1)

Also multiply
[
(Bi)

1
1−α (xi)

α
α−1 (ysi )

−1 (zi)
β

α−β
1

α−1

]
for the second equation, and sum up w.r.t.

i, s.

1 =

∑
i,s

[
(Bi)

1
1−α (xi)

α
α−1 (ysi )

−1 (zi)
β

α−β
1

α−1

]
Bs
i y

s
i∑

i,s

∑
jK

s
ji (Bj)

− 1
α−1 (xj)

1
α−1 (zj)

β
(α−β)(α−1)

[
(Bi)

1
1−α (xi)

α
α−1 (ysi )

−1 (zi)
β

α−β
1

α−1

]

=

∑
i

[
(Bi)

1
1−α (xi)

α
α−1 (zi)

β
α−β

1
α−1

]∑
s

Bs
i︸ ︷︷ ︸

=1∑
i,s

∑
jK

s
i,j (Bi)

− 1
α−1 (xi)

1
α−1 (zi)

β
(α−β)(α−1)

[
(Bj)

1
1−α (xj)

α
α−1
(
ysj
)−1

(zj)
β

α−β
1

α−1

]
=

∑
i

[
(Bi)

1
1−α (xi)

α
α−1 (zi)

β
α−β

1
α−1

]
∑

i,s

∑
j

(
Ks
i,j

) [
(Bi)

− 1
α−1 (xi)

1
α−1 (zi)

β
(α−β)(α−1)

]
(Bj)

1
1−α (xj)

α
α−1
(
ysj
)−1

(zj)
β

α−β
1

α−1

= λx.

This lemma tells that it suffices to prove existence for

xi =

∑
s

∑
jK

s
ij (Bj)

1
1−α (xj)

α
α−1
(
ysj
)−1

(zj)
β

α−β
1

α−1∑
i,s,jK

s
ij (Bj)

1
1−α (xj)

α
α−1
(
ysj
)−1

(zj)
β

α−β
1

α−1

ysi =
∑
j

Ks
ji (B

s
i )
−1 (Bj)

1
1−α (xj)

1
α−1 (zj)

β
(α−β)(α−1)

zi =
∏
s

(
(ysi )

θt
)(α−β)

.
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B.1.3 Uniqueness proof

Proof. Suppose that there are two solutions. As in a single-sector case, we can take one of

the solutions as follows without loss of generality

xi = ysi = zi = 1.

Suppose that α ≤ β ≤ 0. Then we can bound zi.

(Ny)
α−β ≤ zi ≤ (ny)

α−β .

Then we can bound the maximums of xi and ysi and the minimums of them as follows.

As for x, it is easy to show (
Nx

nx

) 1
1−α

≤
(
Ny

ny

) β
α−1

+1

.

As for y, we get (
Ny

ny

) β
α−1

+1

≤
(
Nx

nx

) 1
α−1

.

Since there are two solutions, one of the inequalities is strict.

1 <

(
Nx

nx

) 1
1−α

<

(
Nx

nx

) 1
α−1

< 1,

which is a contradiction. Therefore the system has an unique solution.

Suppose that α− β > 0, and α, β < 0, and α− 1 < β. Then we can bound zi.

(ny)
α−β ≤ zi ≤ (Ny)

α−β .

Then we can bound the maximums of xi and ysi and the minimums of them as follows.

As for x, it is easy to show (
Nx

nx

)− 1
α−1

≤
(
Ny

ny

) β
α−1

+1

Then as for y, we get (
Ny

ny

) β
α−1

+1

≤
(
Nx

nx

) 1
α−1

.

Since there are two solutions, one of the inequalities is strict.

1 <

(
Nx

nx

)− 1
α−1

<

(
Nx

nx

) 1
α−1

< 1,
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which is a contradiction. Therefore the system has an unique solution.

B.2 Proof of Corollary 2

Proof. As we did in the general equilibrium trade models, we analyze a transformed system.

xi = λ
∑
j

KijB
1

1−α−β
j x

α
α+β−1

j y
1−α

α+β−1

j (56)

yi = λ
∑
j

KjiB
1

1−α−β
j x

1−β
α+β−1

j y
β

α+β−1

j (57)

λc =
∑
i

B̃ix
α̃
i y

β̃
i (58)

λ =
∑
i

(
B

α
1−α−β
i x

α(1−β)
α+β−1

i y
αβ

α+β−1

i

)
, (59)

where

B̃i = CiB
d+e

1−α−β
i ,(

α̃, β̃
)

=

(
eα + d (1− β)

α + β − 1
,
e (1− α) + dβ

α + β − 1

)
.

B.2.1 Existence

Proof. We first prove existence. From Theorem 1, there exits (xi, yi) satisfying

xi =
∑
j

KijB
1

1−α−β
j x

α
α+β−1

j y
1−α

α+β−1

j

yi =
∑
j

KjiB
1

1−α−β
j x

1−β
α+β−1

j y
β

α+β−1

j .

Consider (x̃i, ỹi) = (txi, syi) . Then it is easy to show

txi = t1−
α

α+β−1 s−
1−α

α+β−1

∑
j

KijB
1

1−α−β
j (txj)

α
α+β−1 (syj)

1−α
α+β−1

syi = t−
1−β

α+β−1 s1− β
α+β−1

∑
j

KjiB
1

1−α−β
j (tx)

1−β
α+β−1

j (sy)
β

α+β−1

j .

since (xi, yi) solves (56) and (57) with λ = 1.
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Set (t, s) as follows.

t1−
α

α+β−1 s−
1−α

α+β−1 =
∑
i

B
α

1−α−β
i (txi)

α 1−β
α+β−1 (syi)

α β
α+β−1

∑
i

B̃i (txi)
α̃ (syi)

β̃ = tc(1− α
α+β−1)s−c

1−α
α+β−1 .

This is a system of a log-linear equations. The solution to the system is given by

(
t

s

)
= exp

( β−1−α+αβ
α+β−1

−1+α−αβ
α+β−1

c
(

1− α
α+β−1

)
− α̃ −c 1−α

α+β−1
− β̃

)−1
log

(∑
iB

α
1−α−β
i (xi)

α 1−β
α+β−1 (yi)

α β
α+β−1

)
log
(∑

i B̃i (xi)
α̃ (yi)

β̃
)  .

Then (x̃i, ỹi) solves the system (56) to (59). To see this carefully, note that (x̃i, ỹi) solves the

following non-linear equations.

x̃i = t1−
α

α+β−1 s−
1−α

α+β−1

∑
j

KijB
1

1−α−β
j (x̃j)

α
α+β−1 (ỹj)

1−α
α+β−1

= t−
1−β

α+β−1 s−
1−α

α+β−1

∑
j

KijB
1

1−α−β
j (x̃j)

α
α+β−1 (ỹj)

1−α
α+β−1

ỹi = t−
1−β

α+β−1 s1− β
α+β−1

∑
j

KjiB
1

1−α−β
j (x̃j)

1−β
α+β−1 (ỹj)

β
α+β−1

= t−
1−β

α+β−1 s−
1−α

α+β−1

∑
j

KjiB
1

1−α−β
j (x̃j)

1−β
α+β−1 (ỹj)

β
α+β−1 .

From the construction of t and s,

t1−
α

α+β−1 s−
1−α

α+β−1

(
= t−

1−β
α+β−1 s−

1−α
α+β−1

)
=

∑
i

B
α

1−α−β
i (txi)

α 1−β
α+β−1 (syi)

α β
α+β−1

= λ.

Therefore (56) and (57) are satisfied. Also the world income is normalized since∑
i

B̃i (x̃i)
α̃ (ỹi)

β̃ =
[
t(1− α

α+β−1)s−
1−α

α+β−1

]c
= λc,

which completes the proof of existence.
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B.2.2 Uniqueness

Proof. We now prove uniqueness by contradiction. Suppose that there are two solutions

(xi, yi, λ) and
(
x̃i, ỹi, λ̃

)
for (56) to (59), where λ and λ̃ are the associated eigenvalues. Then

it is easy to show

1 =
∑
j

 λ̃KijB
1

1−α−β
j x̃

α
α+β−1

j ỹ
1−α

α+β−1

j

x̃i


1 =

∑
j

 λ̃KjiB
1

1−α−β
j x̃

1−β
α+β−1

j ỹ
β

α+β−1

j

ỹi

 .
Since (xi, yi, λ) also satisfies the two integral equations, we have

xi
x̃i

=
λ

λ̃

∑
j

λ̃KijB
1

1−α−β
j x̃

α
α+β−1

j ỹ
1−α

α+β−1

j

x̃i

(
xj
x̃j

) α
α+β−1

(
yj
ỹj

) 1−α
α+β−1

yi
ỹi

=
λ

λ̃

∑
j

 λ̃KjiB
1

1−α−β
j x̃

1−β
α+β−1

j ỹ
β

α+β−1

j

ỹi

(xj
x̃j

) 1−β
α+β−1

(
yj
ỹj

) β
α+β−1

.

Redefine the variables:

xi ,
xi
x̃i
, yi ,

yi
ỹi
, λ ,

λ

λ̃
,

and the kernels:

Hij ,
λ̃KijB

1
1−α−β
j x̃

α
α+β−1

j ỹ
1−α

α+β−1

j

x̃i

Fij ,
λ̃KjiB

1
1−α−β
j x̃

1−β
α+β−1

j ỹ
β

α+β−1

j

ỹi
.

Then we can assume, without loss of generality, that one of the solutions is
(
x̃i, ỹi, λ̃

)
=

(1, 1, 1) , and the kernels satisfy for all j,∑
Hij =

∑
Fij = 1.

The rest of the proof is the same as one in Theorem 1. Hence, part (ii) of Theorem 1 can be

extended to include the alternative condition C.4’ for economic geography models.
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B.3 The “Universal Gravity” economic geography framework

In this section, we show how the economic geography model developed in Allen and Arko-

lakis (2014) can be mapped to the equilibrium C.4’. We refer the reader to that paper to

discuss how the Allen and Arkolakis (2014) framework is in turn isomorphic to the economic

geography models of Helpman (1998) and Redding (2014) (amongst others).

In Allen and Arkolakis (2014), gravity takes the same form as in the Armington model,

so that Kij = τ 1−σ
ij , γi =

(
wi
Ai

)1−σ
and δi = wiLiP

σ−1
i . In addition, the labor supply adjusts

so that in equilibrium welfare W̄ is equalized across locations: W̄ = wi
Pi
ui. The total labor

is assumed to be constant, so that L̄ =
∑

i∈S Li. Finally, both productivities and amenities

are allowed to depend on the local population: Ai = ĀiL
a
i and ui = ūiL

b
i , where a and b

determine the strength of agglomeration and dispersion forces (and create the isomorphisms

to many different economic geography models.

To write the Allen and Arkolakis (2014) model in the universal gravity framework, we use

the welfare equalization requirement to substitute for the price index and apply the assumed

functional form for productivities and amenities. As a result, we can write the exporter and

importer shifters solely as a function of the aggregate welfare, the wage, the population, and

exogenous variables:

γi = Āσ−1
i w1−σ

i L
a(σ−1)
i

δi = W̄ 1−σūσ−1
i wσi L

1+b(σ−1)
i

We can solve this system of equations for the population and wages as a function of the

aggregate welfare W̄ , exogenous shifters, and the exporter and importer shifters:

wi = W̄
a(σ−1)

(1+b(σ−1)+σa) Ā
(1+b(σ−1))

(1+b(σ−1)+σa)

i ū
− a(σ−1)

(1+b(σ−1)+σa)

i γ
(1+b(σ−1))

(1−σ)(1+b(σ−1)+σa)

i δ
a

(1+b(σ−1)+σa)

i

Li = W̄− 1−σ
(1+b(σ−1)+σa) Ā

− σ
(1+b(σ−1)+σa)

i ū
(1−σ)

(1+b(σ−1)+σa)

i γ
− σ

(1−σ)(1+b(σ−1)+σa)

i δ
1

(1+b(σ−1)+σa)

i

Since Yi = wiLi, we have:

Yi =
1

λ
Biγ

α
i δ

β
i ,

where λ ≡ W̄− (a+1)(σ−1)
(1+b(σ−1)+σa) , Bi ≡ Ā

(1+b(σ−1))−σ
(1+b(σ−1)+σa)

i ū
(a+1)(1−σ)

(1+b(σ−1)+σa)

i , α ≡ 1−b
1+b(σ−1)+σa

, and β ≡
a+1

(1+b(σ−1)+σa)
.
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Furthermore, from the aggregate labor market clearing condition, we have:

L̄ =
∑
i

W̄− 1−σ
(1+b(σ−1)+σa) Ā

− σ
(1+b(σ−1)+σa)

i ū
(1−σ)

(1+b(σ−1)+σa)

i γ
− σ

(1−σ)(1+b(σ−1)+σa)

i δ
1

(1+b(σ−1)+σa)

i ⇐⇒

λ1+a =
∑
i

Ciγ
d
i δ

e
i ,

where Ci ≡ 1
L̄
Ā
− σ

(1+b(σ−1)+σa)

i ū
(1−σ)

(1+b(σ−1)+σa)

i , d ≡ − σ
(1−σ)(1+b(σ−1)+σa)

, and e ≡ 1
(1+b(σ−1)+σa)

.

Hence, Allen and Arkolakis (2014) satisfies C.4’.

B.4 Existence and Uniqueness using Gross Substitutes Method-

ology (a la Alvarez and Lucas (2007))

We will illustrate the application of the gross-substitute property to prove uniqueness equi-

librium in an excess demand system. This is a necessary step in the proof of Alvarez and

Lucas (2007) but it is not sufficient, as a number of other properties need to be proved for

an equation to be an excess demand system, as we discuss below.

Because of the complexity of the system that we analyze we cannot apply the gross-

substitutes property directly to equations (4) and (5).

Biγ
α−1
i δβi =

∑
j

Kijδj (60)

Combining gravity C.1 with balanced trade C.(3) and condition C.4 yields:

Biγ
α
i δ

β−1
i =

∑
j

Kjiγj (61)

In order to find the equation that can be used to prove, we need to eliminate one variable.

Use (5) to express δi as

δi =

(∑
s∈S γsKsi

Biγαi

) 1
β−1

(62)

into equation (4), we obtain
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Biγ
α
i

(∑
s∈S γsKsi

Biγαi

) β
β−1

=
∑
j∈S

γi

(∑
s∈S γsKsj

Bjγαj

) 1
β−1

Kij ⇐⇒

B
1

1−β
i γ

α
1−β−1

i

(∑
s∈S

γsKsi

) β
β−1

=
∑
j∈S

(∑
s∈S γsKsj

Bjγαj

) 1
β−1

Kij (63)

We define the corresponding excess demand function might be

Zi (γ) =
1

γi

B 1
β−1

i γ
α+β−1

1−β
i

(∑
s∈S

γsKsi

) β
β−1

−
∑
j′∈S

(∑
s∈S γsKsj′

Bj′γαj′

) 1
β−1

Kij′


This system written as such needs to satisfy 5 properties to be an excess demand system and

the gross substitute property to establish existence and uniqueness (see Propositions 17.B.2,

17.C.1 and 17.F.3 of Mas-Colell, Whinston, and Green (1995)). The six conditions are:

1. Z (γ) is continuous for γ ∈
(
∆
(
RN

+

))o
2. Z (γ) is homogenous of degree zero.

3. Z (γ) · γ = 0 (Walras’ Law).

4. There exists a k > 0 such that Zj (γ) > −k for all j.

5. If there exists a sequence wm�w0, where w0 6= 0 and w0
i = 0 for some i, then it must

be that:

maxj{Zj(wm)}�∞ (64)

and the gross-substitute property:

6. Gross substitutes property:
∂Z(wj)

∂wk
> 0 for all j 6= k.

Properties 1-3 are trivial by the way we define the system. Properties 4 and 5 are chal-

lenging and may require an analysis case-by-case which restrict further the set of parameters

that uniqueness applies. We thus only discuss the region where gross-substitutes applies. To

consider this system as an excess demand system and apply the tools originally developed

in Alvarez and Lucas (2007), we need to differentiate the expression above. We only use the
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bracketed term without loss of generality. We have:

∂Zi (γ)

∂γj
=

β

β − 1
KjiB

1
1−β
i γ

α+β−1
1−β

i

(∑
s∈S

γsKsi

) 1
β−1

− 1

β − 1

∑
j′∈S,j′ 6=j

Kij′

(∑
s∈S γsKsj′

Bj′γαj′

)−β+2
β−1

Kjj′

−
− 1

β − 1
Kij

(∑
s∈S γsKsj

Bjγαj

)−β+2
β−1

[
KjjBjγ

α
j − αBjγ

α−1
j

∑
s∈S γsKsj′

Bjγαj

]

=
β

β − 1
KjiB

1
1−β
i γ

α+β−1
1−β

i

(∑
s∈S

γsKsi

) 1
β−1

− 1

β − 1

∑
j′∈S,j′ 6=j

Kij′

(∑
s∈S γsKsj′

Bj′γαj′

)−β+2
β−1

Kjj′

−
− 1

β − 1
Kij

(∑
s∈S γsKsj

Bjγαj

)−β+2
β−1

[
γjKjj − α

∑
s∈S γsKsj′

γj

]
Let β < 0 and α < 0 then the expression is positive and the gross-substitute property

holds. Similar results can be easily established for β = 0, α < 0 and β < 0, α = 0. The

same cannot be, in generally, established if β > 1 or α > 1 since the expression cannot

be signed in that case, and in particular we have found parametric specifications where the

gross-substitutes property may fail.28 Thus, the region that uniqueness applies with this

approach is α ≤ 0, β ≤ 0.

B.5 Comparative Statics when β = 0

Let us consider a particularly interesting special case, β = 0. We have in this case that the

equilibrium is characterized by

Biγ
α−1
i =

∑
j∈S

(∑
s∈S γsKsj

Bjγαj

)−1

Kij =⇒

γα−1
i =

∑
j∈S

(
Bjγ

α
j∑

s∈S γsKsj

)
BiKij,

which is the standard single-equation gravity model that we find in papers such as Anderson

(1979); Eaton and Kortum (2002); Chaney (2008). We can rewrite this system re-written

using C.4 as

Yi =
∑
j∈S

(
γiKij∑
s∈S γsKsj

)
Yj

28In particular, we analyzed the Armington case with intermediate inputs as in Section 2. We can show
that this model for σ = 3 and γ = 1/4 corresponds to the case α, β > 1 but the gross-substitute condition
does not obtain in the case of many symmetric regions with symmetric trade costs or even two regions with
no trade costs.
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In this last equation the technique developed by Dekle, Eaton, and Kortum (2008) can be

applied (see details in Arkolakis, Costinot, and Rodŕıguez-Clare (2012)) so that computing

the changes in γi require only knowledge of changes in Kij and initial trade and output levels

across all the models that can be captured by this formulation.

Notice that given equation 62 and the above equation we have for β = 0 that we can

express the exporter shifter as a function of the importer shifter and parameters

γi =

(∑
jKijδj

Bi

) 1
α−1

. (65)

B.6 Proof of Auxiliary Lemma 5

We prove the two auxiliary lemmas used in the proof of Proposition3

Proof. The proof of Lemma 5 is quite straightforward. The summation of each row implies

that A−→e = a−→e and B−→e = b−→e , where −→e is the identity vector. Thus AB−→e = Ab−→e = ab−→e ,
and thus ab is the eigenvalue. Thus,

∑
j cij = ab where cij is the element of AB.

B.7 Comparing the Fixed Effects Estimator and General Equilib-

rium Estimator

In this sub-section, we compare the standard fixed effects estimator to the general equilibrium

estimator developed in Section 5.2.

Using the “hat” notation from Section 4.2.2 and applying the gravity structure C.1 yields

the following gravity equation in differences:

X̂ij = K̂ij γ̂iδ̂j. (66)

Suppose that the (log) change in bilateral trade frictions can be written as a linear function

of a vector of observables, i.e. ln K̂ij = T̂ ′ijµ, and than an econometrician observes trade

flows with measurement error. Then taking logs of equation 66 yields:

ln X̂o
ij = T̂ ′ijµ+ ln γ̂i + ln δ̂i + εij, (67)

where X̂o
ij are the observed ratio of trade flows between i and j in period 1 to period 0,

T̂ij is an S × 1 vector of observables and T̂ ′ij denotes its transpose, µ is an S × 1 vector of

parameters, and εij is the measurement error. The goal of the econometrician is to estimate

µ, i.e. the effect of the various observables on bilateral trade frictions.
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The fixed effects estimator

To provide a point of comparison for our estimator, it is helpful to first describe what

has become the standard method of estimating µ, which we refer to as the “fixed effects

estimator.” The fixed effects estimator estimates µ using equation (67) by including a full

set of origin and destination fixed effects in an ordinary least squares regression framework.29

Formally, the fixed effects estimator µ∗ is the one that minimizes the squared error between

observed (hatted) trade flows and the gravity regression, conditional on the optimal set of

fixed effects:

µ∗FE ≡ arg min
µ∈RS

(
min

γ̂i,δ̂i∈RN

∑
i

∑
j

(
ln X̂o

ij − T̂ ′ijµ− ln γ̂i − ln δ̂j

)2
)
.

By taking first order conditions, it is straightforward to derive an analytical solution for µ∗ :

µ∗FE =

(∑
i

∑
j

T̂ijT̂
′
ij

)−1∑
i

∑
j

T̂ij

(
ln X̂o

ij − ln γ̂∗i − ln δ̂∗j

)
, (68)

where the estimated fixed effects are identified up to scale:

ln γ̂∗i −
1

N

∑
k

ln γ̂∗k =
1

N

∑
j

((
ln X̂ij − T̂ ′ijµ∗

)
− 1

N

∑
k

(
ln X̂o

kj − T̂ ′kjµ∗
))

and:

ln δ̂∗j −
1

N

∑
k

ln δ̂∗k =
1

N

∑
i

((
ln X̂ij − T̂ ′ijµ∗

)
− 1

N

∑
k

(
ln X̂ik − T̂ ′ikµ∗

))
.

We should emphasize that there are a number of attractive properties of the fixed effects

estimator, most notably that it is easy to implement, and, as long as the measurement error

is uncorrelated with the observables or fixed effects, it is a consistent and unbiased estimator

of µ.

29The fixed effects estimator is discussed in detail in the review articles of Baldwin and Taglioni (2006)
and Head and Mayer (2013). The latter review credits Harrigan (1996) as the first to use the fixed effects
estimator and Redding and Venables (2004) and Feenstra (2003a) for showing that the fixed effects estimator
could be used to control for the endogenous “multilateral resistance” terms present in general equilibrium
gravity models. Since then, the fixed effects literature has been used extensively in the empirical trade
literature.
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Comparing the fixed effects and general equilibrium estimators

To assess the relative benefit of the fixed effects and general equilibrium estimators of µ –

given a known set of gravity constants α and β – we conduct a set of Monte Carlo simulations.

For each simulation, we draw a random set of initial bilateral frictions
{
K0
ij

}
and a random

set of (time-invariant) income shifters {Bi}. We then randomly assign half of the locations to

be“existing members”of a“multilateral trade organization”and ten percent of locations to be

“new members” of the same trade organization. Next, we suppose that the observed change

in trade frictions arises from the new members joining the trade organization; in particular,

we assume K̂ij = T̂ijµ, where T̂ij is an indicator variable equal to one if either the origin or

destination is a new member of the organization and its trading partner is either an existing

or new member. For a given set of gravity constants, we calculate the equilibrium in both

periods.30 We then add idiosyncratic measurement error to the trade flows in both periods

and implement the two estimators based on these “observed” trade flows.31 We calculate the

coefficient of variation of the root mean squared deviation “CV(RMSD)” for both estimators

over five hundred simulations to assess their relative efficiency.32 We repeat this procedure

for varying numbers of countries, size of measurement error, and magnitudes of the effect of

the trade agreement (i.e. µ).

The top panel of Table 2 presents the results. For the sake of readability, we highlight the

most efficient estimator under a particular set of simulation parameters in bold. As is evident,

which estimator is more efficient depends on the particular set of simulation parameters.

When there are a few number of locations, the general equilibrium estimator is more efficient

than the fixed effects estimator; this is because fixed effects estimator requires estimating

2N nuisance parameters, which reduces the degrees of freedom available for estimating µ. In

contrast, with many locations and a large effect size, the fixed effects estimator outperforms

the general equilibrium estimator; this is because the first order approximation (28) is less

accurate the larger the effect size.

While the general equilibrium estimator often outperforms the fixed effect estimator,

its true advantage arises from the ability to exploit the general equilibrium structure of

the gravity model to overcome the common econometric concern of omitted variable bias.

For example, whether or not a country signs a trade agreement is likely correlated with

30We choose α = − 2
3 and β = − 1

3 ; see below.
31The results are very similar if we instead add an error term to K̂ij , i.e. K̂ij = T̂ ′ijµ+ εij .

32The CV(RMSD) is defined as

(
1
M

∑M
m=1(µ

true−µ∗
m)

2
) 1

2

µtrue , where µtrue is the true value of µ, and µ∗m is

the estimated value for simulation m ∈ {1, ...,M}, i.e. the CV(RSMD) reports the ratio of the standard
deviation of an estimator to the true parameter value. Like the root mean squared error, the CV(RMSD)
is a statistic that combines both the accuracy and precision of an estimator; unlike the root mean squared
error, its value is not dependent on the size of µtrue.
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unobservable variables (e.g. expectations about future trade flows) that are also correlated

with observed trade flows. Such omitted variables will result in biased estimates in a typical

gravity equation. However, because the identification in the general equilibrium estimator

relies on the effect of particular bilateral observables have on all bilateral trade flows, one can

estimate µ using only trade flows between locations that did not choose to sign a particular

trade agreement. That is, the decision of country i to join a trade agreement will have a

general equilibrium effect on trade flows between countries j and k. This general equilibrium

effect can be used to infer the effect of a trade agreement without the need to directly consider

how the trade flows of country i change.

To illustrate the power of this method, the bottom panel of Table 2 shows the efficiency

of the estimators when we include an omitted variable in the error term that increases the

observed period 1 trade flows33 by 5 percent only between countries in which one entered

the trade agreement.34 As is evident, the omitted variable biases both the fixed effects

estimator and the baseline general equilibrium estimator upward by an amount equal to the

size of the omitted variable. However, when we use the general equilibrium estimator but

exclude observations of trade between countries in which one entered the trade agreement

(the“GE - switchers”column), the effect of omitted variable on the efficiency of the estimator

is small. As a result, the general equilibrium estimator substantially outperforms the fixed

effects estimator as long as there are a sufficiently large number of countries to allow for the

indirect identification of the effect of the trade agreement.

33We choose to add the omitted variables to period 1 trade flows rather than period 0 trade flows in order
to introduce bias into the elasticity calculations used for the general equilibrium estimator.

34Because we interpret the error term as measurement error, this procedure should be interpreted as
capturing the possibility that countries who sign trade agreements have observed trade flows that are on
average 5 percent higher than their actual trade flows, while their actual trade flows are affected only by
the trade agreement. If we replace the measurement error with an endogeneous error term in the change

in bilateral trade frictions (i.e. K̂ij = T̂ ′ijγ + εij where E
[
T̂ijεij

]
6= 0), the general equilibrium estimator

excluding the “switchers” still outperforms the fixed effects estimator, although the differences in efficiency
are less stark since the endogeneous error term in this case also has a general equilibrium effect on trade
flows between all other locations.
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Figure 9: Optimal unilateral trade friction reduction for the U.S. (EK gravity constants)

Optimal reduction in import frictions for U.S.
(4.3e−02,.62]
(1.3e−02,4.3e−02]
(4.6e−03,1.3e−02]
(1.4e−03,4.6e−03]
(6.4e−04,1.4e−03]
(2.5e−04,6.4e−04]
(1.0e−04,2.5e−04]
(1.3e−05,1.0e−04]
(2.1e−06,1.3e−05]
[−1.4e−09,2.1e−06]
No data

Notes : This figure shows the set of unilateral reductions in import trade frictions for the
United States subject to the norm of the total reductions remaining constant that maximizes
the welfare of the United States. Countries are sorted by deciles; red indicates a greater
reduction in trade frictions while blue indicates a smaller reduction in trade frictions. The
gravity constants used are those in Eaton and Kortum (2002).

Figure 10: Optimal unilateral trade friction reduction for the U.S. (AL gravity constants)

Optimal reduction in import frictions for U.S.
(4.3e−02,.61]
(1.3e−02,4.3e−02]
(4.4e−03,1.3e−02]
(1.4e−03,4.4e−03]
(6.4e−04,1.4e−03]
(2.5e−04,6.4e−04]
(1.0e−04,2.5e−04]
(1.3e−05,1.0e−04]
(2.1e−06,1.3e−05]
[−1.4e−09,2.1e−06]
No data

Notes : This figure shows the set of unilateral reductions in import trade frictions for the
United States subject to the norm of the total reductions remaining constant that maximizes
the welfare of the United States. Countries are sorted by deciles; red indicates a greater
reduction in trade frictions while blue indicates a smaller reduction in trade frictions. The
gravity constants used are those in Alvarez and Lucas (2007).
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Figure 11: Potential welfare gains from unilateral trade friction reductions (EK gravity
constants)

Value of optimal reduction in import frictions
(7.5e−02,.21]
(4.9e−02,7.5e−02]
(3.8e−02,4.9e−02]
(3.2e−02,3.8e−02]
(2.7e−02,3.2e−02]
(2.1e−02,2.7e−02]
(1.6e−02,2.1e−02]
(1.3e−02,1.6e−02]
(9.8e−03,1.3e−02]
[1.1e−03,9.8e−03]
No data

Notes : This figure shows the elasticity of each country’s welfare to increasing the amount
of unilateral trade friction reductions in the optimal way (i.e. the Lagrange multiplier of
equation (25)). Countries are sorted by deciles; red indicates a greater potential welfare gain
while blue indicates a smaller potential welfare gain. The gravity constants used are those
in Eaton and Kortum (2002).
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Figure 12: Potential welfare gains from unilateral trade friction reductions (AL gravity
constants)

Value of optimal reduction in import frictions
(7.3e−02,.21]
(4.7e−02,7.3e−02]
(3.6e−02,4.7e−02]
(2.9e−02,3.6e−02]
(2.4e−02,2.9e−02]
(1.9e−02,2.4e−02]
(1.5e−02,1.9e−02]
(1.1e−02,1.5e−02]
(8.7e−03,1.1e−02]
[9.4e−04,8.7e−03]
No data

Notes : This figure shows the elasticity of each country’s welfare to increasing the amount
of unilateral trade friction reductions in the optimal way (i.e. the Lagrange multiplier of
equation (25)). Countries are sorted by deciles; red indicates a greater potential welfare gain
while blue indicates a smaller potential welfare gain. The gravity constants used are those
in Alvarez and Lucas (2007).
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Figure 13: World optimal multilateral trade friction reduction (EK gravity constants)

World welfare maximizing
reduction in trade frictions
(6.8e−02,.46]
(2.0e−02,6.8e−02]
(6.3e−03,2.0e−02]
(2.4e−03,6.3e−03]
(1.2e−03,2.4e−03]
(5.8e−04,1.2e−03]
(3.3e−04,5.8e−04]
(1.1e−04,3.3e−04]
(2.5e−05,1.1e−04]
[3.4e−13,2.5e−05]
No data

Notes : This figure shows the set of country reductions in trade frictions (subject to the total
reduction of bilateral frictions being constant) that maximizes the world welfare (where the
country Pareto weights are those imposed by the competitive equilibrium). Countries are
sorted by deciles; red indicates a greater reduction in trade frictions while blue indicates a
smaller reduction (or even increase) in trade frictions. The gravity constants used are those
in Eaton and Kortum (2002).
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Figure 14: World optimal multilateral trade friction reduction (AL gravity constants)

World welfare maximizing
reduction in trade frictions
(6.8e−02,.46]
(2.0e−02,6.8e−02]
(6.3e−03,2.0e−02]
(2.4e−03,6.3e−03]
(1.2e−03,2.4e−03]
(5.8e−04,1.2e−03]
(3.3e−04,5.8e−04]
(1.1e−04,3.3e−04]
(2.5e−05,1.1e−04]
[3.4e−13,2.5e−05]
No data

Notes : This figure shows the set of country reductions in trade frictions (subject to the total
reduction of bilateral frictions being constant) that maximizes the world welfare (where the
country Pareto weights are those imposed by the competitive equilibrium). Countries are
sorted by deciles; red indicates a greater reduction in trade frictions while blue indicates a
smaller reduction (or even increase) in trade frictions. The gravity constants used are those
in Alvarez and Lucas (2007).
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Figure 15: Welfare gains from world optimal multilateral trade friction reduction (EK gravity
constants)

Welfare gain from optimal world tariff
(2.9e−03,4.2e−02]
(5.1e−04,2.9e−03]
(−8.3e−05,5.1e−04]
(−2.2e−04,−8.3e−05]
(−3.0e−04,−2.2e−04]
(−4.6e−04,−3.0e−04]
(−6.3e−04,−4.6e−04]
(−9.0e−04,−6.3e−04]
(−1.3e−03,−9.0e−04]
[−3.7e−03,−1.3e−03]
No data

Notes : This figure shows distribution of welfare gains from an optimal multilateral trade
friction. In particular, we report the welfare gain each country would achieve if all countries
in the world were to alter their trade frictions in order to maximize world welfare (where
the country Pareto weights are those imposed by the competitive equilibrium. Countries are
sorted by deciles; red indicates a greater increase in welfare while blue indicates a smaller
increase in welfare. The gravity constants used are those in Eaton and Kortum (2002).
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Figure 16: Welfare gains from world optimal multilateral trade friction reduction (AL gravity
constants)

Welfare gain from optimal world tariff
(2.9e−03,4.2e−02]
(5.1e−04,2.9e−03]
(−8.3e−05,5.1e−04]
(−2.2e−04,−8.3e−05]
(−3.0e−04,−2.2e−04]
(−4.6e−04,−3.0e−04]
(−6.3e−04,−4.6e−04]
(−9.0e−04,−6.3e−04]
(−1.3e−03,−9.0e−04]
[−3.7e−03,−1.3e−03]
No data

Notes : This figure shows distribution of welfare gains from an optimal multilateral trade
friction. In particular, we report the welfare gain each country would achieve if all countries
in the world were to alter their trade frictions in order to maximize world welfare (where
the country Pareto weights are those imposed by the competitive equilibrium. Countries are
sorted by deciles; red indicates a greater increase in welfare while blue indicates a smaller
increase in welfare. The gravity constants used are those in Alvarez and Lucas (2007).
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