Internet Appendix

A. Derivation of the bond price

As stated in the main text, the bond price evolves according to the following ordinary differential

equation:
r-p(A) = e+ (1= pN) + a(M)p'(N) + A — p(N), (A1)
where
a(\) = N2 — (O + N+ 20X+ g0 + N) + A (A.2)

We conjecture that the bond price is a linear function of A: p(\) = my + mg - A\. Substituting this

conjecture into equation (A.1), we obtain

r(mi+ma)) = c+ma(N — (A + N+ 20)A + g(An + N) + A i)
+A(n —myp —maA) + £(1 —my —mal). (A.3)

Note that, on the right hand side of (A.3), the two A? terms, maA? and —maA2, cancel each other

out. Thus, both sides of the equation are linear function of A\. Matching terms gives

(c+&)2q+ A+ N +7+E) +n9(An + X)) +nAp N
(r4+&2q+M+N+r+8&)+qAn+ X))+
. (c+8 = (r+ & g
(r+82q+M+N+7r+&)+qAn+ X))+ N

miy > 0,

mo = 0. <A4)



B. Numerical procedure for solving the default extrapolation

model

B.1.  Change of variables

For numerical considerations, we first define

W(X,\) =K - e(X

i A), so e(v,\) = K'W(vK, \), (B.1)

where K is a large scaling factor (a constant). We substitute (B.1) into (16) of the main text and

obtain

pXWx + 302 X2Wx x + a(\)W)
rW(X,\)=| +6(1—7)- X —[(c(1—7)+ &) —Ep(N)]K | . (B.2)
1
——(p(NK — XWx)?
g POVE + W = XW)
The two boundary conditions in (18) of the main text now become

W(Xs(\),\) =0, Wy (Xp(M),A) = 0. (B.3)

Our focus is to numerically solve the differential equation (B.2) as well as the default boundary
Xp(N).
To do so, we first consider the limiting case when A = \,. In this case, the partial differential

equation in (B.2) becomes an ordinary differential equation

pXW' + 302 X2W"

W= | +6(1—7) X —[(c(1 - 7)+&) - Ep(An)]K |, (B.4)
+2¢1[((p()\m)K W XW)?

where W (X, \;;,) can be viewed as a univariate function of X. As X goes to infinity, we conjecture
that

(1—-7)0

W(X, Ap) — X 4+ Wa(Am); (B.5)
this conjecture is easy to verify.
Substituting (B.5) back into (B.4), we obtain
1

re Wy = |=[(e(l =7) + &) = &p(Am) | K + W(p(km)ff +Wa)?|. (B.6)



The two solutions are

Wor(Am) = —(p(Am) — 1)K
LR\ (pOm) — 190 + (2061 = 7) + 2661 — pOAm)) — (M) (BT)

Note that —W; can be interpreted as debt value, so the negative root Wa _(A,) is the relevant one.

We now define the market-timing component of equity value as

0(1—7)

H(X; Am) = W(X, Am) — X (B.8)
r—p
Substituting (B.8) back into (B.4) gives
pXH' + o2 X2H"
ro = 1 | (B.9)
—[(e(T =7) + &) — Ep(Am) | K + 21/7(( p(An)K + H — XH')

Further substituting (B.8) into the two boundary conditions in (B.3) gives

o(l—r o(l—r7
H(Xp(Am); Am) = — ( )Xb()\m), Hx (Xo(Am); Am) = — ( ) (B.10)
r—p r—p
These two conditions, together with the following condition
lim H(X; A ) = Wa(An), (B.11)
X—o00
allows us to solve for H and X;(\y,), the default boundary evaluated at A = \,,.
B.2.  Solving H(X)
To facilitate subsequent numerical analyses, we make the following change of variables
_X—C
B.12
X1+ ¢ ( )
and define [(z) = H(X (x)) with X = ((1+4 z)/(1 — ). Now, equation (B.9) becomes
1+2\>/,0-z)* ,(1-z)3
1 2\7/ 1.2 " 1
sp(l—az9)l' + 50 (C) (l —1
= |2 \Ul-z 4¢? 2¢? . (B13)
_ 1— _ K - m K 1 1— 2\ 1112
(61 =)+ €) = ()l + ) K + 1= 31 =)
The two boundary conditions in (B.10) become
s1—-71) 1 1—x)? §(1—
I(zy) = Gl -7) +£L"b’ l’(xb)( zp) _ ( 7-)7 (B.14)

r—p 1—x 2¢ r—p



where z, = (Xp(Am) — )/ (Xp(Am) + () is the transformed value of the default boundary Xp(Ap,).
The limiting condition in (B.11) is

1(1) = Wa(Ap)- (B.15)
Next, we approximate the function [ by

i(z) = Z;‘ZO b T(), (B.16)

where {b, }o<r<n represents n + 1 coefficients and T, (z) represents the rth degree Chebyshev poly-
nomial of the first kind.?> For a given value of x3, equations (B.14) and (B.15) allow us to express
{bo, b1, b2} each as a combination of the remaining n — 2 coefficients. Then, equation (B.13) allows
us to solve for the remaining coefficients as well as x through minimizing a weighted sum of squared
€ITors.

Define the optimal debt issuance as ¢g*(x) = ¢*(v(x),\n). Then, from (17) of the main
text, (B.1), (B.8), and (B.12), we obtain

p(Am)K +1— 101 - 2?%)
YK .

g (x) =&+ (B.17)

It can be approximated by

PO K +1- 31— a?)

g(x) =&+ WK (B.18)

We illustrate the numerical procedure by showing an example. The parameter values are:
A= 0.005, A\, =2,¢=0.05n=05r=004 c=004, =1, 7=0.3, ¢ =20, p = 0.01,
0 = 0.04, and o = 0.25. The scaling factor K is set to 10. The parameter ¢ for the non-linear
transformation in (B.12) is set to 25. The optimal default boundary is X3(A,;,) = 4.88. We also
know from (B.7) that Wy _(\;,) = —12.63. With this parameterization, Figure B.1 plots [ and

g — £ against x, the transformed value of X.

B.3.  Solving the two-state variable partial differential equation

We now solve the full model. Recall that the partial differential equation we are solving is

pXWx + 202 X2Wx x + a(\)W)
r WX, = | +5(1—71)- X —[(c(1 —7) + &) —EpNK | . (B.19)

1 2
+M—K(p(A)K +W - XWx)

35Gee Mason and Handscomb (2003) for a detailed discussion of the properties of Chebyshev polynomials.



Optimal debt issuance is

pNK +W — XWx

g =€+ o
We define the “residual” equity value as
(1 —
H(X,\) = W(X,\) — (T_MT)X.

The evolution of H is governed by

pXHx + 30°X*Hx x + a(\)H,

~[(e(1 = 7) &) = OIK + 5o VK + H = XHx)?

rH =

Optimal debt issuance becomes

p(NK + H — XHx

g (X, \) = K

=£+

o Q

The boundary conditions are

H(Xp(M),\) = —5(:__;))%@)7 Hx (Xp(A),A) = —5(:__;)’

for A < A < \p,.

Numerically, we have solved one other boundary condition
H(X, Am) = [(2(X)),

which, as we see below, will be helpful when solving (B.22).

We then have the following changes of variables

X ¢ 2 A+ Am

x:m,zz€1A+£2’ Where&.l:ma EQ:

Given (B.26), define ¢(x,z) = H(X(z),\(z)). The default boundary is k(z) = Xp(A(2)).

tion (B.22) becomes

1+2)° 1- )t 1- )
N;(l_wz)%v'i‘é()Q(Cl_i) (Qxac( 4C2x) _qgc( 2€;C)

rq(2,2) = | fa(A(2))61g: — [(c(1 — 7) + &) — Ep(A(2))] K

+2w1K(p(A(Z))K +q(e,2) = §(1 - 2%)q.)’

M= Am

)

(B.20)

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)

Equa-

(B.27)



The optimal debt issuance from (B.23) becomes

PAR)EK +q(z,2) — 5(1 —2%)gs

* = B.28
g (z,2) =&+ VK ( )
The two boundary conditions in (B.24) are now written as
_ 0(1—1) _ 20(1 —7)¢
k(z k(z
Q(kEZnggaZ) = _ﬁk(z)v 4x( E gé%) = k(z)=¢\% (B.29)
(r—mp)(1 - k(z)-i-g)
Given (B.25), we approximate the residual equity value ¢(z, z) by the following
i(w,2) = l@)+(1+z) ¥ ali,j)L()Ti(), (B.30)
0<i+j<m
where {a(i, j) }o<i+j<m represents (m + 1)(m + 2)/2 coefficients. Note that
(1) = Wao(An)
= —(p(Am) — ) K
— K\ (pOm) = 1) + (20e(1 = 7) +266(1 — p(A) = P2 (\)). (B.31)
We approximate the default boundary k by
f(2) = ZLO 4, T.(2). (B.32)
When numerically solving (B.13), we have obtained a numerical value for X;(\,,). As such,
lim k(z) = 3" odr - (—1)" = Xp(Am). (B.33)

z——1

That is, we can write d,, as a linear function of {d, }"Z)

Within the boundary—that is, when (k(z) — ¢)/(k(z) + ) and when —1 < z < 1—the partial
differential equation in (B.27) is satisfied. We consider M grid points between —1 and 1 for the
variable z; these are the M zeros of Ty/(2) and we denote them as {z;}M,. These M zeros are

given by

0.5
2 = cos (“M)W) , 1<i<M. (B.34)

We assume the same M grid points for the variable x; we denote them as {z; }]]Vi 1. For each z;, the

following set of x; corresponds to firm fundamentals that are above the default boundary

1<ji<j0) = V\: arccos (W) + 0.5J : (B.35)



Finally, we choose coefficients {a(i, j) }o<i+j<m and coefficients {d,}"~} to minimize the follow-

ing weighted sum of squared errors

1+2;\> (l—av-)4 (1—36-)3
1 2\ 4 1 _2 J ~ J ~ 7
ns 1_x')q + 50 (C) q —q

2< JoA 2 1—xj e 4(2 r 2(2

+a(A(z:))614;
—[(e(1 =7) + &) = &p(A(z)) | K +

29K
i _TQ(xjaZi)
1 —A k(z)_c 6(1—7')A :|2
+K, M W0 ) + ———k(x
102 im1 1_212_(k(2i)+4 ) = (=)
_ 2
Mo 1| ke 200(1 —7)
+K2 Z’i:l 1_ 9 qw(l}:(zi)-‘rcjzz) * (T o )(1 _ k(zz)_C)Q
Al H F(zi)+¢

where w(j,7) = [(1 — x?)(l —22)]71/2 and K7 and Kj are large positive coefficients.

In (B.36), the expressions of Gz, .z, and §, are given by

4o(z,2) = Zx(x)+(1+2)0 +Z a(i, j)Ti(2)T" (),
<itj<m
Gpa(,2) = lpa(@) + (1 + 2) 0<.;< a(i, §)Ti(2)T" (),

and

S alt, HT () Tj(x) + A +2) > a(i, )T:(2)Ty(=).

0<i+j<m 0<i+j<m

G:(x,2) =

For the numerical results in the main text, we set m = 30, n =

L (pOG)E + (g, m) - i

(B.37)

(B.38)

30, M = 70, K; = 109,

Ky =2,500, K =10, and ¢ = 25. We then apply the Levenberg-Marquardt algorithm. Recall that
the parameter values are: A\; = 0.005, A\, =2, ¢ =0.05,7=0.5,7r=0.04, c=0.04, £ =1, 7 = 0.3,
¥ =20, p = 0.01, 6 = 0.04, and o = 0.25. For (B.36), we obtain a minimized weighted sum of

squared errors at 8.2 x 1073.

(B.36)



Figure B.1. The market-timing component of equity value [ (z) and the optimal net debt issuance
g(z) — &, each as a function of x. The parameter values are: A\; = 0.005, A\, = 2, ¢ = 0.05, n = 0.5,
r=0.04,¢c=0.04, (=1, 7=0.3, v =20, x = 0.01, § = 0.04, and o = 0.25.
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C. Numerical procedure for solving the rational model

C.1. Reduction of state variables

Note that the V; process in equation (3) exhibits constant stochastic returns to scale and that
the adjustment cost in (10) is homogeneous of degree one in G; and F;. These assumptions imply
that the equity value E' is homogeneous of degree one in V; and Fj, that the default boundary V;
is homogeneous of degree one in F}, and that the bond price p is homogeneous of degree zero in V;

and F;. Without loss of generality, we write

14 14
BV.F) = ()P, V(E)=wF p(V.F) = () (©1)
as in equation (35) of the main text.
Substituting (C.1) back into (29) and (33) gives
pve’ + so%v?e”
r-e= 1 s (C.2)
(1) 0= (1) +€) 4 €+ (ot e = ve)
and
. 1
rep=c+{(l=p)+(n+&= g+ S0t (C.3)
In (C.3), the optimal debt issuance is
G p(v) +e—ve
)= = = A4
g) =5 =8¢+ " (C.4)
The reduced boundary conditions are
o) =0, ) =0, plw)=n, Jim pl) = ‘=% (©5)
’ ’ TS r+ f

As v goes to infinity, we exclude any bubble component from e(v)—we set €’(v) in (C.2) to
zero—and we know from (C.5) that p(v) goes to (c+&)/(r +&). In this case, (C.2) implies

o(l—71)

1}liﬁnolo e(v)=A+ ﬁv, (C.6)
where
A=—(p—vr) = \/(p—or) =2 ($(E(p — 1) — (1 — 7)) + 4p?) (c7)

and p = (c+&)/(r+&). Equation (C.6) serves as another boundary condition.



We further define the “residual” equity value
h(v) =e(v) — ——w, (C.8)

which is the difference between the equity value and the present value of the firm’s unlevered cash
flows. From (C.6) we know that

lim h(v) = A. (C.9)

vV—00

Equations (C.2) to (C.6) characterize a system of two ordinary differential equations, with a
single state variable v. We solve equations (C.2) to (C.6) and the value of v, using numerical

methods, which we elaborate next.

C.2.  Change of variables

For numerical considerations, we first define

W(X) = K - e(

%), so e(v) = KW (vK), (C.10)

where K is a large scaling factor (a constant). We substitute (C.10) into (C.2) and obtain

MXW/ 4 %02X2W”

r-W = +o(1—7) - X —[(c(l=7)4+& —&-p|K | . (C.11)
—i-le(p K+ W — XW')?

The two boundary conditions regarding e(v) in (C.5) now become
W(Xy) =0, Wx(Xp)=0. (C.12)
We then define
P(X) = p(E)’ so p(v) = P(vK). (C.13)

We substitute (C.11) into (C.3) and obtain
1
r-P=c+&1—-P)+(u+&—g)XP + 502)(213”. (C.14)
The two boundary conditions regarding p(v) in (C.5) now become

POt =0, Jim PO) =%

(C.15)

10



Our focus is to numerically solve the differential equations (C.11) and (C.14) as well as the default
boundary Xj.

To do so, we now define the market-timing component of equity value as

1—
H(X)=W(X) - 5(r - uT) X. (C.16)
Substituting (C.16) back into (C.11) gives
pXH' + 302 X*H"
r-H= 1 . (C.17)
—[(c(1=7)+¢) —@P]K+M—K(P.K+H—XH’)2

Further substituting (C.16) into the two boundary conditions in (C.12) gives

o(1 — o(1 —
Hx) =20 =Dy g,y = 2= (C.18)
r—p r—
Moreover, from (C.6), we know that
lim H(X) =K - A, (C.19)
X —o00
where coefficient A is given by (C.7).
C.3. Solving H(X) and P(X)
To facilitate subsequent numerical analyses, we make the following change of variable
X-¢
== C.20
T X ¢ (.20

and define [(x) = H(X (z)) and f(z) = P(X(z)) with X = {(1+2)/(1 — z). Now, equation (C.17)

becomes

/ 1+ ? ,,(1—%)4 ,(1—x)3
o a1 —a?)l' + 1o? (Cl _x> gz e -1 22 ) | c21)
—[(0(1—7)+€)—é-f]K+w7[f'K+l— 31—

with the following optimal debt issuance

e K+l-Ya—a)r
g () =&+ Mé . (C.22)

The two boundary conditions in (C.18) become

(A -=T1)1+ay
r—pu 1—x

— )2 -7
l’(a:b)(l 2gb) __6(7’1—u)' (C.23)

l(l‘b) =

11



The boundary condition in (C.19) becomes

(1) = K - A, (C.24)
Equation (C.14) becomes
ref= cttl-f+ntE-g)z(1-2")f
e (d2) (i ). o
The two boundary conditions in (C.15) become
fla)=n, 7= (C.26)

We then approximate the two functions [ and f by

@) =" bT@, f@)=3" ah@), (C.27)

where {b, }o<,<n and {¢; }o<r<n €ach represents n+1 coefficients, and T} (z) represents the r** degree
Chebyshev polynomial of the first kind. Define x, = (X — () /(Xp + () as the transformed value of
the default boundary X3. For a given value of x;, equations (C.23) and (C.24) allow us to express
{bo, b1, b2} each as a combination of the remaining n — 2 coefficients. Similarly, equation (C.26)
allows us to express {cp,c1} each as a combination of the remaining n — 1 coefficients. We also
search for x;. Together, we have a total of 2n — 2 unknown coeflicients.

Note that the optimal debt issuance in (C.22) is approximated by

+f-K+f—%i’(1—x2)

§z) =€ e

(C.28)

Finally, we choose coefficients {b, }o<r<n, coefficients {c, }o<r<n, as well as the default boundary

xp to minimize the following weighted sum of squared errors

A T+a\2 (oA —2)* o (1—x)
1 a2\ 1 2 J " J) J
gill = o)l + g0 <C1—xj> <l A¢? : 2¢2

(e =) + ) & IR+ o (F K+ T= 30— a)T) i

MWK ’ 4 (C.29)

Y cHEN =N+ (p+E—g)i1—2D)f
J

2

M .
Zj:l w(])lij:cb

where w(j) = (1 — x?)_l/ 2 and K; is a positive scaling coefficient. The indicator functions in (C.29)
mean that the system of ordinary differential equations only hold in the region where v is above
the default boundary.

12



For the numerical results in the main text, we set n = 30, M = 300, ( = 25, K1 =4, K = 10,
and ¢ = 25. We then apply the Levenberg-Marquardt algorithm. The parameter values are:
n=05,r=0.04,¢c=004, ¢ =1,7=0.3,¢% =20, u=0.01, § = 0.04, and o = 0.25. For (C.29),
we obtain a minimized weighted sum of squared errors at 1.47 x 1074, The default boundary is

solved to be v, = 1.46.
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