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There are six sections in this appendix. Appendix A contains the proof of Theorem
1 in the main text. Appendix B provides a constructive proof of Proposition 2.
Appendix C shows how the model of Section 2.1 map as a special case of the more
general model of Section 3. We also show how the Acemoglu and Guerrieri (2008) and
Comin et al. (2015) models are nested in the general model. Appendix D discusses
our proposed algorithm for computing the STraP, and also extends the analysis to
non-homothetic CES preferences. Appendix E provides details of data construction
for the empirical aspects of the paper in Section 4. Appendix F presents detailed
derivations for the nonhomothetic CES variant of the model presented in Section
D.1.

A Proof of Existence and Uniqueness of the STraP

This section provides a proof of Theorem 1 in the main text. The proof consists of
two steps. The first step is standard, and we provide a succinct description (referring
the reader to Acemoglu (2009) for details). The second step is novel, and we devote
the majority of the proof to provide a detailed derivation.

The first step in proving our result is to characterize the solution of the Planner’s
problem going forward given capital k at time t. We begin noting that the assumptions
on f and u guarantee that the planner’s solution is interior. Moreover, Theorem 7.9
in Acemoglu (2009) holds, so any solution must satisfy the first order conditions of
the Hamiltonian

H(t,k,c,\) = e Ay(t)ule(t), ) + A(t) [f (k(t),t) — (6 + (1)) k(t) — c(t)],
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which yield the the Euler Equation

(1) PG (oS (k(t), )
c(t) - 62uécc(2?),t)c(t> ok =0 =) —p+ 7). (A1)

The system is further characterized by the law of motion

R(t) = FR()8) = (6 + (1) k(t) = e(t). (A.2)

Theorem 7.12 in Acemoglu (2009) holds (since the value function is differentiable
and its derivative converges to 0 along any feasible path), implying that any interior
solution path satisfies the transversality condition

tlgglo H(t, k(t),c(t), A(t)) = 0. (A.3)
Finally, the maximized Hamiltonian is strictly concave in the state variable so the
continuous path defined by the law of motion (equation A.2), the Euler equation
(equation A.1), and the transversality condition (equation A.3) is the unique solution
to the planner’s problem.

Now we proceed to the second step of the proof. In this part, we need to ensure
that the system is Lipschitz continuous to invoke some of the results from the theory of
ordinary differential equations. This requires that f itself is Lipschitz continuous. We
therefore leverage on the Inada condition assumption for f, and define an € > 0 that
bounds capital away from 0 with the property that if k(7) € [, k], then k(t) € [g, K]
for all t > 7. Given our assumption that f € C? for all (k,t) € (0,00) x R, f is
Lipschitz continuous in [g, k] and we focus on that interval. We also define a C' so
that for all t € R and k € [g, k], the optimal consumption c(t) € (0,C). Then, we
can restrict the domain of consumption to the compact interval [0, C] without loss.

The Euler equation and the law of motion for capital determine a two dimensional
non-autonomous system. In the first step of our proof, we have shown that there is
a unique consumption level for a given starting capital £ and time t consistent with
optimization. This function, which we label ¢(k,t), is the unique consumption level
that shoots to the asymptotic balanced growth path with capital level k.. Using
this observation, we can write our system as a one dimensional non-autonomous
differential equation

k(1) = FR(E), 1) = (0 + (1)) k(1) = e(k(1), 1). (A.4)

By construction, given initial conditions (ko,7) € [g,k] X R, k(t) — ks as t — oo.
Proving existence and uniqueness of the STraP comes down to proving that there
exists one unique path of this system that has k(t) — k_ as t = —oo. To do that,
we will use the anti-funnel existence and uniqueness Theorem 4.7.5 from Hubbard
and West (1991).



Let us outline how the rest of the proof proceeds. At a broad level, the main
complication in this step is characterizing c(k,t). Define ¢_(k) as the optimal choice
of consumption given a starting capital amount in the negative asymptotic optimal
growth problem. Define ¢, (k) similarly for the positive asymptotic optimal growth
problem. The usual growth phase plane analysis gives us information about c_(k)
and ¢y (k). For example, linearizing c¢_(k) around k_, tells us that ¢ is continuously
differentiable and increasing in k around the steady state. In Lemma 1, we prove that
under the conditions stated in Assumption 1, these properties extend to c(k,t) for ¢
close enough to —oo. We use this result to check some of conditions needed for the
anti-funnel theorem in the ensuing lemmas. In Lemma 3, we show that equation (A.4)
gets close to the law of motion for the negative asymptotic optimal growth problem
for t - —oo. Then using these results, we construct an anti-funnel and apply the
anti-funnel theorem in Proposition 1.

We begin using Assumption 1 to characterize the asymptotic behavior of ¢(k,t).
Assumption 1 allows us to reparametrize time to lie in the compact interval [0, 1]
where 0 corresponds to ¢t = —oo and 1 corresponds to t = oco. Then we can use
continuity to extend results about functions at ¢ = +oo to functions where t € R.
The assumptions on h, h’, and h” guarantee that the system of differential equations
remain well behaved as t — 4o00. In particular, we need that 44(t) and 4, (¢) approach
0 fast enough so that the differential system at sufficiently large and small ¢ looks like
the asymptotic differential systems. This allows us to linearize around the asymptotic
steady states and gain information about the behavior near them.

Lemma 1. Suppose that Assumption 1 holds. Then, there exists a function ¢ :
[g, E] x [0,1] — [0, C] with the following properties:

o &(k,0) =c_(k) for all k € [g, K],

o ¢(k,1) =cy (k) for all k € [g, k],

o é(k,z) = c(k,h(2)) for all k € [g,k] and z € (0,1), and
)

e ¢(k,z) is continuously differentiable.

Proof. We can rewrite our non-autonomous 2 dimensional differential system as a 3
dimensional autonomous system by including time as a variable which we will write
as s(t). Then the system is

() = (6 +(s(t))) k(1) — c(t), (A.5)
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The function s(¢) is unbounded in this system, which makes it cumbersome to deal
with. Therefore, we reparametrize time with z = h(s) € (0,1). This autonomous
system, dropping the explicit time notation, can be written as

k = f(kv h_l(z)) - (5 + '7k<h_1(z))) k— = (AS)
- ¢ Of(k,h"1(2)) -1 -1

= aenam | e s —p @) (A9)
2 =n(h"1(2)), (A.10)

and it is defined on the box [g, k] x [0,C] x (0,1). We denote the right hand side
of equations (A.8), (A.9) and (A.10) by Fi(k,c, 2), Fu(k,c, z), and F,(k,c, z), respec-
tively. The system can easily be extended to the closed box [g, k] x [0,C] x [0, 1] by
replacing 7(h~"(2)), 7u(h~(2)). f(k. B (=), ZEEZED ge h1(2)) and W(h(2))
with their limits as z — 0, 1. The limits of the v terms, f, and 0 follow immediately
from our assumptions. Since h(t) converges to a real number and b’ converges, it
follows that A’ must converge to 0 as t — +oc.

While the system is defined, it might not be well behaved as z approaches 0 or 1.
In particular, the derivative of the functions Fy, F., and F, at those points might not
exist and so the system might not be Lipschitz continuous. The total differentials of
these functions in z € (0,1) are

dFy(k,c,z) = [ﬁf(k:,+kl(z)) - — vk(h_l(z))} dk — dc
{af(k, )L L (A.11)
+ ST — i (h (z))k} (h ) (2)dz,
2 f(k ! -1 (e~ ()
dFe(k,c, z) = ¢TIk g, F.(k,c, Z)e(c, W) - T de

0(c,h=1(2)) Ok? ch(c,h=1(2))

N {8< c [a JOL D s 01 = ()| Y (2

¢, h=1(2)) okot
9(c,h ' (2)) (h=1)(2)
— Of ¢, z) pdz
0(c,h=1(2)) Felk,c, )}d’
(A.12)
dF,(k,c,z) = h'(h 1 (2))(h 1) (2)dz. (A.13)

Next, we note that the Inverse Function Theorem together with Assumption 1 guar-
antee that the derivative converges as z — 0, 1. Therefore, the derivatives at z =0, 1
exist and correspond with the limits. Along with the fact that k is bounded away
from 0, we thus have that the system is Lipschitz continuous.

Notice that there are two steady states with positive consumption in the system
defined by equations (A.8), (A.9) and (A.10): one at (ks,Coo, 1) and another at
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(k—oos €00, 0). Next, we linearize this system of equations around the (ko Coo, 1)
steady state. Then a deviation ko, + k(t), coo + ¢(t), and 1+ 2(¢) must locally satisfy

k(1) p—Yeu  —1 O\ [k(t)
i) | = | aaafik) 0 0 ) e ). (A.14)
i) 0 0 a.) \&(t)

The associated characteristic polynomial to (A.14) is

(as = ) (v (e — A+ %fﬂm) |

The system has one positive and two negative eigenvalues. The two negative ones are

a4 with associated eigenvector (0,0,1)" and 1 <p = V4w — \/(’Y+u —p)? — 455 j;(koo)>

with associated eigenvector (1, % (p — Yiu + \/(7+u —p)?— 40;(";00) jﬁ(k:oo)) ,0>T, Thus,
locally this stable plane defines consumption as a function of k£ and z.

We can then extend this to a manifold in the box [g, k] x [0,C] x [0,1]. This
manifold will be our function ¢(k, z). Notice that setting z = 1, the system is exactly
the differential equations describing the asymptotic growth problem so the manifold
corresponds with the graph of cy (k) trivially. Next we turn to z € (0,1). For
any t and k£ we know that there exists c(k,t) that converges to the steady state.
Therefore, the point (k, c(k, h(z)), z) is on the manifold. If there were another point
on the manifold for a given k and z, with that capital and time, starting with either
consumption would satisfy the transversality condition and the differential equations.
That contradicts uniqueness of the optimal consumption. Therefore, this manifold
defines a function ¢(k, 2) on [e, k] x (0, 1]. We then turn to extending to z = 0. We will
show that the limit of ¢(k, z) as z — 0 is c_(k). Then we can define ¢(k,0) = c_(k).
As Fy, F., and F, are continuously differentiable, it follows that ¢(k, z) is continuously
differentiable.

We now show that c(k,z) — c_(k) as z — 0. Starting at time —7, the time path
of consumption solves the problem

o ,ptAu(t - T)u .
E N e v RO )
such that .
k(t) = f(k(t),t —7) = (6 + w(t — 7))k(t) — c(t) (A.16)
and
k(0) = ko. (A.17)

where we have simply divided the original expression by A,(—7)e™*". Replacing 7
with A7!(z) makes it a maximization problem with two parameters, ko € [g, k} and
z € [0,1]. When z = 0, 1 the problem is replaced by the asymptotic growth problems.
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Our next step is to apply Berge’s maximum theorem. In order to apply it, we need
to ensure that the utility function is continuous and the constraint correspondence
is continuous, compact Valued and contains no empty values. Using the discounted
norm |[c(-)|| = [, e e(t)dt this is the case for all z € (0,1). We just need to ensure
that the functions are contlnuous at z = 0,1. Here we focus on z = 0 (an analogous
argument can be done for z = 1). We use the Dominated Convergence Theorem to

prove this result. We have that % elo Yuls=7)ds where —7 = h™'(z). Take v, >

max {7V, Y_u} but 7, < p. Then since v, (t) converges on either side and it is twice-

continuously differentiable, there is a B so that % < Be™! for all 7. Since ¢ is also

bounded, the absolute value of the function e pt% (c(t),t—7) is bounded above

by e"«=P)!Bu. Thus, by the DCT, we have that lim,_o [, e pt% (c(t),t +

h=(2))dt = [ Tim, e—m%ggg;)u(c(t), t4+h~1(2))dt. Note that lim,_ou(c(t), t+

h71(2)) = u_(c(t)) and limzﬁo%m = ¢7-+!. Thus, the utility function is
continuous on all of [g, k] x [0,C] x [0,1]. By Berge’s maximum theorem, optimal

consumption is continuous in z and ¢(k, z) must approach c_(k) as z — 0. ]

We next present a series of Lemmas that build on Lemma 1 that allow us to
show that the conditions for Theorem 4.7.5 of Hubbard and West (1991) hold in this
setting.! To use the anti-funnel theorem in Hubbard and West, we will look at the
backwards differential equation. Define k() = k(—t). This follows the differential
equation

() = —f (zz(t), —t> + (6 + (=) k() + ¢ (/Q(t), —t) . (A.18)
We then want to show that there exists a unique time path k(t) with k(f) — k_o as
t — co. Define F (m) = (%(t), —t) (64— k() + ¢ (/%@s), —t>. We sim-
ilarly define the function that describes the backward capital motion in the negative
asymptotic growth problem: F_ < ) =—f ( (t )) + (0 + ) k(t) + c_ (l%(t))

IFor completeness, we state Theorem 4.7.5 from Hubbard and West (1991) here.

Theorem 1. Let a(t) and B(t), B(t) < «a(t), be two fences defined for t € [a,b) that bound an
antifunnel for the differential equation ' = f(t,x). Let f(t,x) satisfy a Lipschitz condition in the
antifunnel. Furthermore, let the antifunnel be narrowing, with

lim(a(t) — B(t)) = 0.

t—b

If (0f/0x)(t,x) > w(t) in the antifunnel, where w(t) is a function satisfying

b
/ w(s)ds > —oo0,

then there is a unique solution which stays in the antifunnel.



Lemma 2. On some interval U C [0, k] containing k_, in its interior, for all € > 0,
there exists a T > 0 so that if t > T,

)F(/%,—t)—F,(l%)‘<5, Vi el

Proof. By Lemma 1, &(k, z) is continuous on the compact region [¢, k] x [0, 1]. There-
fore, it is absolutely continuous. Then Ve > 0, there exists a 6 > 0 such that
|C(ky1, 21) — ¢(ka, z2)| < ¢, if max {|k1 — ko, |21 — 22|} < J, where we use the sup norm.
In particular, if zo = 0 and ky = ko = k, then for z; < 9, |¢(k,z1) — ¢(k,0)] < e.
Transforming into time, if ¢; < h(J) then

le(k,t1) — c_(k)| < &,Vk € [¢, K]
Similarly, there exists a T so that if t < T5, then
[f(k,t) = f-(k)| <e.
To finish the proof, we simply note that
)F (;;-, —t) o (12:) \ — )_ f (z;, —t) +f (zz) e (/;, —t) el (;;) (=) — ik
< 2¢ + |yp(—t) — -l b
< 3e

for ¢ sufficiently large that |yy(—t) — v_x| < z. O

Lemma 3. F (l%,t) 15 Lipschitz continuous on some interval U containing k_o, in

its interior. That is, there exists a IC > 0 such that for all t € [0,00) and 121, ky e,

ke — ko -

’F (l%l,t) _F (12:2,15)‘ <K

o is continuous on the compact interval [g, k] x [0, 1] and

therefore has a maximum, which we denote M;. Furthermore, ¢(k, z) is continuously

differentiable. Therefore, ‘86(3]2’2)

and is bounded above by some M. Define 4, = sup,cg (). Then for any ¢ and
k’l, ko € I,

Proof. Notice that ‘M

‘ is continuous on the compact interval [e, k] x [0, 1]

[ () = F (koo t)| < |1 (B —t) = £ (Boo=t) [+ 15+ (=) - [l — o
+e (/%1, h(—t)) g (/%2, h(-t)) (
< max { My, My, |5 + 74|} ‘151 -~ /5‘2(
Taking K = max {M;, My, |6 + x|} completes the proof. O
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Lemma 4. There exists an interval U containing k_. in its interior, and a function
w: [a,00) = R such that

OF (k,t)
>
o ="
for k€ U where [ w(s)ds > —oo.
Proof. Notice that
oF (k,t) 0 - - [~
of (k —t) ¢ (l% h(—t)
If one linearizes c_ (k) around k_,, one can see from the stable arm that acglgk) | =
Lo—rut o= = 45 (k) ) - Therefore,
OF (k_o0, 00) 1 ) oo
Bl s O3 Mt A Z — N )24 nk
ok Ve p+2<p 7u+\/<p V-u) e(c_oo)f( oo))
e Y (T R Y
=3 Y=u — P \/ P = V—u 0<C—oo) —(F—o0

Then by continuity, there exists a 7' > 0 and 6 > 0 so that for k € (k_oo — d,k_oo + 0)

and t > T, aFa(:’t) > 0. Therefore, we can take U = (k_o, — 0, k_o +9) and w(t) =

min {infkeU 8F8(’,:’t) : O}. Then w(t) = 0 for all ¢ > T so that [ w(s)ds > —oo. O

Proposition 1. Suppose that Assumption 1 holds, then there exists a unique STraP.

Proof. We use Theorem 4.7.5 from Hubbard and West (1991) stated in Footnote 1
to show existence and uniqueness of the STraP. Lemma 3 showed that the system is
Lipschitz. We need to construct the narrowing upper and lower fence. We restrict
attention to a symmetric interval around k_ ., where Lemmas 2 through 4 hold. Define
this as U = [k_o — 0, k_o + 0]. This is possible as k_,, was in the interior of all of
the intervals.

We describe the explicit construction of the upper fence. The construction of
the lower fence proceeds analogously by symmetry. Define kg = k_ + 9, k1 =
k_oo + g, cor s kpy = koo + 2% where n € Zy. Take a, = F_(k,). Standard growth
dynamics tell us that F_(k) is increasing in k (recall that F_(k) is the backwards
dynamics). Therefore, monotonicity implies that F_(k) > a, if k > k,. This also

implies that a,, > 0 for all n since F__(k_,) = 0. By Lemma 3, F’ (l;;, t) gets arbitrarily
close to F_(k). Therefore, for every n, there exists a T,, > 0 so that for ¢t > T,,,

() - (B)] <5
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for all k € U.

We can now describe the explicit construction of the upper fence, a(t). Let a(t)
be a piecewise linear function starting at time 77 with «(77) = ko and proceeding
linearly to a(73) = k;. Then the derivative of « is negative. Furthermore,

[F(a(t),t) = F-(a(®)| < 5

and
F_(Oé(t>> > F_(kl) = da,

for all t € [T1,T,]. Therefore, F(a(t),t) > 0 for all t € [T1,T»] and «a(-) counts
as a fence on this interval. Continue concatenating linear functions like this with
a(T,,) = ky—y for all n. o/(t) <0 for all ¢t and F(a(t),t) > 0 for all t. Therefore, this
piecewise function is a fence converging to k_..

Analogously, we can construct a lower fence [(t) which converges to k_.,. We
have constructed a(t) and [B(t) that bound an anti-funnel. The final condition is
provided by Lemma 4. Thus, we can apply the theorem obtaining the desired result:
there is a unique time path that remains in the anti-funnel. This is the STraP. [

B Proof of Proposition 2

We present a constructive proof of Proposition 2. We remind the reader of the
notation introduced in the main text, ¢ = C’/Agl/(l_o‘), k= K/Ai{(l_a), C =P.C/P,.
We also define g,(t) = j—z and f(t) = ]Iz—z - %. Note that time dependence for g,
and f comes only through the evolution of sectoral TFPs, A;(t), i = {a,m,s}.? The
dynamic system given by the Euler equation and the law of motion for capital in this

notation are

£ o2 (5 ; fﬂ) , (B.1)
ei; =k =6 = p+ (1= 0) f (1) — T ——aa(0). (B.2)

Asymptotic Behavior: Balanced Growth Paths We begin by discussing the
asymptotic behavior of the system. Note that the dynamic system becomes au-
tonomous in the limit. Since

—
-
w

SN~—

lim f(t) = = Vx,

t—+oo

lim g, (t) =72 + 7,
t—o00

lim gm(t) =Yz + Ya,

t——o0

2For f the factor prices cancel out since all sectors have the same factor intensities and the
consumption and investment aggregators are constant returns to scale.
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we have that the dynamic system does not directly depend on time as t — 4+o00. In
this case, we have that the dynamic system has a steady state (BGP) characterized
by the system of equations

Ozk,a—l 5+736+72) : (BG)

0
0 =ak®™ ! -0 — P — ( 9) Yoz — 1—(790 + Vz) (B7)

Rearranging the second equation and then substituting in the first one we find that

1

— O[ m
[— (B.8)
(5+p+(1—9)%+%(%+%)>
C 5+ —'I— 1_9 ;1;+ ;1;+ 1 T 4
<£> _O+p ( )Y + 1= (v 7)_5_7 + % (B.9)
k’ +o00 (6% 1—0{

where ¢ denotes the appropriate limiting sector. Since capital and consumption cannot
be negative, we assume that the parameters above are such that this condition is
satisfied. In particular, we note that this imposes the constraint

5+p+(1_9)7:c+%(7x+%) _5_%0"'%'
« 11—«

> 0. (B.10)

For the case a = 0 (that we use below) we have that

c 1—

(z)m - TO‘ (6+% + %) > 0. (B.11)

In what follows, we require that the dynamic system defined over t € (¢,¢) con-
verges to these asymptotic paths as time goes to +00. Theorem 1 ensures that this
limit is well defined and unique.

Model Dynamics: Computing the STraP We proceed making use of the as-
sumption that a = #. This allows us to decouple the dynamical system and first solve
for 2 = {. Subtracting the law of motion for capital from the Euler equation, we have
that _

E_ s 0tp-(-a)f)

z Q@
This differential equation to a class known as Bernouilli ordinary differential equa-
tions. To solve it, we proceed with a change of variables. Define v = 1/z, (note that
this implies that © = —272%) and the equation becomes a first order linear ordinary
differential equation

(B.12)

@—(iiﬁ—é—ligf@)v+1:0 (B.13)



This equation can be solved using the integrating factor A (t) = e” K42 1) (%52 —0)]ds

The previous differential equation can be written as
d
= (A(t)v) = =(). (B.14)

Using that A(¢) = 1, we can use the fundamental theorem of calculus to obtain

AB() = o(t) = — /t A(s)ds. (B.15)

It is also useful to mtroduce notatlon for the integral appearing in the integrating
factor, F'(t) = ft [—=2F(s) + (22 —§)] ds, so that A(t) = e~ FO-FW),
Equation (B.15) can be rewritten as

t
t

Taking the limit as ¢ — oo and using that the system converges to the BGP, we can
obtain the expression for the unique initial value v(t) converging to the asymptotic
BGP. Using that limy_,. v(t)e "™ = 0 (since v converges to a constant and e”’®
converges to zero), we obtain that

e F6) (5)ds
v (t) = Jy eF(t)( ) : (B.17)

In terms of the original variables, we can express this result as ¢ and k being related
by a ray through the origin:

e_F(t)

o(t) = foo e~ (s) ds

t

k() = M(1)k(t), (B.18)

where we have simplified the notation from t to t. We can readily verify using the
Hoptial rule that as t — oo the slope of this ray becomes constant and equal to

lim M(t) = {9}: m i t< I oS+ (5+p 6)) (B.19)

t—o00 t—o00 _F(t)

_ v + _ (B.20)
(6% «

This last derivation proves Equation (32) in the main text. Also, note that Equation
(B.18) shows that, by construction, M (t) is a continuous function.

Once we have the policy function (B.18), we can substitute it in the law of motion
for capital to obtain the solution path for capital. Imposing the boundary condi-
tion that it converges to the initial BGP as t — —oo we then obtain the STraP.
Substituting the policy function in the law of motion for capital, we have that

k: a—1 Jz (t>
E_k M(t)—4o T (B.21)
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Defining # = k'™ and noting that 2 = (1 — ) k~*k we can rewrite the previous
expression as a Bernouilli equation:

x':l—a—(l—a){M(t)—l—fxﬂvL&}I. (B.22)
-«
Using the integrating factor () = '™ MO = +6]ds, we have that

0

5 e Wp@®] = 1-a)juld), (B.23)

O - Oul) = -a) [ s ds (B.24)

t

Note that, by construction, u(t) is continuous and increasing. Taking the limit as
t — —oo (and using that M(t) > 0 and g, (¢) converges to a positive number while x
converges to a finite number given by the initial BGP), we find

o n(s)ds
o) = (1—a) == (B.25)
S (s)ds] e

Equation (B.26) provides the general expression for the solution of the STraP path
for capital. Then, we can substitute back into the policy function (B.18) to obtain
the path of consumption.

Model Dynamics given an initial condition for captial k&, To finalize the
proof, consider the problem of characterizing the competitive equilibrium given an
initial level of capital kg at time ¢ = 0. In this case, we can follow the steps of the
previous derivation and first characterize the path for z and then k& going forward.
Indeed, Equations (B.18) and (B.24) still hold in this case. The only difference relative
to the previous derivation after (B.24) is that now the initial condition at ¢ = 0 is
given, and we do not need to take the limit backwards to characterize the solution.
Thus, we can use directly Equation (B.24) to characterize the solution,

s)ds
o (t, 7)) = xoﬂ(g;))—i-(l— ) tozgt; , (B.27)
_pl(t) S (s)ds = [ p(s)ds pu(t) — i (to)
= T T T ) w8
_ hlto) | pl@ plto) ] p(t) —p(t)
= mrw T am T e e



Expressing this results in terms of the capital stock, we obtain

_ 1—a k(o) 1—a  H(t) _ 1o H(to) i (t) — p (o)
(ko) = {k i) {k O o — ey ") u<t>—u<to>] no

- - l-a -« ,u(tO) l1-a -

= k(t ko) = {[k;o k(to) ] 0 + k (t) } .

This last expression corresponds to the statement of the law of motion (30) stated in
Proposition 1, completing the proof.

C Mapping Special Cases to the General Model

C.1 Baseline Model

As noted in the main body of the paper, the static decisions lead to aggregate Cobb-
Douglas production functions, A, (t)K,(t)*L,(t)'™* and A.(t)K.(t)*L.(t)'~*. We
therefore focus on the intertemporal equations with these aggregate production func-
tions

and define detrended variables k(t) = —2W— z(t) = —XU_ () = XU
Ag ()T Ag ()T Ag(t) T-o
and c(t) = — 90 The consumer’s problem can then be rewritten
Ac(t) A (t) T
" enten (A anpe) A C.1
11—«
c(t),xfgi}((t),b(t) /t:T6 ( (£ Ax(t) > 1—46 (C.1)
s.t.
Pe(t)e(t) + pa ()2 (t) + peo(t)b(t) = w(t)L + R(t)k(t) + r(t)p.(t)b(t) (C.2)
and _
k(t)=x(t)— ¢ k(). .
(1) = (1 <+1_a,4$<t>> (v (©3)
The production side can be simplified to
c(t) = Le(t) k()" (C.4)
and
w(t) = Ly (t)' ™k, (1)>. (C.5)

It is easy to verify that the First and Second Welfare Theorems both hold so the
equilibria correspond with the planner’s problem for sufficiently large p. The budget
constraint is then traded out for the resource constraint

c(t) + a(t) = k(t)°. (C.6)
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Plugging this into the capital accumulation equation gives

k(t) = k(t)™ — <5 + 7 _1 - jig) k(t) — c(t) (C.7)

The constraint sets are convex and utility is strictly concave so the planner’s problem

has a unique solution. Finally we note that setting ~x(t) = ﬁjﬁg and A,(t) =

<Ac(t)Am(t)ﬁ) fits our framework.

The only thing left is to check the limit conditions and Assumption 1. f(k,t) = k“
and so all limit conditions are automatically satisfied. Notice that if v4(¢) satisfies
the limit conditions, then ~,(t) does as well by the algebra of limits and the fact that
A.(t) is exactly analogous to A, (t).

We have that

w0 10
1 [ >, wxijtwwj] |

(C.8)

|t -
l—a 22 wa Ay ()77

With o, < 1, this converges to = [v; + ;] as t — oo where i is the slowest growing

sector. Similarly it converges to ﬁ (Ve + 7] as t — —oo where n is the fastest
growing sector. We next check that () is continuous. Notice that

oy — 1 Zj wa:jAj (t)%il ('Vj)z B (Z] szAj(t)UI*1’7j ) 2

A (t) = (C.9)

e Zj wgj A ()= Zj wg;j Aj(t)7= 1

which is indeed continuous.

We now construct the h function and verify that it satisfies Assumption 1. Notice
that 4x(¢) < 0 for all ¢. Therefore, v, : R — (v_g, V1) is invertible. We can then
transform this, f : R — (0, 1), f(t) = % f is then a strictly increasing bijection
from R to (0,1). This will not work as our A function though since the derivative
converges to zero at the same rate as Jx(t) as t — 4oo. For this reason, we will

compose it with the function ¢ : (0,1) — (0,1), g(z) = (1 — x)x% + (1 - (1- x)%)
This function looks like 22 as z — 0 and 1 — (1 — )2 as  — 1. Define h: R — (0, 1)

g(f(t)).

We can now check the limit conditions using L.’Hopital’s rule.

i (t)

. 1 1
A = im0k = (0)2 (0= = 7402 =0,
and (1)
ol = lim (7, () — Yar) 2 (Yok — Yon)? = 0.

tir& h’(t) t—
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We also have

O N, J(fO)F (1)
s W) 150 g"(FO)(F/(0)2 + ¢/ (F (1)) (D)
JUW)

Notice by L'Hopital’s rule, the limit of == Zt’“)( ) equals the limit of —zigi . Then we
just find the limit of the first term.

1 X e A7t )
-k — Ww(t) —a (W >,y Ay (077
Yi(t) a1 | g wniAi ()71 (3;)? (z waj Aj(1)7a— 1y
1—a > waAj(t)oe L > wI]A () UL—I

<ijmjAj(t)az ' )(Z]WWAJ UI*l)
i

(0p—1) {(Z waj A ()77 (v5) ) (Z waj A t)”“”‘1> - (Zj wijj(t)”””_IW)Q}

e A (7 A () (3
T} SR YOL Sy WO Rt e

where 7, is the fastest growing sector. Then the dominant term is the one with two
1’s. It converges towards ﬁ < 0 ast — —oo. An exactly analogous argument
shows the limit as ¢ — oo exists and is positive. Therefore, the baseline model has a

STraP.

C.2 Nonhomothetic CES Preferences

This model differs from the baseline model only through the consumption aggregator.
C(t) is now implicitly defined by the equation
J 1 C(t) 0‘3:1
1= | =L : C.10
>4 (e (10

j=1

The investment sector is the same as before, and so we can detrend capital and
1
investment by the same A, (¢)7-+. With these preferences,

P.t)Ot) + X(t) = A, K()“L({t)" ™ =Y, (C.11)
Normalizing L(t) = 1 for all ¢, and dividing by Ax(t)ﬁ gives
L ()C(t)

st (t) = k()" (C.12)
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Thus we can take f(k,t) = k% We define c(t) = P()C1)

Az (t) T—«
Then the utility of an agent who chooses ¢(t) consumption is given by
C«(t)l—e
U(c(t),t) = max
(e(6).1) ey 1-0
such that y o
O
1— ve J
2 (c<t>€j)
7j=1
and

1

D_B0C;1) < Aty me(t).

With the investment sector as the numeraire,

At
i(t) = A0

Therefore, the last constraint can be written
T Cj(t) <),
T A (E) A ()T

This utility function is unbounded and so does not fit into our framework. Thus,

@

we introduce a normalizing factor N,(t) = (Z}']—lwq (Ai(t)Ax(t)l_a>éj> -

Then we define u(c(t),t) = %c(ft(;ffz) Therefore,

such that .
J _a_ v
A ()T ¢i(t) ) ™
1 — wccrc ]( €T ~.7
2 ( ORENOF
and
> eilt) < elt)
J
where we have replaced ¢;(t) = — Gl and é(t) = %

Aj(t) Az (t) 1=
Therefore ~;(t) is the same as in the baseline model. A,(t) = N.(t)'™%. This
satisfies all of the convergence requirements same as A(t). As show in Comin et al.
(2018), u(c,t) satisfies all of the convergence properties except the ones on the time
derivative aeg;,t) — 0. This follows from the fact that it is a differentiable function of
the growth rates, the chain rule, and the fact that the derivatives of the growth rates

all converge.
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C.3 Acemoglu and Guerrieri (2008)

Acemoglu and Guerrieri (2008) differs from the previous two cases by allowing the
capital intensity to differ between the sectors. This complication prevents us from
aggregating the sectors together. In order to keep the intertemporal problem separate
from the intratemporal problem, they assume a single final good that can be used for
investment or consumption.

The representative consumer gets utility from consuming the final good

(e%] t 1-6
/ e_p(t”)%. (C.13)
t

The single final good is a CES aggregation of multiple sectors

o—1

J
Y (t) = [Z x;wﬂl] (C.14)

with Zj Xx; = 1 and x; > 0 for each j. Capital depreciates at a rate ¢ > 0 so that
K(t) =Y (t) — 0K(t) — C(t). (C.15)
Each sector produces with a Cobb-Douglas technology
Y;(t) = Aj() Ly (1) K1), (C.16)
and technological progress is exogenous so that

Aj(t) = € 4,(0) (C.17)

with v; > 0 for j = 1,...J. Capital and labor markets clear so that

> K(t) = K(t) (C.18)
and
J
> L) =1. (C.19)

As we said, the differing capital intensities implies that we cannot aggregate pro-
duction. Therefore, we do not have nice expression as we did for A,(t) and A.(%).
However, the ideal detrend function A4;(t) would solve

fed

aj(o'fl) B

A(t) = ZX}Aj(t)‘TAI(t) : (C.20)
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as this finds how much output actually grows. Using this is not necessary. Instead,
we can use the following function which asymptotically agrees with the ideal detrend
function, but is easier to use:

Ay (t) = [i X7 (Aj(t)l—laj)aal] o (C.21)

The detrended system is then easy to state. Utility is given by

oo 1-0
/ GP(HT)Ay(t)lecit)_ 7 (C.22)
t

=—T

The capital accumulation equation is

h() = y(t) — (5 + j:g;) k() — e(t). (C.23)

Sectoral variables possibly grow at different rates so we detrend production in
sector j by A;(t)Ay(t)*. Then production in sector j is

y;(t) = Ly ()" k; (). (C.24)

And final production is a time varying function:

y(t) = [Z X (ﬁgz‘g%(w)”] N (C.25)

Jj=1

All variables are bounded as t — +o0o. Standard arguments then show that the First
and Second Welfare theorems both hold.
We now have v (t) = ﬁigg and A, (t) = Ay (1), Just as in the baseline case, we
know that 7(¢) monotonically decreases to its limit when o < 1. The only difference
is it now converges to a capital augmented growth rate. The fastest growing sector
is now the sector with the highest ljja - As time goes to infinity, 7, converges to the
slowest, and as time goes to —oo it converges to the fastest. We can also use the
same h function as we did in the baseline.

The only complication is verifying that the production function converges. As the

first welfare theorem holds, we have that

Fht) = max |3 ?(Af—@w-ajk,(t)%)“
) Lj(t),k;(t) IX] Ay (t) 1= J j

j=

such that

> Lit)=1
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and

S k() = k(@)

Denoting the Lagrange multipliers by A\;(¢) and A(t), the first order conditions
are
1 % Aj (t) 1—a; o -1
FE, )7 (1 — o)y (me Tk;(1)* Li(t)™ = N (t)
and -
1 % Aj<t) 1—o; a; -1
flk,t)7 a3 (WLj(t) k@)% ) k(67 = Ae().

Notice that as t — oo, Ay(t) — Az(t)ﬁ where i is sector with the slowest
augmented growth rate. Therefore, the terms in t he sum where j # i converge to
zero. And on the compact interval k(t) € [0, k], this happens uniformly as we can
bound how large those terms are. An analogous argument can be made for ¢t to — co.

We next need to check that the derivative also converges. By the envelope theorem,

% = A\x(t). But then as all activity moves into sector i
nlt) = Fh0rand (e b k0 ) T ke
S (L) R (™) 7 g (L) k(D)) k()
— i L)' k(1)
uniformly.
The only thing left to check is that of g;’t) and 628];(55) converge to 0 sufficiently

fast. This follows from the chain rule. f and % are differentiable functions of the
productivities. The chain rule then shows that if the derivatives of those growth rates
goes to zero, the derivatives of the production functions go to zero uniformly on the
compact interval. One can then construct an h function similar to as before.

D Computing the STraP

Although Theorem 1 ensures that a unique STraP exists, an issue of practical rel-
evance is how to solve for the STraP. For its computation, we return to the more
specific model in Section 2 and move to discrete time. We maintain the same growth
notation, but we use the discrete analogs, e.g., Ay i11/Azt = 1 + 7Y2r, and the dis-
count rate, p, is replaced by the discount factor, 3.> The computational algorithm we

3In discrete time, the analogous Euler equation and law of motion for capital are

- 0 _
(Ct~+1> _ 5 [1—5+ Riq } |:Pm,t+1/Pc,t+1:|1 9.

t Pav,t+1 Pz,t/Pc,t
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present is a double-recursive shooting algorithm. We recursively shoot both forwards
and backwards. Again, we normalize values by the effective investment productivity,
Ai,{t(lfa), and continue denoting normalized variables using lowercase letters. In an
inner loop, we shoot forward, solving for a time 0 value of consumption expenditures
that asymptotically leads to the services BGP. In an outer loop, we shoot backwards
and solve for a time 0 value of capital that asymptotically leads to the agriculture
BGP. In practice, it is quite difficult to shoot toward an asymptotic BGP, which
requires more precision at the initial value of consumption expenditure, ¢y, than is
computationally practical. Instead, we find a reasonably precise initial ¢;, but we
allow for small adjustments midpath that keep the overall path following the ideal
path with a high level of precision. A useful analogy is a hypothetical launch of a
rocket toward a planet in another solar system, where over time small deviations from
the ideal launch angle could compound and require small retro-rocket adjustments to
keep the rocket on target.

To make our computation, we assign initial values for A,y and A, for j = a,m, s,
and, for the sake of convenience, we now declare investment as the numeraire. Given
these, the steps of the algorithm are as follows:

1. Define initial bounds for ky,. We solve for kq using the bisection method,
which requires an upper and lower bound. Clearly, ks and k_, are candidate
upper and lower bounds, but one can use the fact that the relative price of
investment is increasing to bound it more tightly. One can solve for a pseudo-
BGP level of capital, which is the normalized level of capital that would result if
the effective productivities A, ; and A.; grew at their initial rates perpetually:

1/(1—a)
O‘BA:E,O

(R 6/(1-a)
(1+22) "7 (1+42) —B(1-4)

A lower bound that is sufficiently low can then be chosen. In our simulations
we chose this as 0.9 * kpseudoBap-

kpseudoBGP =

2. Choose a trial value for kj;. Using the bisection method, we choose the
midpoint of the two bounds.

3. Define initial bounds for ¢,. Again, we use the bisection method and choose
upper and lower bounds. Consumption expenditures are naturally bounded
between 0 and y, but we choose tighter bounds: 1.2* Cpscugopap and 10 percent
of initial output, 0.1 * k.

and X
Ki t
= — 1-46
K, K, ( ),

respectively.
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4. Choose a trial value for ¢;. We choose the midpoint between the upper and
lower bound.

5. Shoot forward toward k... In principle, we would consider it a successful
shot if we get sufficiently close to a stable value of capital close to the target,
i.e., k; within a tolerance of k., and kiy1/k, within a tolerance of one. In this
case, we would skip to the backward shooting in Step 7. However, in practice,
we also stop the shooting attempt at any point in which either ¢;;1 < ¢ or
ki1 < k. (Define this point of divergence as t*.) If the former, assign the ¢, as
the new lower bound; if the latter assign ¢y as the new upper bound. Check if
the bounds on ¢, are sufficiently tight. If not, return to Step 4.

6. Update t; to shoot recursively. Regardless of the precision of ¢y, we have
found a point of divergence, t*. Our recursive approach is to back up from this
point to some t,, < t*. Practically, we choose t,, as the nearest period to 0.95xt*.
We then return to Step 3 at this new ¢,. (Note that one need not shoot forward
until convergence to the asymptotic BGP, i.e., within a tolerance of k.., but
one can stop shooting whenever the desired simulation period is finished.)

7. Shoot backward (i.e., t — —oc0) from ky and & toward k_,,. Here we
iterate backwards using the Euler equation and the laws of motion for capital
and technology. Again, we consider it a successful shot if we get sufficiently
close to a stable value of capital close to the target, i.e., k; within a tolerance
of k_o, and k /ki—1 within a tolerance of one. In this case, we are finished.
However, we also stop the shooting attempt if capital diverges too strongly at
any point. If capital becomes too large (we choose k,_; > k), we update the
upper bound on ky. If capital gets too small (we choose k;_; < 0.01), we update
the lower bound. We then return to Step 2.

The stopping procedure in the last step further illustrates the fact that capital is only
backwards stable along the STraP.

D.1 Nonhomothetic Preferences

In the model in the main text, we rely on a biased productivity growth and inelas-
tic substitution across sectors to drive structural change. The combination of ris-
ing income and nonhomothetic preferences is another key explanation for structural
change (e.g., Kongsamut et al., 2001). We utilize nonhomothetic CES preferences
as in Comin et al. (2015). These preferences exhibit persistent nonhomotheticities,
which have been shown to be quantitatively important to account for structural trans-
formation (Alder et al., 2019; Boppart, 2014; Comin et al., 2015). Nonhomothetic
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CES preferences implicitly define C(t) as the solution to

=5 e &

‘7261’7""7/7S

with @.;, 0., and €¢; > 0.4 We further assume &. < 1. Here we have chosen our
notation to emphasize the analogous roles of @,; and &. with their counterparts w;
and o, in the earlier CES aggregators. The intratemporal first-order condition from
the household’s problem illustrates these analogs as well as the unique characteristics
and parameter dependence of these preferences:

o - 2 (#) oo 02

When €; = ¢;, the expression is exactly analogous to that in the CES case, with w,;
and &, determining the weights and constant elasticity of substitution, respectively.
However, when €; > ¢;, consumption of value added from sector j will rise relative
to that from sector 7. Thus the ¢; parameters govern the income elasticity. It is the
relative value of these parameters that determine demand patterns, s we follow Comin
et al. (2015) and normalize one of them, €,, = 1.

An important observation is that changing the demand structure from homothetic
to nonhomothetic CES does not alter the aggregate production function representa-
tion of the economy, since the aggregation result is based on the investment side of
the economy and value-added technologies (which we do not modify in this section).

The household’s dynamic problem yields the following modified Euler equation:

C () E(t) R(t) P, P\ €@

O0——==rt)—p— —= = -0 — = | - == D.3
co s TR T\ TR) TRy PP

P()Ci(t)

225 Bi()C;5()
Comparing the above Euler equation (D.3) with the benchmark Euler equation (10),
we see that on the right-hand side the growth rate of € (¢) is subtracted in equation
(D.3).5 If the income effects reinforce the relative price effects, as is empirically the
case (Comin et al., 2015), consumption shares shift toward luxury goods and € () rises

where we define € = ) ¢ as the consumption share-weighted elasticity.

“Note that €; > 0 ensures that utility C(¢) is increasing in C;(¢). This can be readily verified
using the implicit function theorem in equation (D.1).
5The discrete time analog to the Euler equation in normalized expenditures, which we use for

simulation, is
G\’ g g R re \ Y
t+1 €t €t t4+1 Pyt
L) = B ) = f (1—6+ ) ' :
( Cy ) ( o )6t+1 €yl Pyt %
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over time. Hence, during structural transformation (i.e., except in the asymptotic
limits) nonhomotheticities depress consumption growth.

For the simulations, we again move to discrete time and continue to use US tech-
nology parameters and technology processes. As with the earlier model, we calibrate
the nonhomothetic simulation using the best fit parameters values estimated for the
US over the period 1947-2017. After normalizing ¢, = 1, we estimate ¢, = 0.43 and
€s = 1.64. Hence, relative to manufacturing, agriculture is a necessity and services
are a luxury. The incorporation of nonhomothetic income effects lowers the need for
low substitutability to do all of the work in structural transformation. Hence, we
estimate a somewhat higher value of the substitution parameters, 6. = 0.30. For
the weights in consumption, we again normalize the manufacturing weight to one,
Wem = 1, which yields w., = 0.024 and w.s = 8.85. Online appendix I contains
further details.

Figure D.1 shows the fit of the simulation by plotting the sectoral share of con-
sumption, investment and value-added over the period 1947-2017 against the cali-
brated STraP simulations. The thick lines indicate the NHCES simulation, while the
thinner lines are the original CES simulation. While both models fit the data well,
the NHCES is somewhat better at capturing the steep growth in services and decline
in manufacturing. We can also see the impact of nonhomothetic preferences in the
out-of-sample simulation: Relative to the homothetic model, the addition of nonho-
mothetic preferences delays structural transformation in consumption and leads to
the hump shape in manufacturing being quicker and more pronounced.

E Data Construction

The paper utilizes three sets of data, which we discuss in turn.

E.1 U.S. Data

These data are used to yield the calibrations in Sections 4.1 and D.1, which are in
turn used for the simulations in Figures 1-D.1.

We calibrate the aggregator weights, w.; and w,;, j = a,m, s, to match the time
series average shares of each sector in consumption and investment expenditure. We
use the input-output tables to yield the sectoral composition of consumption and
investment following closely the procedure described in Herrendorf et al. (2013). To
do this, we combined the Make and Use tables for the years 1947-2017 produced by
the Bureau of Economic Analysis (BEA) (U.S. Bureau of Economic Analysis, 2016,
2019b).5 The input-output information from individual sectors is aggregated into our

6The Make table refers to the table describing the make of Commodities by Industries, before
redefinitions, while the Use table refers to the table given the use of commodities by industries,
before redefinitions, using producers’ prices.
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https://www.dropbox.com/s/ily9ntdwpskzrf2/bkmo_onlineapp.pdf?dl=0

Figure D.1: US data 1947-2017, Homothethic and Nonhomothetic Benchmarks
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Note: Thick lines correspond to NHCES benchmark. Thinner lines, to CES.

three broad aggregate sectors by simply adding the corresponding row and columns.”

To construct the TFP for our three broad sectors, we use data on the real output
of each sector, the value added of each sector, and the aggregate capital stock.

The data on the real output of each sector is constructed from the Industry Eco-
nomic Accounts produced by the BEA (U.S. Bureau of Economic Analysis, 2017,
2019a). In particular, we use data on the value added VA, and the chain-type price
indexes Py, for disaggregated industries for the years 1947-2018. To do this combines
the historical GDP by Industry data for 1947-1997 with the more recent information
on the GDP by industry data for 1997-2018. We obtain quantity index for the broad
aggregate sectors that we use by aggregating the individual data using the Fisher
chain-weighted formula:

DY PZTVA% > VA
VAL Y, Pil;VAlt—l

The capital stock series K; is calculated using the perpetual inventory method.

1
2
Qj,t = Qj,tfl-

"In particular, we include agriculture, forestry, fishing, and hunting in the broad agriculture
sector; mining, utilities, construction, and manufacturing in the broad manufacturing sector; and
wholesale trade, retail trade, transportation and warehousing, information, finance, insurance, real
estate, rental, and leasing, professional and business services, educational services, health care, and
social assistance, arts, entertainment, recreation, accommodation, and food services, other services,
except government, and government into the broad service sector.
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We start with the value of the current-cost net stock of private fixed assets in 1947 as
reported by the BEA (U.S. Bureau of Economic Analysis, 2018a), expressed in 2000
prices using the price index for private fixed investment (U.S. Bureau of Economic
Analysis, 2019¢). To calculate the undepreciated capital we calibrate the depreciation
rate 0 to match the average depreciation rate of private fixed assets over the period
1947-2017. The depreciation rate of private fixed assets is given by the ratio of
the current-cost depreciation of private fixed assets to the current-cost net stock
of private fixed assets (U.S. Bureau of Economic Analysis, 2018b). We add to the
undepreciated capital stock the gross domestic investment (U.S. Bureau of Economic
Analysis, 2018¢), expressed in 2000 prices using the price index for private fixed
investment.

Given the data on the quantity index for an individual sector @);;, the value added
share share of this sector, va;; = VA;;/ > i+ VAj, and the aggregate capital stock
K, the TFP of sector j, inclusive of the contribution of the changes in the aggregate
labor input, is given by:

A L= Q]t
J Vajt . Kta ’
The key assumption to obtain this expression is that the capital can be reallocated
without frictions across sectors and that all sectors have the same factor intensities
Q.

The neutral TFP term affecting the investment aggregator A,; is calibrated using
data on the chain-type price indexes of sectoral value added Pj; and the Price Index

for Private fixed investment P,; using the following expression:

1

P. l—0z | T—0x
e Se()

=a,m,s

Finally, the discount factor is chosen so that the average return to capital in the
model between 1950-2000 matches the after tax return to business capital calculated
by Gomme et al. (2011).

E.2 Penn World Tables 9.1

The Penn World Tables (PWT) data are used to yield calibration targets for Sec-
tion 4.5 and for data plotted in Figures 6-8. We detail the sample selection and
construction of variables here.

We select the sample based on two criteria. The first criterion is the level of accu-
racy of the capital stock. Since PWT uses a perpetual inventory method to construct
capital, the initial capital is simply assumed and can arbitrarily impact the series
during early years as explained in Inklaar et al. (2019). To eliminate this issue, we
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obtained the additional file “pwt91_services.dta”, which contains detailed and disag-
gregate data on capital and capital services including indicators of the type of series,
and included only those series for which the initial capital stock could be constructed
from historical data (“t_type”=“pim”, 38 countries) or those observations sufficiently
past the point where initial conditions influence capital stocks (“t_type”="*“t_star”,
92 countries but shorter time series).® The second criterion, as noted in the paper,
is the level of income because the set of countries thins out considerably as incomes
become either very high or very low. We therefore constrain the sample to country-
year observations with log real income per capita between 7 (roughly $1100 in 2011
USD) and 10.7464 (roughly $46,500), the U.S. income per capita in 2000. The sample
amounts to 126 countries, and 4191 country-year observations.
We plot five different variables in addition to log real income per capita.

e Real income per capita: In the model, the population and number of work-
ers are equal, and output and expenditures are also equal. In the real world,
however, these differ. Given the importance of nonhomotheticities, we focus on
real PPP expenditure income per capita as our measure of development, which
we calculate as “rgdpe” /“pop”.

e Capital-output ratio: Because we use panel variation, we construct the ratio
using current PPPs (in 2011 US$) as “cn” /“cgdp”.

e Investment rate: We compare this to the current-value investment rate in the
model (p,X/Y), so we construct the analog in the data. The PWT report gross
capital formation as a share or real output (“cgdpo”), “csh_i”, but they do at
PPPs rather than current-value shares. We therefore adjust to current value
shares using the PPP prices of investment (“pl.i”) and output(“p_gdpo”). The
investment rate is thus calculated as “csh_i”*“pli” /“p_gdpo”. This is identical
to the national accounts investment rate.

e Relative price of investment: We construct this using the PPP for invest-
ment (“pli”) and consumption(“pli”) as: “pli”/“plc”.

e Interest rate: The PWT 9.1 includes a measure of the internal rate or re-
turn, but this does not correspond to our consumption-based interest rate in
the model, and there is no simple adjustment that we can make. Instead, we
reconstruct the interest rate from scratch following the discrete model’s formula
for the interest rate in the Euler equation as given in footnote 11 of the paper:

80ur model simulations use chain-weighted growth measures. Although the capital-output ratios
are real, the timing of the initial value amounts to a critical choice of units. We follow the PWT
and use current-value capital-output ratio in 1950 (see (Inklaar et al., 2019), p.43), then using
chain-weighted growth in output to update values from that point.
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This requires a depreciation rate, rental rate in units of the capital good, and the
growth of the relative price of investment. To back out the rental rate, we start
with the detailed disaggregate capital data in the file “pwt91_ services.dta”.
We follow PWT and construct capital share (“capsh”) as one minus labor’s
share (“labsh”) and the share of rent to natural resources (“rntsh”). We then
multiply by national-accounts output (“rgdpna”)to get capital payments and
divide by the national-accounts capital stock (“rnna”) to get the rental rate in
units of final output. However, we require the rental rate in units of capital, so
we divide by the price of capital relative to output (“pl.n/pl.gdpo”).® Hence,
the full formula for the rental rate is rentalrate = (1 — “labsh” — “rntsh”) x
“rgdpna” [ “rnna” /(“pl-n” [ “pl_gdpo™). Next, we need to calculate the growth
rate in the relative price of investment. The formula asks for an annual growth
rate, but Inklaar et al. (2019) note that these can vary strongly from year to
year, so the PW'T averages over several years. We therefore follow the PWT in
this way and construct it average annual growth rate over q five-year window
in the following way

relativepricegrowth = (“pl_n” yo/ “pl_con” vy (“pl_n’ 1_s/ “pl_con” ;_3)) />

where we have used ¢ to index the year. Finally, using a depreciation of 0.04,
the calibrated depreciation rate in the analysis, we construct the interest rate as

r = (1 —0.04 + rentalrate) x relativepricegrowth — 1.

10-year real per worker growth: For growth rates, we utilize real variables
in the national accounts, “rgdpna”. Because this is a measure of growth in
productivity (rather than living standards), we focus on per worker growth
rather than per capita growth. Thus output per worker is “rgdpna”/“emp”.
Finally, growth rates are defined both in the model and data in the forward-
looking manner, i.e., the growth rate at time t is (ytHO/yt)l/lO — 1. Given
the forward-looking nature of the variable, we have fewer observations for this
constructed variable.

9In the model, there is only a single type of investment good so the price of investment and the
price of the capital stock are identical. However, the PWT distinguishes between different types
of capital, and with a changing composition of investment, the two are distinct, i.e., “pl.n” vs.
“pli”. Equating the returns to investment across capital types, these differences in prices are offset
by different depreciation rates. Since our single depreciation rate is used to depreciate the overall
capital stock, the price of the overall capital stock is appropriate here. The difference between the
two is small, however.
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E.3 Groningen Growth and Development Centre 10-Sector
Database

These data are used to for the results in Figure 9. We continue our definition of the
different sectors: Agriculture (includes Agriculture, forestry, and fishing), Industry
(includes Mining and quarrying; Manufacturing; Public utilities; and Construction)
and Services (Wholesale and retail trade, hotels and restaurants; Transport, storage,
and communication; Finance, insurance, real estate; Community, social and personal
services; and Government services). The raw data include 39 countries from 1950-
2010, but the value-added data series for some countries are considerably shorter.
Current-value shares are constructed by dividing sectoral value added by total value
added. Although these data include income and population data from the PWT,
the income data are output-side GDP (cgdpo) and from the PWT 8.0 version with
the benchmark year of 2005. To keep consistent, we replace these data with the
expenditure-side income (cgdpe) from the PWT 9.1, dividing by population (pop) to
yield per capita numbers. Once again, we focus on log real incomes per capita be-
tween 7 and 10.7464, the U.S. income per capita in 2000. We are left with 36 countries
and 1496 country-year observations. The countries are Argentina, Bolivia, Brazil,
Botswana, Chile, Colombia, Costa Rica, Denmark, France, Ghana, Hong Kong, In-
donesia, India, Italy, Japan, Kenya, Korea, Malawi, Malaysia, Mauritius, Nigeria,
Netherlands, Peru, Philippines, Senegal, Singapore, South Africa, Spain, Sweden,
Thailand, Taiwan, Tanzania, United States, Venezuala, and Zambia.

F Detailed Derivations for Nonhomothetic CES

In this section, we discuss the steps necessary for the results presented in Section
D.1. We use the discrete version of the model. The production side of the econ-
omy is unchanged so that prices, aggregation results, etc. still hold. We there-
force examine the demand side driven by nonhomothetic CES preferences in equation
(D.1). Consider the problem of maximizing C; subject to the budget constraint
Zj P;,C;y = Ey = P.;Cy. Denoting by A\; and p; the Lagrange multipliers on the
definition of preferences and the budget constraint, the first order conditions are

Lo’c

oc—1
/ubtw;C 7 = )\tf)j,t' (Fl)

-1 _ -1
> Gy
Taking the ratio of (F.1) for two sectors yields (D.2). Also, multiplying (F.1) by Cy
and adding up across all sectors implies that expenditure shares are

oc—1

Falis i [04] 7 )

= ¢ =
Et =) Ct J

Next, we consider the dynamic household problem (1) subject to (2) and (3) of Section
2, with the difference that within-period utility is given by the nonhomothetic CES
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aggregator (D.1). Combining (2) and (3), we obtain
E(Ct) + th(Kt-i-l — (]_ — 6)Kt) + PctBt+1 = WtL + Rth + (1 + Tt) PctBt (FS)

where )

l1—0oc

> (Pj,tcfjf_m] "

denotes the total expenditure in consumption. Noting that!®

OE(Cy)
— Y _¢P. F.5
aCt € t ( )
where € = > ; ej%(:“, the Euler equation becomes
9 B _ Pc,t

(Ct+1) _3 & Py Rip1+ Prya(1-9) ~3 €t (1 Y Rip ) Per

Cy €11 Pegt1 Py €t+1 Pri+1 %‘
(F.6)

Disucssion on the asymptotic behavior Our analysis maintains the assump-
tions that ¢, < €, < €, and that v, > v, > 7. On the investment side, we already
argued that this implies that, as ¢ — oco(—00), the investment share of agriculture
(services) tends to one. For expenditure shares, we also noted that our preference

specification
oc—1
1 .
1= wee {C]’t} - Zjy
= E cj G = E jts

j=a,m,s
where zj; denotes expenditure shares. Next, we use the same reasoning as in Comin
et al. (2015) to derive asymptotic growth rates. We have that

F)thjt Wi Pjt t-oe (ej—€)(1—0¢) Wi Ait 1o (ej—€)(1—0¢)
Sadae (i) plema)ined 8 (R ) plgma)ize. F.7
Pi,tCi,t Wy Pi,t ¢ wi \A; ¢ ( )

J?t

Consider the case that ¢ — oco. The term corresponding to prices tends to zero
as long as 7 = a,m and i = s. Also, as utility is increasing unboundedly in each
elements of {C’n}z a,m,s, we have that C; — oo. This implies that C (=e)=oe) _,
if j = a,m and ¢ = s. Thus, price and income effects work in the same direction

10This result comes from the observation that % = ap‘ t(c‘) Ci + P, and

8PC C o €j— 1-o. O — O — €5 —0Oc _
82% : PJZ% ( P;Cy ) = P toye 1ij(ej—1) (PaCy) 7 = Pua(e-1).
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towards making relative expenditure shares being 0 for 7 = a, m. Using the fact that
expenditure shares add up to one, this implies that the expenditure share in services
tends asymptotically to 1. An analogous argument for ¢ — —oo shows that in that
limit expenditure share in agriculture tends to 1 and it is zero for manufacturing and
services. In sum, the asymptotic properties of the dynamical system remain the same
as in our baseline exercise.

Using that asymptotically the surviving sector accounts for the entire economy,
we can derive the asymptotic growth rates of the consumption aggregator from the
expenditure share definition and its growth rate,

Et+1 t+1

_ F.8)
Py 1-oc (1—0c)e; (
(%) ot

(Pj,H-l ) 1-oe C(l—UC)Ej
1

which implies that

1/¢;
Ei1 —a
Cra _ (%) () ()
Ct (Pjyt+1> (1 + ’Yx)

Pj ¢

(F.9)
Asymptotically, we also have that ¢ = €.,. From this observation, it follows that
the Euler equation satisfies,

(1470)" ™ = B(1 =0+ R) (1 +3)(1 ;) /0 (F.10)

where R is the asymptotic level of interest rate, 7o is the asymptotic growth rate
of real consumption and j is the surviving sector. Combining the definition of gross
interest rate,

R=ak*! (F.11)
where K = Kt/Ai{t(l_a) with the Euler Equation (D.3), we obtain that

1/(1—a)
- aﬁ

K = a(9—1)+e]- O—1+e;

(L4 7) ST (14 9,) 50 — B(1L )

(F.12)

where j denotes the growth of the sector surviving asymptotically. For €; = 1, this
expression becomes our baseline result,

1/(1-a)
K = ( P ) . (F.13)
(1470 T (1 42) 79— 51— 5)
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Pseudo-Balanced Growth Path We define the pseudo-balanced growth path as
the balanced growth path to which the economy would converge if the present level

of growth was maintained going forward, implying that normalized expenditures in
the pseudo-BGP are

Eo=K§ — Ko (1 4+ 7)Y +0—1). (F.14)

We proceed by assuming that nominal variables grow at the rate implied by A, o and
infer the growth rate of real consumption at time ¢ + 1 so that it is consistent with
the "pseudo-BGP” capital level,

Cis1 ot € A | —1/(1—
= B—(1-6+aK" 1 o) VA=), F.15
(B1) =0 (1= 0+ aks) (149 (715

In contrast to the homothetic case, since we do not know the growth rate of P.,, we
cannot apply the formula for the pseudo-BGP capital level, Equation (F.12). Instead,
we jointly solve for the Euler equation and the expenditure functions at time ¢ and
t + 1 to pin down Ky, C; and Cy,;. Substituting the definition of the pseudo-BGP
into the Euler Equation in Footnote 5 yields

Ct )91 Zj wcj (Pj,t/PLB,t>1_UC Ct(l—o'c)€j €;

Ceri) 3 wej Py Pogn) 7 O,

(F.16)
We use this expression with the definition of the expenditure function at ¢ and ¢ +
1 combined with the expression for expenditures in the ”pseudo-BGP”, Equation
(F.14). For time t, we have

1=(1+74,)7% (1 —5+af(g—1) (

1
l—oc

[Z%WM®H1 = AV (B — Ko (1474000 +5 1))
J

(F.17)
Equation (F.17) evaluated at ¢ and ¢ + 1 with the Euler Equation (F.16) constitute a
system of three equations in three unknowns, Ky, C;, and C,;. We solve numerically
for these values.

Some practical computational details For both the pseudo-BGP and the shoot-
ing algorithm, it is convenient to normalize C;. This allows to numerically compute
C; for any t while keeping the range of potential values for the solver in a bounded
interval. Note that C; asymptotes to a constant growth rate as ¢t — 4oo that is
different from the asymptotic growth of nominal values. We thus introduce the nor-
malizing factor that combines the asymptotic growth rates of each sector combined
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as a Holder-mean,

—1/(1—0¢)
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so that it asymptotes to the same growth rates as C;. As a result, it is possible to
normalize consumption by this factor, Cy = C, /Nct so that it converges to a constant
number as t — +oo. This allows us to define the asymptotic values of normalized
consumption, C_,, and C. They provide a natural scale for the search range of any
solver algorithm.

We illustrate this by writing the the forward Euler Equation we use to solve for
Ci41 in the shooting algorithm,

~ Oc Al/(lia) e B L B ‘
ﬁ (1 - (5 _'_ Rt+1) (Et> % Ctg 1 ch] (]Dj’t>1 c Ct(l O'c)éjej —
Al -
E~3§+1 (Ct+1)9_1 Z Wej (Pj,t+1)1_gc Cﬁ:ac)ej €. (F.19)

j
F.1 Estimation of the Nonhomothetic CES parameters

We use the intra-period allocation of consumption across sector to estimate the price
and income elasticity parameters (up to a normalization constant). We rewrite the
demand system in terms of observables,

P, Cy Wi (Pz‘t)
=In | — 1—0)ln| —
o) )
€ > P thjt> € PiCy
b (1—o) (G 1) (&) LGy
( 0)(61 ) ( Py Z Cjt

for all i # 1. We normalize €, = w,, = 1 and estimate {0, €, €5, w,, ws}. Since a priori
any sector can be used as reference [ we stack the demand equations using different
sectors as reference (as in Comin et al., 2019) and find the parameters that generate
the best fit of the data using a GMM procedure.!’ The resulting estimated elasticity
parameters are 0 = 0.30, ¢, = 0.43 and ¢, = 1.64 as shown in Table F.1.

We use manufacturing and services as reference sectors and stack the equations that result
from using these sectors as references in our estimation. We exclude agriculture as it represents a
very small share of value added consumption and having it as a reference introduces noise in the
estimation, resulting in a worse residual sum of squares relative to only using manufacturing and
services as references. We also report the estimation results of €’s fixing o = 0.01.
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Table F.1: Estimated Parameters NHCES, US Consumption VA 1947-2017

Unconstrained Imposing o = 0.01

o 0.30 (0.09) -
€ 0.43 (0.22) 0.92 (0.04)
€ 1.64 (0.17) 1.30 (0.01)
In w, 2.39 (1.36) -1.90 (0.54)
Inw,  -4.57 (0.78) -2.74 (0.17)

Estimation with the normalization €, = w,, = 1.
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