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A Solution to the Regime-Switching Model with 2 States

We derive below the solution to the regime-switching model with just two states. The solution

technique is then applied to solving the regime-switching model with S states.

A.1 Description of States & Regime Switch

State s € {0, _ 1  } The transition probabilities are P(s;, 4 = 1|s; = 0) = ndt and P(s;; 4 = Ols; =
pandemic

1) = Adt. Let JO and JO" be the two value functions. The HJBs for the two states are:

For the non-Pandemic state
_ 1 _
0 = max [ F(CV) +79F <Z"‘yq - c) + STt 4 1O - ]IOffH (A1)
and for the Pandemic state

0= max [f (CV)+3" (l"‘w - C) + SV + L (g[1 — xa]) ~JO(q)] + A [0 - ]IO“H

(A.2)
In the Pandemic state, optimal labor supply is
alp =370 ey ~
Zed =1""%1— (el + k+ Kl)A| (A.3)
Define
1 2] _%
_ afp— 390
V= ( Zeh ) (A4)
Combine (A.3) and (A.4) to get:
1—«a
vI* 7 =[1— (el + k+ KI) 4] (A.5)
Or,
x(z):ez+k+1<1:%[1—vzl’7“} (A6)
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1—y -
Assume JO" = HO“Z 5 and JOff = HOff q Then

s\ —0y
cs = (Hp) ! (A7)
A.2 Non-Pandemic state
Ozmcax f(c*,]]Off)+]]Off< ugq — C > + ]]E])qfquleo.Z_i_n[]IOn_]IOff] (AS)
1. f(CT):
¥ 0
f(c* ]]'Off) p C - lp ((1 r)/ ]IOff)
L=yt (1 —ypo)™
0
_ p C* 1— ¢ ((1 ,), ]IOff)
L=yg=t (1 —ypo)™
_ p¥ Off\1-0p 1-y P Off 1—v
St () T e (A.9)
2. J9 (l_“yq - c*) :
) Off\ —1p
HOff<la‘u _ (szb >q17 (A.10)
3. Zﬂ%ffqzluco_z
1 Offa .2 1—7
—E'yH ["o*q (A.11)
4. 1 D]On _]Iqu .
1—v
y[HO™ — HOM) % (A.12)
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HJB simplifies to
1 1-6p 4 B B HOff —0y B
0 = —pzpl (HOff) ql v - _plleOffql 4 HOff<loc‘u _ ( P?p )ql 5
1O 21— On _ yOff g7
STHOM 0%~ -y [HO — H ]*1—7 (A13)
Cancelling out g'~7
2 Off\—8
__p Off\1-6 P Off | 17Off [ 7 (H™)
L A e <Z“V— o
1 Ot 2 on _ poi] 1
S THO +;7[H H ]71—7 (A.14)

Dividing by H, we get:

P ~ Off\ —0p B On

—1_ Pl 1—y1 oY HOff | 1= v
_ plplpil Off\ -6y __ P i _1 jo 2 HO" _ 1
_71_1I)_1(H ) 71_11)_1—4-1 U 2’)/1 ocC+7 ot 1 T (A.16)
L T o T R S HO 1
_1_¢_1(H ) 1_ll)_l—I—ly z'yla+17 FOf 1 T (A.17)
P B 1— B 1 HOn
:gb’il(HOff) W) - q(_ lpvl) + (1= <V - 2702> +1 [Hoff - 1} (A.18)
Define
7 — p(l — 7) _jaq _ 1 2
g(1,0) = =y FA=7)(p—35707) (A.19)
Then, (A.18) can be written as:
Y _ _ HOn
0— IIJP_ : (HOH)=0%(1 — 9) — ¢(1,0) + 1 [Hoff - 1] (A.20)
Rearranging
= On
§(1,0) = | For — 1|\~
HO¥ — < [Hojf } ) (A21)
Q=7
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Define

140= +on (A.22)
Then, we get:
- 1
o _ (&(L,0)—nd\ ¥
HY = <p‘/‘ (A.23)
(1—- ')’)ﬂ

A.3 Pandemic state

0:1’1’(1:alX f(c*/]]On> +]Iq0n (Z”‘yq—C*) + %]I%n 21040.2+g {]]On(q[l _XA]) _]IOn(qﬂ LA |:H0ff _]]On}]

(A.24)
SRR (L)) N
C*, On — Y (C ) (( Y
O ==y (1= 7)yom)’!
__p () — (1 =)o)’
L=y~ (a—ypom)!
"
=1 —plp—l (HOm)1=0vgl=r _ ]-_plp_lHanl—"y (A.25)
2. ]Ig)n (l“yq _ C*> .
On\ -6y
HO (l“u _# p—L )ql‘” (A.26)
3. %]]%anI_aUZ:
_%,),HOnlaaquf'y (A27)
4. Z[°"(q1 — xA]) = 7°(q)]
4 [HO“<11[1 — x4]) - HO“(q)} 7777 i ” (A.28)



5 A []]Off _ ]IOn] .

1=y
off _ gon] 4~
A|HO" — HO"| T (A29)
HJB simplifies to
_ P omyimorgier P poni—y  pron (o, _ (HOD Y 1
0—1_¢f1(H ) g Tt T+ H I )
— 1 HOn a2 1= +€[H0n([1 _ A])l—v — HOn] 1—7# +A [HOff _ HOn} ﬂ (A.30)
27 q X T = A
Cancelling out g1 =7
¥ _ On\ -0y
0= P — (HOn)lfﬂlP _ %HOH + HOn (lay B (H)>
1—-9 1—-9 [
_ %«YHOnla(ﬂ + g[HOn([l — XA]LW _ 1)]1% +A [HOff . HOn:| 13}/ (A.31)
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Dividing by HO", we get:

P _ On\ -0y
0 P (HOn)ff)tp P + <la‘u _ (H ) )

R IR o

-yl - -1l e [ -1

9

=1 _pl;l (HOM) ™ — _P¢1 + <7“u - Hznwgb)

- Jre gl - -1l e [ -1
:1Pf1/’¢__11 (HOm) 0% _ : _P¢_1 + T

- dre g -t -1l e [ -1
=2 (1om) (1 - ) - £02)

# [ et —xar ) — 1 - a e 1]

o) - B - (- Je?)
HOft
gl —xaP ) 1) [ 1]

Define

s0.9) = BT - 1) Jaed) el - 204 -1

Then, (A.24) can be written as:

¥ B Ot
0= 5 (HO) #¥ (1= 0) 80,8 + A | 1o~ 1]
Rearranging
on (8D —A[HE =1\
R
1=7)¢
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(A.32)

(A.33)

(A.34)

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)



Using the definition of ¢
LO) 4+ A5\ o
HO™ — (g( IRaEs: ) (A.40)

We can solve for é from (A.23) and (A.40).
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