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A Proofs of propositions in the body of the paper

Proof. (of Proposition 1). Using the definitions of H, G and 7 we have the following
recursion:

H(f)(x,t) =G(f)(@,t) + E [LgonH(f) (", t — 7)|2] for all z € [z, 7] and for all ¢ > 0.

Let us begin by defining the following object: D(z,t) = E [1{t>7}7-[(f)(a:*, t— T)}I} We
first consider case (i) and show that D(z,t) = 0 for all « and all £. This follows since
H(f)(xz*,s) = 0 for all s. This in turn follows because f is antisymmetric, thus we have
E[f(z(t)) |x(7) = 2*] = 0, which follows immediately by the symmetry of the distribution
g(z,t) and the antisymmetric property of f. It follows that E 1>y f(2(2)) |2(0) = z] = 0.
Hence, since H = G, this implies that G(t) = H(t) for any p(-,t).

Now we turn to case (ii). We note that D(z,t) is symmetric in z around z* = (z + 7)/2.
This follows since the law of motion of x is symmetric so g(z, t) is symmetric around x*. This
in turn implies that the probability of hitting either barrier at time s, starting with z(0) = z,
is symmetric in x, which directly implies the symmetry of D(x,t). Now we use that D(z,t)
is symmetric and that

H(t.1.9) = G(t.5.0) = [ D(w.t) ((,0) — ple) o

Since D(z,t) is symmetric and p(z,0) — p(x) is antisymmetric we have that the right hand
side is zero so that H(t) = G(t). O



Proof. (of Proposition 2). We analyze the eigenvalue-eigenfunctions problem defined
equation (12) for {);,7;}, which can be rewritten as

v'(x) = V(x)v;(x) where V(x) = &(x) + ’;—z (A1)

N[

o2
Ai(e) = &

As a matter of notation we refer to the bounded domain case when —oo < x < T < +00,
and to the unbounded domain case when —oo = x < T = +00. We use results from Section 3
of Chapter 4 of Zettl (2010) for the bounded domain case, and from Section 2.3 of Chapter 2
of Berezinn and Shubin (1991) for the unbounded domain case. Both references use a different
notation from each other, which also differs from the one we use. Relative to the notation in
chapter 4 of Zettl (2010) our boundary condition of the o.d.e for the eigenvalue-eigenfunction
pair in the bounded domain case corresponds to the “Separated self-adjoint BC”, our 02 > 0
corresponds to a constant and positive function p > 0, our function V' corresponds to the
function ¢, and the function w can be taken to be identically one. The notation in Chapter
2 of Berezinn and Shubin (1991), corresponds to the case where we divide both sides of
equation (A.1) by 02?/2. Equivalently, we can assume that ¢?/2 = 1, in which case our
potential V' (z) corresponds to v(z) in the notation of Chapter 2 of Berezinn and Shubin
(1991). Relative to notation convention in both references our eigenvalues corresponds to
minus theirs, since the term with the product of the eigenvalue times the eigenfunction is on
the other side of the inequality.

e (E)) The existence of a countably many eigenvalues follows from the spectral theorem
for compact self-adjoint operators. where in our case the operator on an arbitrary
function f is defined as L(f)(z) = %f”(x) — V(z)f(x) for x € [z,z] and f(z) =
flz) =0
In particular, for the bounded domain case it follows from Theorem 4.3.1 in Zettl

(2010). For the unbounded domain case it follows from Theorem 3.1 part 1 in Berezinn
and Shubin (1991).

e (F;) That the eigenvalues are all real follows immediately because the operator L
defined above is Hermitian or self-adjoint. That L is self-adjoint follows by direct com-
putation, using integration by parts, and the boundary conditions. This is a standard
result for Sturm-Liouville equations.

That the eigenvalues are strictly ordered and that they diverge follows form Theorem
4.3.1 parts 4 and 6 in Theorem 4.3.1 in Zettl (2010) in the bounded domain case. That
the eigenvalues are ordered, and that they diverge follows form Theorem 3.1 Berezinn
and Shubin (1991) in the unbounded domain case.

That the eigenvalues are non-repeated, i.e. that each eigenvalue is associated with only
one linearly independent eigenfunction follows from Proposition 3.3 in Berezinn and
Shubin (1991) in the unbounded domain case and from part 6 of Theorem 4.3.1 in
Zettl (2010).

The the eigenvalues are negative follows from ¢? > 0 and V > 0. To see why,
take \;v; = L(v;) multiply it by 7; and integrate it between z and Z. Integrating
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by parts and using the boundary conditions we obtain \;|v;|*> = —% fj Vj(x)*dr —
f V(x)yj(x)*dx < 0 since |v;| = 1.

(E3) That the eigenfunctions {v;}32; form a complete orthonormal base in L? follow
from Theorem 2.27 in Al-Gwaiz (2008) for the bounded domain case, and from Theorem
3.1 Berezinn and Shubin (1991) in the unbounded domain case. Equivalently, for any
g € L? we have |lg — > 272, (g, ’)/J>2’)/JH2 = 0 where for any g,h € L* we define the

standard L? norm an inner product as (g, h)s = f g(z)h(x)dz and where ||g||3 = (g, g).

Next we extend the result to show that {¢;}32, form an orthonormal base for L?,. Take
any f € L2, or equivalently:

)= [ @) = [ (f@e) o= [ gl de = 0.9,

5T

where we define g(z) = f )ea , and hence g € L?. By the result above, we have

g9(x i (9,75)2 w(@) dx

2
e _ kg
gz — Z 9.75)2 v (x)e” 2 ) w(z)de

= (9 % - Z(ga%h %‘(x)w(x)_%) w(z)dz

o0 2 [e.@]

) =D (g, v)2p5(x ) w(x)de = ||f = (g, 7205l
j=1 j=1

Finally, notice that

977]

(z)dz = (f, ;)

\\a\

Thus we have shown that for ant arbitrary f € L7, we have 0 = [|f — 3272, (f, ;)]

(E4) That the eigenfunctions can be indexed by the number of zeros follow from part 6
of Theorem 4.3.1 in Zettl (2010) for the bounded domain case, and from Theorem 3.5
in the Berezinn and Shubin (1991) unbounded domain case.

(E5) The parity of the eigenfunctions follows immediately from the assumption of sym-
metry of the problem. Under the symmetry assumption, let’s normalize the values of
z* = 0 so that z = —% and V(—x) = {(—x) = {(x) = V(). In this case, one can
easily check that ~; will be of the form ~;(z) = ¢;v;(—z) for some non-zero constant

3



¢; solve the o.d.e and Dirichlet boundary condition. Since there is only one linearly
independent eigenfunction for each eigenvalue, this is the form of the eigenfunctions. It
will be symmetric or antisymmetric depending on the sign of ¢;. Since «; has exactly
j — 1 zeros, then ¢; > 0 for j =1,3,... and ¢; <O for j =2,4,.....

O

Proof. (of Theorem 1). The result follows by Proposition 2, the definition of the projection
coefficients (g;, f) and (;, P/w) and the definition of the response function in equation (7).
In particular, let’s start with the definition of IRF G in equation (7) as an integral of G where
G is the conditional expectation given by equation (7). Thus, fixing f, the function G when
viewed as a function of (z,t) must satisfy the following Kolmogorov Backward p.d.e. with
boundary conditions:

0G(1) (1) = u0.G(1)(w.8) + 5 0..0(1)(z1) (A2
( )G(f)(z,1) forallxe[:v,x] and t >0

G(f)(z,t)=G6(f)(z,t) =0, forallt>0 (A.3)
f(x ) G(f)(z,0) for all z € [z, 7]. (A4)

We postulate that this equation has as solution:

Ze’\]t (f, ;) pj(z) for all z € [z, 7] and t >0 (A.5)

Jj=1

To see that equation (A.5) is the solution, first we check that for each j the function e*i'p;(x)
satisfies the p.d.e. in equation (A.2), and the Dirichlet boundary condition in equation (A.3).
Substituting this guess, and dividing both sides by e, this function solves the p.d.e. and
Dirichlet boundary condition if ¢; satisfy the following o.d.e.

2

7 4(@) — £@)esa) for all 2 € [2,3] (A6)

Ajips(x) = poatpy(x) +
and ¢;(z) = ¢;(z) = 0. Using that ¢;(z) = ’yj(q:)e*%x and that the pair {);,v;} satisfies
the o.d.e. and Dirichlet boundary condition in equation (12), a direct computation of the
derivatives of ; shows that the pair {\;, p;} satisfies equation (A.6) and its Dirichlet bound-
ary condition. Since the p.d.e in equation (A.2) is linear, any linear combination of e*i’p;(x)
satisfies it too. The coefficients in the linear combination in equation (A.5) are chosen to
solve the space boundary condition equation (A.4) at ¢ = 0. This can be done since, as
shown in Proposition 2, the set of eigenfunctions {¢;}52, form an orthonormal base of L2,.
Finally, using the definition of the IRF G, we replace G by equation (A.5) and integrate each
of the terms of the infinite sum with respect to P, use the definition of (-,-) to reinterpret
the integrals, and that P is a CDF with finitely many mass points, to obtain the desired
expression.

O



Proof. (of Corollary 2) Straightforward differentiation of the density function p(z) gives

92[7679176295691] ) B
= T o120 4e2n if z € [-7,0]
p (CL’) = 92[691_'_620%791 . )

T 2[12etre0] if x € [0, 7]

where 0 = 72( /0>
The linear projection of p'(z) onto ¢; gives the projection coefficients. Let us compute:

fff P (z)pj(x)de = Qijﬁ'(m)cpj(x)dx for j = 2,4,6,.... The function p’ is antisymmetric
and ; is antisymmetric for j even, with respect to = 0. For j = 1, 3,5, ... this integral is
zero, since ; is symmetric, see equation (13). For j = 2,4,... we thus have:

” - 0 O ee, oem e L (l@+T)
(pj,0) :2/_p(a:)g0j(x)dx: 1= 2607 + o207] /_j [e7% 4+ e*7e ]ﬁ&n( r jﬂ) dx

—T

e™4027 [jm (1 — cosh (z) (—1)3/%)]
— \/E[l — 269i‘ n 62053] 492£2 +j27-(-2
8¢ V29 [jm (1 — cosh (v/29) (—1)7/?)]
T 2P [1— 26V 4 V9 8¢ + w252

_ T (=2) 1 —cosh (v/29) (—1)7/2
A7/ (1 + Jz_f> 1 — cosh (v/2¢)

where we used that 6z = y/2¢ and that cosh(x) = (1 + €*)/(2¢*). Combining it with the
expression for (y;, f) in equation (16) gives the desired result. O

Proof. (of Proposition 3) Let us define the centered even k-th moment for the variable z:
M,(t,8) = Es (z(t) — E(z(t)))*, where k = 2,4.... and the subscript § denotes that probabili-
ties are those of an impulse response following a marginal shock § to the invariant distribution
of gaps at zero inflation.

The objective is to show that the %Mk(t, J) T 0 for all ¢, i.e. that a marginal shock
§ has no first-order effect on the even centered moments at every t. The proof follows two
steps. First, to show that the impulse response of any even moment is flat at zero. Second, to
show that the impulse response of any centered moment is well approximated, up to second
order terms, by the impulse response of the corresponding non-centered moment.

The first step is readily established since a marginal shock triggers an antisymmetric
displaced distribution p(x,0) = p'(z)d, whose projection coefficients on all even-indexed
eigenfunctions j = 2,4, ... are zero (since such eigenfunctions are symmetric). Note next that
even (non-centered) moments k = 2,4, ... are symmetric by definition, which immediately
implies that their projection coefficients on all odd-indexed eigenfunctions 7 = 1,3, ... are
zero. It follows that none of the eigenfunctions will have a non-zero coefficient. This proves
the first step.

To prove the second step write in terms of the non-centered moments

Mi(t, 8) = BoEs (2(t)F)+BiEs (2(t)*1) Es (2(£))+....ct BeaEs ((t)) (Bs (2(2)))* 4By (Es (2(t)))*
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where the B; are the binomial coefficients. Next, lets us replace each of the moments with
its first order expansion in ¢, namely let Es (z(t)*) = axd + o(8) where aj is moment-k first
derivative. We get

Mi(t,8) = Bo(axd + 0(8)) + Bi(ax-10 + 0(8))(a16 + 0(6)) + ... + Br(a1d + 0(8))"

It is apparent that the only first order term in 9§ is ay, i.e. the coefficient of the non-centered
moment. This concludes the proof. []

Proof. (of Proposition 4) The equation for eigenvalue-eigenfunction pair {\;, p,} for the
case where ¢ is quadratic, i.e. when &(z) = & + %fgl’z and where —x = ¥ = +0o0, is, after a
change in variables, identical to the one dimensional time independent Schrodinger equation
for the eigenstate W;. This equation is typically written as:

h? d? 1
— %@\D](x) + §mw2x2\11j(:c) =E;V,(x) forz e R (A7)

where ¥, is the j eigenstate, i the Planck constant, E; the energy of the eigenstate, w
is the natural frequency, and m is the mass of the particle. As can be seen in Chapter 2,
Section 3 of Griffiths (2015) the solution for the energy levels and for the eigenstates are:

/4 1 z?
mw) e 3 H; (nx) for all z and j =0,1,2,...

Th \/Qj_jl
(A.8)

where 7 = (2£)Y2 and where H; is the physicist j™ Hermite’s polynomial. Note that in
equation (A.8) we are following the convention, common in Physics, of labeling the state
with the smaller energy as j = 0. Thus, ®; corresponds to our ¢;.;, F; corresponds to our
—Xj+1— &, mw? corresponds to & and %2 corresponds to our 0. Sowe canset m=1,0 =h

and w = /&,.

Proof. (of Proposition 5) We first show that %Y(t; frp,a) = 0 as in equation (28)
pn=0,a=0
holds. To simplify the notation we omit a in the expression in this part of the proof. The

proof proceeds in several steps. First we analyze properties of the decision rules (optimal
thresholds) as a function of pu. Second, we analyze the direct and indirect (i.e. via the
decision rules) implications of y for the transition probabilities of the state at a given horizon
t. Third, we establish a symmetry property of the impulse p(+; d, 1) as a function of (u,9).
Fourth, we use the properties of the transition probabilities and decision rules to derive an
antisymmetric property of H, viewed as joint function of (9, u) for any fixed t. Fifth, we use
this antisymmetric property to obtain a zero cross derivative of H, which implies the desired
result.

1) We write the boundaries of the inaction range and the optimal return point as functions
of . They satisfy

By = (j+ 4) hw and () = (

1/2

2" () = —2"(—p), T(p) = —2(—p) and z(p) = —T(—p).

This can be shown using a guess and verify strategy together with the corresponding guess



of the value function v(z, u) = v(—z, —p).

2) We define P;(y|z;p) to be the transition function for the state starting at z(0) = =
to z(t) = y, where the state evolves as follows. For 0 < s < t, then dx(s) = puds + odW (s)
as long as z(s) € (z(u), z(p)) and the free adjustment opportunity has not arrived at time
s. On the other hand, if x(s) hits either Z(u) or z(u), or the free adjustment opportunity
arrives, then =, (s) = z*(u), i.e. the firm is re-injected at the optimal return point. Using
the properties of the decision rules, and the symmetry of the innovations in BM we have :

By (yla; p) = P (—y| — 23 —p)

To see why, write y = 2*(u)+ A, and x = z* () +A,, so that for (v, ') given by v’ = —y and
likewise 2’ = —z we have P, (y|z; u) = P, (¢'|2" — p). Buty/ = 2*(—p) — A, = —a*(p) — A, =
—y and likewise ' = —2/, establishing the required result.

3) Recall that p(-;0,u) = p(x + ;) — p(x; p). Using the properties of the decision
rules and of the Kolmogorov forward equation for the steady state density p, we get that
p(z, p) = p(—x, —p) is symmetric, which can be proved by a guess and verified strategy.

4) Using P, we can write the impulse response as:

H (t; f,p(, //f ) Pi(ylz; ) px, p, 0) dy d

Recall that we define

0
Y(r; f,p )—%H@ fp(0 )M)’H
and thus
82
ap? I = Gt (6 200, 0), 1) ‘520’”:0

We will show below that:

H (t; f,0(,0, ), n) = —H (& f,p(+; =0, =), —p1) (A.9)
for all u, . Using this, we have:

0? 0? .

which, evaluated at (u,d) = (0,0) gives

57 o?
gpas 1 (6 1:(,0,0),0) = =555

H(t; f,0(-0,0),0)

so the cross derivative has to be zero, establishing the desired results.



To finish the proof we show equation (A.9) holds. We have

H (1 £,( //f ) Pyl 1) e, o, ) dy de

//f (ylz; 1) p(z, 1, 6) dy da

— [ [ 10 Pisl = ) il o) dy o

—— [ [ 10 Pi=sl = 50 e+ 6.0 = plo )] dy
—//f(—y) P(—y| =z —p) [p(—2 — 6, —p) — p(—=, —p)] dy d

—— [ [ 10 Pyl = 1) i, -, ~0) dy o

//f )Py |2’ —p) p(a’, —p, —0) dy’ da’
= —H(t; f,p(-, =0, —p), —p)

where we use the definition of H, that f is antisymmetric, that P; is symmetric (as shown
above), the definition of p, the symmetry of p (as shown above), the definition of p again, a
change of variables of integration, and again the definition of H. This finishes the proof.

The proof that %Y(t; fip,a) = 0 is almost identical to the previous one, step by
pn=0,a=0

step replacing p by a. U

B Generalized Random Fixed-Cost Model

In this appendix we write down the problem that the firm solves, which give rise to the
decision rule described by threshold 7, a function ¢ : [, Z] — R and the volatility o%. Recall
that the Calvo-plus model supplements the traditional Calvo model with the possibility that
the firm can change its price by paying a fixed menu cost at any time. The generalization
allows the firm to draw a fixed menu cost v from a distribution with CDF W at random
times — arriving at a Poisson rate x > (0. The menu costs drawn by the firm can be zero or
strictly positive. If the cost is zero the firm changes its price to the ideal one (i.e. it “closes its
price gap”), just like in Calvo. If the firm draws a strictly positive cost, it will either ignore
it or change its price depending on the value of the “price gap” relative to the realization of
the fixed cost. In particular, the optimal decision rule will be characterized by a threshold
rule that gives the maximum adjustment cost that the firm is willing to pay for adjustment.
For all fixed costs smaller than the threshold the firm changes its price, while for larger costs
it keeps the price unchanged.

We also allow the firm to have a price change at any time by paying a large fixed cost,
which we denote by U > 0 and refer to as the “deterministic fixed cost”. We let Z the
threshold so that if |z| > Z, the firm will pay the deterministic fixed cost ¥ and adjust its
price. If ¥ = oo, then the firm has no such alternative. We can write the value function of

8



the firm, v(z), as:

2 7
rv(z) =min {Bm2 + %v”(w) + I{/ min {zp + minv(z’) — v(z), O}dW(@D) LT <\I/ + min v(a:')) }
0 x’ x’
If ¥ = oo then z = 0o, and thus there is no second branch in the Bellman equation. The
term min, v(z’) is the value right after adjustment, and given the symmetry of the return
function 2* = 0 or v(0) = min, v(2’). Thus we can simply write that for all =

2

rv(x) = min {Bm2 + %v”(w) + /-@/O min {¢) + v(0) — v(z), 0}dW (), r (¥ + U(O))}

It is easy to verify that v is increasing in |z|. We also have the following smooth pasting and
optimal return point conditions:

V(=) =4'(Z) =" (0) =0 (A.10)

We are now ready to define the generalized hazard function corresponding to this model,
¢ : (—z,z) — Ry, which gives the probability (per unit of time) that a firm with « € (—z,z)
will change its price. And conditional on changing its price, the price change is —z, i.e. it
closes its gap. The function £ is defined by the optimal decision rule, or the value function,
as well the Poisson arrival rate x > 0 and the distribution of fixed cost W is:

() =rW (v(z)—v(0)) foral x € (—z,) . (A.11)

The function ¢ is symmetric around x = 0 and weakly increasing in |z|, inheriting these
properties from v(x). It is continuous at z if W is continuous at ¢ = v(x) — v (0), and
bounded above by k. While the function £ is not defined at x = +Z, we abuse notation and
let £(7) = lim, 7 &(x) = kW (V) = k.

In Alvarez, Lippi, and Oskolkov (2020) we show that for every function & : (—z,z) — Ry
that is piecewise continuous, positive, symmetric around = = 0, increasing in |z|, and bounded
above, there is a distribution of cost with CDF W that rationalize it.

B.1 Example: Quadratic Hazard Model

We let S(t) the survival function and its corresponding hazard rate as function of the duration
of the price changes h(t) for a price spell for the case of a quadratic function &(z) = &+&a?/2,
with = —2 = oco. We have:



PROPOSITION 6. The survival function S(t) and the hazard rate h(t) are:

S(t) = i(—l)”\/Q/_w P +n) et for all ¢ > 0 (A.12)

—~ n!
h(t) == XanHn(t) for all t > 0 where (A.13)
n=0
(_1)nF<%+n) 6/\Qnt
Ho(t) = "F' - forall n=0,1,2,... (A.14)
Zi—o(_l)m (i:m)e)\gmt

Moreover, let Sy(t) the survival function for §, = 0, so using the identity for competing risk
durations we have S(t) = e %!Sy(¢). For the case of & = 0 we have

So(t) = \/sech <t 0252) (A.15)
VT \j=—N (j - 1) 4y/2/nT (3) (A.16)

42/ (3

The expression for S(t) follows directly from the general expression of the survival function
in Theorem 1 using f(x) = 1 and a degenerate initial condition concentrated at = 0, and
the expressions for the eigenvalues and eigenfunction for the quadratic case in Proposition 4.
The expression for h(t) follows from differentiating S(t). The expression for Sy can be verified
by comparing the series expansion of S(t) when &, = 0. Alternatively, one can use the Laplace
transform of the square of the integral of a standard Brownian W —see Example 1 Kac (1949)
page 11— and any constant u gives

E [e_“fg(w(s))%} = /sech (t@) (A.17)

and setting u = o2&, /2 we obtain equation (A.15). The expression for N in the case of £, = 0
uses that the expected duration of price spells, or its reciprocal, the expected number of price
changes for the case satsify

%:/OmS(t)dt:/ooo\/seCh< 02§2t>dt:4 7”,2252 F(%)Q

Using this expression into the general expression of the eigenvalues, we eliminate eta to obtain
the desired expression.

B.2 Example: Absolute Value Generalized Hazard Function

In this appendix we characterize the odd (antisymmetric) eigenvalues and eigenfunctions for
the absolute value {(z) = A|x|. The eigenfunctions are given by displaced Airy functions and
the eigenvalues are the zeros of the Airy functions Ai(-). We give formulas and numerical

10



implementations for the eigenvalues \; in equation (A.19), the antisymmetric eigenfunctions
©;(+) in equation (A.20), the invariant distribution p(-) in equation (A.21), the expected num-
ber of price changes N in equation (A.22), and the projections (p;(-), —) in equation (A.23)
and (¢;(+),p'(+)) in equation (A.24).

Let’s start with the equation we wish to solve:

2

Az + A\ (@) = Toh(@) for 72 0, @u(w) = —pu(—a) and k = 2,4,6,...

First let z = bz for some b > or x = z/b and define ¢i(z) = pr(z/b) so that @}(z) =
o1 (2) /% or pi(z) = b*@}(z) and thus

- A o? ~11 ~ A /\k ~/
on(2) [23 + )\k] = ?b2(p;€(z) or Pr(2) [zb302/2 + b202/2] = @R(2)

Set b

02/2\%/3
2A Y3 ~ 1 ~11 3 ( A >
b=|— thus @g(2) [z + )\k} = @p(z) where A\ = A\

o2 o?/2
The Airy function Ai(z) solves Ai(z)z = Ai”(z) and has Ai(z) — 0 as z — +00. Moreover
it has infinitely many negative zeros, denoted by 0 > a; > ay > .... Thus the solution for

Dok 18t
Pokro(2z) = Ai(z + ag) for all z > 0 and 5\2k+2 =apy1 for k=0,1,...

While there are no closed expression for the zeros of the Airy functions, there are excellent
approximations, which can be used to find numerically exact values of them. For instance:

457
(m3(m? + 40)1/6”

1 . _
ap = —Z(m2 + 20)1/d + E},

where m = (12k — 3)mw for k = 1,2, ...
where E, is an approximation error that is less than one in absolute value. See, Theorem 10
in Krasikov (2014). Thus, our analytical approximation to the odd eigenvalues is:

2
2
)\2]€+2 = ak+1L2/3 for k = 0, 1, 2, ce (A18)

02/2
A

~ —— ([12(k + 1) — 37 +20) " % (A.19)
A

1 =

and the antisymmetric eigenfunctions are:

24\
Yopro(x) = BAI | ars1 + (—2) x| forx>0for k=0,1,2,...
o

where (3 is a normalizing constant. We will need to normalize the eigenfunctions by: 2 fooo or(x)?dr =
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1. For this we note that for any c:

/OO [Ai(2))° dz = —c[Ai(c)]? + [Ai'(c)]?

Thus

[e%¢] [e’¢] 2 2 [e’e]
=9 / osa(w) 2z = 232 / Aia s + br)2de = % / Ai(ass + ba)2dba
0 0 0

o0 2 o0 2
= 252%/0 Ai(apir + 2)°dz = %/a Ai(s)*ds = % (a1 [Ai(ar)]? + [Ad (ax11)]]

b k+1
_2p

A ()

Thus the normalized eigenfunctions are given by

%)1/3 1/3
(% 24
= & At + [ — forz >0 for k=0,1,2,... A.20
Pory1(x) \/ﬁ\Ai’ (are1) | ? <Gk+1 (02 ) $> rr 2 r ( )

Likewise, for the invariant distribution p, satisfying p(x)Az = 02/2p(z) for z > 0. We
define again 2 = bz and p(z) = p(z/b) so that p(z)Az/b = 02/2p(2)b* and setting again
b= (2A/5%)Y? we get: p(z)z = p”(z), which is solved by the Airy function. Thus:

p(z) = Ai ((24/0%)'32) Ja with a = 2/0 Ai ((2A/0*)) dx

We can use that:

o 2 [ 2
/ Ai(z)dz = 1/3 and thus o = —/ Ai (bz) dbx = —
; b/, 36

to obtain 24/ 13
_ 3(2A/0
pla)=—5—— )

Note that N = —o?7/(0) and thus

Ai (<2A/02)1/3I> forz >0 (A.21)

2\2/3
N = _0'225,<CC')|$:0 _ _0_23 (QA/QO— ) A'L, ((214/0'2)1/317> |$:0
using that Ai'(0) = —1/ (3'/3'(1/3)) we have:
24 /02 2/3
N = —02%/&@’ (0)
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using that A¢'(0) =1/ (3'/*T'(1/3)) we have:

o2 (2A\Y? 3
N=7 <F) SUAT(1/3) (4.22)

Let @or12 be an antisymmetric eigenfunction. Then the projections for the IRF are:

B Vb
b2V/2| Al (
Vb 3

S\ 2H— A" A A24
(paen, ) = 720 | At it + 2z (A.24)

Note that the product (poria, —){(@orre, P') is independent of b.

(pokta, —T) = 2/ zAi(ags1 + 2)dz (A.23)
ar+1)| Jo

C Monetary propagation with volatility shocks

This section discusses the effect that changes to the volatility of shocks exert on the propa-
gation of monetary shocks. The issue matters to e.g. the effectiveness of monetary policy in
recessions vs boom, when the state of the economy is assumed to feature, respectively, high
vs low volatility of shocks as in Vavra (2014). Our method provides a sharp analytic answer
to this question.

For concreteness we illustrate the problem by using the pure menu cost model (without
Calvo adjustment i.e. ( =0 so that ¢ = ¢ = 0), whose output response to a small monetary
shock was given in equation (18). We conduct a comparative static exercise to analyze how
the propagation is affected by an innovation of the “volatility shocks”, namely a permanent
change in the common value of the idiosyncratic volatility o.!

We start with a steady state for the model with idiosyncratic volatility o. We characterize
the effect of a small monetary shock, § > 0, which occurs s > 0 periods after a change in
idiosyncratic volatility from o to &, so that 6 = (1 + 92) ¢. In particular we let Y (t; s, do /0)d
denote the output’s IRF ¢t > 0 periods after an unexpected monetary shock of size ¢ starting
with a cross sectional distribution that has evolved s periods since the change in ¢.?

While we characterize Y for all t > 0 and s > 0, two interesting cases are worthwhile to
mention separately: the short-run and the long-run effect of volatility. The short-run effect,
defined as Y (¢;0,do /o) or s = 0, consists of considering a simultaneous permanent change
of both o (to &) and 6 > 0. After the shock the forward looking firm’s decision rules adjusts
immediately to the new volatility &, while the initial distribution of price gaps corresponds to
the stationary distribution obtained under the old decision rule. The long-run effect, denoted
by Y (t; 00,do /o) or s — oo, is equivalent to computing the effect of a monetary shock ¢ for
a new steady state with volatility . We refer to this as the long-run effect since it is the

1For simplicity and clarity of the results we consider here once and for all shocks to volatility. It is simple
to modify the setup to consider a two-state Markov switching volatility process and to solve the associated
firm’s decision rules.

2We will keep using the notation of Y as the output’s IRF per unit of monetary shock, and then omit the
¢ in the expressions below.
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effect of an unanticipated monetary shock once the distribution of price gaps has achieved
its new invariant distribution. In this case the firm’s decision rule corresponds to the new
volatility & and the economy is described by the new invariant distribution of price gaps.

The general case characterizes an IRF whose coefficients are indexed by the parameter
0 < s < co. The key feature of this case is that the monetary shock § occurs s periods
after the volatility shock, thus displacing a cross-section distribution of price gaps that is in a
transition towards the new invariant distribution. Our analytic method allows us to exactly
compute the evolution of this distribution and hence the effect of a monetary shock.

The next proposition uses the notation introduced above, where Y'(¢;0,0) denotes the
impulse before any change in volatility occurs, which we use as a benchmark. Also, the
difference Y (t; s, %") -Y (t; 00, %") is the correction to the long run effect of a volatility
shock do /o due to a finite duration s.

PROPOSITION 7. Let Y (t; s, ‘{7") denote the time-t value of the output marginal impulse
response that occurs s-periods after a volatility increase from o to ¢ = (1 + %U) o. The long
run effect (s — oo) of the volatility shock %" on the impulse response of output to a monetary

shock is: y J
Y(t;oo,—a) :Y(t <1+—0);0,0) forallt >0 . (A.25)
o o
The short run effect (s — 0) of the volatility shock %" on the impulse response of output to
a monetary shock is:

Y(t;O,d—J):(1+d—U) Y(t(1+d—a>;0,0) forallt >0 . (A.26)
o o o

The deviation from the long run response as a function of s is given by:

d d S
Y (t; S, —U> -Y (t; 00, —U) = Z 26 bop [ f] oy [P (-, 8)] for all t,s > 0. (A.27)
o o —
where p/(-, s) is the initial condition (i.e. a displaced cross section) at the time of the monetary
shock, s periods after the change in volatility, whose projection coefficients are given by:

) do 1 = (. AD)T —jn Akj
bore [P (-, 8)] = —— e | 2 . : C k=1,2,3,... (A.28)
i o 7} Z () (4k7 = 7))

and where by [f] = 22%2/(kn) as in equation (16).

A few comments are in order.

(i) Figure 1 illustrates the difference between the short run and long run effect of an
increase in volatility on the output’s response to a monetary shock. The left panel compares
the IRF with no change in volatility, Y (¢;0,0) to the one where the volatility increase has
occurred s — oo periods ago, i.e. Y (t; 00,do /o) the long run effect. The right panel compares
the IRF with no change in volatility, Y (¢;0,0) to the one where the volatility increase has
occurred at the same time as the monetary shock s = 0 periods ago, i.e. Y (¢t;0,do /o) the
short run effect.
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Figure 1: Short-run and long-run IRF vs. IRF before volatility increases
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Note: N =1 (one price adjustment per unit of time, on average) and do/o = 0.1.

(ii) For this proposition we use the form of the decision rules for the threshold z, which

1
as the discount rate goes to zero is ¥ = (6%02) * where 1) is the fixed cost —as fraction of the
frictionless profit and B is the curvature of the profit function around the frictionless profit.
This implies that the elasticity of Z to o is 1/2. This elasticity is the so called “option value”
effect on the optimal decision rules.

(iii) The rescaling of time in Y (t (1 + %") ;0, O) in the expressions for the long and short
run effect of volatility reflects the change in the eigenvalues, which depend on the value of
N, the implied average number of price changes per unit of time, as \; = —N (7rj)2 /8 (see
equation (21) for ¢ = 0). Recall that N = (¢/%)?, and hence all the eigenvalues change
proportionally with o.

(iv) For the case of the impact effect and in which & > o, the invariant distribution just
before the monetary shock is narrower than the range of inaction that corresponds to the new
wider barriers. This explains the extra multiplicative term level (1 + %") in the impact effect
in equation (A.26): since firms have price gaps that are discretely away from the inaction
bands, then prices react more slowly, generating the extra effect on output. The logic for the
case where 0 < ¢ is similar.

(v) In equation (A.27) we use only the even terms for the projections, i.e. the index for
the projection bgy[-] runs on 2k because f is antisymmetric. For these coefficients, as was the
case without volatility shocks, the eigenvalues that control the effect of the horizon t in the
IRF are the even ones, i.e. A9, A4, ..., starting with the leading one \s.

(vi) The expressions in equation (A.27) and equation (A.28) show that what governs the
difference between the long run and the short run volatility effects are the odd eigenvalues,
i.e. A1, A3, ..., since these are the only elements where s affect the expressions. In particular,
A1 is the dominant eigenvalue.

(vii) We note that the expression for the correction term in equation (A.27) involves
no parameter for the model with the exception of N, which enters only in the eigenvalues
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A\; = —N(jm)?/8. This gives a meaning to the units of ¢ and s, which are measured relative
to the (new) steady state duration of price changes 1/N. This remark is needed to interpret
the time units in the horizontal axes of both panels of Figure 2.

Figure 2: The propagation of monetary shocks as s grows

Y (t;s,do/o) =Y (t;00,do /o) Change in Cumulated output: C(s,do /o)
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Note: N =1 (one price adjustment per unit of time, on average) and do/o = 0.1.

(vii) To illustrate the general case of 0 < s < oo in Figure 2 we display two plots. First,
the left panel of Figure 2 plots equation (A.27), evaluated at 4 values of s. It is apparent
that as s becomes bigger monetary policy becomes less effective and gradually converges to
the long run value. This can be seen by comparing the correction for any given ¢ across the
four values of s. Second, the right panel, plots the cumulated IRF of a monetary shock s
periods after the volatility shock, relative to the cumulative IRF of a monetary shock when
there is no volatility shock. In particular we plot:

Y (t,s,do/o)dt
Y (t,0,0)dt

C(s,do/o)

We use the cumulated IRF to obtain a simple one-dimensional summary of this effect across
all times ¢. Notice the following properties of C: for all s we have C (s,do /o) = (do/o)C (s,1),
since it is based on a derivative, and for extreme values of s we have C (00,do /o) = —do /o,
and C (0,do/o) = 0. From Figure 2 it is clear that the transition to the higher volatility
occurs very fast, a cumulative effect of C half as large as half of the one in s — oo will
occur when sy/5 ~ 0.05/N, a half-life indicated by a vertical bar in the right panel. More
precisely, s1/, is defined as C(s1/2,do /o) = —(1/2)(do /o). This effect is much faster than
the half-life corresponding to the dominant eigenvalue \; = —Nm?/8, which is given by
ti2 = —8log(0.5)/(N7?) &~ 0.56/N, and it is indicated by another vertical bar in the right
panel. The ratio of the two times is very large: ti/5/s1/» ~ 12, and it is independent of
any parameter of the model.> From this comparison we conclude that for this particular

3The vertical distance on the correction between s = 0 and s — oo plotted on the right panel is do /o,
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model using exclusively the dominant eigenvalue \; to approximate the time it takes for the
distribution to converge after the change in volatility will be misleading. Summarizing, in
the Golosov-Lucas model the short run effect of the volatility change is only relevant when
the monetary shock occurs almost immediately after the volatility change.

C.1 Proofs for uncertainty shocks

Proof. (of Proposition 7) First we consider case (i), i.e. the long run effect of a volatility
shock %", so that 6 = (1 + %") o on the impulse response of output to a monetary shock. We
note that the expression for Y'(¢) for the Golosov Lucas model does not feature z, which is a
function of o (see equation (18)). Indeed the only place where o enters in the expression for
Y (t) is in th? eigenvalues (the parameter N(jm)?/8 in equation (18)). Since, N = ¢?/7? and
T = (650%)", then dlogz = 1/2dlogo and dlog N = 2(dlogz — dlog o), hence dlog N =
dlog 0. Substituting this into the eigenvalue \; = —N(jm)?/8 = —(1 + )N (jr)?/8 were N
is the average number of price changes before the volatility shock. Using the expression for
the impulse response in terms of the post-shock objects we have:

d > o jm)? d
" (t; - _U) - Z<90j>f><90j,25'>€_(1+d7)]v( Srey (t (1 ’ _U> ?070)
g g

Jj=1

and we obtain the desired result.

Now we consider short run effect, i.e. the impact effect of a volatility shock %", so that
o= (1 + %") o on the impulse response of output to a monetary shock. As in the previous
case the eigenvalues can be written as functions of the shock and the old value of the expected
number of price changes. Also as the previous case we have f(z) = —x. The difference is on
the initial distribution p(x,0). The initial condition is given by p(x,0) = p(x +0; Z(c)) where
we write Z(0) to indicate that the distribution depends on o. Indeed, since we are using the
expression for Y (t, 0, %") in terms of the value of z that corresponds to the post-shock value
of o, we need to consider the effect on Z of a decrease of ¢ in the proportion do/o. To do
this we take a second order expansion of p(z,0) = p(z + 6;Z(0)) with respect to § and o

evaluated at § = 0 and do = 0.

=p ; o) + 25 . n ) 0i(0)
p(2:0) = Bla +6:2(0)) = p(o) + 550(@ + 6 8(0))|,_o8 = 2Pl + 630Ny, o
1 0% ~
+ 5 g5+ 6:2(0))] 2
19 _ 0z(o 2 10 _ - 7o
* 5@]7@ +5;m(0))}6:0 ( 5(0 )) do” + 50 (z +5;$(0))}60—00(2 ) do?
>’ _ 0z (o
Do+ 50 T s + o (][0, ) )

for z € [z, Z] and = # 0. Recall that the invariant distribution for this model is the triangular

which is 0.1 for this example. For other values, the vertical axis scales proportionally.
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density p(z) = 1/x — |z|/7* for x € (=7, ). Using this functional form we have:

0 +4  ifx e [-z,0) 0 L2 ifre[-7,0)
— 7 6_|_ ; r) — x ’ , _,_ 5+ : — — 72 )
gsP 0+ @:7) {_i if 7 € (0,7] Rl +22 ifre (0,7
0? —L2 ifre[-2,0) 0? +28  ifze[-z,0)
_ _{_5’* — e T ’ ’ __— 5+ ;— — T2 7 9
56ozP " ) {+xi2§ if 2 € (0,7] o2 TR =55 tae (0,4

Notice that the first order derivatives with respect to ¢ as well as the cross partial derivative
are antisymmetric functions of x around x = 0, while the derivatives with respect to = are
symmetric functions of x. Finally we have g—;ﬁ(x +d;z) =0.

Now we use the expansion and compute the impulse response coefficients 3; = (y;, f)(¢;, p(-,0)).
The first order term for do is zero because f is antisymmetric (so that (¢;, f) = 0 for
Jj =2,4,6,... ) and the first derivative with respect to Z is symmetric (so that (p;,p(-,0)) =0
for j =1,3,5,... ) hence the §; = 0 for j = 1,2,3,4,.... Likewise the second order terms for
do? are zero since f is antisymmetric and the first and second derivative with respect to z
are symmetric. The second order term 2 is zero because the second derivative with respect
to d is zero. This leaves us with two non-zero terms. The first order term on 4, which is the
term for the IRF with respect to a monetary shock, and the second order term corresponding
to the cross-derivative. For the cross-partial term we note that, using that z has elasticity
1/2 with respect to o, we can write

0? . 0z(0) A N 0x(o) o |do
“aeazt T D, dgé“a&axp(“‘s’x)x(“)[ do %} e
2 0 _ ., ldo 0 _ _do

Thus we have that each f; term is given by the sum of the (non-zero) terms corresponding
to the first order term on ¢ and the second-order term corresponding to the cross-derivative:

o

(030 DT OV + L o FONIE = (o3 s )8 (147 )

This gives the projection coefficients for the short run impact that appear in equation (A.26)
in the proposition. In particular it shows that the coefficients for the short run are equal to
the ones for the long-run multiplied by the factor (1 + do /o).

Finally, we consider the case of a monetary shock that occurs s periods after the volatility
shock. We proceed in three steps.

Step 1: find initial signed measure p(z,p). For a small o shock, the signed measure
p(z,0) right after the uncertainty shock is given by

p(x,0) = p(x;2(0)) — p(z;2(5)) = p(x; 2(0)) — p(a; 2(0 + do))
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which is by the difference between the original invariant distribution and the new long run
distribution. We now take an expansion around the original invariant distribution and write

px,0) = p(x; 2(0)) = pla; 2(0)) = pa(; 2(0))' do + o(do)

where p; is the derivative of the density function with respect to z. For the pure menu cost
model we have p(x,T) = 1/z — (1/7%)|z| for x € (Z,7) so we have:

Ba(, T) = <—1+¥) and L) = L2

2 9o 20
where we use that z(o) = (6¢/ 302)1/ *. Replacing into the expression for p we have

(@, 0) = —pa(a: 2(0))2do + o(do) = i (";—’ - %) %” + o(do) for z € (—7,7)

Step 2: find signed measure after s periods p(z,s). The function p(z,s) describes
the evolution of this signed measure s periods after the uncertainty shock. We use our
characterization of the density of transition function »_; exp (A;s) ¢;(zs)¢ (o) between time
t = 0 and t = s with eigenfunctions ¢; and eigenvalues \; with z(5) and N = 5*/z(5)?
to construct the evolution of p(x,s). We represent the signed measure (deviation from the
invariant distribution) as follows

B =3 () (el 0) (A.29)

§j=1,3,5,...

where the projection coefficients (p;,p) = 0 for j = 2,4,6, ... since the function p(z,0) is a
symmetric function while the even-indexed ¢; functions are antisymmetric. The non zero
coefficients are

R T . 1 (e 1 )
(o0 = [ p@itede=2 [ (2= D) tads o =135
_z 0 T\T 2
Direct calculation gives
) 2 4(=1)% —jn .
<S0J7p(‘70)> = 37:1/2 (] 7_‘_)2 for ] - 1’37 57 i (A'go)

Step 3: Find excess impulse response Y (¢;s, %") — Y (t; 00, %") The cross section
distribution right after the monetary shock is

plx+9,s;6) =p(x+6;6) 4+ p(r+6,7)

the first term is the invariant distribution (under the new variance &) which will settle in the
long run, the second term is the deviation between the current cross-section distribution and
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the invariant, discussed above. Then

p(x +6,5,6) — p(w;0) = 0 (p'(x;6) + P'(x, 5))

We let Y (¢; 00, ‘{7") = > e, € by [ f]box[P'(+; 7)] be the long run output response to a mon-
etary shock, after the initial uncertainty shock has settled down (i.e. for s — 00). Our main

proposition implies that impulse response to a monetary shock s periods after the uncertainty

shock is
~do = Aort " ' do
Y <t7 S, 7) = ;6 2k bgk[f]bgk[p (', S)] + Y t, o0, ? (A31)
Note that the above summation only uses even-indexed eigenfunctions since the function
of interest for the output f(z) = —x is antisymmetric, we know that all bog1[f] = 0 for
k=1,2,3,....

Now we turn to the computation of bex[p/ (-, 7)], given bybog [p'(-, 7)] = ffi wor ()P (2, s)dz.
Note that from equation (2) we can write p'(-,7) as

Ps) =TS ) o0 0)

§j=1,3,5,...

Using equation (A.29) and the form of the eigenfunctions:

T

R do " R
QDQk(l’)p/(l’, S)de = ? Z e/\J <¢]ap(a0)>b2k[¢;] s k= 172a3a
T §=1,3,5,...

bl 1) = [

Direct computation for k =1,2,3,... and j =1,3,5,... gives

balii) = [ ulalyfo)ds

_gm fs, i (TN s (i (FFEYN g — 4kj
RGN e T\ T2z )T wa = 2)
and hence

. do 1 & (AT —jx Akj
ka[p(-,S)]:FW‘Z e (2 Gy @) k=1,2,3,..

Kl

O

D Sticky Price Multiproduct firms

Multiproduct models consider a firm that produces n different products and that faces in-
creasing returns in the price adjustment: if a pays a fixed cost it can adjust simultaneously
the n prices. Variations on this model have been studied by Midrigan (2011) and Bhattarai
and Schoenle (2014). These models are appealing because they match several empirical regu-
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larities: synchronization among price changes within a store and the coexistence of both small
and large price changes. Their economic analysis is of interest because in an economy popu-
lated by multiproduct firms the monetary shocks have more persistent real effects. In Alvarez
and Lippi (2014) we derived results for impulse responses to this multidimensional setup and
explore the sense in which such a model is realistic. Here we show that the characterization
of the selection effect, as the difference between the survival function and the output IRF
holds in this model, with the number of products n serving as the parameter that control
selection. We also show that in this case a single eigenvalue gives a poor characterization of
the output IRF.

In the multiproduct model the price gap is given by a vector of n price gaps, each of
them given by an independently standard BM’s (p1, ps, ... pn), driftless and with innovation
variance o2. We are interested only on two functions of this vector, the sum of its squares
and it sum:

=1 =1

It is interesting to notice that while the original state is n dimensional, (y, z) can be described
as a two dimensional diffusion —see Alvarez and Lippi (2014) and Appendix D.1 for details.

We are interested in the sum of its squares y because in Alvarez and Lippi (2014) under
the assumption of symmetric demand the optimal decision rule is to adjust the firm time that
y hits a critical value y. We are interested in z, the sum of the price gaps, because this give
the contribution of firm to the deviation of the price level relative to the steady state value,
and hence —z is proportional to its contribution to output. Note that the domain of (y, z) is
0<y<gand —\/ny <z < ,/ny. In Alvarez and Lippi (2014) we show that the expected
number of adjustments per unit of time is given by N = ”%2 and also give a characterization
of 7/ in terms of the parameters for the firm’s problem. For the purpose in this paper we find
it convenient to rewrite the state as (z,w) defined as

z
Jy

In Lemma 1 in Appendix D.1 we analyze the behavior of the (x,w) € [0,Z] x [—1, 1] process
with z = /y. Clearly we can recover (y,z) from (z,w). For instance, z = wy/nz. Yet
with this change on variables, even though the original problem is n dimensional, we define a
two dimensional process for which we can analytically find its associated eigenfunctions and
eigenvalues for the operator:

r=,/yand w =

G(f) (z,w),t) = E [f (@(t), w(t)) 1y>g | (x(0), w(0)) = (z,w)

where f :[0,Z] x [-1,1] — R. The relevant p.d.e. is defined and its solution via eigen-
functions and eigenvalues, is characterized in Proposition 10 in Appendix D.1. Moreover the
eigenfunctions and eigenvalues are indexed by a countably double infinity indices {m, k}.
Eigenfunctions. The eigenfunctions ¢ have a multiplicative nature, so ¢, x(z,w) =
R (W) g,k (z) where for each number of products n then h,, and g¢,,) are known analytic
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functions indexed by k and by (k, m) respectively. Indeed h,, are scaled Gegenbauer poly-
nomials, and g, ; are scaled Bessel functions —see Proposition D.1 for the exact expressions
and definition.*

Figenvalues. For each n the eigenvalues can be also indexed by a countably double-infinity
{A\m.x}. As in the baseline case, the eigenvalues are proportional to N, the expected number
of price changes per unit of time:

(j%fl+m,k)2

Amp = —N
ok 2n

form=0,1,..., and k=1,2,...
Ju denote the ordered zeros of the Bessel function of the first kind J,(-) with index v.

The second sub-index k in the root of the Bessel function denote their ordering, so k =1
is the smallest positive root. Also fixing k the roots jmiz_1x are increasing in m. Thus,
the dominant eigenvalue is given by A\g;. We will argue below that the smallest (in absolute
value) eigenvalue that is featured in the (marginal) output IRF is Ay ;. A very accurate ap-
proximation of the eigenvalues consists on using the first three leading terms in its expansion,
as is given by: j,x ~ v+ /327 3a, + (3/20)(ax)?2/3v 13 where a; are the zeros of the
Airy function. ® Using this approximation into the expression for the eigenvalues, one can
see that keeping fixed IV, the absolute value both \g; and A;; go to infinity, and that the
difference between the two decreases and converges to N/2. Figure 3 displays the difference
between these two eigenvalues.

Impulse response. As before, we want to compute G(t), the conditional expectation of
f:10,z] x [-1,1] — R for (z,w) following equation (A.32)-equation (A.33), integrated with
respect to p(w, x;0). We are interested in functions f : [0, Z] x [—1, 1] that can be written as:

f(m,w) = Z me,k[f]@m,k(xaw)

00
k=1

m=0

Using the same logic as in the one dimensional case:°

G(t) =33 Ak b [f] bk [0 0) /0] {Prmtes P

k=1 m=0

where the term (@, k, Pmk) appears because the have, as it is customary in this case, use an
orthogonal, but not orthonormal base, and where w(w, x) is a weighing function appropriately
defined — see Appendix D.1. So that b, [p(-,0)/w] are the projections of the ratio of the
functions p(-,0) and w.

Functions of interest. We analyze two important functions of interest f. The first one a
constant, f(w,x) = 1 which is used to compute the measure of firms that have not adjusted,
or the survival function S(¢). The second one is the one that gives the average price gap

4The Gegenbauer polynomials are orthogonal to each other, and so are the Bessel functions when using
an appropriately weighted inner product, as defined in Appendix D.1.

5Tn our case, we are interested in k = 1 which is about a; = —2.33811. See Figure 4 in the APP where
we plots both eigenvalues, as well as its approximation for several n.

6See Appendix D.1 for a derivation
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among the n product of the firm, i.e. f(w,2) = —z/n = —wz/y/n. This is, as before,
the negative of the average across the n products of the price gaps. This is the function f
used for the impulse response of output to a monetary shock. An important property of the
Gegenbauer polynomials is that the m = 0 equals a constant, for m = 1 is proportional to
w, and in general for m odd are antisymmetric on w and symmetric for even m. Thus for
f =1 we can use just the Gegenbauer polynomial with m = 0 and all the Bessel functions
corresponding to m = 0 and k& > 1. Instead for f(w,z) = wx/sqrtn = z we can use just the
Gegenbauer polynomial with m = 1 and all the Bessel functions corresponding to m = 0 and
k> 1.

Initial shifted distribution for a small shock. We have derived the invariant distribution
of (z,y) in Alvarez and Lippi (2014). Using the change in variables (y, z) to y = z? and
z = \/ynw = we can define the steady state density as p(w, v) = h(w)g(z) - see Appendix D.1
for the expressions. We perturb this density with a shock of size d in each of the n price gaps.
We want to subtract § to each component of (py, ..., p,). This means that the density for each
x = ||p|| just after the shock becomes the density of x(d) = ||(p1+9, ..., p,+9)]|| just before.
Likewise the density corresponding to each w becomes th one for w(d) = (z +nd)/(v/nz(9)).
We consider the initial condition given by density po(w, ;6) = h(w(4))g(x(5)). We will use
the first order terms, which are appropriate for the case of a small shock §. The expressions
can be found in Appendix D.1.

Interpretation of dominant eigenvalue, and irrelevance for the marginal IRF. We are
now ready to generalize our interpretation of the dominant eigenvalue (as well as those

corresponding to symmetric functions of z), as well as its irrelevance for the marginal output
IRF.

PROPOSITION 8. The coefficient of the marginal impulse response of output for a monetary
shock are a function of the {\; x, 11 }52, eigenvalue-eigenfunctions pairs, so that:

- log |V (¢
Y(t) _ Zﬁlk Mkt and  — A= tllglo M

k=1

where 01, = big[wx/y/n] b1k [P'(w,z)]. In particular, the dominant eigenvalue X\g; does
not characterize the limiting behavior of the impulse response. Instead the survival function
for price changes S(t), can be written in terms of {\gx, @ox}re,, and hence the asymptotic
hazard rate is equal to the dominant eigenvalue Ao, i.e.

N  logS(t
S(t) = ; Bor et and — \gp = t]ggo gT()
where By = box [1] box [0o] where &g is the Dirac delta function for (pi,...,p,) transformed

to the (x,w) coordinates. Recall that 0 > A1 > A1 ;.

Given the importance of the difference between the eigenvalues A, ;, and A\, we show that
for a fixed k they both increase with n, but it difference decreases to asymptote to 1/2.

PROPOSITION 9. Fixing k > 1, the k' eigenvalue for the IRF Y (-) given by A, x and the
k" eigenvalue for the survival function S(-) given by A; both increase with the number of
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products n, diverging towards —oo as n — 0o. The difference Aoy — A1 > 0 decreases with
n, converging to 1/2 as n — oo.

Figure 3: Shock propagation in Multiproduct models

Selection effect Impulse response
Difference between first (dominant) and second (IRF) eigenvalues, N = 1 IRF to monetary shock Y'(¢), multiproduct model, N =1
24 T T T T T T T T T T T T T T T T T T
22t - n=10] |
- n=20
oL - n=230

Avil = [oal

. . . . . . . . .
0 10 20 30 40 50 60 70 80 90 100
n = number of products time ¢

Keeping fixed N =1 for all n

Figure 3 illustrates Proposition 9 for the case of kK = 1, i.e. the eigenvalue that dominates
the long run behaviour of the survival and IRF functions. Proposition 9 extends the result
for all k. Increasing the number of products n in the multi product model decreases the
selection effect at the time of a price change. As n goes to infinity, the eigenvalues that
control the duration of the price changes (S) and those that control the marginal output
IRF (Y) converge. This result shows that the characterization of selection effect in terms of
dynamics controlled by two different types of eigenvalues is present not only in the Calvo™
model, but also in this setup.

In Appendix D.1 we include Proposition 11 which gives a closed form solution for p'(w, ; 0)
and for the coefficients for b; j, of the output impulse response function. All these expressions
depends only of the number of products n. Instead we include a figure of the impulse re-
sponses for three values of n. It is clear both the output IRF and the survival function cannot
be well described using one eigenfunction-eigenvalue for large n. For instance, as n — oo the
output’s IRF Y becomes a linearly declining function until it hits zero at ¢t = 1/N, and the
survival function S is zero until it becomes infinite at ¢ = 1/N.
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D.1 Details of the multiproduct model

Law of motion for y, z.

dy = o’ndt + 20y dAW*

2
z z
dz=oyn | —— dW*+ /1 — dW?®
V1Y (\/ny)

where W W? are independent standard BM’s.

LEMMA 1. Define

z
VY

so that the domain is 0 <z <z = /y and —1 < w < 1. They satisfy:

r=,/y and w =

1
dr = 0 dt + cdW*® (A.32)
s
- VI—w?
dw = = ( > ”) dt + Y2 g (A.33)
X x

We look for a solution to the eigenvalue-eigenfunction problem (A, ) given by equa-
tion (A.32) and equation (A.33). They must satisfy

n—1 w

Mp(w, ) = @u(w, )0 (_> I SOw(ww)ﬁ (1 — n)

2z 2

1 1—w?) 1,
+ égpww(wvx)T + 57 Pz (W, T)

for all (z,w) € [0,Z] x [—1, 1], with ¢(Z,w) = 0, all w and ? integrable.

ProposITION 10.  The eigenfunctions-eigenvalues of (w,x) satisfying equation (A.32)-
equation (A.33) denoted by {@m(-), Ami} for k=1,2,... and m =0,1,... are given by:

Spm,k('xu U}) = hm<w) gm,k(x) where
B (w) Cr%_l(w) form=0,1,2,... and
Imi(x) = xl’”/ngfum (j%fler,k g) for k=1,2,... and
T

(j%—1+m,k)2

Ak = —N
ok 2n

form=20,1,..., and k=1,2,...

where Cn%_l(-) denote the Gegenbauer polynomials, and where Ju_;,.,(-) denote the Bessel
function of the first kind, j, , denote the ordered zeros of the Bessel function of the first kind
J,(+) with index v.
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Note that the expressions for the eigenfunctions are only valid only for n > 2. For n = 2
the expression take a different special form, which we skip to save space. The expressions for
the eigenvalues are valid for n > 2.

We remind the reader how the Gegenbauer polynomial and Bessel function, which form

an orthogonal base, are defined. The Gegenbauer polynomial Cn%fl(w) is given by:

- [m/2] A
Cz (w)= Y (_Ukrzﬂ( — 1)2@5_ 21]{?)‘(211))7”’“ (A.34)
— : ! !

For a fixed n, the polynomials are orthogonal on with respect to the weighting function
n_q_1
(1 —w?)2" 72 so that:”

1 n_ _ n 1
/ 07(715 1)(11}) C](2 1)(w) (1— w2)§_1_§ dw =0 for m # j (A.35)
1

and for m = 7 we get

L n_ 2 n_ i1 21=2(:-0p 2(2 — 1
/ |:07(n2 1)(w)] (1—wh2 12 dw = T (m +2(3 2) (A.36)
—1

The Bessel function of the first kind is given by :

b (—1)k T 2k+v
Tolw) = % RIT(k+v+1) (5) (A-37)

For a given v, the following functions are orthogonal, using the weighting function z"~! so

that:®
[0, (] o 1.9 o
0

]k%) J, (]%) vdr=0ifk#se{1,2,3,...} and

[x1*3J1, j””é)r " Ve = 72 /Oxg [JV (j”’kg)r d_x (A.38)
)

I
O\EQC\H
|
~
TN

T
(ZJyi1 (Jug))? forall ke {1,2,3...} (A.39)

where j, 5 and j, s are two zeros of J,(+).

"By this we mean that we define the inner product between functions a,b from [~1,1] to R as : {(a,b) =
n_q1_1
fil a(w)b(w) (1 —w?)? 72 qu.
) 8By this we mean that we define the inner product between functions a,b from [0,7] to R as: (a,b) =
Jy a(@)b(x)a" " dx.
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Figure 4: Eigenvalues for multiproduct model
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Derivation of IRF. Thus we have

c=[ [ G 00, ;O

As in Section 3, we can write this expected value as:

Y(t) = /Om /_1 G (Z Z bk f] gokm) (x,w,t) p(x,w;0)dw dx

k=1 m=0
T 1 o0 o
- / / SO bkl F1G (91m) (2,0, 8) pler, w5 0)duw dn
0 1 g=1 m=0
T 1 o0 o
— [ bl Al o) pla i 0
0 J=1 41 m=0

o0 z 1
=S bald) [ e w) plo wi0)dwda
0 —1

k=1 m=0

Then we get:

G(t) =D by i [ bk [P 0) /] (@t i)

k=1 m=0
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n—3

Inner product. We let w(w,z) = z'7" (1 —w?) 2 . The inner product of functions a,b
from [0,Z] x [—1,1] to R is defied as

(aﬁ}::Aj/ia@;w)MLuﬁxkﬂUx—w%ﬁfdwdx

The term (@ k, Pmi) is given by the product of equation (A.36) and equation (A.39) found
above. Indeed since the polynomials are orthogonal we have:

<f7 Qom,k> . f(]:f [fj1 f(xa w)hm(w)<1 — w2)nT_3dw} gm,k($> xn—l dr

bk f] = (Omks Cmk) [f_ll (hm(w>)2 (1- WQ)%Bdw} [fogz (Qm’k(x)fan dw]

(1=w))"™? for we(-1,1) (A.40)

1
2
2n > (2% — 2" for z € [0, 7] (A.41)

p(w, ;0) = h(w(8))g(x(9)) = h(w)g(x) + p(w, x;0)d + o(0) with
P'(w, z;0) = g(z) W' (w)w'(0) + h(w)g ()2’ (0)

where:
0 / - 0+ N /
%x(é)b:o =2/(0) = vVnw and %h(w(é))b:o = h'(w)w'(0)
D (@)oo =00 = ) ana Dgaa)lice = (@) 0)

PROPOSITION 11. The expressions for p'(z, w;0) and the coefficients by y(n) for the impulse
response of output are given by:

P (w,x;0) = g(@)l' (w)w'(0) + h(w)g' ()2’ (0)
_w(@ w9\ (4 n)a? — (4 )t
: (5=)

Beta (%52, 1) n—2 zn

and the coefficients for the impulse response by x(n) = by k[f] b1x[P'(,0)/w] (@1k, p1x) are
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given by

() = - L 3)

n n n\ ~ [n n n ('ﬂk)2
(44 n)27 8 (ja *r(—) B2yl Ve
(d+n)27 2 (Gga)2 0 (5 ) 2<2, ol i )]

where 1Fg(a1; b1, by; z) is the regularized generalized hypergeometric function, i.e. it is defined
as 1 Fa(aq; by, ba; 2) = 1 Fo(aq; by, by 2)/ (I'(b1)[(by)) where 1 F; is the generalized hypergeomet-
ric function and jz 4 is the k' ordered zero of the Bessel function I ().

Note that, as our notation emphasizes, the coefficients b;(n) depends only on the number
of products.

D.2 Proofs for the Multiproduct model of Appendix D.1

Proof. ( of Proposition 8 ) First take f(w,z) = wz/y/n = 3" p;. But note that the
Gegenbauer polynomial of degree 1 is

- S PO ) e T()

Thus for f(w,z) = wx//n we can simply write:

f(wi) = Zbl,k[f]‘ﬂl,k($,w)

since

L]

. [f_llcﬁfl(w)cm (w)(1_w2)’%3dw} Uoj“m%—l (jm%_l,kg)g;%dx}

VIR (e @) 0w T ) [ G (e 1a)) ]

bk [f] =

and thus by, x[f] = 0 for all m # 1, since the polynomials are orthogonal, and

biklf] = forall K >1

Now we argue that fixing = the function p(w,z;0) is odd (antisymmetric) viewed as a
function of w. This is because h is even and 2'(0) is odd, so h/(w)z'(0) is odd. Also A’ is odd
and w'(0) is even, hence h'(w)w’(0) is odd. Hence p(w, z;0) is not orthogonal to the Clg_l(-).
Thus bl’k[ﬁ/] 7A 0.

Finally, to represent the survival function, take f(w,z) = 1. Note that this also coincides
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with a Gegenbauer polynomial for m = 0, i.e. C’O%_l(w) = 1. Thus:

Fla,w) = bkl flerr(z, w)
k=1

since

ME

[f—ll Oog_l(w)c’%_l(w)(l - uﬂ)"%‘?’dw} [foin Jmin 1 (Jmen1x2) @

[f_ll (C’;"Ll_l('ctj))2 (1- w2)”23dw] [foi (g (jm+%,1,k§))2 :r;dx]

dz|

bm,k [f ] =

and since the Gegenbauer polynomials are orthogonal, and thus by, ,[f] = 0 for all m > 0,

and . ;
Jo 31 (g-1e 5) @2z

boxlf] = . 5 forall k>1
5 (3o (G310 %)) wda |
U
Proof. (of Proposition 9) Recall that for each & > 1:
N2 : 2
)\1,]f = —N%—Jg) and )\O,k = _NM
n

2n

and use v = n/2 in the first case and v = n/2 — 1 in the second. It is well know that
Juk is strictly increasing in both variables —see Elbert (2001). From here we know that
A1kl = [Aox| > 0 for all n and k. Also in Elbert (2001) we see that £, < 0 for v > —k
and k > 1/2. Thus, the difference between |y x| — [\ | is decreasing in n.

From Qu and Wong (1999) we have the lower and upper bound for the zeros of the Bessel
function J,(-):

3
1/+1/1/32_1/3|ak| < jox < V+V1/32_1/3|6Lk| + 2_O|ak|221/3y—1/3

where ay, is the k" zero of the Airy function. Thus, as n — oo then v — oo and thus both ALk

and Ao, diverge towards —oo. From the same bounds we see that as n — oo, the difference
)\O,k — )\Lk — 1/2 O

Proof. (of Lemma 1) Using Ito’s lemma we have: do = (1/2)y~"2dy — (1/2)(1/4)y3/2dy?
which gives
n—1

dr =

and w = f(y, z) = z/,/ny. We have:

dt + dW*

X

1 1
dw = f,dy + f.dz + 3 fou(dy)® + 3 foe(d2)? + f,.dydz
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where f = (z/y/n)y~/?, and thus

___* 32
fy— 2\/ﬁy
1 ~1/2
f-= \/ﬁy
3z 52
fyy_ 4\/51/
fzz:()
_ 1 -3/2
fyz— Qﬁy
We thus have:
=~y (ndt + 2y AW
dw NG (ndt +2,/y dW*)
1 z z 2
y V2 | —— AW + 1—< ) dWw®
BV N N
L 3z 5 L s
- Qydt — ——y~3?22dt
Toagy vt = oy

which we can rearrange as:
z 1-—
d y 32 dt
Ve ( 2 )
L < -3/2
+ 2vn y P2y | dwe
(ﬁ v AR

L a1 — =\
Y f\/ : ﬁ\/ﬂ) w

or
dw =2 (12 gy (2 =) awe 4 2= ) awt
w = — _ — —
x? 2 Vny o v/ny x
1— 1
:%( n)dt+—\/1—w2de
x 2 x
0]

Proof. (of Proposition 10 ) We try a multiplicative solution of the form:

p(w,z) = h(w) g()
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To simplify the proof we set o2 = 1. Thus

n—1

M(wlg(e) = hw)g (@) ("3 ) + K wige) 5 (157

1 — w? 1
(1w,
T

+ S (w)g(a)

Dividing by h(w) in both sides we have:

Collecting terms:

12

Which suggests to try the following separating variable:

= ()

)
2 h(
0 = —2uh(w) + A (w)w (1 —n) + 1" (w) (1 — w?)

The solution of this equation is given by the Gegenbauer polynomials C'% (w). The Gegen-
bauer polynomials are the solution to the following o.d.e.:

(1 —w*)h(w)" — (2a + Dwh'(w) + m(m + 2a)h(w) = 0 for w € [-1,1]
for integer m > 0. Matching coefficients we have:”
—2u=m(m+2a) and — (2a+1) = (1 —n)
which gives

a:g—landu:—%(mjtn—Q)

9See https://en.wikipedia.org/wiki/Gegenbauer_polynomials, which is bases on Abramowitz, Mil-
ton; Stegun, Irene Ann, eds. (1983) [June 1964], Chapter 22, Handbook of Mathematical Functions with
Formulas, Graphs, and Mathematical Tables. Applied Mathematics Series. 55, Dover Publications.
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Then given y = —(m/2)(m +n — 2) the o.d.e. for g is:

o g(l‘) / —n B 1_ 1 "
Agle) = =7+ g (x) Era +59"(2)
or
2 / n —1] 1 " 2
0=g(z) (n=2°A) +4'(2) | —5—| 2+ 50" (@)
or

0=g(z) (2u —2?2X) + ¢'(2)z (n — 1) + ¢"(z)2?

with boundary condition g(z) = 0. The solution of this o.d.e., which does not explode at
x = 0 is given by a Bessel function of the first kind. This is because the following o.d.e.:

g(x)(c+bx®) + ¢ (@) a+g"(x)2* =0

has solution: '’

1
where J,(+) is the Bessel function of the first kind. Matching coefficients we have:

a=n—1, b= -2\ c=2p and

1 1
V=g (n—2)2—8u= 5\/(n—2)2+8(m/2)(m—|—n—2) :g—l—l—m
We argue that v = n/2 — 1 4+ m to see that note we have
4 = (n — 2)® + 4m(m +n — 2) and

—242m\°
4u2:4<%> = (n—2)% + 4m(n — 2) + 4m?

which verifies the equality. So we have:
g($) = xl_n/ZJ%—l-‘rm <V —2A 55)

We still have to determine the eigenvalue A. For this we use the boundary condition
g(Z) = 0 and that J,(-) has infinitely strictly orderer positive zeros, denoted by j,, for
k=1,2,... so that J,(j,x) = 0. Thus fixing u, i.e. m > 0, we have:

0= g(z) = ()23 14m (V-222)

10See http://equorld.ipmnet.ru/en/solutions/ode/ode0215.pdf which uses Polyanin, A. D. and Za-
itsev, V. F., Handbook of Exact Solutions for Ordinary Differential Equations, 2nd Edition, Chapman &
Hall/CRC, Boca Raton, 2003.
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so that:

0= ()" Ts 110 (mf)

Hence )

j%fl+m,k =V -2 )\m,k‘f or /\m,k: = _%

Collecting the terms for h, g and A we obtain the desired result.
Since 02 # 1 changes the units of time, we need only to adjust the eigenvalue by its value,
so that

2 ( F%—Hm’k)Q

i = —
BT T o
Using that N = no?/z% we get
2
A (]ﬂme k) N (]ﬂfl+m,k)
ok z? 2n N 2n

O

Proof. (of Proposition 11) We start with the projections for z/n = f(w,x) = wz/\/n. We
are looking for:

T
k=1
— s =2 Y bl (i)
k=1

] N2
£ T\ =n T T x\gtl z\ . dzx
/ Jn (j"k—)$2+1d$= . / (J%,kt>2 Jn (]"k‘) Jrk—=
0 12k 0 Z Z

+2

Il
Y
<.
RIS R
S
~_
w3
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Using that

then
v T T LA Tk
o z Jo ok 0 2
z 542
NS | .
B ( ' ) (ga)* " g1 ()
J2k
Using that
N AN T N
T /0 - [JV (j,,,kjﬂ = =5 (ZJys1 (Jug))” forall ke {1,2,3...}
we have
- xr 2 1 2
RO R CA A
Thus:

bilf] = Vn(n —2) (ZJ211 (Jon) )2

2z
Vn(n —2) jn g Jog, (]gk)

Now we turn to compute: by x[p'(-,0)](¢1, k, p1, k). We start deriving an explicit expres-
sion for p'(-,0). We have

w[3

forall k > 1

h(w) = —) (1- wz)(n_g)/2 for we (-1,1)

for z € [0, 7]
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where:

: ), .
%x(é)b:o =2'(0) = Vnw and %h(w(é))\(;:o = h'(w)w'(0)
D (@)oo =00 = L) ana Dgaa)lice = (@) 0)

SO:

n n— 3w (1 — )32
() (- e O

n—2 — Beta ("T_l,%)
w (1 — w? (n—3)/2 . m o o .
+ Beta n—1 l) |:(TL—2)[ 2_3; 2] 2nx 2 \/ﬁ
2 02

We want to compute:

b sl (- 0)/w) (g1 91.5) = / ' / s 0y a ()i

So we split the integral in the product of two terms. The first term involves the integral
over w given by:

_ 2ny/m o nm-32 , 2n/n JED("F)
= Beta (1, 1) /_1“’ (=) e = T Dy ar 3 1 1)
T (S VETCSY T T(3) - T()
STEH ) ey YTy ey Y TE

I
—

where we use that C? " (w) = (n — 2)w, and properties of the Beta and I' functions.
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The second term involves the integral over x and is given by:

1 [* T n

= 4—n)zT"? — (4 "2 (.ﬂ _> =24

= (4 —n)z (44 n)z" 2] Jup Jgrz) T
e

S L e (3 ) ()
S RO PRSI

i3 z in o\ T jo gd
— #(4—71)/0 Y (jg,ké) (]2;x> jT; .

To find an expression for this integrals note that:

’ 1*% n (2 z = _21in/2 <_1 + OFl (n/27 _a2/4)) _ 21_% — a1*% n a
[ @ T(n/2) Ty

2

and

a 2
5170 (2) dr = 2713547 <ﬁ> Bla+l14+0, 0
/Oz n (2) dz a 5 )tz (5 +2, +2a 1

where 1F2(a1; b1, be; 2) is the regularized generalized hypergeometric function, i.e. it is defined

as 1F(ay;b1,bo; 2) = 1Fo(aq; b1, be; 2)/ (I'(b1)I'(by)) where 1 Fy is the generalized hypergeomet-
ric function. Thus

1 z n
— [(4=n)z" % — (4 +n)z" ] oy <j%k%> 72 dx

2’ 2 2’ 4

_ (4—1-77,) 2—1—%(3'%7“”1* (E) L (ﬁ 14 27 |+ n. _(j’;,k)2>]
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Thus we have:

b [f101k [0 (5 0)] (010, P11

z — -
o)’ 2 \I'(3)
(Ad4n)_ 4 » n n n n o (o)’
— 2 ()T (5) 1 (5514 51 5
(jgjk)z 2 2 2 2 2 4
F(g) 2n

(ga)* 2 \TG

@n) o (MY a0 s

_(J%,k)% () <2>1F2 ittty
F(%) 2n

O

E Asymmetric Problems (Dealing with Reinjection)

In this section we study the impulse response function for problems where the symmetry
assumptions of Proposition 1 do not hold. In such a case the computation of the impulse
response function requires keeping track of firms after their first adjustment, so that the
impulse response function H(t) cannot be computed by means of the simpler operator G(t).
The solution to this problem is to compute the law of motion of the cross-sectional distribution
using the Kolmogorov forward equation, keeping track of the reinjenctions that occur after
the adjustments.

The nature of reinjection in our set up differs from the one in Gabaix et al. (2016) and
hence we cannot use their results for the ergodic case. The added complexity of our case
originates because the exit points (of our pricing problem) are not independent of where z
is, as in the case of poisson adjustments. Rather, prices are changed when either barrier x
or 7 is hit, and then the measure of products whose prices are changed are all reinjected at
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single value, the optimal return point x*.

The set-up consists of an unregulated BM dx = udt + odB, which returns to a single
point x* the first time that x hits either of the barriers x or z or that a Poisson counter
with intensity ¢ changes. As implied by Proposition 1 we cannot ignore the reinjenctions
at o* if either 2* # (Z + x)/2 or p # 0. For simplicity consider the case with no drift, so
we set © = 0. We can use the method in Appendix ??7 to modify the result accordingly.
This set up can be used to study the problem of a firm with a non-symmetric period return
function in an economy without inflation (¢ = 0). In this case the optimal decision rule
implies * # (z 4+ z)/2, i.e. the reinjection point (after adjustment) is not located in the
middle of the inaction region. Note that the number of price adjustment per unit of time is
given by N = 0 :

z—z)2a(l—a)"

Let p(x) denot?a) tﬁe in)itial condition for the density of firms relative the invariant distribu-
tion p(x), i.e. p(z) = p(x) —p(zx) for some density p, where p is the asymmetric (steady state)
tent map. Notice that to analyze small shocks 4, i.e. an initial condition p(x) = p(x + J) the
signed measure is p(x) = 6p'(x) by a simple Taylor expansion and mass preservation requires

that [ p(x)dz =0, so that

2 if x € [z, 2%)

Pla)/5 = {<> (A42)

m 1f.213€(:17,$]

We define the Kolmogorov forward operator H*(p) : [z, Z] x R; — R for the process with
reinjection, where H*(p)(x,t) denotes the cross-sectional density of the firms ¢ periods after
the shock. In this case we have that for all x € [z, 2*) U (z*, z] and for all ¢ > 0:

2

O (9)(2,8) = T-0u M (B) (1) = CH (§) ) (A.43)

with boundary conditions:

H*<]5) (@7 t) = H*(ﬁ) (jv t) =0, :llg}* H*<]5) (l‘, t) = }EEIQ H*(ﬁ) (Ia t) (A44>
Oy H*(p)(2, 1) — O, 1" (P) (2", t) + Op H* (p) (27, 1) — Oy H'(p)(z. t) = i—i (A.45)
H*(p)(x,0) = p(x) for all x € [z, T] (A.46)

The p.d.e. in equation (A.43) is standard, we just note that it does not need to hold at
the reinjection point x*. The boundary conditions in equation (A.44) are also standard,
given that z and Z are exit points, and that with o? > 0, the density must be continuous
everywhere. The condition in equation (A.45) ensures that the measure is preserved, or
equivalently that there is no change in total mass across time: [ H*(p)(z,t)dx = [T p(x)dx

for all ¢. This is a small extension of Proposition 1 in Caballero (1993).
We can use H* to compute the Impulse response function defined above as follows:

T

H(t, f. ) = / F () 1 (), 1) dir (AAT)

xT
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If ( > 0and z — oo as well as z = 0o, we will have the pure Calvo case, and we can use the
ideas in Gabaix et al. (2016), and thus the case without reinjection and with reinjection are
quite similar. To highlight the difference, we consider the opposite case, and set ( = 0 and
use an eigenvalue decomposition of H*.

PROPOSITION 12. Assume that ( = 0 and that « is not a rational number. The orthonormal
eigenfunctions of H* are:

=4/ = 2) sm - 27?]) if z € [z, 7] (A.48)

27rj) if x € [z, 2"] and 0 otherwise (A.49)

H
IH

(x* 2 sm
sm % 27Tj> if x € [2*, z] and 0 otherwise |, (A.50)
\/ (T — o x

with corresponding eigenvalues:

2 (2 2 (2mj)° 2 (2mj)?
)\;n — _0-_—( ﬂ-j) 5 )\é = —U——( 7Tj) R and /\? = _U_ ( Trj) 2 (A51)

2 (z -2 2 (2" —1z) 2 (z—a)
for all j = 1,2,.... The e1genfunct1ons in the set {¢]'}52, are orthogonal to each other,
and so are those in the set {¢},©}}52,. The elgenfuncuons {o7, b, 152, span the set of

functions g : [z, 7] — R, piecewise dlfferentlable with countably many discontinuities, and

with fz g(z)dx = 0.

Proof. (of Proposition 12) The proof consists on checking that the functions described
are the only ones that satisfy the sufficient conditions equation (A.43), equation (A.44),
equation (A.45) and equation (A.46) for H*(cpf(x)eké?t) for kel,m,jand j=1,2,....

First, let’s consider the case of eigenvalues A # 0. In this case the only non-constant real
function that satisfy the o.d.e.: Ap(z) = Opp(x)0?/2 for X < 0 is p(x) = sin (¢ + wx) for
some ¢ and for \ = —%wQ. The cases below use this characterization when the function is
not constant, to determine the values of ¢ and w.

Second, consider the case of functions that are differentiable in the entire domain [z, Z].
The continuity at x = z* is satisfied immediately. In this case, the o.d.e. : Ap(x) =
Opztp(x)0? /2, with boundaries equation (A.44) and equation (A.45) is satisfied only by ¢(z) =
@7 (x) for all j = 1,2,.... This gives the particular value of ¢ and w, for j = 1,2,..., and
hence no other differentiable function different from zero satisfy all the conditions.

Third, consider the case of functions ¢(x) which are constant in an interval of strictly
positive length included in [z, 2*]. Then p(z) = 0, to satisfy the boundary condition equa-
tion (A.44) at x = z. Then p(z) = 0 for all x € [z, 2*), since ¢ can only be non-differentiable
at x = x*. Then, for x € (2*,Z] it has to be differentiable, non-identically equal to zero,
satisfy ¢(x*) = 0 so that it is continuous at z = z*, and also p(Z) = 0, to satisfy the bound-
ary condition equation (A.44) at z = Z. Finally, to satisfy the measure preserving condition
equation (A.45), it has to be of the form of }(z) for j =1,2,....
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Fourth, consider the case of functions ¢(x) which are constant in an interval of strictly
positive length included in [z*, Z|. Following the same steps as in the previous case, we obtain
that (z) = @"(z) for j = 1,2,... for this case.

For the fifth and remaining case, we consider the case of functions (z) which are non-
constant for all intervals included in [z,], and that o(z) is not differentiable at # = z*. To
satisfy the o.d.e. in each segment [z, 2*) and (z*,Z] then we must have (z) = sin (¢ + wz)
and ¢(z) = sin (& + @x) in each of the respective segments. Since the eigenvalue has to be
the same for all segments, then we have that w = w = w. The eigenfunction ¢ must be
measure preserving, so that

0 = cos (9 + w:z:*) — cos @ + wg) + cos ((5 + wi‘) — cos ((5 + waz*)

To satisfy the boundary conditions equation (A.44) we require sin (@ + wz) = sin (¢ +wT) =
0. Thus cos (Q + wg) = +1 and cos ((;_5 + wi) = +1. Hence, we have that:

either 0 = cos (? + wx*) — cos (g5 + wx*) or 2 =cos (@ + wx*) — Cos (gz_ﬁ + wx*)
In the first case we have:
0 = cos (? + wx*) — cos (gg + wx*) and 0 = sin (@ + wx*) — sin ((;_5 + wx*)

so the function is differentiable at x = x*, which is a contradiction. So we must have the
second case, and because eigenfunctions are defined up to sign, must have:

2 = cos @ + wx*) — cos (gz_S + wx*) and 0 = sin (@ + wx*) — sin (q_ﬁ + w:p*)

Using the properties of cos it must be the case that sin @ + wx*) = sin (gz_ﬁ + wx*) = 0. Then,
¢ must be zero in the extremes of each of the two following segment [z, z*] and [z*, Z]. This
requires that [z, 2*| and [2*, Z] be an in an multiple integer of each other, since in each of the
segments @ is a sine function with the same frequency w which is zero at the two extremes.
But this violate that [z, z*]/[z*, Z] is not rational.

Now we show that the eigenfunctions span the densities for the signed measures. It suffices
to show that if g : [z, 7] — R is in the domain of H*, and (g, ¢7") = (g,¢}) = (g, ¢") = 0 for
all y =1,2,..., then it must be that g = 0.

As a way of contradiction, suppose we have a function g # 0 that ¢ is orthogonal to all
the eigenfunctions. Given that the eigenfunctions can span antisymmetric functions defined
in different domains as explained above, it must be that g is a symmetric function as defined
in [z, 7], so that it is orthogonal to {¢]'}52,, and also a symmetric in the following restricted
domains [z,z*] and [z*, Z], so that g is also orthogonal each of eigenfunctions {gpé 22, and
{go? 321 when defined in the restricted domains.

Now, without loss of generality, assume that z* < (z + Z)/2. Below we sketch a proof
that for a function g to be even (or symmetric) in these three domains, it must be the
case that [T — z*] is an integer multiple of [x* — z], which contradicts the assumption that
[z* — z]/[Z — x*] is not a rational number.

Let L = 2*—x. To arrive to this conclusion we first notice that since g must be symmetric
in the entire domain [z, z], then it must be the case that ¢g has identical symmetric shape
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in the segment [z, 2z + L] than in the segment [z — L, z]. Then using that g is symmetric in
the restricted domain [z*, Z], it must be that it also has the same symmetric shape in the
interval [z*,2* + L] than in both intervals [z, + L] and [z — L, z]. If it is the case that
z*+ L =z — L, then [z — x*] is an integer multiple of [z* — z], and find a contradiction. If
this is not the case, i.e. if ¥ + L < & — L, we use the ¢ is symmetric in the entire domain,
to say that again g must take the same symmetric shape in the interval [z — 2L,z — L]. Now
either x x +L = ¥ — 2L, which gives a contradiction, or we continue using the symmetry of g
in either the entire domain [z, Z] or in the restricted domain [z*, Z] until we get that [z — z*]
is an integer multiple of [z* — x|, which is a contradiction with our assumption. Formally,
this can be set up as an induction step, but it requires to develop enough notation, which we
skip to shorten. [

By defining H* for initial conditions given by the differences of a density relative to the
density of the invariant distribution, we are excluding the zero eigenvalue and its corre-
sponding eigenfunction, the invariant distribution p from the its representation. From the
proposition we see what are the first two non-zero eigenvalues.

ne-G (2—7T_) Sh= (e —@})2 (4.52)

Notice that the difference between the first and the second eigenvalues depends on the asym-
metry of the bands.

The proposition also proves that the eigenfunctions gpf with k = {{, h,m} form a base, so
that projecting the initial condition onto them is possible. It is however more involved than
in the symmetric case since the eigenfunctions are not all orthogonal with each other, e.g.
<g0}”, goé‘> # 0. Note however that {¢}’, \T'} coincide withe the antisymmetric eigenfunction
and eigenvalues for the case without reinjection and © = ¢ = 0. Because of this, any
piecewise differentiable function ¢ : [z, Z] :— R that is antisymmetric around (z + z)/2 can
be represented, in a L? sense, as a Fourier series using {ef}

In spite of the lack of orthogonality, the general logic for constructing the impulse response
function is the same. Given the projection of the initial condition on the eigenfunctions

Y Y dte

k J=1

where k = {l,h,m}. We use the linearity of H* to write the operator in equation (A.47) as
% k
CUCURY Op SR (VRS ) SIEUEVEED 9) RO
kE j=1 ko j=1

where the last equality uses that the gpé“(x) are eigenfunctions. Thus, given the a? coefficients
(whose computation is discussed below), we can write the impulse response in equation (A.47)

B = Y 3 el / f(2) () du

{k=l,h,m} j=1

42



or, computing the inner products b?[f] = f; f(z) goé“(x) dx

H(t, f,p) = Z Ze)‘ktak Ve f (A.53)

k={l,h,m} j=1

A straightforward numerical approach to finding the projection coefficients a* requires
running a simple linear regression of p(x,0) on the basis {¢”(z), ¢}(z), @} (x)}i_, (up to
some order frequency J). For the output impulse response, given the function of interest
f(x) = —x, the projection coefficients are also readily computed bk f flx x)dzx for

k={m,l,h}, and j = 1,2, 3.... which gives

(z —z)*? BL[f] = w . Wf] = m ) (A.54)

b f] = ——— :
g Vormj V2rj V2rj

Figure 5: Response to monetary shock for asymmetric problem
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Figure 5 displays some impulse response generated by asymmetric problems where a #
1/2 and contrasts them to the one produced by the symmetric problem where oo = 1/2. Two
remarks are in order: first, modest degrees of asymmetry do not have a major effect on the
impulse response: the impulse response function for @ = 0.4 would be barely distinguishable
from the symmetric impulse response. Second, once quantitatively large asymmetries are
considered, such as the small values of a considered in the figure, the impulse response
becomes more persistent than the symmetric one. The presence of the asymmetry makes the
convergence to the mean x value of the invariant distribution slower; this is intuitive since for
symmetric problems the mean of the distribution is obtained right after the first adjustment,
while this is not anymore true.
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Irrelevance of the sign of the reinjection point. We discuss here the irrelevance of
whether the optimal return point z* is to the left of the interval’s midpoint, as when z* < 0,
or to the right of it hence with x* > 0. Formally we consider two problems: the first one
has a = 1/2 — z where z € (0,1/2) and the second problem has & = 1/2 4 z. We will show
that, somewhat surprisingly to us, the sign of the optimal return point z* is irrelevant for
the impulse response which is the same one for the problem with a and for the one with a.
We have the following result

ProposiTION 13.  Consider the inaction region for x defined by the interval (—z,z), let
z € (0,1/2) be a non-rational number. Consider a problem with reinjection point a = 1/2—2
and another problem with reinjection point & = 1/2+ z. Then the impulse response function
is the same for both problems.

Proof. of Proposition 13. Consider the first problem with o < 1/2. Normalize (WLOG)
the interval width to 2z = 1 and rewrite the initial condition as p = p°* + p®, respectively the
symmetric and antisymmetric component as

) 1-2a ) 1 for ze€ (-7, —2)U(2,7)
5(x) = {aua’ ) = {a(la)

ﬁ 0 for z € (=2, 2)
Notice that for & = 1/2 — z the slope of the antisymmetric part is either zero or 1/4+32.

The same obtains for & = 1/2 + z. Thus the asymmetric component of the initial condition
p*(z) is the same for o and for @. The symmetric component p°(z) is as follows

) 2z A 3 2. for x€(-Z,—2)U(z,71)
ps(l', Oé) _ { 1/:11—,22 : ps(m’ a) — { 1/‘i—z2 .
1/2+2 1/2+= orz € (=2,2)

which reveals that the symmetric component of the initial condition for the problem with &
is given by —1 times the symmetric component of the initial condition for the problem with
a.

Now let’s consider the consequences for the output impulse response as defined in equa-
tion (A.47). For the problem with a we use the decomposition p = p°® 4+ p® and the linearity
of H* to write the IRF as

Ho(t, f,p(@)) = Ha(t, f,p" () + Ha(t, f,0°())

where we use the subscript to emphasize that this is the impulse response for the problem
with reinjection point «. Using the properties for the initial condition associated to the
problem with & discussed above we can the write its impulse response as

H&<t7 f,ﬁ(&)) - H&(t7 f: ﬁa(a)) + H&<t’ fa _ﬁs(a))

where we used that p*(«) = p*(&) and that p*(a) = —p°(Q@).

It is immediate to see that H,(t, f,p*(«)) = Ha(t, f,p*(«)), i.e. that the IRF component
triggered by the asymmetric part of the initial condition, is the same in both problems. This
follows since p*(a) = p*(@) and because both problems share the same identical base for
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asymmetric functions, given by the eigenfunctions i

Finally, we argue that H,(t, f,p°(a))) = Hga(t, f, —p°(«)). To see this notice that the
symmetric part of the impulse response function is obtained by projecting the initial condition
on the orthogonalized symmetric eigenfunctions v¥, where k = {I, h}, produced by e.g. the
Gram-Schmidt algorithm. The key is to notice that the symmetrized eigenfunction for the
problem with &, equals —1 times the eigenfunctions for the problem with «, formally vf(a) =
— f(d). Inspection if the eigenfunctions 90;-‘ and goé- reveals that, for all € (—Z, Z) they obey
Oz = —2) = —p! (—z;2* = 2). It therefore follows that H,(t, f,p(a)) = Hal(t, f, p(@)).
OJ

Figure 5 illustrates the results of the proposition by showing that the impulse response for
a = 0.2 coincides with the one for a = 0.8. An important implication of this property is that
the derivative of the impulse response function with respect to « evaluated at alpha = 1/2
must be zero, which explains why small deviations from the symmetric benchmark produce
results that are essentially almost indistinguishable from those produced by the symmetric
case. Overall this result suggests that the symmetric benchmark is an accurate approximation

of problems with modest degrees of asymmetry.

F Additional results on the Calvo plus model

Next we discuss whether it is possible to approximate the impulse response function in a
parsimonious way, a question that is naturally related to the shape of the impulse response.
A natural candidate would be to analyze the impulse response associated to the leading
eigenvalue as defined in Section 4.2, namely the largest eigenvalue associated with non-zero
projection coefficient b; in equation (14), for a case in which the IRF is close to exponential.
We analyze this question by focusing on a small monetary shock that causes a marginal
displacement of the invariant distribution. We assume a symmetric problem and present
results for the baseline Calvo™ model as well as for a model with price plans.

The next proposition gives a characterization of the ratio between the true area under
the output impulse response and the approximate one, computed using only the leading
eigenvalue:

PROPOSITION 14. Consider the marginal impulse response for output, so that f(z) = —z
and p = 0p’. Define the ratio of the approximate cumulative impulse response based on the
leading eigenvalue relative to the area under the impulse response as:

m2(¢) _ £2<¢>/)\2(¢) _y [1 + cosh (\/%)]
ijl Bi()/A;(®) [cosh(\/%) —-1- ¢] [1 + g_;] 2

We note that ms(0) = 156 ~ 0.98, mj(¢) > 0 and ma(¢) — 2 as ¢ — oo.

Proposition 14 shows that the leading eigenvalue provides an accurate approximation of
the total cumulative IRF for most variants of the calvo-plus model. At values of ¢ ~ 0.7
the approximate function is close to 95% of the true effect. Figure 6 shows that accuracy
degenerates as the model converges towards a pure Calvo model £ — 1.
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Figure 6: Calvo-plus model
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We can also use the expression for the coefficients of the impulse response to show that
the slope of Y at ¢ = 0 is minus infinity. This is intuitive since, after the shock, there are
firms that are just on the boundary of the inaction region where they will increase prices,
but there are no firms at the boundary at which they want to decrease prices.

ProPOSITION 15. The derivative of the IRF with respect to t at t = 0 is given by:

—Y(t) =—-o00 for 0<¢<o0.

Note that when ¢ — o0, so we get the pure Calvo model, then the impulse response
becomes Y (t) = exp (—Nt), and thus Y’(0) is finite.

F.1 Proofs

Proof. (of Proposition 14) Rewriting the expression for msy:
Pa(9)/Aa(d) Pa(9)/Ha(9)
> i1 Bi(@)/Ai(8)  Kurt(¢)/(6N)

1+cosh<\/ﬂ) 8(2
{W} ] N (exp(v/20) + exp(—y/29) — 2)°
Ne(vag) [1+ 2] (0(V20) + exp(—v29))(exp(v/26) + exp(~v20) — 2 - 20)

[1+ cosh (v/29)]
[cosh(v/2¢) — 1 — ¢] [1 + %}

m2(¢) =

=2
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where the first line follows from the definition, and the first equality from the sufficient
statistic result in Alvarez, Le Bihan, and Lippi (2016). The second line uses the expression
for Py, Ay derived above, as well as the expression for the Kurtosis derived in Alvarez, Le
Bihan, and Lippi (2016). The third line uses the expression for ¢. The remaining lines are
simplifications. [

Proof. (of Proposition 15) First use Proposition 2 to write

) = =
ay(t)!tzo = A}[gnoo Zl Bi(P)A(¢) = A}linoo ; [Botaidoyai + Bayaidayai]
j= i=

Using the coefficients for 8; in Proposition 2 and the expression for the eigenvalues in equa-
tion (21) we write

M0 £ cosh(v/264) — 1

0 i -
aY(tﬂt:o = —N{(¢) lim 22 ( cosh(v/2¢) — 1 e

HCOS}I(\/%)] - 1> — _9NU($) lim M (

1+ cosh (\/%)1 B 1)
which diverges towards minus infinity for any 0 < ¢ < co. U
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