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B The case of two-state productivity.

In this Online Appendix, we extend the baseline model to the case where productivity is not
constant. Even though some portions are straightforward extension of the baseline model,
we allow for some overlap with the main text for the sake of a self-contained exposition of
the extended model.

B.1 Firms’ problem with Markov-switching productivity ai
t

We assume that each firm i produces output with a linear technology with labor being the
single input,

yit = aitl
i

t, (S.1)

and productivity at time t, ait 2 {aL, aH}, with aL  aH . By choosing the units in which we

measure labor we may assume a
L+a

H

2 = 1, so that the baseline model with aL = aH = 1 is a
special case.

Firm i fixes a price P i
t at time t and must satisfy demand, that is hire a labor force

lit =
(pit)

�⌘

ai
t

Yt. (S.2)

The net income that firm i obtains from production when productivity is ai, the firm sells
output at price pi, wages are W and final good output is Y is thus, measured in consumption-
goods equivalent,

Z(pi, ai, w, Y ) := piyi � wli = ((pi)1�⌘ � (w/ai)(pi)�⌘)Y (S.3)

where w = W/P.
Firms are subject to a Calvo shock that is determined by a Poisson process with rate µ.

When a Poisson time arrives, the firm is allowed to change prices at a zero-cost. We assume
the Poisson shocks are independent across firms. At the time of a Calvo shock firms may
also experience a productivity shock. The probability of a productivity change may depend
on the current level of productivity, and we write 0 < ⇣a < 1 for the probability of leaving
productivity a at time t, conditional on a Calvo shock at t. The proof of Proposition B.1 below,
which characterizes the solution to intermediate-good firms’ optimization problem, shows
clearly that tying productivity shocks to Calvo shocks greatly simplifies the mathematics of
the problem.
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B.2 Value function in the stationary equilibrium

In a stationary equilibrium where the rate of inflation is ⇡ and c̄ > 0, if F denotes the
stationary probability distribution of prices and productivities, and Fp its marginal with
respect to prices, we must have (12), (13), (15), (16) and

N̄ = EF


p�⌘

a
Ȳ

�
. (S.4)

In a stationary equilibrium any firm that has productivity a and charges prices p has net
real income from production, normalized by final-goods output Ȳ :

z(p, a) :=
Z(p, a, w̄, Ȳ )

Ȳ
= p1�⌘ � w̄

a
p�⌘.

The function z(·, a) has a unique maximum at p̂a := (w̄/a)(⌘/(⌘� 1)) for each a 2 {aL, aH},
and it is increasing for p < p̂a and decreasing for p > p̂a. Furthermore z(p̂a) > 0.

Write v(p, a) = V (p, a)/Y, where V (p, a) is the expected maximum discounted profits for
a firm that charges p at time zero, and has productivity a 2 {aL, aH}. Suppose that in a
stationary equilibrium at some random time ⌧ a Calvo shock arrives. Then if productivity
stays the same the firm should choose p⌧ = argmax v(p, a), whereas if productivity shifts
to b 6= a, the firm should choose p⌧ = argmax v(p, b). Suppose now that at a random time
T 0 the firm decides to pay menu costs. Provided �+ � ��, if the firm chooses to increase
price then it faces no restriction and would always choose pT 0 = argmax v(p, a), independent
of the current price. On the other hand if it chooses to lower prices it would choose pT 0 =
argmax{pp

T 0-} v(p, a). Since �� > 0 the optimal choice of pT 0 , if it exists, is interior in this
stationary equilibrium. Then if b 6= a,

v(p, a) = sup
p0a,p

0
b
,T 0,p00ap

T 0-

E0

(Z
T

0^⌧

0
e�⇢tz(pt, a)dt+ 1⌧<T 0e�⇢⌧

�
(1� ⇣a)v(p0a, a) + ⇣av(p0

b
, b)
�

+ 1T 0<⌧e
�⇢T

0
(max{v(p0a, a)� �+, v(p00a, a)� ��})

)
. (S.5)

A standard argument shows that we can restrict ourselves to feedback controls, that is
stopping times T 0 such that T 0 = 0 if and only if p0 2 Sa := S1

a [ S2
a , where S1

a := {p 2
(0,1) : v(p, a) = supp0 v(p

0, a)� �+} and S2
a = {p 2 (0,1) : v(p, a) = supp0p v(p

0, a)� ��}.
Taking limits in the dynamic programming equation (S.5) we obtain:

z(p, a)� ⇢v(p, a)� ⇡pv0(p, a) + µ[(1� ⇣a) sup
p0a

v(p0a, a) + ⇣a sup
p
0
b

v(p0
b
, b)� v(p, a)]  0. (S.6)

The left-hand side includes the profit at time zero and the expected drift of e�⇢tv(pt, a) taking
into consideration the fact that, if a Calvo shock occurs and productivity does not change,
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then the value would jump to supp0 v(p
0, a), while if productivity changes the value would jump

to supp0 v(p
0, b), and the rate µ associated to the Poisson process of Calvo shocks. In addition,

since stopping immediately is always a choice v(p, a) � max{v(p0a, a) � �+, v(p00a, a) � ��}.
Notice that if p 62 Sa then necessarily

z(p, a)� ⇢v(p, a)� ⇡pv0(p, a) + µ[(1� ⇣a) sup
p0a

v(p0a, a) + ⇣a sup
p
0
b

v(p0
b
, b)� v(p, a)] = 0, (S.7)

so the function v satisfies the quasi-variational inequality : For each a 2 {aL, aH}, if b 6= a,

max

(
z(p, a)� ⇢v(p, a)� ⇡pv0(p, a) + µ[(1� ⇣a) supp0 v(p

0, a) + ⇣a supp0 v(p
0, b)� v(p, a)];

max{supp0 v(p0, a)� �+, supp00p v(p
00, a)� ��}� v(p, a)

)

= 0. (S.8)

We start by studying the di↵erential equation implicit in the quasi-variational inequality.

Lemma 11. Suppose that for each a 2 {aL, aH}, if b 6= a, R(·, a) solves

z(p, a)� ⇢R(p, a)� ⇡pR0(p, a) + µ

 
sup

{p0a�p̂a,p
0
b
�p̂b}

(1� ⇣a)R(p0a, a) + ⇣aR(p0
b
, b)�R(p, a)

!

= 0. (S.9)

Then:

(a) For each � > 0 there exists for each a 2 {aL, aH} at most one pair (p
a
, p⇤a), with

p
a
 p̂a  p⇤a with p⇤a > p

a
that solves,

R0(p
a
, a) = R0(p⇤a, a) = 0 (S.10)

R(p
a
, a) = R(p⇤a, a)� �+. (S.11)

(b) If p
a
(p⇤a) exists it is a global minimum of R(p, a) in (0, p̂a) (maximum in (p̂a,1) resp.).

(c) Consequently, if p⇤a and p⇤
b
exist,

R(p⇤· , ·) =
µ⇣az(p⇤

b
, b) + µ⇣bz(p⇤a, a) + ⇢z(p⇤· , ·)
µ⇢(⇣a + ⇣b) + ⇢2

, (S.12)

and if p
a
and p⇤a exist,

�+ = R(p⇤a, a)�R(p
a
, a) =

z(p⇤a, a)� z(p
a
, a)

µ+ ⇢
. (S.13)
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Proof. First note that if R solves (S.9) then:

z0(p, a)� (⇡ + µ+ ⇢)R0(p, a)� ⇡pR00(p, a) = 0. (S.14)

Thus whenever R0(p, a) = 0 and pa < p̂a, R00(p, a) > 0. Hence there is at most one critical
point in (0, p̂a) and it is a global minimum in (0, p̂a). Similarly for p 2 (p̂a,1) there is at
most one critical point and it is a global maximum in (p̂a,1). (c) is obvious. 2

The next proposition characterizes the value and policy functions.

Proposition B.1. Fix w > 0 and �+ > 0. Then

(a) There exist a unique function R(p, a) and points p
a
, p

b
, p⇤a and p⇤

b
(which depend on

(w, �+)) that satisfy equations (S.9)–(S.11).

(b) The following equation holds:

w

a
=

(⌘ � 1)'(p⇤a/pa, 1 + (µ+ ⇢)/⇡ � ⌘)

⌘'(p⇤a/pa, (µ+ ⇢)/⇡ � ⌘)
p
a

(S.15)

with
'(q, x) := (qx � 1)/x.

(c) v(p, a) given by:

v(p, a) =

8
<

:

R(p⇤a, a)� �+ for p < p
a

R(p, a) for p 2 [p
a
, p⇤a]

max{R(p, a), R(p⇤a, a)� ��} for p > p⇤a

is the value function.

(d) The optimal policy is: If ait- = a and pt- 2 S1
a = {p : v(p, a) = R(p⇤a, a)� �+}, then pay

the menu cost (�+) and set pt = p⇤a, and if pt- 2 S2
a = {p : v(p, a) = R(p⇤a, a)���}, then

pay the menu cost (��) and set pt = p⇤a. Otherwise, unless you receive a Calvo shock,
do nothing. If a Calvo shock arrives, move to p⇤at , where at is the productivity state at
t.

Proof. If we write S(p, a) = R0(p, a) and di↵erentiate both sides of (S.9) we obtain,

S0(p, a) =
z0(p, a)

⇡p
�
✓
⇡ + µ+ ⇢

⇡p

◆
S(p, a). (S.16)

Notice that the equations for S(·, a) do not involve S(·, b) for b 6= a and can be solved
separately.27 Set

A(r) :=

Z
r

1
�⇡ + µ+ ⇢

⇡s
ds = �⇡ + µ+ ⇢

⇡
log(r).

27Separability requires that productivity changes are accompanied by Calvo shocks, as we assumed.
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Then the general solution to (S.16) is:

S(�, p, a) = �eA(p) + eA(p)
Z

p

p̂

e�A(r) z
0(r, a)

⇡r
dr = p�

⇡+µ+⇢

⇡


� +

Z
p

p̂

r
µ+⇢

⇡

z0(r, a)

⇡
dr

�
.

If

�(p, a) :=

Z
p

p̂

r
µ+⇢

⇡

z0(r, a)

⇡
dr,

S(�, p, a) = 0 if and only if
� + �(p, a) = 0. (S.17)

Since �0(p, a) := p
µ+⇢

⇡ z0(p, a)/⇡ is strictly positive (negative) for p < p̂a (p > p̂a), �(p, a)

achieves a maximum of zero at p̂. In addition, �00(p̂, a) := p̂
µ+⇢

⇡ z00(p̂, a)/⇡ < 0. Thus there
exists ✏ > 0 (which may depend on the parameters of the model) such that for � 2 (0, ✏)
there are exactly two solutions p1(�) < p̂ < p2(�) to S(�, p, a) = 0 and lim�&0 pi(�) = p̂,
i = 1, 2. Moreover since

@pi
@�

= � 1

�0(pi, a)
(S.18)

and �0(pi(�), a) 6= 0, unless pi = p̂a, we can prolong the function p1(�) until a �max such
that p1(�max) = 0 (�max = 1 is not ruled out) and, since for any �, �1/�0(p2(�), a) is
uniformly bounded above, we may also prolong p2(�) until �max. Furthermore if �0 > �,
p1(�0) < p1(�) < p̂ < p2(�) < p2(�0).

If  (�, a) := z(p2(�), a) � z(p1(�), a), then  achieves a minimum of zero at � = 0. In
addition, using equation (S.18), we obtain

 0(�, a) = ⇡


p
�µ+⇢

⇡

1 � p
�µ+⇢

⇡

2

�
> 0,

provided � > 0. Since z(0) = �1, this delivers the existence and uniqueness of �(�+, a) <
�max such that the value matching condition

R(�, p2(�), a)�R(�, p1(�), a) = �+ (S.19)

holds at � = �(�+, a) for any �+ � 0.
For each a 2 {aL, aH} set p⇤a = p2(�(�+, a)) and p

a
= p1(�(�+, a)) and set R(�(�+, a), ·, a)

using (S.9) and (S.12). In addition, (S.17) applied to p
a
and p⇤a, implies

Z
p
⇤
a

p
a

r
µ+⇢

⇡

z0(r, a)

⇡
dr = 0,

which after integration yields (S.15).
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Following the procedure in Øksendal and Sulem [54, Chapter 9],28 one can in fact verify
that since R(�(�+, a), p, a) satisfies (S.9)–(S.11) then

v(p, a) =

8
<

:

R(�(�+, a), p, a) for p
a
 p  p⇤a

R(�(�+, a), p⇤a, a)� �+ for p < p
a

max{R(�(�+, a), p, a), R(�(�+, a), p⇤a, a)� ��} for p > p⇤a

is the value function and the associated optimal policy is given by (d) in the statement of
the Proposition. 2

B.3 Stationary distribution

The characterization of the optimal policy in Proposition B.1 implies that if i0s productivity
is a and pit 2 (p

a
, p⇤a] then:

dpit = �⇡pitdt+ µ
�
(1� ⇣a)(p⇤a � pit) + ⇣a(p⇤

b
� pit)

�
dt+Mt,

where b 6= a and Mt is a martingale.
In addition, if h(p, t, a) denotes the time t density of prices for firms with productivity a,

then h satisfies the forward-equation

@

@t
h(p, t, a) =

@

@p
[⇡ph(p, t, a)]� µh(p, t, a). (S.20)

Corollary 4. (a) In a stationary equilibrium, the distribution of firm’s prices conditional
on productivity a has support in (p

a
, p⇤a].

(b) The stationary distribution of prices conditional on productivity a has density

f(p | a) = pµ/⇡�1

pµ/⇡
a

'(p⇤a/pa, µ/⇡)
. (S.21)

(c) The marginal stationary density of prices is:

fp(p) =
⇣b

⇣a + ⇣b
f(p | a) + ⇣a

⇣a + ⇣b
f(p | b).

(d) In the stationary equilibrium firms choose to pay menu costs only when increasing prices
(� = �+). The fraction of firms of productivity a that pay menu costs, �a, satisfies

�a =
µ

(p⇤a/pa)
µ/⇡ � 1

(S.22)

28A major di↵erence between our set up and the one in [54] is the absence of a di↵usion term, which allows
for less smoothness of the candidate value function.
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and consequently the fraction of firms that pay menu costs is

� =
⇣b

⇣a + ⇣b
µ

(p⇤a/pa)
µ/⇡ � 1

+
⇣a

⇣a + ⇣b
µ

(p⇤
b
/p

b
)µ/⇡ � 1

. (S.23)

Proof. Equation (S.21) follows from (S.20) and Item (a). Moreover, �a = f(p
a
|a)⇡p

a
=

⇡/'(p⇤a/pa, µ/⇡) = µ/((p⇤a/pa)
µ/⇡ � 1). 2

B.4 The equilibrium wage rate

In the previous section we showed that given w we can find (p
a
, p⇤a, f(· | a))a that characterizes

the behavior of the intermediate goods firms. However, a necessary condition for equilibrium
is that the average price of intermediate goods must be one, that is, equation (13) must hold.
In this section, we show that given the parameters of the model (⌘, ⇢, (⇣a)a, µ, �+) and a rate
of inflation ⇡ there is exactly one w such that (13) holds. In what follows, it is useful to
introduce the notation

qa :=
p⇤a
p
a

> 1 and &a :=
⇣b

⇣a + ⇣b
 1, b 6= a.

Thus qa denotes the proportional increase in relative price when a firm with productivity a
pays the menu cost, and &a the stationary fraction of firms with productivity a. With this
notation, we may rewrite the zero-profit condition for the competitive firms, equation (13),
as:

1 =
X

a=aL,aH

Z
p1�⌘&af(p | a)dp =

X

a=aL,aH

'(qa, µ/⇡ + 1� ⌘)

'(qa, µ/⇡)
p1�⌘

a
&a (S.24)

and rewrite the value-matching condition (S.13) as:

(⇢+ µ)�+ =

 
(q1�⌘

a � 1)� w

ap
a

(q�⌘

a � 1)

!
p1�⌘

a
, for a = aL, aH . (S.25)

The inverse of the “minimum mark-up” p
a
/(w/a) satisfies (S.15), that is,

w

ap
a

=
⌘ � 1

⌘

'(qa, 1 + (µ+ ⇢)/⇡ � ⌘)

'(qa, (µ+ ⇢)/⇡ � ⌘)
, for a = aL, aH . (S.26)

Thus, equations (S.24)–(S.26) determine five unknowns ((p
a
, qa)a, w). By substituting (S.26)

into (S.25), and substituting out p1�⌘

a
from (S.24), we obtain:

⌘ � 1

(µ+ ⇢)�+
=

X

a=aL,aH

&a'(qa, µ/⇡ + 1� ⌘)

'(qa, µ/⇡)'(qa, 1� ⌘)

✓
'(qa, (⇢+ µ)/⇡ + 1� ⌘)

'(qa, (⇢+ µ)/⇡ � ⌘)

'(qa,�⌘)

'(qa, 1� ⌘)
� 1

◆�1

.

(S.27)

7



Lemma 12. There exists a unique positive vector ((qa, p
a
)a, w) 2 R5, with qa > 1 for each a,

that solves (S.24)–(S.27). In addition qaH  qaL , with strict inequality if aL < aH . If � given
by (S.23) satisfies ��+ < 1, then there exists a unique positive vector (c̄, N̄ , Ȳ ) satisfying
equations (S.4) and (13)–(16).

Proof. In B.5 we show that (S.27) has a unique solution pair (qaL , qaH ) (and necessarily qaL >
qaH ). Then (S.24)–(S.25) determine a unique p

a
and equilibrium wage rate w. Equation (S.23)

determines � and if � < 1/�+, (S.4) and (15) deliver c > 0 and N > 0 as linear functions of
Y . The assumption that Inada conditions hold, @2U(c,N)/@c2 < 0 and @2U(c,N)/@c@N  0
guarantees that there exists exactly one level of Y that satisfies (16). 2

There is however no guarantee that for the equilibrium wage rate w, v(p, a) � 0, for each p
in the support of the stationary distribution for productivity level a, which should also be an
equilibrium requirement. Since minp2[p

a
,p⇤a] v(p, a) = R(p⇤a, a) � �+, non-negativity of v(p, a)

for any p in the support of the stationary distribution for productivity level a is equivalent
to:

µ⇣az(p⇤
b
, w/b) + µ⇣bz(p⇤a, w/a) + ⇢z(p⇤a, w/a)

µ⇢(⇣a + ⇣b) + ⇢2
� �+. (S.28)

Hence we are left with two extra requirements not necessarily satisfied by the value func-
tion we constructed: (i) non-negativity in the relevant support and (ii) ��+ < 1. However we
can show that (i) implies (ii):

Lemma 13. If ((qa, p
a
)a, w), with qa > 1 solves (S.24)–(S.27) and inequality (S.28) holds

then ��+ < 1.

Proof: See B.6.
In addition to the fixed exogenous parameters (⌘, ⇢, (⇣a)a, µ, �+) the validity of (S.28)

depends on the inflation parameter ⇡ and the endogenously determined real wage rate w. In
general, if inflation and/or menu costs are very high (S.28) may fail. However,

Proposition B.2. Let �̄+ = ((aL)⌘�1/
P

a0 &
a
0
(a0)⌘�1)((⌘�1)⌘�1/⌘⌘)/(⇢+µ). Then there ex-

ists a ⇡̄ such that for any ⇡  ⇡̄ and �+  �̄+ there exists an equilibrium ((p
a
, p⇤a)a, w,�, c,N, Y ).

Proof. Write p⇤a(�
+,⇡, w) for the equilibrium for a fixed w established in Corollary 4, and

w(�+,⇡) for the equilibrium wage rate established in Lemma 12. Since p⇤a(�
+,⇡, w) � p̂a(w),

z(p⇤a(�
+,⇡, w), w/a) >

1

⌘
(p⇤a(�

+,⇡, w))1�⌘.

Moreover, p
a
< p̂a. Hence (p⇤a)

1�⌘ = (qap
a
)1�⌘ > (qap̂a)1�⌘ = q1�⌘

a a⌘�1/(
P

a0 &
a
0
(a0)⌘�1). In
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addition, as proved in B.7.2, qa(�+,⇡, w(�+,⇡)) is an increasing function of �+. Thus

(p⇤a(�
+,⇡, w(�+,⇡)))1�⌘ >

a⌘�1

P
a0 &

a0(a0)⌘�1
(qa(�

+,⇡, w(�+,⇡)))1�⌘

>
a⌘�1

P
a0 &

a0(a0)⌘�1
(qa(�̄

+,⇡, w(�̄+,⇡)))1�⌘.

Since qa is continuous and lim⇡!0 qa(�̄+,⇡, w(�̄+,⇡)) = qa(�̄+, 0, w(�̄+, 0)) < ⌘/(⌘ � 1) as we
show in B.7.4, there exists ⇡̄ > 0 such that,

z(p⇤a(�
+,⇡, w(�+,⇡)), w(�+,⇡)/a) > ⇢�̄+

for each a, ⇡ 2 [0, ⇡̄] and �+ 2 [0, �̄+]. Hence, we obtain (S.28),

µ⇣az(p⇤
b
, w/b) + µ⇣bz(p⇤a, w/a) + ⇢z(p⇤a, w/a)

µ⇢(⇣a + ⇣b) + ⇢2
� �+,

for each a 2 {aL, aH}, ⇡ 2 [0, ⇡̄] and �+ 2 [0, �̄+].

B.5 Unique solution of Equation (S.27)

We define functions A(q,⇡) and B(q,⇡) as

A(q,⇡) :=
'(q, (⇢+ µ)/⇡ + 1� ⌘)

'(q, (⇢+ µ)/⇡ � ⌘)

'(q,�⌘)

'(q, 1� ⌘)

B(q,⇡) :=
'(q, µ/⇡ + 1� ⌘)

'(q, µ/⇡)'(q, 1� ⌘)

and rewrite (S.27) as

1 =
�+(⇢+ µ)

⌘ � 1

X

a

&a
B(qa,⇡)

A(qa,⇡)� 1
. (S.29)

The properties of functionsA andB are derived in the main text: @A/@q > 0, limq!1A(q,⇡) =
1, limq!1A(q,⇡) < 1, @B/@q < 0, limq!1B(q,⇡) = 1, and limq!1B(q,⇡) = 0. These
properties lead to that the right-hand side of (S.29) decreases monotonically from +1 to 0
as qa increases from 1 to +1.

Equation (S.15) implies, for a 2 {aL, aH},

w = a
⌘ � 1

⌘

'(qa,
⇢+µ

⇡
+ 1� ⌘)

'(qa,
⇢+µ

⇡
� ⌘)

p
a
= aH(qa,⇡) (S.30)

9



where

H(q,⇡) :=
⌘ � 1

⌘

'(q, ⇢+µ

⇡
+ 1� ⌘)

'(q, ⇢+µ

⇡
� ⌘)

✓
⌘ � 1

(µ+ ⇢)�+
'(q, 1� ⌘)(A(q,⇡)� 1)

◆1/(⌘�1)

.

Note that the second fraction in the expression for H is increasing in q, and so are '(q, 1�⌘)
and A(q,⇡). Thus, H(qa,⇡) is an increasing function in qa for each a 2 {aL, aH}. Let-
ting qaL = qaL(qaH ) denote a function relating qaH and qaL determined by aHH(qaH ,⇡) =
aLH(qaL ,⇡), the function qaL is increasing in qaH . Furthermore, since aH > aL, this equation
implies qaH < qaL . Thus, qaL(qaH ) > 1 for qaH > 1. This leads to the unique existence of the
solution for (S.29).

Finally, we verify that the solution to (S.24)–(S.27) generates inflation ⇡. Note that, at
any instant t, P 1�⌘

t
is increased by the price adjustments of firms hit by Calvo shocks and

price adjustments of firms that pay menu costs. We compute these two e↵ects on the growth
rate (dP 1�⌘

t
/dt)/P 1�⌘

t
. The e↵ect due to Calvo shocks is written as:

X

a=aL,aH

µ(1� ⇣a)&a
✓
(p⇤a)

1�⌘ �
Z

p1�⌘f(p|a)dp
◆
+ µ⇣a&a

✓
(p⇤

b
)1�⌘ �

Z
p1�⌘f(p|a)dp

◆
.

By zero-profit condition (13) we have 1 =
P

a
&a
R
p1�⌘f(p|a)dp. Also the stationary distri-

bution implies ⇣a&a = ⇣b&b. Thus the above expression is reduced to
X

a=aL,aH

µ(1� ⇣a)&a
�
(p⇤a)

1�⌘ � 1
�
+ µ⇣a&a

�
(p⇤

b
)1�⌘ � 1

�

= µ
X

a=aL,aH

((1� ⇣a)&a + ⇣b&b)
�
(p⇤a)

1�⌘ � 1
�
= µ

X

a=aL,aH

&a
�
(p⇤a)

1�⌘ � 1
�
. (S.31)

The e↵ect due to firms paying menu costs is
X

a=aL,aH

&a�a

⇣
(p⇤a)

1�⌘ � p1�⌘

a

⌘
. (S.32)

Using �a = µ/(qµ/⇡a � 1) from (S.22), we have

�
(p⇤a)

1�⌘ � 1
�
+

�a

µ

⇣
(p⇤a)

1�⌘ � p1�⌘

a

⌘
=

q1�⌘+µ/⇡

a � 1

qµ/⇡a � 1
p1�⌘

a
� 1.

Hence, by summing (S.31) and (S.32) and using (13), we obtain:

dP 1�⌘

t
/dt

P 1�⌘

t

= µ
X

a=aL,aH

&a
 
q1�⌘+µ/⇡

a � 1

qµ/⇡a � 1
p1�⌘

a
� 1

!
= ⇡(1� ⌘), (S.33)

where we used q
1�⌘+µ/⇡

a �1

q
µ/⇡

a �1
p1�⌘

a
= 1�⌘+µ/⇡

µ/⇡

'(qa,1�⌘+µ/⇡)
'(qa,µ/⇡)

p1�⌘

a
= 1�⌘+µ/⇡

µ/⇡
. Thus we obtain the

desired result (dPt/dt)/Pt = ⇡.
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B.6 Non-negative average v(p) implies ��+ < 1

Proof of Lemma 13. Let (⌦,F , Q) be the probability space that defines the Poisson processes
and the history of productivities. Then,

v(p, a) = EQ

Z 1

0
e�⇢t

⇣
z(pt(!), at(!), t)� �+1{t:pt(!)=p

at(!)
}

⌘
dt | p0 = p, a0 = a

�
.

Averaging over the stationary distribution of prices and productivities F, we obtain:

EF v(p, a) = EFEQ

Z 1

0
e�⇢t

⇣
z(pt(!), at(!))� �+1{t:pt(!)=p

at(!)
}

⌘
dt | p0 = p, a0 = a

�
.

Since z(pt, at)� �+ is bounded below by min{z(p⇤, at)� �+; z(p, at)� �+}, we can apply
Tonelli’s theorem to obtain

EF v(p, a) = EQ

Z 1

0
EF

h
e�⇢t

⇣
z(pt(!), at(!))� �+1{t:pt(!)=p

at(!)
}

⌘i
dt

=
1

⇢

�
EF z(p, a)� ��+

�
.

Since w is necessarily positive, (S.24) implies that EF z(p, a) < 1. Thus if EF v(p, a) > 0,

0 < EF⇢v(p, a) = EF z(p, a)� ��+ < 1� ��+.

B.7 Function qa(�+, ⇡)

B.7.1 Continuity of qa(�+,⇡) at �+ = 0

When �+ = 0, it is optimal for firms to adjust price immediately at any time regardless of ⇡.
This implies qa = 1 and p⇤a = p̂a. With all the firms pricing at p̂a, price aggregation impliesP

a
&ap̂1�⌘

a = 1. Hence, w = (
P

a
&aa⌘�1)1/(⌘�1)(⌘ � 1)/⌘ and p⇤a = p̂a = (w/a)⌘/(⌘ � 1) =

(
P

a0 &
a
0
a0⌘�1)1/(⌘�1)/a hold.

As �+ decreases to 0, the right-hand side of (S.29) decreases to 0 for fixed (qa)a. This
implies that the solution qa of (S.29) decreases as �+ decreases, since B(q,⇡)/(A(q,⇡) � 1)
is a decreasing function in q. Moreover, the solution qa converges to 1 as �+ ! 0, since
limq!1A(q,⇡) = 1. Hence, qa(�+,⇡) is continuous in �+ � 0 and qa(0,⇡) = 1 for any ⇡.

B.7.2 dqa/d�+ > 0

By taking derivative of (S.29) with respect to (�+, (qa)a) and rearranging, we have

0 =

 
X

a

&a
B(qa,⇡)

A(qa,⇡)� 1

!
d�+

�+

+
X

a

&a

(A(qa,⇡)� 1)2

✓
@B(qa,⇡)

@qa
(A(qa,⇡)� 1)� @A(qa,⇡)

@qa
B(qa,⇡)

◆
dqa.

11



We have @A/@qa > 0 and @B/@qa < 0. Moreover, since (S.30) and aH(qa,⇡) = bH(qb,⇡)
are independent of �+, we have that qaL and qaH comove when �+ varies. Thus we obtain
dqa/d�+ > 0.

B.7.3 d(w/p⇤a)/d⇡ < 0 and d(w/p⇤a)/d�
+ < 0

Finally, from (S.15) we have

w

p⇤a
=

(⌘ � 1)a

⌘

'(qa, 1� ⌘ + ⇢+µ

⇡
)

qa'(qa,�⌘ + ⇢+µ

⇡
)
=

(⌘ � 1)a

⌘

'(qa, ⌘ � 1� ⇢+µ

⇡
)

'(qa, ⌘ � ⇢+µ

⇡
)

. (S.34)

From (S.34) we may write w/p⇤a = (w/p⇤a)(qa,⇡) and Lemma 4(c) guarantees that

@(w/p⇤a)

@qa
< 0.

Furthermore, (69) implies that
@(w/p⇤a)

@⇡
< 0.

Since dqa/d⇡ > 0, the claim d(w/p⇤a)/d⇡ < 0 follows. Finally, from @(w/p⇤a)/@qa < 0 and
dqa/d�+ > 0, we obtain that d(w/p⇤a)/d�

+ < 0.

B.7.4 Continuity of qa(�+,⇡) at ⇡ = 0

When there is no inflation, the relative price does not move, unless the firm chooses to change
it. Once a firm adjusts its price, it would opt to change the price again only when it receives
a productivity shock. Thus, in any productivity state a, the relative price of a firm is

p⇤a(0) = p̂a(0) =
⌘

⌘ � 1

w(0)

a
.

Hence, the zero-profit condition in the competitive sector (13) implies

1 = EFp [p1�⌘] =
X

a

&a(p⇤a)
1�⌘ =

✓
w(0)

ã

⌘

⌘ � 1

◆1�⌘

where we define ã := (
P

a
&aa⌘�1)1/(⌘�1).

The firm pays menu-costs and reprices if p < p
a
(0) where p

a
(0) is determined by the value

matching condition (S.25). Using the results above, (S.25) is modified as

(⇢+ µ)�+

⌘ � 1

⇣a
ã

⌘1�⌘

= '(qa(0), ⌘)� '(qa(0), ⌘ � 1). (S.35)
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Equation (S.35) shows that qaL(0) > qaH (0) > 1, since function h(q) := ((⌘ � 1)/⌘)q⌘ �
q⌘�1 + 1/⌘ � (⇢ + µ)�+(a/ã)1�⌘ is increasing in q � 1 toward infinity and h(1) < 0. Also
we obtain q(0) < ⌘/(⌘ � 1), since we have h(⌘/(⌘ � 1)) = 1/⌘ � (⇢ + µ)�+(a/ã)1�⌘ �
1/⌘ � (⇢+ µ)�̄+(aL/ã)1�⌘ > 0 under the premise of Proposition B.2.

Now we show that lim⇡!0 qa(⇡) = qa(0). First, notice that for any fixed q > 1, using
l’Hôpital’s rule:

lim
y!1

qx'(q, y)

'(q, x+ y)
= lim

y!1

qx(qy � 1)

qx+y � 1
lim
y!1

x+ y

y
= lim

y!1

qxqy log q

qx+y log q
= 1.

In addition, Lemma 4(c) states that, for q > 1, if x > 0 then qx'(q, y)/'(q, x+ y) increases
with q, and if x < 0, qx'(q, y)/'(q, x+ y) decreases with q.

Let q̄ be an upper bound of qaL(⇡) in ⇡ 2 (0, ⇡̄). Thus for ⇡ 2 (0, ⇡̄), since q̄ > qaL(⇡) >
qaH (⇡) > 1,

lim
q!1

'(q, 1� ⌘ + µ/⇡)

q1�⌘'(q, µ/⇡)
 '(qa(⇡), 1� ⌘ + µ/⇡)

qa(⇡)1�⌘'(qa(⇡), µ/⇡)
<

'(q̄, 1� ⌘ + µ/⇡)

q̄1�⌘'(q̄, µ/⇡)
.

By l’Hôpital’s rule, the leftmost side is equal to 1 for any ⇡. Thus, taking the limit ⇡ ! 0
for all the terms, we obtain

lim
⇡!0

'(qa(⇡), 1� ⌘ + µ/⇡)

qa(⇡)1�⌘'(qa(⇡), µ/⇡)
= 1

and if qoa := lim⇡!0 qa(⇡) then

lim
⇡!0

'(qa(⇡), 1� ⌘ + µ/⇡)

'(qa(⇡), µ/⇡)
= (qoa)

1�⌘.

Similarly,

lim
⇡!0

'(qa(⇡), 1� ⌘ + µ+⇢

⇡
)

'(qa(⇡),�⌘ + µ+⇢

⇡
)

= qoa.

Applying these limits to (S.24) and (S.26), we obtain lim⇡!0w(⇡) = ã(⌘�1)/⌘ and lim⇡!0 p
a
(⇡) =

lim⇡!0w(⇡)⌘/((⌘ � 1)aqoa). Substituting these into (S.25) yields

(⇢+ µ)�

⌘ � 1

⇣a
ã

⌘1�⌘

= '(qoa, ⌘)� '(qoa, ⌘ � 1).

This equation is equivalent to (S.35). Hence, qa(⇡) is continuous at ⇡ = 0.
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B.8 ✓ in the extended model

In this section we derive the parameter ✓, which measures the complementarity of price-
adjustments across firms, in the extended model.

Given productivity level a and ⌫ � 0, define m(⌫, a) as the measure of firms with pro-
ductivity a that charge (log relative) prices between log p

a
and log p

a
+ ⌫. It is convenient to

define a relative log price

sit :=
log pit � log p

ai

log p⇤
ai
� log p

ai

2 [0, 1],

where ai is the productivity of firm i at t. Using (S.21) one obtains the stationary density of
s,

g(s|a) =
log p⇤a � log p

a

'(p⇤a/pa, µ/⇡)

 
p⇤a
p
a

!µs

⇡

, (S.36)

gs(s) =
X

a

&ag(s|a).

Then we have

m(⌫, a) = &a
Z

⌫/ log qa

0
g(s|a)ds.

Suppose we perform the following thought experiment. For any a, all firms with produc-
tivity a and s  ⌫/ log qa reprice (set p = p⇤a). This increases the price level P to a new level
P 0 that can be computed using the zero-profit condition (S.24), that is:

P 0

P
=

 
X

a

"
(p⇤a)

1�⌘m(⌫, a) + &a
Z

p
⇤
a

p
a
e⌫

p1�⌘f(p|a)dp
#!1/(1�⌘)

> 1

and thus a firm of productivity a that charged p > p
a
e⌫ in the original stationary equilibrium

now charges (P/P 0)p. Let
⌫ 0(⌫, a) = ⌫ + log(P 0/P ).

If firms expect that the equilibrium stationary dynamics prevails, all firms of productivity
a with original prices p such that log p

a
+ ⌫ < log p  log p

a
+ ⌫ 0(⌫, a) would then raise their

price to p⇤a. Set

m0(⌫, a) := &a
Z

⌫
0(⌫,a)/ log qa

⌫/ log qa

g(s|a)ds,

the measure of productivity a firms that reprice as a result of the first round of repricing.
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We define the complementarity coe�cient ✓ as a limit of the ratio of the measure of firms
m0 induced to raise prices to the measure of firms m that originally raise prices as m ! 0.

✓ := lim
⌫!0

P
a
m0(⌫, a)P

a
m(⌫, a)

=

P
a
dm0(⌫, a)/d⌫P

a
dm(⌫, a)/d⌫

����
⌫=0

In B.9.1 we show that

✓ =
d log(P 0/P )

d⌫

����
⌫=0

=
X

a

&a
'(qa, 1� ⌘)

'(qa, µ/⇡)
p1�⌘

a
. (S.37)

Furthermore in B.9.1 we show that

⇡ =
µ

1� ✓

X

a

&a'(p⇤a, 1� ⌘), (S.38)

which relates inflation to the multiplier e↵ect 1/(1� ✓).
It follows from (S.24) that ✓ < 1, since '(q, x) is increasing on x if q > 1 by Lemma 4(b). ✓

is a function of other parameters in the model, in particular of ⇡. Since '(p⇤a, 1�⌘) < 1/(⌘�1),
(S.38) implies lim⇡!1 ✓(⇡) ! 1 and

1

1� ✓
� ⌘ � 1

µ
⇡.

In a similar manner, we can also define the impact of a Calvo-shock on a firm which is
in state s on price-adjustments by other firms. Suppose a small measure mc of firms around
s receive a Calvo shock. These firms would adjust prices and the e↵ect on the aggregate log
prices equals a constant ⌫0(s). We can now proceed as before and calculate m(⌫0(s), a), the
measure of firms with productivity a that charge prices between log p

a
and log p

a
+⌫0(s). We

define ✓0(s) as the limit as mc ! 0 of the ratio of the measure of firms that are induced to
change prices as a direct e↵ect of the repricing by the Calvo-hit firms with s to the initial
measure mc, that is:

✓0(s) := lim
mc!0

P
a
m(⌫0(s), a)

mc

. (S.39)

We also define ✓0 as the average of ✓0(s) over s, that is,

✓0 :=

Z 1

0
✓0(s)gs(s)ds. (S.40)

In B.9.1 we provide an expression for ✓0(s) and ✓0 (see (S.43) and (S.44)) and derive a
relation,

� =
µ✓0
1� ✓

. (S.41)

Note that (S.41) coincides with (40), the expression for � when aL = aH . Equation (S.41)
shows that the measure of firms that pay menu costs at each instant is a multiple of the rate
of Calvo shock µ, the direct e↵ect of the Calvo-hit firms on the firms at the extensive margin
✓0, and the multiplier e↵ect 1/(1� ✓).
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B.9 Derivation of ✓ and ✓0 in Section B.8

B.9.1 Derivation of (S.37), (S.38), and (S.41)

Taking derivatives of m0, ⌫ 0,m, P 0/P we obtain

dm0(⌫, a)

d⌫
= &a

✓
g(⌫ 0(⌫, a)/ log qa | a)d⌫

0(⌫, a)

d⌫

1

log qa
� g(⌫/ log qa | a) 1

log qa

◆

d⌫ 0(⌫, a)

d⌫
= 1 +

d log(P 0/P )

d⌫

dm(⌫, a)

d⌫
= &ag(⌫/ log qa | a) 1

log qa
= &a

q(µ/⇡)⌫/ log qaa

'(qa, µ/⇡)

d log(P 0/P )

d⌫
=

1

1� ⌘

✓
P 0

P

◆
⌘�1

 
X

a


(p⇤a)

1�⌘
dm(⌫, a)

d⌫
� &a(p

a
e⌫)1�⌘f(p

a
e⌫ | a)p

a
e⌫
�!

.

Hence,

d log(P 0/P )

d⌫

����
⌫=0

=
1

1� ⌘

X

a

&a
(p⇤a)

1�⌘ � (p
a
)1�⌘

'(qa, µ/⇡)
=
X

a

&a
'(qa, 1� ⌘)

'(qa, µ/⇡)
p1�⌘

a

dm0(⌫, a)

d⌫

����
⌫=0

=
&a

'(qa, µ/⇡)

d log(P 0/P )

d⌫

����
⌫=0

dm(⌫, a)

d⌫

����
⌫=0

=
&a

'(qa, µ/⇡)
. (S.42)

Substituting these results into ✓, we obtain (S.37).
Also, from (S.33) we obtain

µ
X

a=aL,aH

&a
 
�
(p⇤a)

1�⌘ � 1
�
+

(p⇤a)
1�⌘ � p1�⌘

a

qµ/⇡a � 1

!
= ⇡(1� ⌘),

which implies  
1�

X

a

&a
'(qa, 1� ⌘)

'(qa, µ/⇡)
p1�⌘

a

!
⇡ = µ

X

a

&a'(p⇤a, 1� ⌘).

Combining this with (S.37), we obtain (S.38).
In order to derive (S.41), we first characterize ✓0(s). Let mc denote a measure of firms

who receive Calvo shocks with s and ⌫0(s) the increase in logP caused by the repricing of
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the mc firms. By the definition of ⌫0(s) and the zero-profit condition (S.24), we have

e⌫0(s) =

 
X

a

&a
"Z

p
⇤
a

p
a

p1�⌘f(p | a)dp+mc

⇣
(p⇤a)

1�⌘ � (p
a
qsa)

1�⌘

⌘#!1/(1�⌘)

=

 
1 +mc

X

a

&a((p⇤a)
1�⌘ � (p

a
qsa)

1�⌘)

!1/(1�⌘)

.

Hence,
d⌫0(s)

dmc

����
mc=0

=
X

a

&a
(p⇤a)

1�⌘ � (p
a
qsa)

1�⌘

1� ⌘
.

Thus, combined with (S.42), this yields

✓0(s) = lim
mc!0

P
a
m(⌫0(s), a)/⌫0(s)

mc/⌫0(s)
=
X

a0

&a
0

'(qa0 , µ/⇡)

X

a

&a
(p⇤a)

1�⌘ � (p
a
qsa)

1�⌘

1� ⌘

=
�

⇡

X

a

&a
(p⇤a)

1�⌘ � (p
a
qsa)

1�⌘

1� ⌘
, (S.43)

where the last equality holds by (S.22) and (S.23). Also, using EFp [p1�⌘] = 1 we obtain

✓0 = EGs [✓0(s)] =
X

a

&a

'(qa, µ/⇡)

X

a0

&a
0
'(p⇤

a0 , 1� ⌘). (S.44)

Using (S.22) and (S.38) with the above equation, we obtain (S.41) as � =
P

a
&a�a = ✓0µ/(1�

✓).

B.9.2 As ⇡ ! 1, log qa ! 1 and p⇤a ! 1 for each a

First, we show that log qa(⇡) ! 1 as ⇡ ! 1. Suppose to the contrary that there exists a
sequence ⇡n ! 1 such that log qa,n = qa(⇡n) is bounded above. Then A(qa,n,⇡n) converges
to 1 as ⇡n ! 1. Hence, (S.29) implies that B(qa,n,⇡n) for a 2 {aL, aH} must converge to 0
as ⇡n ! 1. The numerator of B, '(q, 1�⌘+µ/⇡), is strictly positive and increasing in q for
q > 1. Therefore, the denominator must tend to infinity. However, '(q, 1 � ⌘) is bounded.
Thus, '(qa,n, µ/⇡n) must tend to infinity. For a fixed log q, we have lim⇡!1(eµ(log q)/⇡ �
1)/(µ/⇡) = lim⇡!1(eµ(log q)/⇡µ(log q)/(�⇡2))/(µ/(�⇡2)) = log q. Since log qa,n is bounded
by our hypothesis, this contradicts the divergence of '(qa,n, µ/⇡n). Hence, log qa(⇡) ! 1 as
⇡ ! 1.

From (S.24), we have

1 =
X

a

'(qa, ⌘ � 1� µ/⇡)

'(qa,�µ/⇡)
(p⇤a)

1�⌘&a.
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Since lim⇡!1 log qa = 1, the first fraction ! 1 as ⇡ ! 1 for each a. Hence, p⇤a ! 1 as
⇡ ! 1 for each a.

B.10 Complementarity of repricing at the extensive margin and derivation

of the first two moments of L.

As shown in the baseline model, an economy with finite n firms converges to the continuum
economy in the steady state as n ! 1. In this section, we focus on establishing that the
repricing avalanche has the same fluctuation properties as in the baseline model, in particular
the key Proposition 7(d).

Suppose the aggregate good price is Pt- and that a single firm i changes its (relative)
price to p⇤

a
i

t

at t. Then � logP i
t := log p⇤

a
i

t

� log pit-. We consider the case of a price increase,

whereas the case of price cut can be analyzed similarly. To compute the impact of firm i’s
price-change on the final-good price Pt, recall that

� logPt =
(pit-)

1�⌘

n

e(1�⌘)� logP i

t � 1

1� ⌘
� ✏P (s

i

t-), (S.45)

where ✏P (sit-) = O(n�2).
To analyze the avalanche initiated by a Calvo shock it is again helpful to work with the

normalized price sit- = (log pit-� log p
a
i

t

)/ log q
a
i

t

whose stationary distribution is (S.36). Fix a

time t that, to simplify notation, we temporarily omit, and choose s1 using the distribution
g(s) and assume that firm 1 receives a Calvo shock. In addition, we draw independently
n� 1 other firms and thus (s`)n

`=2 is distributed as gn�1(s). Equation (S.45) implies that sj

for j > 1 decreases by

✏a
j

0 =
1

log p⇤
aj

� log p
aj


1

n

(p⇤
a1
)1�⌘ � (p1)1�⌘

1� ⌘
� ✏P (s

1)

�
. (S.46)

Set ma

0 = #Ma

0 , where Ma

0 := {j > 1 : aj = a and sj  ✏a0} is the set of firms in
state a that choose to reprice because firm 1 repriced. Write G(·|a) for the cumulative
distribution with density g(·|a). Then, ma

0 conditional on s1 follows a binomial distribution
with population n� 1 and probability a0 := &aG(✏a0|a).

Notice that s` for ` 62 [aMa

0 , ` > 1, and a` = a0 decreases by ✏a
0

0 +
P

j2[aM
a

0
✏̃j,a

0

1 , with

✏̃j,a
0

1 := ✏a
j
,a

0

1 � ✏0P (s
j)
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where

✏a
j
,a

0

1 :=
1

n

p1�⌘

aj

log p⇤
a0 � log p

a0

(p⇤
aj
/p

aj
)1�⌘ � 1

1� ⌘
(S.47)

✏0P (s
j) :=

1

log p⇤
a0 � log p

a0

"
p1�⌘

aj

n

1� (p⇤
aj
/p

aj
)(1�⌘)sj

1� ⌘
+ ✏P (s

j)

#
> 0.

Since 0 < sj < ✏a
j

0 = O(n�1), the first term in the square brackets is also of O(n�2).
The set,

Ma

1 := {` > 1 : a` = a and s`  ✏a0 +
X

j2[
a0M

a0
0

✏̃j,a1 } \Ma

0 ,

is the set of firms in state a that reprice because the Calvo shock led firm 1 and firms in [aMa

0

to reprice. Random variable ma

1 = #Ma

1 is distributed according to a binomial distribution
with population n� 1�

P
a0 m

a
0

0 and probability:

a1 := &a

0

B@G

0

B@✏a0 +
X

j2[
a0M

a0
0

✏̃j,a1 | a

1

CA�G (✏a0 | a)

1

CA .

In turn, the price changes of the firms in [a0Ma
0

1 cause an additional set of firms to change
prices and we write,

Ma

2 := {` > 1 : a` = a and s`  ✏a0 +
X

j2[
a0 (M

a0
0 [Ma0

1 )

✏̃j,a1 } \ (Ma

0 [Ma

1 ),

for the set of firms that react to the price changes by the firms in [a0Ma
0

1 , and ma

2 = #Ma

2

and so forth.
Conditional on ((ma

0
k
)a0)uk=0, m

a

u+1 follows a binomial distribution with population n �
1�

P
u

k=0

P
a0 m

a
0

k
and probability au where,

au := &a

0

B@G

0

B@✏a0 +
X

j2
S

u

k=0 [a0M
a0
k

✏̃j,a1 | a

1

CA�G

0

B@✏a0 +
X

j2
S

u�1
k=0 [

a0M
a0
k

✏̃j,a1 | a

1

CA

1

CA . (S.48)

Write mu :=
P

a
ma

u. The total size of the avalanche initiated by a Calvo shock at s1 is given
by,

Ln =
1X

u=0

mu.
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Notice that if mU = 0 then (S.48) implies that ma
u = 0 for each a and u > U, that is the

avalanche stops whenever mU = 0.
It is well known that the distribution of properly normalized binomials converge to the

distribution of a Poisson as the number of observations n ! 1. The asymptotic mean of
m0 conditional on s1, limn!1(n � 1)

P
a
&aG(✏a0|a), is derived as, using (S.23), (S.36), and

(S.46),

lim
n!1

(n� 1)
X

a

&ag(0|a)✏a0 =
�

⇡

(p⇤
a1
)1�⌘ � (p1)1�⌘

1� ⌘
.

The right-hand side coincides with ✓0(s1) defined in (S.39) and derived in (S.43). Hence, m0

conditional on s1 asymptotically follows a Poisson distribution with mean ✓0(s1). Using the
zero-profit condition (13) and the formula (S.44) for ✓0, we obtain

lim
n!1

EFp [m0] = EGs [✓0(s
1)] =

�

⇡

X

a0

&a
0
'(p⇤

a0 , 1� ⌘) = ✓0,

that is, the asymptotic unconditional mean of m0 equals ✓0.
Conditional on ((ma

k
)a)uk=0, the asymptotic mean of the binomial mu+1 is obtained by

using (S.36), (S.47), and (S.48) as,

lim
n!1

E[mu+1 | ((ma

k
)a)

u

k=0] = lim
n!1

(n� 1�
uX

k=0

mk)
X

a

au =
�

⇡

X

a

p1�⌘

a
'(qa, 1� ⌘)ma

u.

Thus, as n ! 1, mu+1 conditional on (ma
u)a asymptotically follows a sum of ma

u-fold convo-
lution of a Poisson distribution with mean ✓a := (�/⇡)p1�⌘

a
'(qa, 1� ⌘).

Conditional onmu, ma
u follows a binomial distribution with populationmu and probability

a
u�1/

P
a0 

a
0

u�1.
29 The probability of the binomial converges as n ! 1 to !̂a := &a�a/�.

The mean of ma
u conditional on mu thus satisfies

lim
n!1

E[ma

u | mu] = !̂amu.

We also note that
P

a
!̂a✓a = ✓ holds, where ✓ is the complementarity measure defined in

(S.37). Hence, by the law of iterated expectation, we obtain

lim
n!1

E[mu+1 | mu] = lim
n!1

E[E[mu+1 | ((ma

k
)a)

u

k=0,mu] | mu] = ✓mu.

Note that mu+1 conditional on mu is an mu-fold convolution of a mixed Poisson distribu-
tion in which the mean of a Poisson distribution ✓a is randomly drawn with probability !̂a

29In case where the number of productivity states is greater than two, the following argument still holds
with a multinomial distribution replacing the binomial distribution.

20



for a = aL, aH . The mixed Poisson distribution has mean ✓ and variance ✓ + �2
✓a

where �2
✓a

denotes the variance of ✓a.30

Hence, in the limit as n ! 1, mu+1 follows a branching process in which the number
of children per parent follows the mixed Poisson distribution. The total progeny of the
branching process, Ln, represents the stochastic size of repricing avalanche. We let L denote
the limit of Ln as n ! 1. Writing V F (x) for the variance of the random variable x under
the stationary distribution F, we can prove that:

Proposition B.3. The unconditional mean and variance of L, the size of an avalanche
initiated by a Calvo shock, is, respectively, ✓0/(1� ✓) and

✓0(1 + �2
✓a
)

(1� ✓)3
+

�2
✓0

(1� ✓)2
, where

�2
✓a

=
�

⇡

 
X

a

&a
(p1�⌘

a
'(qa, 1� ⌘))2

'(qa, µ/⇡)

!
� ✓2,

�2
✓0

=

✓
�/⇡

1� ⌘

◆2

V Gs(
X

a

&ap1�⌘

a
qs(1�⌘)
a ).

Proof: See B.11.

B.11 Proof of Proposition B.3

First we extend Lemma 10 to the two-productivity case where we show that mu follows a
branching process with a mixed Poisson distribution with mean ✓ and variance ✓ + �2

✓a
.

The proof proceeds similarly to that of Lemma 10. The probability generating function
 (z) of the sum L of a branching process with initial value 1 is a fixed point of a functional
equation  (z) = z�( (z)), where � is a probability generating function of the mixed Poisson
distribution. Thus, the mean and variance of the mixed Poisson correspond to �0(1) = ✓ and
�00(1) + �0(1)� (�0(1))2 = ✓ + �2

✓a
, respectively. Hence, �00(1) = ✓2 + �2

✓a
.

Using the functional equation, we obtain  0(z) = �( (z))+ z�0( (z)) 0(z) and  00(z) =
2�0( (z)) 0(z) + z�00( (z))( 0(z))2 + z�0( (z)) 00(z). Evaluating at z = 1, we obtain

E[L | m0 = 1] =  0(1) =
1

1� ✓
.

For  00(1), we have

 00(1) =
1

1� ✓

✓
2✓

1� ✓
+

�00(1)

(1� ✓)2

◆
=

2✓

(1� ✓)2
+

✓2 + �2
✓a

(1� ✓)3
.

30Letting X denote the mixed Poisson, its variance is decomposed as V(E[X | a]) + E[V(X | a)]. Since X

conditional on a follows a Poisson distribution with mean ✓a, we have E[X | a] = V (X | a) = ✓a. Hence the
variance of X is �2

✓a
+ E[✓a]. Since E[✓a] =

P
a
!̂✓a = ✓, we obtain the result.
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Hence, the variance of L conditional on m0 = 1 is

V (L | m0 = 1) =  00(1) + 0(1)� ( 0(1))2 =
2✓ � ✓2 + �2

✓a

(1� ✓)3
+

1

1� ✓
� 1

(1� ✓)2

=
✓ + �2

✓a

(1� ✓)3
.

Next, using (S.41) and the above result, we obtain

E[L] = EFp [E[L | m0]] = EFp [m0E[L | m0 = 1]] = EFp


m0

1� ✓

�
=

✓0
1� ✓

,

which is equal to �/µ. Denoting �2
✓0

:= V Gs(✓0(s)), we have

V (m0) = EGs [V (m0 | s)] + V Gs(E[m0 | s]) = EGs [✓0(s)] + V Gs(✓0(s)) = ✓0 + �2
✓0
.

Using this, we obtain

V (L) = EGs [V (L | m0)] + V Gs (E [L | m0])

= EGs [m0V (L | m0 = 1)] + V Gs(m0E[L | m0 = 1])

= EGs [m0]V (L | m0 = 1) + V Gs(m0)E[L | m0 = 1]2

=
✓0(✓ + �2

✓a
)

(1� ✓)3
+

✓0 + �2
✓0

(1� ✓)2
=

✓0(1 + �2
✓a
)

(1� ✓)3
+

�2
✓0

(1� ✓)2
.

Finally,

�2
✓a

=
X

a

!̂a✓
2
a � (

X

a

!̂a✓a)
2 =

�

⇡

 
X

a

&a
(p1�⌘

a
'(qa, 1� ⌘))2

'(qa, µ/⇡)

!
� ✓2.

Also, using (S.43), we obtain

�2
✓0

=

✓
�/⇡

1� ⌘

◆2

V Gs(
X

a

&a((p⇤a)
1�⌘ � p1�⌘

a
qs(1�⌘)
a )) =

✓
�/⇡

1� ⌘

◆2

V Gs(
X

a

&ap1�⌘

a
qs(1�⌘)
a ).

Remark: If aL = aH , then �2
✓a

= 0, and �2
✓0

is reduced to �2
✓0

defined in Proposition 7(d).
Hence the formula for the variance of L shown in Proposition B.3 is a generalization of that
in Proposition 7(d).
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B.12 � converges to a non-zero constant when ⇡ ! 1

Function '(q, x) = (qx� 1)/x for fixed q > 1 is analytic in region x < 0, and so is log'(q, x).
Thus, a Taylor series expansion of log'(q, x) around x = �⌘ yields

log'(q,�⌘ + u)� log'(q,�⌘) = u
'x

'
(q,�⌘) +

@

@x

'x

'
(q, x)

����
x=x1

u2

2

for |u| < 1 where x1 2 [�⌘,�⌘ + u]. Similar expansion around x = 1 � ⌘ yields, for some
x2 2 [1� ⌘, 1� ⌘ + u],

log'(q, 1� ⌘ + u)� log'(q, 1� ⌘) = u
'x

'
(q, 1� ⌘) +

@

@x

'x

'
(q, x)

����
x=x2

u2

2
.

Note that, from Lemma 4(b), the coe�cients of u2 terms in the above two equations are
uniformly bounded for q 2 [1,1]. Moreover, Lemma 4(b) gives

'x

'
(q, 1� ⌘)� 'x

'
(q,�⌘) =

Z 1�⌘

�⌘

1

x2

✓
1� qx(log qx)2

(qx � 1)2

◆
dx. (S.49)

Using again the notation u = (⇢ + µ)/⇡, we obtain the first-order Taylor expansion of
logA around u = 0 as

logA(q,⇡) = log'(q, 1� ⌘ + u)� log'(q, 1� ⌘)� log'(q,�⌘ + u) + log'(q,�⌘)

=

✓
'x

'
(q, 1� ⌘)� 'x

'
(q,�⌘)

◆
u+O(u2).

Combining with (S.49), we obtain

⇡ logA(q,⇡) = (⇢+ µ)

Z 1�⌘

�⌘

1

x2

✓
1� qx(log qx)2

(qx � 1)2

◆
dx+O(u).

From B.9.2, lim⇡!1 qa(⇡) = 1. Thus, lim⇡!1 qxa(⇡)(log q
x
a(⇡))

2/(qxa(⇡)�1)2 = 0 for x <
0. Also note

R 1�⌘

�⌘
1/x2dx = 1/(⌘(⌘�1)). Thus, lim⇡!1 ⇡ logA(qa(⇡),⇡) = (⇢+µ)/(⌘(⌘�1)).

This implies lim⇡!1A(qa(⇡),⇡) = 1. Hence, lim⇡!1(A(qa(⇡),⇡) � 1)/ logA(qa(⇡),⇡) = 1
by l’Hôpital’s rule. Combining with the above result yields

⇡(A(qa(⇡),⇡)� 1) ! ⇢+ µ

⌘(⌘ � 1)
as ⇡ ! 1. (S.50)

Moreover, a Taylor series expansion of '(q, 1�⌘+µ/⇡) around x = 1�⌘ yields, for some
x3 2 [1� ⌘, 1� ⌘ + µ/⇡],

'(q, 1� ⌘ + µ/⇡) = '(q, 1� ⌘) +
1

x23
(x23q

x3 log(q)� (qx3 � 1))
µ

⇡
.
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Since x3 < 0 for su�ciently large ⇡ such that 1 � ⌘ + µ/⇡ < 0, the final term tends to 0 as
q ! 1. Thus we have,

B(qa(⇡),⇡) =
'(qa(⇡), 1� ⌘ + µ/⇡)

'(qa(⇡), µ/⇡)'(qa(⇡), 1� ⌘)
⇠ 1

'(qa(⇡), µ/⇡)
as ⇡ ! 1. (S.51)

Applying (S.50) and (S.51) to (S.29) and using (S.23), we obtain

1 =
�+(⇢+ µ)

⌘ � 1

X

a

&a
B(qa(⇡),⇡)

A(qa(⇡),⇡)� 1
⇠ �+⌘� as ⇡ ! 1.

Hence, � converges to 1/(�+⌘) > 0 as ⇡ ! 1.

24


	Introduction
	Related Literature
	Model with a continuum of firms
	Stationary equilibrium: definition
	Stationary equilibrium: firm's optimization problem
	The equilibrium wage rate
	A measure of complementarity

	 The model with a finite number of firms
	Convergence to the continuum model
	Equilibrium with a finite number of firms
	Complementarity of repricing at the extensive margin
	Finite interval of time

	Numerical simulation
	Productivity shocks, calibration, and inflation volatility
	Distribution of simulated avalanches Lt
	Dynamics of price distribution and inflation volatility
	Welfare loss of households following behavioral assumptions

	Conclusion
	Proofs
	Proof of Proposition 1
	Properties of (q,x)
	Proof of Lemma 2
	Unique solution of Equation (34)

	Non-negative average v(p) implies + <1
	Comparative statics
	dq/d>0 and dp*/d>0 for any >0
	dq/d+ >0, dp*/d+ >0, and d(w/p*)/d+ <0
	Continuity of q(+, ) at + =0
	Continuity of q(+, ) at =0

	Existence of equilibrium when + is constant
	Proof of Proposition 3
	Existence of equilibrium when () is a decreasing function
	Derivation of 0(s), 0 and  in Section 3.4
	Asymptotic behavior of 
	Proof of Proposition 5
	Lemma for proof of Proposition 6
	Proof of Proposition 7(d)
	Volatility of logPt - logPt-

	The case of two-state productivity.
	Firms' problem with Markov-switching productivity ati
	Value function in the stationary equilibrium
	Stationary distribution
	The equilibrium wage rate
	Unique solution of Equation (S.27)
	Non-negative average v(p) implies + <1
	Function qa(+, )
	Continuity of qa(+, ) at + =0
	dqa/d+ >0
	d(w/pa*)/d<0 and d(w/pa*)/d+ <0
	Continuity of qa(+, ) at =0

	 in the extended model
	Derivation of  and 0 in Section B.8
	Derivation of (S.37), (S.38), and (S.41)
	 As , logqa  and pa* for each a 

	Complementarity of repricing at the extensive margin and derivation of the first two moments of L.
	Proof of Proposition B.3
	 converges to a non-zero constant when 


