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B The case of two-state productivity.

In this Online Appendix, we extend the baseline model to the case where productivity is not
constant. Even though some portions are straightforward extension of the baseline model,
we allow for some overlap with the main text for the sake of a self-contained exposition of
the extended model.

B.1 Firms’ problem with Markov-switching productivity a!

We assume that each firm ¢ produces output with a linear technology with labor being the
single input,

yi = alll, (S.1)

and productivity at time ¢, ai € {a”,a’}, with a” < af!. By choosing the units in which we
al+alt

5%— = 1, so that the baseline model with al=al =1isa

measure labor we may assume
special case.
Firm i fixes a price P} at time ¢ and must satisfy demand, that is hire a labor force
) (Al
po Py (S.2)

i
ay

The net income that firm i obtains from production when productivity is a’, the firm sells
output at price p*, wages are W and final good output is Y is thus, measured in consumption-
goods equivalent,

Z(p',a',w,Y) = p'y' —wl' = ((p)'7" — (w/a")(p") ™Y (S.3)

where w = W/P.

Firms are subject to a Calvo shock that is determined by a Poisson process with rate p.
When a Poisson time arrives, the firm is allowed to change prices at a zero-cost. We assume
the Poisson shocks are independent across firms. At the time of a Calvo shock firms may
also experience a productivity shock. The probability of a productivity change may depend
on the current level of productivity, and we write 0 < (* < 1 for the probability of leaving
productivity a at time ¢, conditional on a Calvo shock at t. The proof of Proposition B.1 below,
which characterizes the solution to intermediate-good firms’ optimization problem, shows
clearly that tying productivity shocks to Calvo shocks greatly simplifies the mathematics of
the problem.



B.2 Value function in the stationary equilibrium

In a stationary equilibrium where the rate of inflation is 7 and ¢ > 0, if F' denotes the
stationary probability distribution of prices and productivities, and Fj, its marginal with
respect to prices, we must have (12), (13), (15), (16) and

N =EF [p_n?} : (S.4)

a

In a stationary equilibrium any firm that has productivity a and charges prices p has net
real income from production, normalized by final-goods output Y:
Z(p,a,w,Y)
Y

z(p,a) = =ptn - Dy,
a

The function z(-, a) has a unique maximum at p, := (w/a)(n/(n — 1)) for each a € {a”,a'},
and it is increasing for p < p, and decreasing for p > p,. Furthermore z(p,) > 0.

Write v(p,a) = V(p,a)/Y, where V(p,a) is the expected maximum discounted profits for
a firm that charges p at time zero, and has productivity a € {aL ,af }. Suppose that in a
stationary equilibrium at some random time 7 a Calvo shock arrives. Then if productivity
stays the same the firm should choose p, = argmaxwv(p,a), whereas if productivity shifts
to b # a, the firm should choose p, = arg maxv(p,b). Suppose now that at a random time
T’ the firm decides to pay menu costs. Provided §* > 6, if the firm chooses to increase
price then it faces no restriction and would always choose p;» = arg max v(p, a), independent
of the current price. On the other hand if it chooses to lower prices it would choose pp =
argmaxg,<, .y v(p,a). Since 6~ > 0 the optimal choice of pyv, if it exists, is interior in this
stationary equilibrium. Then if b # a,

T'AT
v(p,a) = sup Eo{ / e P 2(pr a)dt + Locpre ™ (1= C*)v(p), a) + (o(py, b))
p{zvp;ﬂT/vpgSpT/, 0

+ 1T’<T€_pT/ (max{v(p;, a) - 5+’ U(p:z/v a’) - 6_})} (85)

A standard argument shows that we can restrict ourselves to feedback controls, that is
stopping times 7" such that T’ = 0 if and only if pg € S, := S} US?, where S} := {p €
(0,00) : v(p,a) = sup, v(p',a) — 6*} and 82 = {p € (0,00) : v(p,a) = sup,<, v(p',a) — 6~ }.
Taking limits in the dynamic programming equation (S.5) we obtain:

2(p, a) = pv(p,a) = wpv'(p, a) + p[(1 = ¢*) supv(p, a) + ¢ sup v(py, b) — v(p, a)] < 0. (S.6)
Pl A

The left-hand side includes the profit at time zero and the expected drift of e "*v(py, a) taking
into consideration the fact that, if a Calvo shock occurs and productivity does not change,



then the value would jump to sup,, v(p', a), while if productivity changes the value would jump
to sup,, v(p',b), and the rate p associated to the Poisson process of Calvo shocks. In addition,
since stopping immediately is always a choice v(p,a) > max{v(pl,a) — 6", v(pl,a) — 6 }.
Notice that if p € S, then necessarily

2(p,a) = po(p, a) — mpv'(p, @) + pl(1 = ¢*) sup v(py, a) + (" sup v(py, b) — v(p, a)] =0, (8.7)
Pl },

so the function v satisfies the quasi-variational inequality: For each a € {a,a™}, if b # a,

max{sup,, v(p’,a) — 61, sup,nc, v(p",a) =6~} —v(p,a)
=0. (S.8)

s { 2(p.a) = po(p,a) — 7pv/ (p. @) + ul(1 = C*) supy (i, @) + C* supy v(p/,b) — v(p, )] }

We start by studying the differential equation implicit in the quasi-variational inequality.
Lemma 11. Suppose that for each a € {aL, aH}, if b# a, R(-,a) solves
z(p,a) = pR(p,a) — mpR'(p,a) + p ( sup (1 (") R(py, a) + C*R(pj, b) — R(p, a))
{png’a’ngf)b}
=0. (S.9)
Then:

(a) For each & > 0 there exists for each a € {a* a™} at most one pair (p,Pa), with
P, < Pa < Py with p, > p_ that solves,

R(p,,a) = R(p;,a) =0 (S.10)
R(p,,a) = R(pg. a) — 5t (S.11)

(b) Ifp, (p;) ewists it is a global minimum of R(p,a) in (0,Pa) (mazimum in (pa, o) resp.).

(¢) Consequently, if p}, and p; exist,

_ 16 2(py,b) + p¢P2(py, a) + p2(p?, )

R(p?,- ) S.12
') pup(Ce +¢P) + p? (512
and if p, and p} ezist,
z(pk,a) — z(p ,a
6" = R(p;,a) — R(p,,a) = Pe,0) — 2, ). (S.13)

@ ptp



Proof. First note that if R solves (S.9) then:
2 (p,a) — (7 +p+ p)R (p,a) — mpR"(p,a) = 0. (S.14)

Thus whenever R'(p,a) = 0 and p, < pa, R’ (p,a) > 0. Hence there is at most one critical

point in (0,p,) and it is a global minimum in (0,p,). Similarly for p € (g, 00) there is at

most one critical point and it is a global maximum in (p,, 00). (c) is obvious. O
The next proposition characterizes the value and policy functions.

Proposition B.1. Fiz w > 0 and 6T > 0. Then

(a) There exist a unique function R(p,a) and points P, Py Py and p; (which depend on
(w,87)) that satisfy equations (S.9)—(S.11).

(b) The following equation holds:
w  (n—=1)e@;/p, 1+ +p)/m—n)

a ne(ps/p,, (1+p) /7 —n) P, (S.15)
with
p(g,x) := (¢" —1)/x.
(c) v(p,a) given by:
Blpz, a) =07 forp<p,
v(p,a) = R(p,a) forp € [p,. v}

max{R(p,a), R(p,a) — 0~} forp>p;
is the value function.
(d) The optimal policy is: If ai. = a and p;. € St = {p : v(p,a) = R(p,a) — 5}, then pay
the menu cost (0%) and set p; = p%, and if pr. € S2 = {p : v(p,a) = R(p’,a)— 35}, then
pay the menu cost (67) and set py = p}. Otherwise, unless you receive a Calvo shock,

do nothing. If a Calvo shock arrives, move to py,, where a; is the productivity state at
t.

Proof. If we write S(p,a) = R/(p,a) and differentiate both sides of (S.9) we obtain,
!/
S(pya) = 2P _ <”+”+p> S(p, a). (S.16)
mp p
Notice that the equations for S(-,a) do not involve S(-,b) for b # a and can be solved

separately.?” Set
‘a
A(r) ::/ Y _Mlogm_
1 s s

27Separability requires that productivity changes are accompanied by Calvo shocks, as we assumed.



Then the general solution to (S.16) is:

P ! us P /
S(o,p,a) = oe®) + eA(p)/ oA Z (r, a)dr _ e [U +/ ey (r, a) dr] |
P b

wr T
If , .
I(p, a) :/ ke 2 (T,a)d ,
P T
S(o,p,a) = 0 if and only if
o+ T(p,a) =0. (S.17)

Since I"(p,a) = p“Tﬂz’(p, a)/m is strictly positive (negative) for p < pa (p > pa), I'(p,a)
achieves a maximum of zero at p. In addition, I'(p, a) := ﬁujrrp 2"(p,a)/m < 0. Thus there
exists € > 0 (which may depend on the parameters of the model) such that for o € (0,¢)
there are exactly two solutions pi(0) < p < pa(0) to S(o,p,a) = 0 and lims\ g pi(o) = P,

i = 1, 2. Moreover since

8p,- 1
% T (pr. a) (S.18)
and I(p;(c),a) # 0, unless p; = pg, we can prolong the function pi(c) until a opax such
that p1(0max) = 0 (0max = oo is not ruled out) and, since for any o, —1/T"(p2(0),a) is
uniformly bounded above, we may also prolong ps(c) until opay. Furthermore if o/ > o,
p1(o’) < p1(o) < p < p2(0) < pa(a’).

If U(o,a) := z(p2(0),a) — z(p1(0),a), then ¥ achieves a minimum of zero at o = 0. In
addition, using equation (S.18), we obtain

_ptp _ptp

\Il’(a,a):w[pl T —py T ] > 0,

provided o > 0. Since z(0) = —oo, this delivers the existence and uniqueness of o(d%,a) <
Omax such that the value matching condition

R(Uv p2(0)7 (l) - R(Uv P (U)> Cl) = 6+ (819)
holds at ¢ = (6™, a) for any 67 > 0.

For each a € {a”,a"} set p = pa(0 (67, a)) and p_ = p1(0(6F,a)) and set R(a (57, a), -, a)
using (S.9) and (S.12). In addition, (S.17) applied to p and pj, implies

Pa !

ptp 2'(T, G

/ row (r, )dr——O,
P

—a

which after integration yields (S.15).



Following the procedure in @ksendal and Sulem [54, Chapter 9],2® one can in fact verify
that since R(c(6T,a),p,a) satisfies (S.9)—(S.11) then
R(U(6+’a)ap’ (L) for Ba < P < p;
v(p,a) - R(O’((5+,a),p2,a) -0 for p <Ba
max{R(c(6%,a),p,a), R(c(d%,a),pi,a) — 6~} forp>pk

is the value function and the associated optimal policy is given by (d) in the statement of
the Proposition. O

B.3 Stationary distribution

The characterization of the optimal policy in Proposition B.1 implies that if i's productivity
is @ and p; € (p_,p;] then:

dp, = —mpidt + p (1 — ¢V (Pl — ph) + C*(ph — p})) dt + My,

where b # a and My is a martingale.
In addition, if h(p,t,a) denotes the time ¢ density of prices for firms with productivity a,
then h satisfies the forward-equation

0

(D, 1,0) = £ aph(p.t,0)] ~ whpit ). (5.20)

Corollary 4. (a) In a stationary equilibrium, the distribution of firm’s prices conditional
on productivity a has support in (Qa,pZ].

(b) The stationary distribution of prices conditional on productivity a has density
p:u'/ﬂ-fl

flela)= Py [, 1/ T)

(S.21)

(¢c) The marginal stationary density of prices is:

b a

¢ ¢
§a+gbf(p|a)+qa+§b

(d) In the stationary equilibrium firms choose to pay menu costs only when increasing prices
(X = A1). The fraction of firms of productivity a that pay menu costs, \a, satisfies
Kk
(p/p, )™ =1

28 A major difference between our set up and the one in [54] is the absence of a diffusion term, which allows
for less smoothness of the candidate value function.

fo(p) = f(p1b).

Ao = (S.22)




and consequently the fraction of firms that pay menu costs is
_ ¢ 7 ¢? I
T ra b (1% /7 + a b (gy* /T :
C + C (pa/]za)'u -1 C + C (pb/ﬂb)'u -1
Proof. Equation (S.21) follows from (S.20) and Item (a). Moreover, A, = f(p_|a)7p =
w/o(ps/p, w/T) =/ ((Ph/p, )™ —1). O

(S.23)

B.4 The equilibrium wage rate

In the previous section we showed that given w we can find (p_, pj, f(- | a))q that characterizes
the behavior of the intermediate goods firms. However, a necessary condition for equilibrium
is that the average price of intermediate goods must be one, that is, equation (13) must hold.
In this section, we show that given the parameters of the model (7, p, ((*)a, it,6") and a rate
of inflation 7 there is exactly one w such that (13) holds. In what follows, it is useful to
introduce the notation

b
Qo := p“>1 and ¢ <

p T

a

b # a.

Thus g, denotes the proportional increase in relative price when a firm with productivity a
pays the menu cost, and ¢* the stationary fraction of firms with productivity a. With this
notation, we may rewrite the zero-profit condition for the competitive firms, equation (13),

as:
E —n_a § f qa?/’L m 1 1—n a S.24
/ S p | a)d Q/ /JJ/H) T})pfa ( : )

a=al ot a=al af
and rewrite the value-matching condition (S.13) as:
w

— (¢, — 1)) p7",  for a=a" all. (S.25)
ap, “a

(p+m)ot = <(qi” -1) -

The inverse of the “minimum mark-up” p_/(w/a) satisfies (S.15), that is,

w _n=1lelaltptp)/m—mn) oL om (S.26)
ap 7 7

. n (e, (p+p)/m—n)

Thus, equations (S.24)-(S.26) determine five unknowns ((p,, ¢a)a, w). By substituting (S.26)
into (S.25), and substituting out ]73(1;” from (S.24), we obtain:

1=l oy $“(qa; /7 + 1= 1) (so(qa,(p+u)/7r+1—77) (ga, —1) 1>_1
(ptp)ot o 0G0 1/m)e(da 1 =)\ @(da; (04 p)/7 = 1) P(da,1 =) '
(S.27)



that solves (S.24)~(S.27). In addition q,u < q,v, with strict inequality if a® < af{. If X\ given
by (S.23) satisfies N0t < 1, then there exists a unique positive vector (¢, N,Y) satisfying
equations (S.4) and (13)—(16).

Lemma 12. There exists a unique positive vector ((qa,pa)a7 w) € R, with q, > 1 for each a,

Proof. In B.5 we show that (S.27) has a unique solution pair (q,z,q,#) (and necessarily ¢, >
qqr ). Then (S.24)(S.25) determine a unique p and equilibrium wage rate w. Equation (S.23)
determines A and if A < 1/6%, (S.4) and (15) deliver ¢ > 0 and N > 0 as linear functions of
Y. The assumption that Inada conditions hold, 92U (c, N)/dc? < 0 and 9?U(c, N)/OcON < 0
guarantees that there exists exactly one level of Y that satisfies (16). g

There is however no guarantee that for the equilibrium wage rate w, v(p, a) > 0, for each p
in the support of the stationary distribution for productivity level a, which should also be an
equilibrium requirement. Since min,c, .+ v(p,a) = R(p;,a) — 5%, non-negativity of v(p, a)
for any p in the support of the statiorf;ry distribution for productivity level a is equivalent
to:

1¢"2(pg, w/b) + pc’2(p, w/a) + p2(ps, w/a) _ oo

pp(C* + () + p? T

Hence we are left with two extra requirements not necessarily satisfied by the value func-

tion we constructed: (i) non-negativity in the relevant support and (i) Ad™ < 1. However we
can show that (i) implies (ii):

(S.28)

Lemma 13. If ((¢a;p, )a, w), with go > 1 solves (5.24)~(S.27) and inequality (S.28) holds
then Ao+ < 1.

Proof: See B.6.

In addition to the fixed exogenous parameters (1, p, ((*)q, it,01) the validity of (S.28)
depends on the inflation parameter m and the endogenously determined real wage rate w. In
general, if inflation and/or menu costs are very high (S.28) may fail. However,

Proposition B.2. Let §* = ((a*)"1/ D <)) ((n=1)""/n")/(p+p). Then there ex-
ists a T such that for anym™ < 7 and 5T < d7 there exists an equilibrium ((Ba,pZ)a, w, A\, ¢, NJY).

Proof. Write p* (6,7, w) for the equilibrium for a fixed w established in Corollary 4, and
w(dt, ) for the equilibrium wage rate established in Lemma 12. Since pf (61, m, w) > pg(w),

(6T 7 w), w/a) > 717(1?2(5+77T,w))1”-

Moreover, p_ < pq. Hence (p;)'™" = (qap, )™ > (qaPa)'™ = qa "a" /(X0 s (a/)"7}). In



addition, as proved in B.7.2, q,(6", 7, w(6", 7)) is an increasing function of 6. Thus

a1
L6 () > e 6 (6 )
> L(qa(ng,w,w(ng,w)))l_”.

Za’ ga’ (a/)ni !

Since g, is continuous and limy_0 o (67, 7, w(0+, 7)) = qa(67,0,w(6T,0)) < n/(n — 1) as we
show in B.7.4, there exists @ > 0 such that,

2(ph (0", mw (0", ), w(ét,w)/a) > pot
for each a, m € [0,7] and 67 € [0,0F]. Hence, we obtain (S.28),

uCz(py, w/b) + pClz(ph, w/a) + pz(ph, w/a)
pp(C* +C) + p?

for each a € {al,af'}, 7 € [0,7] and 6 € [0,57].

> 5,

B.5 Unique solution of Equation (S.27)
We define functions A(g, ) and B(g, ) as

_plg, (p+p)/m+1-n) ¢lg,—n)
Algm) = (g, (p+p)/m—n) ¢(g1-n)
(g, p/m+1-n)
o(q, 1/m)p(g, 1 —n)

B(q,7) :=

and rewrite (S.27) as

_ p+ 1) qa,
2
Z A Q(lv - 1 (S 9)

The properties of functions A and B are derived in the main text: 0A/dq > 0, limy_1 A(q, 7) =

1, limg00 A(g, ) < 00, 0B/0q < 0, limy—; B(g,7) = o0, and lim,_,o B(g,7) = 0. These
properties lead to that the right-hand side of (S.29) decreases monotonically from +oo to 0
as g, increases from 1 to 4o0.

Equation (S.15) implies, for a € {a’,a’"},

—10(qa, 2 +1 -1
w=al (da S )Qa = aH(qq, ) (S.30)
N o(qa, B =)




H(g,7):=

n—19(q, 5 +1 1) < 1oL e 1)>1/(”‘1)
noplq ) \Gupor T T VEET '

Note that the second fraction in the expression for H is increasing in ¢, and so are ¢(q,1—n)
and A(q, 7). Thus, H(q,,7) is an increasing function in ¢, for each a € {a”, a}. Let-
ting q,. = q,z(guu) denote a function relating g, and g,r determined by o' H(q,n,7) =
a®H(q,r, ), the function g,z is increasing in g,x. Furthermore, since af! > al, this equation
implies q,# < q,z. Thus, q,z(q,x) > 1 for g,z > 1. This leads to the unique existence of the
solution for (S.29).

Finally, we verify that the solution to (S.24)—(S.27) generates inflation 7. Note that, at
any instant ¢, Ptl_77 is increased by the price adjustments of firms hit by Calvo shocks and
price adjustments of firms that pay menu costs. We compute these two effects on the growth
rate (dP;~"/dt)/P}". The effect due to Calvo shocks is written as:

72; ; p(l = (7)< ((PZ)1" - /pl"f(p\a)dp> + pge ((pZ)1’7 — /plnf(p]a)dp> .

By zero-profit condition (13) we have 1 =" <% [p!="f(p|a)dp. Also the stationary distri-
bution implies (%% = ¢b¢b. Thus the above expression is reduced to

S = G ()= 1) + e () - 1)

=p > (A=¢+ M) ()T =) =p > (E)-1). (S.31)

The effect due to firms paying menu costs is
> e () -k (3.32)
a=al ol

Using A\, = u/(qt’;f/7r — 1) from (S.22), we have

L—n+up/m

_ Aa 1— 1— da -1 1—
) 1)+ 2 (@ = phr) =
( a ) U a Za qg/w _1 "a
Hence, by summing (S.31) and (S.32) and using (13), we obtain:
dPl_”/dt q1—77+u/7r —1 .
= Y, S\ e =), (8.33)
Pt a=al aH @' —1
1—n4p/m _ _ _
where we used %EL—" =1 Z}LT’:/K “D(q;jémz;rﬁ)/w)gi_” = % Thus we obtain the

desired result (dP;/dt)/ P, = .

10



B.6 Non-negative average v(p) implies \0" < 1

Proof of Lemma 13. Let (Q, F, Q) be the probability space that defines the Poisson processes
and the history of productivities. Then,

v(p.a) = B [ | e () an)st) = 5 Lo, ) e [0 = prao = ] .

0
Averaging over the stationary distribution of prices and productivities F, we obtain:

EFv(p, a) = EFE® |:/ e (Z(pt(w)aat(w)) - 5+1{t:pt(w)=p o )}> dt | po = p,ap = a:| .
0 —a(w

Since z(py, ar) — 6 is bounded below by min{z(p*, a;) — 6+ 2(p,a;) — 6}, we can apply
Tonelli’s theorem to obtain

EFU(p, a) = EQ/O EF |:e—pt (Z(pt(w)v at(w)) - 6+1{t:pt(w):£at(w)})} dt
= ; (EFz(p, a)—At).

Since w is necessarily positive, (S.24) implies that E¥z(p,a) < 1. Thus if EFv(p,a) > 0,
0 < Efpu(p,a) = EF2(p,a) — M0T <1 — A6,

B.7 Function ¢,(6",7)
B.7.1 Continuity of ¢,(6",7) at 5t =0
When 6T = 0, it is optimal for firms to adjust price immediately at any time regardless of 7.

This implies g, = 1 and p} = p,. With all the firms pricing at p,, price aggregation implies
Y s%a " = 1. Hence, w = (3, %" )0~V (y - 1)/n and p} = po = (w/a)n/(n —1) =
(>, s a 1)Y= /g hold.

As 61 decreases to 0, the right-hand side of (S.29) decreases to 0 for fixed (gq)q. This
implies that the solution g, of (S.29) decreases as 1 decreases, since B(q,7)/(A(g,7) — 1)
is a decreasing function in q. Moreover, the solution g, converges to 1 as §* — 0, since
limg1 A(g,7) = 1. Hence, ¢(d",7) is continuous in 67 > 0 and ¢,(0,7) = 1 for any =.

B.7.2 dg,/dst >0

By taking derivative of (S.29) with respect to (01, (¢q)q) and rearranging, we have

Z qa7 d5+
A(qq, ) — 1 ot

A Z — (83{(9(;(: ) (Alga, ™) — 1) — Mgi;(;ﬂB(qa,ﬂO dqq-

A(qa, ™

11



We have 0A/dq, > 0 and 0B/dq, < 0. Moreover, since (S.30) and aH (qq,7) = bH(qp, )
are independent of §*, we have that q,. and g,z comove when 6 varies. Thus we obtain
dqe/dst > 0.

B.7.3 d(w/p:)/dm <0 and d(w/p})/déT <0

Finally, from (S.15) we have

w _ (n=1ape,l =0+ (n—1ap(gen—1- ) (.34)

v N qap(qa, —n + 222) " o(qa,n — £12)

From (S.34) we may write w/p} = (w/p})(¢a, ™) and Lemma 4(c) guarantees that
d(w/py)

<0.
94a
Furthermore, (69) implies that
8 *
(w/pa) < 0'
on

Since dq,/dm > 0, the claim d(w/p})/dn < 0 follows. Finally, from 0(w/p})/0q, < 0 and
dqa/ddt > 0, we obtain that d(w/p¥)/dé* < 0.

B.7.4 Continuity of ¢,(6",7) at 7 =0

When there is no inflation, the relative price does not move, unless the firm chooses to change
it. Once a firm adjusts its price, it would opt to change the price again only when it receives
a productivity shock. Thus, in any productivity state a, the relative price of a firm is

Pa(0) = pa(0) = ——

Hence, the zero-profit condition in the competitive sector (13) implies

1—

where we define a := (3, ¢~/ (=1,

The firm pays menu-costs and reprices if p < p_(0) where p_(0) is determined by the value
matching condition (S.25). Using the results above, (S.25) is modified as

W (g)l_" = #(4a(0),m) — ©(ga(0),n — 1). (S.35)

12



Equation (S.35) shows that ¢,z(0) > ¢,#(0) > 1, since function h(q) := ((n — 1)/n)q" —
¢ 4+ 1/n— (p+ p)ot(a/a)'=" is increasing in ¢ > 1 toward infinity and h(1) < 0. Also
we obtain ¢(0) < n/(n — 1), since we have h(n/(n — 1)) = 1/n — (p + p)d*(a/a)t=" >
1/n— (p+ )6 (ar/a)*=" > 0 under the premise of Proposition B.2.

Now we show that lim,;_,0qs(7) = ¢4(0). First, notice that for any fixed ¢ > 1, using
I’Hopital’s rule:

T T(q¥ — 1 N
i APy _ o @1 zty ¢V logg

— lim = 1.
y=oo o(qx+y)  yooe ¢HY —1 yomoo y  y—oo gV logg

In addition, Lemma 4(c) states that, for ¢ > 1, if > 0 then ¢*¢(q,y)/¢(¢, x + y) increases
with ¢, and if x < 0, ¢"p(q,y)/¢(q, + y) decreases with q.

Let g be an upper bound of g,z(7) in m € (0, 7). Thus for = € (0, 7), since ¢ > g,z (m) >
qoH (ﬂ-) > 1,

1 _
lim (g, 1 —n+p/m)

O(qa(m), L =n+p/m)  p(@,1—n+p/m)
a1 ¢"1p(q, /) '

qa(m)1710(qa(m), p/ ) g 1(q, /)

<

By I'Hopital’s rule, the leftmost side is equal to 1 for any w. Thus, taking the limit 7 — 0
for all the terms, we obtain

i Pa(m),1 =1+ p/m)

2 () 1 (ga(m) )

and if ¢¢ := lim;_,0 go(7) then

A o(a(m) o)

QO(QG(T‘-)’ 1—n+ ,U//ﬂ') _ ( 0)1_77.

a

Similarly,

P(ga(m), 1 —n+122)

a*

lim =
™0 (ga(m), =0+ )

Applying these limits to (S.24) and (S.26), we obtain limr_,o w(7) = a(n—1)/n and limr_,o p_(7) =
limy_0 w(m)n/((n — 1)agq?). Substituting these into (S.25) yields

L () — gz — el — )

This equation is equivalent to (S.35). Hence, g,(7) is continuous at © = 0.
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B.8 @ in the extended model

In this section we derive the parameter 6, which measures the complementarity of price-
adjustments across firms, in the extended model.

Given productivity level a and v > 0, define m(v,a) as the measure of firms with pro-
ductivity a that charge (log relative) prices between log P, and log p, +v. It is convenient to
define a relative log price ‘

oo JouriZlon,
logp}, —logp ;

€ [0,1],

where a' is the productivity of firm 7 at ¢. Using (S.21) one obtains the stationary density of
87

s

logps —logp [pr\ ™
g(sla) = ——2——=a [ fa) S.36
(sla) e(ps/p, 1/m) \p, (5:36)

gs(s) =Y _<"g(sla).

Then we have
v/1ogqa
m(v,a) = g“/ g(sla)ds.
0

Suppose we perform the following thought experiment. For any a, all firms with produc-
tivity @ and s < v/log g, reprice (set p = p}). This increases the price level P to a new level
P’ that can be computed using the zero-profit condition (S.24), that is:

P D 1/(1-n)
p:<24myﬁmw@+ﬁ/ #ﬂﬂmw4> -

eV
a P,

and thus a firm of productivity a that charged p > Qael’ in the original stationary equilibrium
now charges (P/P’)p. Let
V' (v,a) = v+ log(P'/P).
If firms expect that the equilibrium stationary dynamics prevails, all firms of productivity

a with original prices p such that log p,Tv< logp < log P, T V'(v,a) would then raise their
price to p;. Set

'(v,a)/logga
mwwwza/ g(sla)ds,
v/logga

the measure of productivity a firms that reprice as a result of the first round of repricing.
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We define the complementarity coefficient 6 as a limit of the ratio of the measure of firms
m’ induced to raise prices to the measure of firms m that originally raise prices as m — 0.

Yoam (v, a) D dm/(v,a)/dv

0:=1li =
sy Yoam(v,a) Yoo dm(v,a)/dv|,_,
In B.9.1 we show that
dlog(P'/P) ¢(gas1—1n) 4
0 — = gai‘p T], 837
dv =0 za: ©(qa, p/m) =2 (8:37)

Furthermore in B.9.1 we show that

_n o
”—1_9? w1 =), (S.38)

which relates inflation to the multiplier effect 1/(1 — 0).

It follows from (S.24) that 6 < 1, since ¢(q, x) is increasing on z if ¢ > 1 by Lemma 4(b).
is a function of other parameters in the model, in particular of 7. Since p(p%,1—n) < 1/(n—1),
(S.38) implies lim;_, 6(7) — 1 and

1 s = 1
1-60~ pu
In a similar manner, we can also define the impact of a Calvo-shock on a firm which is
in state s on price-adjustments by other firms. Suppose a small measure m. of firms around
s receive a Calvo shock. These firms would adjust prices and the effect on the aggregate log
prices equals a constant vo(s). We can now proceed as before and calculate m(vy(s),a), the
measure of firms with productivity a that charge prices between log P, and log p,+ vo(s). We
define 0y(s) as the limit as m. — 0 of the ratio of the measure of firms that are induced to
change prices as a direct effect of the repricing by the Calvo-hit firms with s to the initial
measure m, that is:

.

fo(s) = lim_ Zam(T:O(S)“) (S.39)

We also define 6y as the average of 0y(s) over s, that is,

1
6o ::/0 0o(s)gs(s)ds. (S.40)

In B.9.1 we provide an expression for 6y(s) and 0y (see (S.43) and (S.44)) and derive a
relation, .
Koo

A= 1o

Note that (S.41) coincides with (40), the expression for A when a* = a*. Equation (S.41)

shows that the measure of firms that pay menu costs at each instant is a multiple of the rate

of Calvo shock p, the direct effect of the Calvo-hit firms on the firms at the extensive margin

6o, and the multiplier effect 1/(1 — ).

(S.41)
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B.9 Derivation of 6 and 6, in Section B.8
B.9.1 Derivation of (S.37), (S.38), and (S.41)

Taking derivatives of m’, v/, m, P’/ P we obtain

dm/(v,a) , dv'(v,a) 1 1
T\ log q, | @) ———~ — log q,

) = (o000 togan | 0™ 2 gl oga | a) o
dv'(v,a) dlog(P'/P)
2P e o)

dv dv
dm(v,a) “ aq((l“/w)y/ log g
——— =¢"g(v/logga | a =

dv v/ | )10gqa ¢(qas /)

dlog(Pl/P) _ 1 P - * 177]dm(yﬁ a) a vy1—n v v
dv T P za: (pa) T dy N (Bae ) f(Bae ’a)ﬂae .
Hence,
dos(P/P)| 1 GO0 @) s aplan o) iy
dv =0 1—n% ©(qa, 11/ ) ~" p(qa, p/m) T
dm/(v, a) B S dlog(P'/P)
v |,y ¢(qa,p/m) L

dm(v, a) _ ¢ (S.42)

dv |,y ©(qa,p/m)

Substituting these results into 6, we obtain (S.37).
Also, from (S.33) we obtain

peoy o (((pZ)l_”—l)Jr

a=al,at

*\1-n _ 1-n
(pa) Ea ) = 77(1 - 77)7

™ -1

which implies

“(Ga, 1 —m) 1 .
(1— > c“i( ; )p1 ") T=pny "e(ph,1—m).
a

— " o(qa, p/m) =

Combining this with (S.37), we obtain (S.38).
In order to derive (S.41), we first characterize 6y(s). Let m. denote a measure of firms
who receive Calvo shocks with s and 1(s) the increase in log P caused by the repricing of
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the m, firms. By the definition of 1y(s) and the zero-profit condition (S.24), we have

vo(s) _ a /PZ
(3|

a

1/(1—n)
P eyt me ((0)'7 - (PQQZ)l_n>]>

Hence,

me=0 a 1- n
Thus, combined with (S.42), this yields

fo(s) = lim Za m(vo(s),a)/vo(s) _ Z : @ Zga (p:;)lin - (Baqg)lin

me—0 me/vo(s) ©(qars 1/ )

72 paln_(pcﬂz) -

= , (S.43)

where the last equality holds by (S5.22) and (S.23). Also, using Ef#[p!=7] = 1 we obtain
0y = EY[00(s)] = Z Z< @(par, 1 —1). (S.44)

Using (S.22) and (S.38) with the above equation, we obtain (S.41) as A =) ¢*\q = b/ (1—
0).

qa,,u/ﬂ'

B.9.2 As 1 — o0, logg, — oo and p} — oo for each a

First, we show that log ¢,(7) — oo as m — co. Suppose to the contrary that there exists a
sequence m, — oo such that log ¢, n = ¢4(my) is bounded above. Then A(gqn,m,) converges
to 1 as m, — oo. Hence, (S.29) implies that B(qan, ) for a € {a*,a"} must converge to 0
as m, — 00. The numerator of B, ¢(q,1 —n—+ pu/7), is strictly positive and increasing in ¢ for
g > 1. Therefore, the denominator must tend to infinity. However, ¢(q,1 — n) is bounded.
Thus, ¢(qa.n,ft/T,) must tend to infinity. For a fixed logg, we have lim, . (et(1089)/™ —
1)/ (p/7) = limg o0 (15 D/ ™ u(log q) /(—72)) /(1/ (—7?)) = logq. Since 10gga,n is bounded
by our hypothesis, this contradicts the divergence of ¢(qqn, it/m). Hence, log gq(m) — oo as
™ — Q.
From (S.24), we have




Since lim;_,» log g, = 00, the first fraction — oo as m — oo for each a. Hence, p; — oo as
7 — oo for each a.

B.10 Complementarity of repricing at the extensive margin and derivation
of the first two moments of L.

As shown in the baseline model, an economy with finite n firms converges to the continuum
economy in the steady state as n — oo. In this section, we focus on establishing that the
repricing avalanche has the same fluctuation properties as in the baseline model, in particular
the key Proposition 7(d).

Suppose the aggregate good price is P.. and that a single firm ¢ changes its (relative)
price to p(’;i at t. Then Alog P} := log pzi —log pi.. We consider the case of a price increase,

whereas the case of price cut can be analyzed similarly. To compute the impact of firm i’s
price-change on the final-good price P, recall that
( ) )1—77 6(1—77)AlogPti -1

Alog P, = pt-n = —ep(st), (S.45)

where ep(si) = O(n=2).
To analyze the avalanche initiated by a Calvo shock it is again helpful to work with the
normalized price s} = (logp} — log pai) /log Qqi whose stationary distribution is (S.36). Fix a
-t
time t that, to simplify notation, we temporarily omit, and choose s' using the distribution
g(s) and assume that firm 1 receives a Calvo shock. In addition, we draw independently
n — 1 other firms and thus (s°)7_, is distributed as g"~1(s). Equation (S.45) implies that s/
for j > 1 decreases by
) 1 1 * \1-n __ 1\1—n
68] = - —(pal) ) —ep(sH]|. (S.46)
logp}; —logp ; |n 1—mn

Set m& = #M¢, where M{ := {j > 1:a/ = aand s/ < €} is the set of firms in
state a that choose to reprice because firm 1 repriced. Write G(-|a) for the cumulative
distribution with density g(-|a). Then, m& conditional on s!' follows a binomial distribution
with population n — 1 and probability &} := ¢*G(efj|a).

Notice that st for ¢ ¢ Ua Mg, £ > 1, and a’ = a’ decreases by 68/ + ZjeuaMg ey, with

€{’a, = E?jﬂ/ — eip(sj)
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where

1— X _
wo 1 py"  Wfp,) 1 (S.47)
L' 7 nlogpl, — logp , 1—n )
1-n1 _ (% (1—77)5j
. 1 ] p*/p . .
ep(s?) = Lo P /L) +ep(s?)| > 0.
log p?, — Iogga/ n 1—n

Since 0 < 7 < egj = O(n™'), the first term in the square brackets is also of O(n~2).
The set,

M{:={t>1:a"=aands" <ef+ Y &4\ M,
jeu, Mg’

is the set of firms in state a that reprice because the Calvo shock led firm 1 and firms in U, M{
to reprice. Random variable m{ = #M7 is distributed according to a binomial distribution
with population n —1 -3 , mgl and probability:

K =¢* | G| €+ Z €{’a|a —G(eg | a)
jeU Mg

In turn, the price changes of the firms in U, Mf/ cause an additional set of firms to change
prices and we write,

M§:={l>1:a"=aand s’ <el+ > Y\ (MG UMY,
JEUL (MG UM)

for the set of firms that react to the price changes by the firms in Ua/Mf/, and m§ = #Mg
and so forth.

Conditional on ((mzl)a/)}é:o, m, | follows a binomial distribution with population n —
11— > m¢ and probability x¢ where,

K =¢" | G| € + E &0 al -G+ E e%lal . (S.48)
jGUZ:O Ua/M;cll JGUZ;é Ua/MIlcl’

Write my, := >, m&. The total size of the avalanche initiated by a Calvo shock at s! is given
by,
(o)
L" = Z My,
u=0
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Notice that if my = 0 then (S.48) implies that m% = 0 for each a and u > U, that is the
avalanche stops whenever my = 0.

It is well known that the distribution of properly normalized binomials converge to the
distribution of a Poisson as the number of observations n — oco. The asymptotic mean of
myo conditional on s!, lim,_,oo(n — 1) >, <*G(€l|a), is derived as, using (S.23), (S.36), and
(S.46),

(p 1)1 - (pl)l_n
1—n '

lim (n — 1) ZggO|a

7‘L—>OO

The right-hand side coincides with 6 (s!) defined in (S.39) and derived in (S.43). Hence, mq
conditional on s' asymptotically follows a Poisson distribution with mean 6y(s'). Using the
zero-profit condition (13) and the formula (S.44) for 6y, we obtain

i B ] = B0 = 2 3 et

that is, the asymptotic unconditional mean of mg equals 6.
Conditional on ((m})a)}'_y, the asymptotic mean of the binomial m,; is obtained by
using (S.36), (S.47), and (S.48) as

lim Bl | (mf)a)io] = lim n—l—zmk >k = A B ol 1~ mym

n—oo n—oo

Thus, as n — 0o, my41 conditional on (mg), asymptotically follows a sum of mé-fold convo-
lution of a Poisson distribution with mean 6, := (A/W)Q};"cp(qa, 1—mn).

Conditional on m,,, m¢ follows a binomial distribution with population m,, and probability
kS /S K% 1.2 The probability of the binomial converges as n — 00 to Wy := ¢%Aa/A.
The mean of m¢ conditional on m,, thus satisfies

lim E[m | my] = Ogmy,.
n—oo

We also note that ) @.0, = 6 holds, where 0 is the complementarity measure defined in
(S.37). Hence, by the law of iterated expectation, we obtain

nhHm Elmyt1 | ma] = hm E[E[mu-i-l | (M) a)k=0s mu] | mu] = Omy,.

Note that m,1 conditional on m,, is an m,-fold convolution of a mixed Poisson distribu-
tion in which the mean of a Poisson distribution 6, is randomly drawn with probability @,

2In case where the number of productivity states is greater than two, the following argument still holds
with a multinomial distribution replacing the binomial distribution.
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for a = a®”, a™. The mixed Poisson distribution has mean 6 and variance 6 + O'ga where aga

denotes the variance of 6,.39

Hence, in the limit as n — 0o, my41 follows a branching process in which the number
of children per parent follows the mixed Poisson distribution. The total progeny of the
branching process, L™, represents the stochastic size of repricing avalanche. We let L denote
the limit of L™ as n — oco. Writing V' (z) for the variance of the random variable z under
the stationary distribution F, we can prove that:

Proposition B.3. The unconditional mean and variance of L, the size of an avalanche
initiated by a Calvo shock, is, respectively, 6y/(1 —0) and

Oo(1 —{—O'ga) 020
(1-0)? (1-0)*

2 _i a(gi_”go(qa,l—n)V 2
7 = (Zg =N ) ”

2 A/ ? G 1-n,s(1—n)
Ty = <> V(> gtplrngstmy,

where

L—=n
Proof: See B.11.

B.11 Proof of Proposition B.3

First we extend Lemma 10 to the two-productivity case where we show that m, follows a
branching process with a mixed Poisson distribution with mean 6 and variance 6 + aga.

The proof proceeds similarly to that of Lemma 10. The probability generating function
U(z) of the sum L of a branching process with initial value 1 is a fixed point of a functional
equation W(z) = z®(¥(z)), where ® is a probability generating function of the mixed Poisson
distribution. Thus, the mean and variance of the mixed Poisson correspond to ®'(1) = 6 and
®"(1) + @'(1) — (®'(1))* = 0 + 07, respectively. Hence, ®”(1) = % + o .

Using the functional equation, we obtain ¥/(z) = ®(¥(z2)) 4+ 29’ (¥(2))V’(2) and V" (2) =
20/ (W (2))W(2) + 2" (¥ (2))(V/(2))? + 2@’ (V(2)) V" (z). Evaluating at z = 1, we obtain

E[L|my=1=9'(1) = o

For ¥”(1), we have

V(1) =

1 26 (1) \ 20 0%+ op
=15 —

+ + .
—0 1-07) (=62 (=03
30Letting X denote the mixed Poisson, its variance is decomposed as V(E[X | a]) + E[V(X | a)]. Since X

conditional on a follows a Poisson distribution with mean 6,, we have E[X | a] = V(X | a) = 6,. Hence the
variance of X is 05, + E[f,]. Since E[f,] = >, @0, = 0, we obtain the result.
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Hence, the variance of L conditional on mg =1 is

0— 02+ o2
V(L o = 1) = W)+ 00 - ()= LT L L
9+a§a
T 1-03

Next, using (S.41) and the above result, we obtain

E[L] = ™ [E[L | mo]] = B [moE[L | mo = 1)) = B [1”109] - 125

which is equal to A/u. Denoting o = VG5 (0o(s)), we have
V(mg) = B[V (mq | 5)] + V(Elmo | s]) = E¥[6o(s)] + V= (bo(s)) = bo + 05,
Using this, we obtain

V(L) = E% [V (L | mo)] + V& (E[L | mo])
. [moV (L | mo=1)] + VGS(mOE[L | mo = 1))
= E%[mo]V(L | mo = 1) + VE* (mo) E[L | mg = 1]°
_ 00(0 + 07 ) 90—1—020 fo(1+ 07 ) ogo

1—0p (-6 (1-0p @ (1-67

Finally,

05, = @aby — (O @aba)® = %
a a

Also, using (S.43), we obtain

A A
0'30:< /ﬂ—) VGs Zg pa - _ qa(l 77))) < /7T> 1 Cs Zgalns(ln

1—1n 1—79

(Z p (P! "0(qar 1 — 77))2) s

” ©(qa; /)

Remark: If al = a®, then O'ga =0, and 030 is reduced to ago defined in Proposition 7(d).

Hence the formula for the variance of L shown in Proposition B.3 is a generalization of that
in Proposition 7(d).
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B.12 ) converges to a non-zero constant when m — oo

Function (g, ) = (¢* — 1)/ for fixed ¢ > 1 is analytic in region = < 0, and so is log ¢(q, ).

Thus, a Taylor series expansion of log ¢(g, x) around x = —n yields
2
@ d ¢
log (g, = +u) — log (g, —n) = u"(g, =) + 7 Slen) o
@ x r=z, 2

for |u| < 1 where x; € [—n, —n + u]. Similar expansion around x = 1 — 7 yields, for some
wy € [L=n,1=n+ul,

Vg d pg u?
] 1— -1 1—n)=u(g.1— iy 2 -
ogw(q,1 —n+u)—logp(q,1 —n) =u " (¢, 1—=mn)+ o7 o (g, ) 5

T=x2

Note that, from Lemma 4(b), the coefficients of u? terms in the above two equations are
uniformly bounded for ¢ € [1, 00]. Moreover, Lemma 4(b) gives

P P _ [ q"(ogg®)?
Elgr-n- L= [ 5 (- L) e (549)

Using again the notation u = (p + p)/m, we obtain the first-order Taylor expansion of
log A around u = 0 as

log A(q,m) =log (g, 1 —n+u) —log (g, 1 —n) —logw(q, —n + u) + log¢(q, —n)
Pz Pz 2
<¢( ) (p( ) (u®)

Combining with (S.49), we obtain

! ¢*(log¢")*
wlog A(q,m) = (p+ / (1 >d:r—|—0u.
gAg,m) = (p u)_n =~ =12 ()
From B.9.2, lim; e ¢ (7) = 00. Thus, lim,; e ¢%(7)(log ¢%(7))?/(¢%(7) —1)? = 0 for = <
0. Also note f_lgn 1/22dx = 1/(n(n—1)). Thus, im0 7log A(qe(7), 7) = (p+p)/(n(n—1)).
This implies limy_,o0 A(ga(7), 7) = 1. Hence, lim;_,o(A(ga(m), ) — 1)/log A(ge(m), ) =1
by I'Hopital’s rule. Combining with the above result yields

T(Alga(m),m) — 1) = M as T = 0. (S.50)

Moreover, a Taylor series expansion of ¢(q, 1 —n+ pu/7) around = 1 —n yields, for some
xzz €[l —n,1—n+ u/xl,

3 I=

o(g; 1 —n+p/m)=p(g,1-n)+ ;2)(56361’”3 log(q) — (¢™ — 1))
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Since x3 < 0 for sufficiently large 7 such that 1 — n + p/7 < 0, the final term tends to 0 as
q — oo. Thus we have,

B(qq(m),m) = Pga(m), 1 =1+ /) ~ ! as T — 00. (S.51)

#(ga(m), p/m)p(qa(m), L= 1) p(ga(m), p/m)
Applying (S.50) and (S.51) to (S.29) and using (S.23), we obtain

5+p+u ,7) +
Z A ) ~(5 nA  as T — oo.

Hence, A converges to 1/(67n) > 0 as 7 — oc.
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