Appendix A Proofs

Proof of Lemma 1. By definition,

EV" = log e (P, (Pt Iny; X1 ); X1y)
e (ptO’v(ptol Ito;xtl)}xtl)
= log ‘ (ptO/U(Ptl, Itl;xtl); xtl) € (pfvv(PtV Ih;xh)} Xh)
e (Pto, 0(Pros Iro; X0y )i %1y ) € (pry, 0 (Prys Iy X )i %)
— loge(ptO’v(ptyltl;xtl)}xtl) Itl |
fy e (P, 0(pry, T; %) %)

To finish, rewrite

e (pto, 0(pty, In;xn ) xy) — [fologe(p, v(py, In; X ); xy ) dlog p
log = dt,
e (ptl’v(ptll Itl;xtl);xtl) to alogp dt

and use the Shephard’s lemma to express the price elasticity of the expenditure function
in terms of budget shares. If the path of prices between t; and ¢; is not differentiable, then
construct a new a modified path of prices that is differentiable, and apply the integral to
this modified path. Since the integral is path independent, it only depends on p;, and py, .
Therefore any path that connects p;, and p;, gives the same integral. O

Proof of Proposition 1. If the path of prices is continuously differentiable, we can combine

Lemma 1 with the definition of real consumption. OJ

Proof of Corollary 1. From Proposition 1, given any change in prices, income, and prefer-
ences, EV" — AlogY = 0if, and only if, b = b°”, which is the case if, and only if, budget
shares do not depend on the level of utility and x — that is preferences are homothetic and
stable. H

Proof of Lemma 2. Differentiate real consumption

t .
Mog = [ dlog1(t) — X bi(p(e) u(t); (1)) EPat
fo ieN

twice with respect to ¢t; and evaluate the derivative at t; = ty. This yields the desired

expression. O
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Proof of Proposition 2. By Lemma 1:

t dloge(p, v(py, x1,), x1,) dlogp
EV = Alo 1—/ e dlogt
g o iGZN dlogp dlogt 8

Differentiate EV twice with respect to ¢; and evaluate the derivative at t; = £

dEV _ dlogl B Z dloge(p, v(ps, xt,), xt,) dlogpi_

dty dt i dlog p; dlogt

/ Zdlo vazloge(P,’U(ptl,xtl),xtl)
dlogudlog pi

dlog p;

o jieN

/tl Z dl og az loge(plv(ptlth)'xtl)
dlog xdlog p;

dlog p;

fo jieN
P’EV. n d*logp Yy o2 loge(p, v(pe, xt,), xt,)
dt? "dlog 2 i dlog p;idlog p;

dlog p;dlog p;
ieEN

Ploge(p,o(pr, 1), 1) 3log e(p, o(pn, 1), )
—2Y dlogv LV U dlogp; —2 Y dlogx! A
l.g] & dlog p;dlogu &Fi l.g] & dlog p;dlogx

:_ZZ Zbdzk)gp

oo £2
ieNjeEN d log t

ob; ob;
—2) dlogv dlo —2Y dlogx’' dlog p;
GZA)] 8 aog g pi g, 8Y Slogxt 108 P

dlog p;dlo
alog l gpl gp] =

ob; ob; d*logp
= — -dlog p;j+dlogv +dlog x’ dlo b;
gv ]gval EPI T8 g logu T 08 Jlogx | OB P Z “dlog 2

ob; ob;
— ) dlogv dlogp;, — Y dlogx’ dlog p;
Zg] dlogu ! Zgl dlog x :

d*logp ob; ob;
=— ) dbdlogp,— ) bi——% dlogv dlogp; — Y dlogx’ dlog p;
BB B g2~ B 8 g8 L 1 g 1080

By Lemma 2, the first two terms are equal to the second-order expansion of AlogY, and
the remaining terms are the bias. O

Proof of Proposition 3. By Lemma 2, we have
AlogY ~ Alog I —) _biAlogp; — % Y AbjAlog p;.
i i

Substitute (9) in place of Ab to get the desired expression. For the bias, note that Proposi-
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tion 1 implies that

H

1
EV—Along—EZ[ Z

Alogp'] Alog p;
l ] dlog pj J '

where b is the Hicksian budget share (holdlng fixed utility and demand shifters). Usmg
H

(9) in place of Ab above and the fact that alogp = (1—6p)b;(1 —b;) fori = jand

Bob;b; for i # ], yields the following

Blogp

1
AlogEV — AlogY ~ ~3 ig] [(si —1)b; (dlogl —jgl biAlog pj> + b,-Alogxi] Alog pi,

which can be rearranged to give the desired expression. O

Proof of Lemma 3. Setting nominal GDP to be the numeraire, we can write

t
AlogY = —/1b'dlogp
t
Otl
- —/ b [~¥dlog A+ ¥dlog A
fo

t t
— / b'¥dlog A — / b'¥Fdlog A
to to

h h
= [ ANdlogA— | AdlogA

to to
f
= [ MNdlogA
fo
where the second line uses Proposition 7, and we use the fact that Using A’ = b'¥
A =b'Yt, and V'¥Fdlog A = AN'dlog A = 0 because the factor shares always sum to one:
Yrer A =1 O

Proof of Proposition 4. Similarly to Lemma 1, EVM can be expressed as

( (AfOIxtl)/v( (Atlfxtl)’I(Atl’xtl);xtl);xtl)
( (Afolxtl) ( (AtO’xtl)/I(Ato’xtl);xtl);xtl)
( (Af1/xf1)/vt1;xf1);xt1)
e (p(Atg, xt,), 015 X1y ); Xty )

EVM = log

= AlogI — log

where vy, = v(p(A, xt,), I(Ar, X1,); xt,).
Define a hypothetical economy with fictional households that have stable homoth-
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etic preferences defined by the expenditure function e (p, u) = e (p, vs,; xt,) % Budget
e cv de( p,ot,; .

shares of this fictional consumer are b¢? (p) = o a(p’? a0 _ % g ; ) Given any technol-

ogy vector, in this hypothetical economy we denote the Leontief inverse matrix by ¥’

and sales shares by A°“. Prices in this hypothetical economy are p{* = p(As, xt,), and

changes in prices satisfy
dlog p®™° = —¥%dlog A +¥*Fdlog A®. (24)

Re-write EVM (given the constant income normalization) as

t dloge(p,vy,) t
EVM — —/ —2 " 1V dlog pt? = —/ b¥%dlog p°.
to Z'ENZ4>F dlog p; EFi fo ie%F l i

Following the same steps as in Lemma 3, we obtain

t
EVM = [ Y A%dlog A;.

to jeN
]

As mentioned earlier, in general, macro and micro welfare changes are not the same

when preferences are unstable. However, when the PPF is linear, the two coincide.

Proposition 10 (Macro vs. Micro Welfare). When preferences are unstable, macro and micro
welfare changes are equal (EV™ = EVM) if factor income shares are constant (as in a one factor
economy).

Proof of Proposition 10. If factor income shares, A, are constant, then by Proposition 7,
changes in prices in response to changes in A and x are given by the following differ-
ential equation:

dlogp = —Ydlog A.

Furthermore, note that changes in ¥ are determined by changes in Q since ¥ = (I — Q).
Since every i € N has constant returns to scale, changes in (};; depend only on changes in
relative prices for every i € N. This means that changes in () only depend on changes in
relative prices, therefore changes in ¥ depend only on changes in relative prices. Since x
does not appear in any of these expressions, this means that prices and incomes p(A, x)
and I(A, x), relative to the numeraire, do not depend on x. Thus, p(A¢, xt,) /I(As, xt,) =
p(At, xt,)/I(At, x1,). This implies that EV™(py,, L1y, pty, Ity; xt,) = EVM(Ay,y, At x1,) from
the definitions. O
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Proof of Lemma 4. Differentiate real GDP,

t .
AlogY = [ Y Ai(A(t);x(t))dl(;gt Ay,

to jeN

twice with respect to t; and evaluate the derivative at t; = ty. This yields the desired
expression. ]

Proof of Proposition 5. Following similar steps as in the proof of Proposition 3,

1
EVM%AlogY—FEZ ———L—Alog A;| Alog A;.

ieEN

Z BlogA

The term in square brackets is the change in sales shares due to changes in utility and

demand shifters. This expression can be written as

—I—AlogA’alogv oA;

1 Aj
M Z
EV ~A108Y+2 Z {Alogx dlog x dlog Adlogv

} Alog A;. (25)
ieEN

]

Proof of Proposition 6. Normalize nominal GDP to one. Applying Proposition 7 to a one-
factor model yields
dlogp = —Ydlog A,

so that relative prices do not respond to changes in demand or income.

To solve for Alog Y, use Lemma 4 in combination with the expression for d log p and
dA in Proposition 7 in the case of one factor. To solve for EVM, by Proposition 10, EVM =
EV™. Solve for EV™ — AlogY by plugging the expression for dlog p into Proposition 2
and noting that b’ = Q(0), O

Proof of Proposition 7. We normalize nominal GDP to be the numeraire. Then Shephard’s

lemma implies that, for eachi € N

dlogp; = —dlog A; + ZQijdlog p;-
j

Furthermore, fori € F
dlogp; = —dlog A; 4+ dlog A;.

56



Combining these yields the desired expression for changes in prices
dlogp = —¥dlog A +Yfdlog A.

To get changes in sales shares, note that

A=0b'Y
A\ = d(b'F)
= V'PAQY + db'Y

Ql]dlog Ql] = (1 - Qz)ﬂlj(d log ]9] - ZQikd log Pk)

dQj = (1 —6;)Covp ;) (dlog p, ())

Y Q¥ = (1 6;)Covpy (dlog p, 1)) ¥
j
= (1 — 91') ZCOUQ(i) (d log p, Tfkl(j))
]
[dQY]; = (1 — 6;)Covgys (d1og p, ¥ 1))

Meanwhile

dlogb; = (1 —6p) <dlog pi — Zbidlog pi> + (¢; — 1)dlog Y + dlog x;
= (1 —6p)Covg ) (dlog P, ()> + Covgy0) (s, I(i)> dlogY + Covgy ) <d10gx I )>
ZﬁhT%:Cwmm«1—%ngp+wng+dbgLT®>
i
Hence,
dA = MdOY + db'y
can be written as

mu_§:A — 0;)Covgy (dlog p, ¥ H)+ch@( U)dng+th (dngTU>

]

Proof of Proposition 8. Start by setting nominal GDP to be the numeraire. To model the
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industry-structure, for each industry I, add two new CES aggregators. One buys the
good for the household and one buys the good for firms. Let the price of the household
aggregator be given by p{ and the price of the non-household aggregator be p]; and let
p1 be the price of the original industry. Let firm i’s share of industry I from household
expenditures be b;;. Let the expenditure share of other firms on firm i be s;;. We have

Y bir=1

i€l
ZSU = 1.
i€l
Let A{ and )\JI( be sales of industry I to households and firms. Then we have
dA; = dAS + dA].
The sales of an individual firm i in industry I is given by
A= bil)\i + Si[)LJIC
dM; = dbjAS + bidAS + dsg A + s;dA)

db;; = COZ)bI(dIng(,‘I) + (1 — Ul)dlog A(il)/ I(i))
dSi[ = COUbI((l - al)dlog A(ll),l(l))

The gap between macro welfare and real GDP, EVM — Alog Y, is approximately given by

1 JA 1 IA;
zdlogxalogxdlog/l = 21621\] LZ dlogx]al ogx ]dlogAz,

where the sums can be re-written as

Y)Y dlogx; i | flog 4; = Yy |dlogx Wity dlog A; + bidlog x=_dlog A,
; & 19log x; g4 = & dlogx ! g 4T i io8 dlog x 08 4

iEN [jEN ieN
osir . f L 8)\{ .
—I—dlogxalogx)\ldlogA,+511d10gxalogxdlogAl .
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The individual terms of this expression are:

b
igi dlog xalolng?d log A;| = igl Covy, (dlog xipy, I(;))Aid log A;
= CO’UbI(dIOgX(H), Z I(l-)dlogA,') ?
ieN
= Couy, (dlog x(;), dlog Air)AL;

c

Y |bidlogx N dlog Al = F (dlog A;r) dlog x o
= 14108 dlogx 08 4| = Loy \#108 4il) 1108 dlogx’

Zdlogx 9sit A{dlogAi =0;

ey dlogx
and
ird 1 aA{ dlog A; = Eg, (dlog A;;)dl a/\{
;SZI ngalogx og Aj = s, (dlog A ngalogx'

Of the four terms, two depend on changes on industry-level sales shares (the sum of

which is denoted by © in the proposition), one of them is zero, and the remaining one

(the first term) is the within-industry covariance of supply and demand shocks in the

proposition.

Proof of Proposition 9. Consider a household with preferences given by

C= (/Ox*c(x)galdx);l.

Note that
e _ p(x, )=
A (x/t/tl) - <f0x*(t1) p(xlt)l—a'dx>
M t) = PO
(T peax)
Hence

I
EV =

T -

<f0x*(t1) p(x)l_adx> T—
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Next
dlogp(x,t)
dt

Without loss of generality, let’s normalize changes in nominal income to zero. Let d;A®”

tipx(h)
AlogEV = AlogI — / / A (x, t, ) dxdt.
tg JO

refer to the partial derivative of A°“ with respect to its ith argument. Differentiating and

evaluating at the initial point, we get

t o px*(t)
dlog BV _ —/1/ Vo (o, 1) OB P g
ty JO

dtq dt
t * * x*(t1)
—/1/\ev(x*(t1),t,t1)dlogp(x (h), ) dx dt—/ 1 /\w(x,t1,t1)—dlogp(x't1)dx
to dt dtl 0 dtl
d*log EV ) dlogp(x,t) o dlog p(x*(t),t1) dx*
d—t% = —/ ag)t (x, tl/ tl)d—tldx — A (X (tl), tl, tl) at dtl
dx* dlog p(x*, t1) ¥ (1) dA®Y(x, t1,t) dlog p(x, 1)
_yev [k .
AT () hh) S dty /o it T
x*(t) 2
[ A,y TROBR )
0 daty

Evaluating at the initial point this simplifies to

dlogEV _/x /\(x)dlogp(x,t)dx
0

it it
d*log EV ¥(h) dlog p(x,t1) or s dlog p(x*(t),t1) dx*
= [ e (. 11,0) B T — A (o (1), 1 1) - i
dx* dlog p(x*, t1) /x*(h) dA®Y(x,t1, 1) dlog p(x, t1)
N CU [k o
AT () k) g it 0 it a0
x*(t) d*log p(x, t1)
— AP (x, ty, t ) —25—"—=d
/0 b1 h) a2 *
We note that ;
—0
A(x, b 1) = plx.t)

(fox*(tl) p(x, t)lf‘fdx>

dlog A*“(x, t,t1) _ (1-0) <dlogp(x,t) B /x*(tl)A(x t)dlogp(x,t)dx) .
0

ot dt dt
ev *
93 10g A (x, 1, ) — alog/\atgx, th) _ (_ A, t)izfl) .
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Meanwhile, real consumption changes are given by

t
logY = — /1/ dogpd dt
to
dlogY _ dlogp
dtq /0 A( ,tl) dtq dx
dzlogY dx* dlogp
a2 —AE(h )tl)dt dt;
¥'(h) dA(x,t) dlog p x*(h) d? logp .
_/o T T /o Mxt) dt?

where

dlogA(x,t1) _ . dlog p(x,t) _/x*(fl) dlogp(x,t) VRN E 5

Hence

dlogEV  dlogY

dty dh
dlogEV _ d’logy (¥, dlog p(x, t) eo (s dlog p(x*(t1), tr) dx*
dt% = dt% —/ 83)\ (x, tl’tl)d—fldx —A (x (tl),tl, tl) it dtl
2 * *(t1) * *
_d lo;gY dx / (1) dlogp(x tl)dx—)\(x*)dlogp(x (t1),t1) dx
a2 dt; Jo dty dt dty
d? logY [ dlog p(x,t) dlog p(x*(t1),t1)
_ Pl [ 2yttt
dtl 0 dty dt
_ d? logY dx* E dlogp _dlogp(x*)
dt? * dt '
[l

Appendix B Extension to Other Welfare Measures

Our baseline measure of welfare changes is equivalent variation under final preferences.
Alternatively, we could measure changes in welfare using compensating (instead of equiv-
alent) variation, or by using initial (rather than final) preferences. We focus on equivalent
variation with final preferences since it uses indifference curves in the final allocation to
make welfare comparisons (that is, preferences “today” for growth-accounting purposes).
In this appendix, we show that our methods generalize to the other welfare measures.
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Note that if preferences are homothetic, then equivalent and compensating variation are

equal, and if preferences are stable, then initial and final preferences are equal.

B.1 Micro welfare changes

We consider four alternative measures of micro welfare changes. For each measure, we
present expression for global welfare changes and the approximate gap with real con-
sumption.
The compensating variation with initial preferences is CV"™ (py,, Lt,, Pty Ity Xt,) = ¢, where
¢ solves
v(pry e Pl xt) = 0Pty Itgs Xt)- (26)

The analog to (7) in Lemma 1 is

CV" = AlogI — /tl Z bi°dlog p;, (27)
fo ieN
where b5° (p) = bi(p, v(piy, Ity; Xty); Xty)-

Whereas EV™ weights price changes by hypothetical budget shares evaluated at cur-
rent prices for fixed final preferences and final utility, CV"™ uses budget shares evaluated
at current prices for fixed initial preferences and initial utility. An alternative way of cal-
culating CV'™ is to reverse the flow of time (the final period corresponds to the initial
period), calculate the baseline EV measure under this alternative timeline, and then set
CV" = —EV™,

Since CV"™ is based on budget shares at fixed initial preferences and initial utility, to a

second-order approximation

1 ob;
m ~ 14 _ = [
AlogCV" ~ AlogI —b'Alogp 21-621\1 [Alogpalogp} Alogp

N 1 , ob; ob;
NAlogYJrzi;V {Alogx alogx+Alogvalogu Alogp.

This implies that up to a second order approximation,
0.5(EV" 4+ CV™) = AlogY.

That is, locally (but not globally) changes in real consumption equal a simple average
of equivalent variation under final preferences and compensating variation under initial

preferences.

62



Alternatively, we can measure the change in welfare using the micro equivalent variation
with initial preferences, EV"™ (py,, Ity, Ptys Ity Xt,) = ¢ where ¢ solves

v(ptylﬁ;xfo) = v(pf016¢lto;xto)' (28)

Globally, changes in welfare are

EV — Alogl— | Y v%dlog b,
= Alog Y bdlog p;, (29)

to jeN

where b5° (p) = bi(p,v(py, Ity; Xty); Xt,)- The gap between changes in welfare and real
consumption is, up to a first order approximation,

1 ob; ob;
m ~ = B / i i .
Alog EV"™ — AlogY ZiEEN[ Alogxalogx+Alogvalogu Alogp

Finally, the change in welfare measured using the micro compensating variation with final
preferences is CV™ (py,, Iy, pt,, Ity; Xt,) = ¢ where ¢ solves

U(ptlle_¢lt1;xf1) = v(pfO/ Ifo; xtl)' (30)

Globally, changes in welfare are given by

m __ o f cv .
CV™ = Alogl Y bdlog p;, (31)

to jeN

where b (p) = bi(p,v(pty, Ltys Xty ); xt,)- The gap between changes in welfare and real
consumption is, up to a first order approximation,

Alog CV™ — Alog Y =~ % Y. {Alogx'% — Alogval(—zi;u Alog p.
Note for EV with initial preferences or CV with final preferences, we must be able to
separate demand instability from income effects. For this reason, to compute welfare
changes, the elasticities of substitution are not sufficient — we must also know income
elasticities or the demand shocks.

Finally, we note that real consumption can be interpreted as representing an alter-
native measure of welfare, defined as the sum of instantaneous welfare changes using

current preferences at each point in time. In particular, real consumption can be written
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as

AlogY = t“ OEV™(p(t), I(;)p,p(t), 1(8); x(t)

OEV™(p(8), 1(1), p(B), 1(1);: x(D) 5y

dp(t) + o,
1

where, at every t € [to, t1], the integrand is the instantaneous welfare change in response
to changes in prices and income, dp and dI, measured using equivalent variation with
preferences x(t). In contrast to our welfare measures, this measure does not represent the
welfare change over a single preference ordering, and is path dependent (it does not only

depend only on initial and final income and prices).

B.2 Macro welfare changes

For each alternative micro welfare measure there is a corresponding macro welfare mea-
sure. For example, the macro compensating variation with initial preferences is CVM( Ay, Aty xt,) =

¢, where ¢ solves

v(p(AtO’ xto)/ I(AtO' xfo); xto) = U(p(Atl’ xto)/ e_¢I(Af1' xto); xto)-

In words, CVM is the proportional change in income necessary to make a consumer with
preferences =, indifferent between the budget set that prevails under the initial PPF Ay,
and the prices associated with the new PPF Ay, .

Equation (13) in Proposition 4 applies using A“’(A), the sales shares in a fictional
economy with the PPF A but where consumers have stable homothetic preferences repre-
sented by the expenditure function e“(p, u) = e(p, vy, xto)% where vy, = v(py,, Lty Xt,)-
Growth accounting for welfare is based on hypothetical sales shares evaluated at cur-
rent technology but for fixed initial preferences and initial utility. The only information
on preferences we need to know is elasticities of substitution at the final allocation. As
discussed above, CVM ig equal to —E VM if we reverse the flow of time.

The gap between changes in welfare and real GDP is, to a second-order approximation
(the analog of equation 15 in Proposition 5) is

CVM%AlogY—%Z Alogx’ o, +AlogA’alogv oA, Alog A;. (32)

P dlog x dlog Adlogv

We can also define macro equivalent variation with initial preferences, EVM (Aty, Aty xpy) =

¢, where ¢ solves

Z)(p(AtO, xfo)f €¢I(At0' xto);xto) = v(p(Atl’ xto)/ I(Af1' xfo); xfo)'
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Growth accounting for welfare is based on hypothetical sales shares evaluated at cur-
rent technology for fixed initial preferences and final utility. In contrast to our previous
measures, in order to implement this measure we must know initial demand shifters or

income effects. The gap between changes in welfare and real GDP is

EVM%AIOgY—i—%Z —Alogx/ aAl _|_A10gA/alogv a)\l

Alog A;.
= dlog x dlog Adlogv 08 24 (33)

Finally, define macro compensating variation with final preferences, C VM(AtO, Ap;xy) = ¢,
where ¢ solves

0(p(Aty, x1,), L(Aty, X1, )5 x1y) = 0(p(An, x,), e PI(Ap, X1, ) X1 ).

Growth accounting for welfare is based on hypothetical sales shares evaluated at current
technology for fixed final preferences and initial utility, which requires information on

demand shifters or income effects. The gap between changes in welfare and real GDP is

CVM%A108Y+%Z Alog ' 9, —AlogA’alogU 0A;

= dlog x dlog Adlogv Alog A (4

Appendix C Non-homothetic CES preferences

This appendix provides a derivation of the log-linearized expression (9). Changes in Mar-

shallian budget share are given by
dlog b = dlogp; —dlog I+ eildlogp; +e¥dlog I+ dlogx;,
j

=dlogp; —dlogl+) _ <sg — g?}b]‘) dlogp; +¢dlog I + dlog x;,
j

where e and ¢M are the Hicksian and Marshallian price elasticities, é“are the income elas-
ticities, and d log x; is a residual that captures changes in shares not attributed to changes
in prices or income. The third line is an application of Slutsky’s equation. When prefer-
ences are non-homothetic CES, then the Hicksian demand curve can be written as

—6
. pi Gi
Ci = %i (Zj qu) u-,
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where ; and ¢; are some parameters. The Hicksian price elasticity for j # i is

dloge;  y  , Pi¢ .

Using this fact and the identity e/l = — Y sg , we can rewrite changes in budget shares
as

dlogb%zZ( —swb>dlogp]+cllog]0Z (¥ —1)dlogI+dlogx
j

(1—Zsl]> dlog t +Zs dlogp + €Y

j#i j#i

+ dlog x;

dlogl—) bjdlog P
j

= (1—29019]') dlog —1—29019 dlogp dlogl—ijdlogpj + dlog x;
j#i j#i j
= (1-6y(1 b))dlogpl—FZOobdlogp + ¥ dlogI—Zbdlong + dlog x;
j#i
= (1—6p) [dlogpZ Zbdlogp] + (¢ —1) dlogI—Zbdlogp] + dlog x;.

Appendix D The Role of Elasticities of Substitution for Changes
in Welfare-Based Productivity

In this appendix, we show why the results in Table 1 are differentially sensitive to changes
in different elasticities of substitution. Combine Propositions 6 and 10 to obtain the fol-

lowing second-order approximation:

Alog TFPWere ~ Y™ A Alog A; +% Yo (8- 1)AVarg (2 ¥ AlogA> . (35)
i je{0}+N keN

The second term is half the sum of changes in Domar weights due to substitution effects
(i.e. changes in welfare-relevant sales shares) times the change in productivities. Note that
changes in these welfare-relevant sales shares are linear in the microeconomic elasticities
of substitution. The importance of some elasticity & depends on

Y AjVarq) (2 ¥ AlogA)

j keN
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where the index j sums over all CES nests whose elasticity of substitution is equal to
6 (i.e. all j such that 6; = 0). Therefore, elasticities of substitution are relatively more
potent if: (1) they control substitution over many nests with high sales shares, or (2) if the
nests corresponding to those elasticities are heterogeneously exposed to the productivity
shocks.

We compute the coefficients in (35) for our model’s various elasticities using the IO
table at the end of the sample. The coefficient on (6y — 1), the elasticity of substitution
between agriculture, manufacturing, and services in consumption is only 0.01. This ex-
plains why the results in Table 1 are not very sensitive to this elasticity. On the other
hand, the coefficient on (6; — 1), the elasticity across disaggregated consumption goods,
is much higher at 0.21. The coefficient on (6, — 1), the elasticity between materials and
value-added bundles is 0.07. Finally, the coefficient on (63 — 1), the elasticity between
disaggregated categories of materials is 0.25. This underscores the fact that elasticities of
substitution are more important if they control substitution in CES nests which are very
heterogeneously exposed to productivity shocks — that is, nests that have more disag-
gregated inputs.

According to equation (35), setting 6; = 6, = 63 = 1 (which is similar to abstracting
from heterogeneity within the three broader sectors and heterogeneity within interme-
diate inputs), then 6y is the only parameter that can generate complementarities in the
model. This may help understand why more aggregated models of structural transfor-
mation (e.g. Buera et al., 2015 and Alder et al., 2019) require low values of 6y to account
for the extent of sectoral reallocation in the data.

Appendix E Non-CES

In this appendix, we generalize Proposition 7 beyond CES functional forms. To do this,
for each producer k with cost function Cy, we define the Allen-Uzawa elasticity of substi-

tution between inputs x and y as

dezCk/(ddePy) _ ex(x,y)
(dCx/dpx)(dCy/dpy) Oy’

Ok(x,y) =

where € (x, y) is the elasticity of the demand by producer k for input x with respect to the
price py of input y, and (), is the expenditure share in cost of input y. For the household
k = 0, we use the household’s expenditure function in place of the cost function (where

the Allen-Uzawa elasticities are disciplined by Hicksian cross-price elasticities and ex-
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penditure shares).
Following Baqaee and Farhi (2019c), define the input-output substitution operator for

producer k as

D (Y, ¥j)) = — 3y §+1+F Oy [xy + Dy (O (x, ) — 1)]¥ ¥, (36)
SXYS

= %EQ(k) ((Hk(x/y) - 1)(Ti(x) _Ti(y))(wj(x) - 11Il(y))) ’ (37)

where Jyy is the Kronecker delta, ¥;(x) = ¥,; and ¥;(x) = Y., and the expectation on
the second line is over x and y. The second line can be obtained from the first using the
symmetry of Allen-Uzawa elasticities of substitution and the homogeneity identity.

Then, Proposition 7 generalizes as follows:

Proposition 11. Consider some perturbation in final demand dlog x and technology dlog A.
Then changes in prices of goods and factors are

dlogpi = — ) YidlogAj+ ) YidlogAys. (38)
jEN feF

Changes in sales shares for goods and factors are

je{0}+N

+ COUQ(O) <d IOg x,‘I’(i)> + COUQ(O) (S,T(l-)) ( Z Ard log Ak) .
keN

Since ®; shares many of the same properties as a covariance (it is bilinear and symmet-
ric in its arguments, and is equal to zero whenever one of the arguments is a constant), the
intuition for Proposition 11 is very similar to that of Proposition 7. Computing the equilib-
rium response in Proposition 11 requires solving a linear system exactly as in Proposition
7.

Appendix F Heterogeneous Agents

Consider an economy with a set of agents indexed by h, where each agent has stable and
homothetic preferences. This means that real consumption for agent h, Alog Y}, is equal
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to EV},. The social welfare function is given by
W=y ph_}/h_ [ﬁ} )
L PiY

where bars denote values at the initial equilibrium. We show that to a second order ap-

proximation

1
AlogW ~ AlogY — ECOZ)X(]Ebh [Alog p], AlogYy,),

where yx is the vector of initial expenditure shares for each agent as a share of aggregate
spending, and the covariance is applied across individuals.

To see this,

Z ’; dlog Yy,

LY
dlogW = — ! Z thh dlogYh,
LY
2 1 PrY h 2 1 P 3 2
d*logW = — ZZ d logY;, + — ZZ (dlogYh) — dlog W7,
i Y i PiY

:thaﬂlogYh-l—ZXh dlogYh) —dlogY2,
h h

where the last line uses the fact that dlog W = dlog Y at the initial point.
Next consider the change in real GDP:

v [ e
logY ZZ}P}() ()dl gqi(t),

and

piqi = Y _ xnbpiGDP,
T
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where by; is the budget share of agent /1 on good i and GDP is nominal GDP. We have

dloggi =) %d log qpi
h 1

_ v Xnbni
h Zg nggi

ty
logY = / Y xn ) buidlog qp;
h i

t
= / ' thdlogYh.
h

dlogY = x -dlog Y.

dlog qp;

Therefore, to a second order

d*logY = dy - dlog Yy, + x - d*log Yy,
=dx -dlog Yy, + d*log W — Y xn (dlog Y;,)? + dlog Y2.
h

Using the fact that

Ep, [dlog p] +dlog Yy, — ) _x; [lEbj [d1og p] + dlog Y]}
j

dxn = xndlog xn = xn

7

we have

Ey, [dlog p] 4 dlog Y, — ZX]- [lEb], [dlog p] +dlog Y]}
J

+d*logW =Y xy (dlogY;,)* + dlog Y?
h

dzlogY = th dlogY)
h

= ZXh]Ebh [dlog p]dlogY;, + thd log YydlogY) — thd log Yy, ZXJ' [IEb]. [dlog p] + dlog Y]]
h h h ]
+d%logW — Y xi (dlogY;,)* + dlog Y?
h
= Covy(IEy,[dlog p],dlog Y) + d*log W.

This implies that

d*logW = d*log Y — Couy (Ey, [dlog p], dlog Yny)-
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To a second order approximation changes in the social welfare function are given by

dlogW + %dz logW =dlogY + %dz logY — %Covx(lEbh [dlog p],dlog Y)-
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