Online Appendix for “Exchange Rates and
Monetary Policy with Heterogeneous Agents:
Sizing up the Real Income Channel”

A Model details

A.1 Model setup

Here we provide additional details on the setup of the model in section 2.

Preferences across goods. In our baseline model, consumption c;; of any agent i living in any
country aggregates their home good H and a composite foreign good F with elasticity 7,

n=1
[

==

e = 1= (e 4o am) T

home consumption aggregates goods j produced at home, while foreign consumption aggregates
goods produced in a continuum of countries k:

1 ea &t 1 40 et
CiHt = </o cine () d]) Cipt = (/o Cikt 7 dk)

withe > 1,9 > 0and # > 0. In turn, consumption from country k aggregates goods produced
there with the same elasticity € as that used to aggregate goods produced at home,

! ael o\ T
Cikt = </0 Cikt () © d])
The agent’s budget constraint is
! . N e . N p Wi
[ P e )i+ [ [P () e () i+ aiin < (1 07) s+ e 5Ny
hence, consumer i's demand for good j in country k is
e (P D\ (Pa T (P
Cikt (]) =« < Pkt Ppt Pt Cit
while their demand for good j in the home country is
() = Pre )\ (P ) 7
CiHt (]) - (1 06) ( PHt Pt Cit

Applying this demand system to the heterogeneous agents at home, indexed by their state (a,¢e),
delivers equations (4) and (5). Applying this demand system to the representative foreign agents,
noting that all foreign countries are symmetric and prices are flexible abroad so that P, = P/,
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delivers B
Ch, =« Prit ! C;
Ht Pt* t

which is equation (7).

Financial sector. Let A; denote the nominal liabilities of the domestic mutual fund (the
amount of shares it sold to households), and if denote the nominal return on these assets. Let
sH (resp. sf) denote the mutual fund’s holdings of domestic (resp. foreign) shares, and B (resp.
Bf ) denote its holdings of domestic (resp. foreign) bonds. At the beginning of period ¢, the lig-
uidation value of the intermediary’s liabilities is equal to the liquidation value of its assets, so
that

(1+i) A1 = (Dr + pt) Pis;ly + (L+i—1) BiLy + (Df + pf) Pr&isy_q + (L+i7_1) EB_, (A1)
At the end of the period, the value of newly purchased assets must be
Ay = piPisf + BE + pi P} &sf + &Bf (A.2)

Define the ex-post real return to the mutual fund as
1+ =(1+i) — (A3)

The mutual fund maximizes the (expected) real return on its liabilities, rf 41, forall t > 0, which
here is equivalent to maximizing the (expected) nominal return i/ +1- Optimality requires that the
nominal returns on all assets is equalized,

(Dis1 + peg1) Py - (D +pia) Pral - (L+i) &
piPr piPiEr &

Combining (A.1) and (A.4), we find that, forall t > 0,
1+i)  =1+10 (A.5)

Further define the ex-ante real risk free rate as

P
1+r=(1+1i) Ttl (A.6)
+

This is equation (14). Using the definition of the real exchange rate in (6), real exchange rate
depreciation between time t — 1 and ¢ can be expressed as

Qr _ E Py
Qi1 & B

Using (A.3), (A.4), (A.6) and (A.7), together with the fact that P/ = 1 always, it follows that, for all
t>0,

(A7)

D D} , + p} 1+
1+7f+1 — 147 = t+1 1+ P+l _ ( t+1 Pt+1) Qt1 _ ( ‘|'1t)Qt+1 (A.8)

p pi Qi Q:
which delivers equations (15) and (16).

A-2



Finally, let the real asset position of the mutual fund be defined as
A= — (A9)

and define the net foreign asset position to be the difference between A; and the total value of
assets in net supply domestically,
nfa; = Ay — pr

which is equation (17).
Using (A.9), equation (A.1) rewrites

, P4 BiL . . . F
(1 + i’f) Ai—1 = (Dt + pt) S£1 + (1+i-1) tTtl P: 1 + (D} + p§) Qtsf,l +(14if ) O It)*l
(A.10)
while (A.2) rewrites
Ar = prsy + i +piQrsy + Qtﬁ (A.11)

BY
P*I

From (A.10), we can calculate 1 + rg given the initial mutual fund portfolio slfl, st 17 f;—_; and
whose value in steady state, given (A.11), must add up to Ag,

B, BE,
Ass = psssty + ;1 + piQses’ ) + st?;
In our baseline calibration, we assume that the mutual fund holds all the domestic assets and no

. BH BF .
other assets, ie slfl = 1and P—j = st 1 = 5= = 0. This ensures that As; = pss, and therefore that

nfa_; = 0.

Foreign agents.  All foreign countries are symmetric. In each lives a representative foreign
agent with utility
Y (B Bi{u(Ci) —o(Nf)} (A12)
=0
where B* is the foreign discount factor, and B; is a utility modifier capturing time-varying patience
for the foreign hogseholé. We assume that B; has initial value B_; = 1, is nonnegative and
bounded, B; € (0, B) for B > 0, and reverts to 1 in the long run: lim;_,. B; = 1.
Foreign countries produce their own good under constant returns to scale with production

function
Y = Z*N/

Prices and wages are flexible abroad, so that
P = pWy
The home country is infinitesimal, so that market clearing for the composite foreign good is
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The first order conditions for a representative foreign agent are

(NP _ W,
W (C) P

and
Bi (C/)™ =B (1417) Biy1 (Cig) ™7 (A.13)

where r; denotes the foreign interest rate. It follows that the world equilibrium features a constant
level of consumption C* (and output Y* = C*) given by
v (C*/Z%) 1

wi(C)
and that the real interest rate r; is given by (A.13) when Cf = C; ; = C*. The central bank targets
a constant price index P*, which it achieves by setting the foreign interest rate according to price-
level targeting rule with the natural rate r} as an intercept, i = r} + ¢ log (P;/P*). In equilibrium,
the foreign nominal and real interest rates are equal, and relate to the discount factor shocks B;
according to
1 B
B* B
The primitive shocks in our economy are the sequence of B;’s. Alternatively, given (A.14), we can
construct this sequence for a given exogenous sequence of foreign interest rates i;’s and the fact

that lim B; = 1, from
B 141
5=T1(15 )

s>t

1+ =1+7r =

(A.14)

so that high B; corresponds to high current or future foreign interest rate i; relative to the steady
state foreign interest rate 1/p*.

A.2 Version of the model with UIP deviations

We consider a version of our model in which we allow for deviations in the UIP condition. In
particular, we assume that mutual funds cannot directly hold positions in foreign bonds. Instead,
there exist foreign intermediaries that can trade in both foreign and domestic bond markets. De-
note the end-of-period positions of these intermediaries by b/. We assume that foreign intermedi-
aries have an imperfectly elastic demand for domestic bonds, that is,

b= 1[0+ (&) - a+i)

Such imperfect elasticity can be microfounded by assuming that there is only a limited number
of foreign intermediaries (of similar measure as the small open economy itself) and that foreign
intermediaries face limited commitment (Gabaix and Maggiori 2015), risk (Itskhoki and Mukhin
2020) or adjustment costs (Alvarez, Atkeson and Kehoe 2009, Fanelli and Straub 2020). These
microfoundations are identical for our purposes.

In addition to foreign intermediaries, we also allow for noise traders with exogenous demand
¢: for domestic bonds as in Gabaix and Maggiori (2015) and Itskhoki and Mukhin (2020). To-
gether, foreign intermediaries and noise traders hold the inverse of the country’s net foreign asset
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position,
bl + & = —nfa

Rearranging, this implies that the UIP condition (13) no longer holds whenever I > 0

The dependence on the NFA in (A.15) captures the idea that the country has to pay a premium
when it is a net borrower nfa; < 0, in terms of a greater interest rate i;. The dependence on ¢;
captures the idea that noise shocks can also move exchange rates.**

In the limit where I' — 0, we recover the UIP condition (13). On the other hand if, as in Itskhoki
and Mukhin (2020), we simultaneously assume I' — 0 but I'¢; /4 0, we obtain a version of (A.15)
with exogenous UIP shocks

(1+1i) (5&) =1+4i; —T¢

t+1

Observe that those shocks enter in exactly the same way as the world interest rate shocks i} that
we introduced in section 2. In that sense, our analysis for i} shocks carries over to exogenous UIP
shocks, by simply redefining i} = if — I'¢;.

We study the effects of endogenous UIP deviations (A.15) with ¢; = 0 in section 5.7.

A.3 Current account identity
Start by aggregating up household budgets in equation (1), using Ee;; = 1,

P, P,
iCFt + Ht CHt + A= (1+7)) Aioq + wiNy

Use the definition of the NFA (17), noting that we can always write the aggregate expost return as

(T+r)Armr = (T4r) A+ (1] — 1) Ay
= (14r—1) (p—1 +nfa;_q) + (rf —r1-1) Apa
= Dt —+ Pt + (1 + rt—]) nfat_l + (Tf — T’t_l) At—l (A16)
to obtain
Pry

7CFt + CHt +pr+nfa; = Dy +pr+ (1+ri1)nfay_q + (! —ri21) A1 + wiNs

Substitute in the value of dividends Dy in (12),

Pry Pr

P *
?Cpt + P, ——Cpqy; +nfa; = ;t (CHt + CHt) + (1 + thl) nfa; 1 + (i’f — i’tfl) Ar_q
t b\ —
EYt
=C;

4 An alternative way to think of noise shocks is as movements in risk premia.
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Hence,

p
nfa; —nfa; 1 = %Yt — Cy+ri_infa;_1 + (rfj — rt,l) A (A.17)
g,_/
NX;
which is the current account identity. Note that we have defined net exports NX; (the trade bal-
ance) in units of the consumer price index, so that

Phy Py

Pr;
NX, = Sy, ¢, = -H
1= M Ct D,

Ciiy =, Cr (A.18)

A.4 Characterizing steady states

Combining the goods market clearing condition (21) with the equations for demand for domestic
goods (5) and (7), and the PCP price-setting condition (8), we see that domestic output is always

given by
-1 i
Y, = (1—a) P} Vo, pq (P} T (A.19)
by &
Combining instead the equations for net exports (A.18) with these same equations, together with
Pry = &, we see that the trade balance is always given by

Py (P L & (ENTT
NXt_szt<gt> C “Pt<Pt> C, (A.20)

We next relate all relative prices in equations (A.19) and (A.20) to the real exchange rate Q; = %
Manipulating the price index equation (3), we see that Q; is related to the relative price of home

goods Py / P through

1

1— T—y
1= [(1 — ) Gﬁf:) ' + aQ}”] (A.21)

Denote by py (Q) the mapping between PTH and Q implicit in equation (A.21). We can also rewrite
(A.21) to relate the real exchange rate Q; to the relative price of home and foreign goods (the terms
of trade) S; = &;/ Py; via

1

S A
Q= [(1@ ((@) ) —I—oc] (A.22)

We let s (Q) denote the mapping between the terms of trade £/ Py and the real exchange rate Q
implicit in this equation.

Taken together, equations (A.19)—(A.22) imply that the level of the real exchange rate Q; and
aggregate domestic spending C; uniquely determine the level of domestic output on the one hand,

Yt = (1—06) (PH (Qt))iﬂ Ct+0¢(S (Qt))fy C* (A23)

and the trade balance on the other,

NX; = apy (Q) (pi; (Q1) " C* —a (Q)' " C, (A.24)
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Steady state.  Consider a steady state of our model, with a constant level of all aggregates
{C,Cu,Cr,Y,A, p D,nfa} and relative real prices {Q, Py/P,W/P,r,i*}, for given constant for-
eign discount factor shocks B and productivity Z. The real UIP condition (16) together with the
foreign Euler equation (A.14) implies that the domestic real interest rate is r = i* = (f*) ' — 1.
Equations (29) and (30) imply that the long-run real wage and dividends are given, respectively,
by

W 1Py, 1
7 = E?Z—EPH(Q)Z
> (1)o7

The asset pricing equation (15) then implies that the domestic stock price is

P:1<1—:{> ru(Q) Z

Households accumulate aggregate assets A so that the steady state net foreign asset position is
nfa=A—-p

where A = AH4 (r,py (Q) Z) is only a function of the steady state real interest rate r and real
income py (Q) Z. Equivalently, their aggregate consumption C must, on the one hand, satisfy

C=C(rpu(Q)2) (A.25)
and on the other hand, satisfy equation (A.17),
r-nfa=-NX=C—-pp(Q)Y (A.26)
Moreover, from (A.23), aggregate output must be
Y=(1-a)(pu(Q)"CHa(py(Q) " C (A.27)

Combining (A.26) with (A.27) implies the steady state net export equation (A.24). Finally, the
wage Phillips curve (18), together with the production function ¥ = ZN, implies that long-run
wage (and price) inflation rate is equal to

_ 1 vY/z) 4 A28
T 1—ﬁ"W<,}w;pH<Q>Zu'<c> ) (29

A steady state in our model is characterized by a 4-tuple (Y, Q, C,nfa) for output, the real ex-
change rate, consumption and the net foreign position, that simultaneously satisfies equations
(A.25), (A.26) and (A.27). A zero-inflation steady state additionally restricts this tuple to satisfy
equation (A.28) with 71, = 0. Hence, there always is a unique no-inflation steady state.

We always start from such a steady state. We pick f* to deliver our target for the real interest
rate 7, and normalize C* = Q = 1 so that all relative prices are 1. Then, equation (A.26) implies



that C = Y + rnfa, while equation (A.27) implies that Y = (1 — a) C + a, so that

1—
Y =1+

“'r-nfa and Czl—i—%-r'nfa (A.29)

We finally set Z = 1 and solve for the scaling parameter in labor disutility v’ such that equation
(A.28) holds for these values of Y and C, given our choice for 1, jt, and the initial steady state nfa.
In our baseline calibration we set nfa = 0, so that these normalizations imply Y = C = 1.

Unique steady state with Q = 1. After transitory monetary policy or foreign interest rate
shocks, the model always returns to a steady state. There is a one-dimensional set of such steady
states, characterized by the 4-tuples (Y, Q, C,nfa) such that (A.25), (A.26) and (A.27) simultane-
ously hold. The unique steady state with Q = 1 is therefore the initial steady state, which in our
baseline features Y = C = 1 and nfa = 0.

A.5 Representative-agent complete-market model

In the representative-agent complete markets model, all agents can buy and sell Arrow-Debreu
securities for each aggregate state s’ and in each country. From an “ex-ante” perspective, before
any realization of shocks, the domestic agents maximizes

ZZPr )B' {u (Ct) — v (Ny)} (A.30)

=0 st

where C; is the consumption basket in (2), subject to the sequence of budget constraints at each ¢,

PCr+ Y My (S141) Biga (se41) + & ) Miyyq (si41) Biyq (st41) < WieN¢ + Dy + By + EB;

St4+1 St+1

where Byy1 (s111) denotes holdings of domestic Arrow securities, paying a unit of domestic cur-
rency in state s; 1, B} 1 (s¢+1) denotes holdings of foreign Arrow securities paying a unit of foreign
currency in that state, and M; ;11 (s4+1) (respectively M, (s;+1)) denotes the domestic-currency
(respectively foreign-currency) price at time t of these securities. The first order conditions for the
choices of By, are

C Ry
B < c. 1) ( Pt;) = Misis (A31)
and those for the choices of B} ; imply
Cri1 > - < Py ) x (5t+1>
=M — A.32
IB ( Ct Pt+l tt+1 gt ( )

Combining these two equations implies the standard equilibrium condition linking Arrow-Debreu
state prices in different countries and exchange rates,

Erv1
*
M1 =My
&
In particular, since 1+

1
7 = Y Meta (st+1) and jew i Yoris Miiiq (st+1), we recover the UIP
condition (13).
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The foreign agent maximizes its utility function (A.12) subject to the budget constraint

PICE+ ) My (Se41) By (Se41) + & g, Z Myi1 (St41) Bega (se1) < WiN{ + Dy + g, -+ B/
St+1 St+1
That agent’s first order conditions for the choices of B;; are
« B <C?+1>_U( Py > <5t+1>
— =M — A.33
p B, C P b | g, ( )
with a similar equation for the choice of B/, ;. Combining (A.31) and (A.33) we obtain
8 <5t+1> (Ctﬂ)_g < Dy > _ ’B*Btﬂ (C;Fil>a < I:* > (A.34)
& Ci Piq B \ ¢ Piy
Stationarity requires that the discount factors of of both agents are equal, § = B*. Since, in addi-

tion, P = P/ ; = 1and Cf = C{; = C*, we can rewrite equation (A.34) as

B <Qt+1> <Ct+1)a 9
By Qs Ci
This equation holds in every state s', hence, we obtain the Backus-Smith condition modified for
discount factor shocks,

—C,; 7 =cst=Cy"

where the last line follows from the fact that B_; = Q_; = 1. This is equation (23).
Finally, taking the sum of (A.31) across all states, using ﬁlt =Yy Mirs (st4+1) and the Fisher

equation 1}r 7 PH L = 141 7., we recover the Euler equation
C 7 =p+n)CY
which is equation (24).

Steady states.  Steady states in this model are characterized by 4-tuples (Y, Q,C,nfa) that
satisfy the same equations (A.26) and (A.27) as in the representative-agent model, while equation
(A.25) is replaced by the steady state version of equation (23),

As in section A 4, there is a unique steady state with Q = 1, and this is the initial steady state.

Equivalence to Gali-Monacelli.  Here, we log -linearize the equilibrium conditions in the
spirit of Gali and Monacelli (2005). Denote b; = d log B0t = d log o = d log Q ,ep=d log
and so on, for log deviations of aggregate variables from their steady state. The equatlon for the
price index (3) log-linearizes as

pr = apr+ (1 —a) pa
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so, using that pr; = e; and q; = e; — p;, we obtain

%

PHt — Pt = — 1— lxl]t (A.35)
in particular, the difference between PPI inflation 7wy = pu: — pre—1 and CPI inflation ; =
pt — pi—1 is given by

x
e — 7t = ———Aq; (A.36)

1—uw
where Aq; = q; — g¢—1. Log-linearizing the demand equation (26), we have

o 1
vi=(1—uw) <771_Dﬂt+€t> +D¢’)’1_Dﬂt

and using (A.35), together with the definition of x in (9), we find that output is

yr=7 A-—a)y+7|qa+1-a)c (A.37)
-0 | ~——
X

Log-linearizing the Euler equation (24), we obtain

1
Ct=Cr1— (it — 741 — P) (A.38)

where p = — log B, while the log-linearized Backus-Smith condition (23) reads

Ct = % (qr —by) (A.39)

Finally, to derive the Phillips curve, combine equations (18) and (11) to obtain that g, = 7y,
with
o' (Nt) )
THt = Kp | 35— — 1| + BtHi1
( @)

_Z Py u'(C)
Hpw P 0'(N)

Log-linearizing around the steady state with zero inflation so that = 1, this results in

Tt = Ko (@1t +0C = (PHe — Pr)) + Brieia
Combining this equation with production (10),
Ye =1y
and the expression for the relative price of home goods in (A.35), we obtain

o

TTH: = Ky <(pyt +ocy + qt> + BTtHi+1 (A.40)

11—«

This is exactly equations (32) and (33) in Gali-Monacelli (since we do not consider productivity or
foreign spending shocks, and the terms of trade in their notationis s; = e; — put = gt + pr — prr =
gt + g1 = ;). In particular there was no loss of generality in considering sticky wages rather
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than sticky prices. The equivalence between the slopes of the Phillips curves obtains provided that

we set . 0 (1_8
i = _ﬁ29< —f) (A41)
where 6 is the Calvo probability of keeping a domestic price fixed in Gali-Monacelli.

Equations (A.36), (A.37), (A.38), (A.39), and (A.40), characterize the log-linear model, deliver-
ing 71, 7THt, Y1, Ct, ¢ @s a function of the foreign preference shock b; for a given monetary policy
rule for ;.

Reduced-form two-equation system. To see the connection with the equations derived
in Gali and Monacelli (2005), observe that we can use the Backus-Smith condition (A.39) and
the market clearing condition (A.37) to solve for ¢; and g; as a function of y; and the exogenous

variable bt. This gives us
( - ) ( t ) ( t )
1—w =X qt Yi

which can be inverted to read

Ct —%lbﬂrlyt >
= (1-— a l-a 0o o
<qt) (1-a)e ( %bﬁ—yt

where we have defined, as in in Gali-Monacelli,

O with w=o0x— (1 —«)

El—oH—ozcu

This implies that

oc +

14 14
g = o (y— Swbr) (A42)

Since substituting (A.36) into the Euler equation (A.38) implies
! ,
oAct1 + EA%H = (it — THi+1 — P)
we have, using (A.42), that
. o,
Oalyri1 = it = sy — P+ &~ wWAby (A.43)
Next, substituting (A.42) into (A.40), the Phillips curve is
o,
TTHt = Ky (((p + 0w) yr — uc;“tdh) + BrtHi+1

Under flexible wages, output solves

Ou
(9 +00) yi' = a—why (A.44)
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hence, the Phillips curve is

e = Ko (@ + 0x) (Ve — Y}) + BTHi+ (A.45)

which is exactly equation (36) in Gali and Monacelli (2005) augmented to include foreign discount
factor shocks, which affect the natural output level y} according to (A.44). Finally, equation (A.43)
implies that, defining the natural real interest rate as

of
1P =p 4 0uAyl g — zx;”‘wAbe (A.46)
the Euler equation reads

Ay = oyt (i — s — 1) (A.47)

which is the counterpart of equation (37) in Gali and Monacelli (2005), where the natural PPI-based
real rate of interest is affected by foreign discount factor shocks per equation (A.44).

A.6 Representative-agent incomplete-market model

In the incomplete-market representative-agent model (henceforth “RA-IM”), the domestic agent
again maximizes the utility function (A.30), but now only has access to nominal bonds in both
countries that cannot be indexed to aggregate shocks. As in the main text, we appeal to certainty
equivalence for small shocks and solve this model from an ex-post perspective. Then, the repre-
sentative agent solves

i B {1 (C) — v (N}

where C; is the consumption basket in (2), subject to the sequence of budget constraints

1
P Cy + 174 ——Bi1 + 5t Bt+1 < WiN; + Dy + By + &:Bf

with initial portfolio By = B; = 0. Optimality immediately implies the UIP condition (13). Defin-
. Bt+£f Bi+&Bf
ing real wealth as a; = 5, we then have

1 Py Wt Dy

Ce —Ni+ —
+1+tPt a1 < B t+P+ﬂt
using the Fisher equation (14), this rewrites as
1 W
C,e—f—l+ apy1 < ftNt—i-f—i-ﬂt

Iterating on this equation, which clearly holds with equality, starting from a9 = 0 delivers the
country’s present value budget constraint,

Y 4sCs —qu( Dj)

s>0 5>0

where g5 = T}~ 101 T . Finally, using (29) and (30), we obtain the incomplete-market present value

budget constraint, statmg that the present value of the country’s consumption must be equal to
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the present value of its real income,

P
Z 3:Cs = Z qs By, (A.48)

s>0 s>0
The first order condition for the choice of consumption delivers the standard Euler equation (24),

and combining the usual equations we obtain the real UIP condition (16).

Steady states. In this model, a steady state is characterized by a 4-tuple (Y, Q,C, nfa) that
simultaneously satisfies equations (A.23) and (22), together with a long-run equation for the nfa,

1
nfa = lim Py (Z())q pH (Qs) Ys — G )) (A49)
where, from (24),
1
1+7rs\ ¢
Cs = ( ) C (A.50)
s g /B
and, from (16),
14
Qs = ( S> Q (A.51)
g 1+7s

Hence, thenfa depends on the entire sequence of shocks, contrary what happens to the HA model.
This reflects the non-stationarity of the model. There is still a unique equilibrium with Q = 1, but
in contrast to the HA and complete market models, in general the long level of (Y, C,nfa) differs
from the initial steady state.

A.7 Two-agent complete-market model

For the two-agent complete-market model (henceforth “TA model”), we assume that the house-
hold side of the model consists of a share 1 — A of agents with unfettered access to financial mar-
kets, denoted by superscript u (for “unconstrained”), and a share A of agents without any access
to financial markets, denoted by superscript c (for “constrained”).

The consumption behavior of unconstrained agents is determined just like the behavior of the
representative agent in section A.5. We again take an “ex-ante” perspective, before any realization
of shocks. Unconstrained agents solve

max ZZPr /3 {u(cf) —v(N{)}

=0 st

subject to the sequence of budget constraints

Pic{ + ) Misia (Se41) Bran (se41) +E ) Mipiq (Se41) By (5041) < WiNY' + Dy + By + &, B}

St+1 St+1

As in section A.5, this determines consumption of unconstrained agents according to the Backus-

Smith condition (23), that is

—o Bt
Qs

(ci) ™" = (c) (A.52)
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where c;; denotes steady state consumption of unconstrained agents, as well as the Euler equation,
(cf)™" =B (147 (cir)™” (A.53)
Constrained agents do not have access to financial markets. Following similar notation, they solve

max ti:)ﬂt {u(ci) —o(Np)}

subject to
Ptcf < WtNtC

This pins down their consumption bundle as

W
¢f = —LNF (A.54)
Py
Aggregate consumption is given by
Ci=(1—=A)c{ + Act

We assume the same equal rationing among the two types of agents that we assume among het-
erogeneous agents in our heterogeneous agent model of section 2. Thus,

NI = Nf = N,

This implies that steady state consumption for the two agents is given by

1 W, 1—p ! 1
L= S Dyt ~SNg = -
Cas A=t p T Ty
W, 1
Cgs = fs:Nss:ﬁ

B Proofs

B.1 Proof of proposition 1

Linearizing the goods market clearing condition (26) around the steady state withC =Y = Q =
Pg=Pr=& =1,wefind

dYy=(1—a) (=) (dPur — dPt) + a (=) (dPur — d&) + (1 — o) dC; (A.55)

Linearizing the equation defining the CPI (3), we have dP; = (1 — «) dPy; + ad&;. Linearizing the
equation defining the real exchange rate (6), we have dQ; = d&; — dP;. Combining, we find
dpt — (ngt 14

APy = ——————— = dP;, —
Ht 11—« 1

dQ; (A.56)
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Substituting (A.56) into (A.55), we find

dYt = (XT]th —+ ﬁ’)’th + (1 — 06) dCt

= 12 (7 (1 —a) +7)dQ: + (1 — &) dC;
- %ngt +(1—a)dC (A.57)

where y is defined in (9). Finally, in the representative-agent model, we know from the Backus-
Smith condition and the assumption that Q. = 1 that dC; = 0. This delivers equation (28).

B.2 Proof of propositions 2 and 3

In this section, we derive the “international Keynesian Cross” in its general form (38), which nests
(32), allowing for shocks to foreign and domestic interest rates, di; and dr;.

To derive (38), we start from substituting the domestic and foreign demand equations (5) and
(7) into the goods market clearing condition (21), using the price-setting equation for home goods
abroad (8), and aggregating up,

—7 —e
Y, = (1—a) (ﬁ’jtf) Cy <{r§,rs,VI§ZSNS}) +a (1);:) c* (A.58)

In (A.58), we have made explicit the fact that aggregate demand for consumption C; depends only
on the initial ex-post return r}, reflecting valuation effects, the time path of real interest rates r; for
s > 0 set by monetary policy (since, by (15), r/ 41 = rtforall t > 1), and the path of real wages
wsN; for s > 0. We denote this general “consumption function” by C;. Note that C; here is a more
general object compared to our usage in Section 3.2.%°

Substituting these mappings into (A.58) and using the value of real labor income in (29), we
have

Yo= (1—a) (p (Q) "€ ({ré’,rs,;mf Q) Y}) Fa(ph (@) °C (A59)

Moreover, the valuation equation for assets, combined with (12), implies that share prices are

_ Diyr+pi1r 1
pr = s - PDV ({rs, (1 y) pr (Qs) YS}> (A.60)

so that the initial revaluation rg also only depends on the path of 75, Qs, and Y;.
We next differentiate (A.59) around the steady state with C = C* = Y = 1, and use the fact

that (A.21) and (A.22) respectively imply % = — ﬁ% and % = —ﬁ% to find

1
dY = (1—a) (qlf[XdQ+cvdrg+c,dr+cyy <dY— 1f“dg>> + —7edQ

where Cy is the Jacobian of aggregate consumption with respect to the path of output Y;, C, is the
Jacobian of aggregate consumption with respect to real interest rates rs, C, is the column vector

45For details on why a function C; exists, see Auclert, Rognlie and Straub (2018).
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representing the increased spending from revaluation r}, and from (A.60) we have

dro = Jldr + (1—) ]d< )

where J;, J; are the Jacobians of the present discounted value with respect to the discount rate r
and dividends, respectively.“® Substituting in these valuation effects, we have

4 ! 1 /
+(1-a)(-(1-=)Cy ~dQ + Codr + Cy
( M( ( u) Jig Qo Yu<

a
+1 — a’yedQ

Hence

Y = (1—a)(C+CJ)dr +oc<11+>dQ

intertemporal subst. + valuation

Expenditure switching

1 1 ' 1 1 /
—u <ycy + (1 - H) Cvld) dQ+(1-a) <VCY + (1 - H) Cvld) aY

real income Multiplier effect

1 1
-C —I—(l—)C]’
u Y i vld

for the overall Jacobian of spending with respect to income Y. In the notation of section 3.2, M
corresponds to the Jacobian of C; with respect to {)s}. Also, define

We next define

M

M =C, + Cv];

for the overall Jacobian of consumption to interest rates r. Using the expression for the trade
elasticity in (9), we have that

A= (1—a)Mdr + - a xQ  — @M dQ+ (1-a)M dY (A.61)
N~—_————— — ~~~ ————
int. subst + valuation S~ real income Multiplier effect

D+F expenditure switching

where the response of the real exchange rate is given by

10 =Y dir — dr,

i (A.62)
= (1+r)s t+1

Equation (A.61) is the international Keynesian cross. It is a fixed point equation for the sequence
of output changes dY. The Jacobians M" and M are infinite-dimensional matrices. By construction

2 2
#6These have the simple expressions J/;, = % (1 1—10—7 (ﬁ) . ) and J, = — (1}# (%H) X )
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M'dr has finite elements. We have assumed (and numerically verified) that M is positive. Since
the columns of M have a present value of 1, this implies that MdY are finite for any present-value
summable Y since

IMAY| < M|dY| < ¢M[dY| < q|dY| < Y (1 +7) 7" |dY| < o0
t=0

where we defined q = ((1+7)" . A similar argument establishes that MdQ has finite ele-
9 £>0 &

ments. Thus, (A.61) is well-defined.
Let
G=(I-(1-a)M) '=14+(1-a)M+(1—a)’M>+--- (A.63)

which is a well-defined infinite-dimensional, non-negative, bounded matrix (as M is non-negative
and bounded). Then, the unique bounded solution to (A.61) must satisfy

Y = (I—(l—zx)M)_l-{(1—04)Mrdr—|—oc(&I—M)dQ} (A.64)

— (1—a)GM'dr+ zx%GdQ — aGMdQ

B.3 Proof of propositions 4 and 5

Proof of proposition 4. We start with the solution to the international Keynesian cross (A.64). With-
out monetary policy shocks, dr = 0, we can rewrite the solution as

o

Y =
d 11—«

G (xI— (1—a)M)dQ

which simplifies to
b
aY =
1—w
where the first term is just the output response in the complete-market RA model when x = 1.
Equation (A.65) immediately proves the neutrality result for x = 1. The ranking for x = 1 for
depreciations dQ > 0 follows from the non-negativity of G (which itself is a consequence of the
non-negativity of M, see our discussion around (A.63)). The ranking for appreciations dQ < 0 is
flipped.
To obtain the equation for the trade balance (34), we linearize equation (A.24), obtaining

dQ + 1:;4 (x — 1) GdQ (A.65)

ANX; =« <—1iath + 1jath> —a((1—n)dQ;+dCy)

Here, we used the facts that dpy; = —12,dQ; and dpj;, = —ﬁth. Simplifying, we find

o
dNXt = ﬁ (X - 1) th — adCt

which is (34). O

Proof of proposition 5. To derive the result on present values, denoted by PV(-), we first point out
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that the columns of M each have a present value of 1, so that
PV(MdQ) = PV (dQ)

A direct consequence is that

PV(GdQ) = L PV(dQ)

Using this result in conjunction with (A.65), we find

—(1-—
PV(dY) = Xl(_a“)PV(dQ)
This shows that PV (dY) < 0 in response to a depreciation dQ; > 0 (with strict inequality in at
least a single period).
When is dYp < 0, i.e. the output response to the depreciation is contractionary on impact?
Again, building on (A.65), we find

o

dYo = 1=

o [o0]
adQO + 1-x (x—1) t;OGO,tth

The threshold x* for x below which dYj is negative can simply be determined to be

dQo
* — 1 _ ———
X Yieo Goid Qs
To bound this threshold, we can use (A.63) to find that
Y GoudQr > GopdQo > (1— (1 —a) M) " dQo
t=0

Thus,
X* > (1—a)Mop

B.4 Dollar currency pricing

In this section, we derive (36). Consider a one-time depreciation dQy. This affects real income in
period s by

Py, o
d< lf YS> = — L=y dQo + dY;

The effects on labor income is then simply

WS . 1 PHs _ o 1 1

while the effect on dividends (12) is given by

b 1 1 x
dDg = —1 — lxl{szo} <1 — }1) dQo + (1 - V) dYs + ml{szo}dQO
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where the last term captures increased markups on exports that emerge with DCP. Following the
steps in section B.2, we see that, by definition of M;, the total date-0 consumption response to
{dY;} is given by Y s~ Mo,sdYs.

To obtain the date-0 consumption response to dQy (the real income channel at date 0), denote
by MPC; agent i’s date-0 MPC out of a transitory date-0 transfer. Note that agent i’s exposure to
dQo depends on its initial income state e;y (its share of labor income) and initial share of wealth
20 multiplied by the aggregate changes in labor income and dividends respectively. We collect

Ags”
these terms in an object we call net exchange rate exposure NXE;,

« a1« 1 « <ai0 e->-1 «

NXE, = %0 2 & .1 % _
1—w T A pl—w cio pl—a

The total date-0 consumption response is then

44
dCy = —IE[MPC; - NXE;] -dQo + S;)Mo,des

Observe that net exchange rate exposures average to zero, E[NXE;] = 0, so that E [MPC; - NXE;] =
Cov (MPC;, NXE;). Substituting dCy into the linearized goods market clearing condition (A.57),
we find (36).

B.5 Proof of proposition 6

Proof of the non-linear neutrality result for 1 = v = 1. We start by proving the neutrality result non-
linearly. To do so, we state an important property that comes out of the closed economy result
in Werning (2015) based on its proof in Appendix A of Auclert, Rognlie and Straub (2020). The
consumption function that we introduce in Section 4, C; = C; (1, J;), where we abbreviate real
income by )y = PTTYt, has the following property,

C ({ro Vs}) = Vi - G ({(1+rs) - yﬁl —1,1}) (A.66)

In particular, this implies that if an aggregate Euler equation relationship between ) and r; holds,
that is, i = firr; . y%ﬂ, this simplifies to

Ct ({rs/ ys}) = yt : Css (A67)

where Css = C; (755,1) denotes steady state consumption (normalized to 1 in our model).

With this in mind, we now prove the non-linear equivalence result with 7 = ¢ = 1, that is,
Y; = YR4 in response to an arbitrary monetary policy shock {r;}. We begin by deriving CR4, YRA
and the path of aggregate real income Y4 = %”YtRA in the RA model.

Since we are considering the Cole-Obstfeld case 7 = 1, the CPI (3) is

P = it

and the real exchange rate (6) is

oG ()
‘TP Pl Ex Py
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In particular, the relative price of home goods in units of the CPI is

14
Prr _ % — <PHf> — (Qt)iﬁ
Py Py tEr &

Home output is therefore given by
o 1
YR = (1 —a) QF*Cr +aQ" (A.68)

Observe that if the Backus-Smith condition CR4 = Q; holds, then (A.68) implies that aggregate
real income is simply given by

PH -
P= o = = o (A.69)

Moreover, aggregate consumption satisfies the Euler equation (24),

1 1+ Tt 1

= A.70

CFA = 141, CRA (A70)

Combining (A.69) and (A.70), we see that thA satisfies the same Euler equation,

1 1+7r 1

= (A.71)

tR A 1475 Y tliﬁ
To verify that YR4, Y4, CRA are identical in the HA model, we need to show that
C =0 ({rs,yff‘}) — CRA (A.72)

But (A.72) follows directly from property (A.66) of the consumption function, which simplifies to
(A.67) here given (A.71). Since the other aggregate equations of the model are the same, the result
holds under any monetary policy rule and applies to all aggregate prices and quantities. This
concludes our proof. O

Proof to first-order for general 17,y such that (1 — «) y + v = 2 — a. We proceed in two steps. First we
prove a helpful lemma.

Lemma 1. For our heterogeneous-agent model with o = 1, we have that
M=—-(I-M)U (A.73)

Proof to lemma 1. This result is the differential version of (A.66). To see this, construct, for any
given path {r;} a path of real income {);} defined recursively by

To first order, this equation implies that

dYy = —Udr (A.74)
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where

111
011
U=| 9 01 (A.75)
Now we linearize (A.66). We find
dC=M'dr+MdY =dY
Substituting d) with (A.74), this can be restated as
M'dr — MUdr = —Udr
As this holds for an arbitrary path dr, we find
M —MU = -U
which is equivalent to (A.73). O

We use lemma 1 to restate the generalized Keynesian cross (38), now with arbitrary #, y as
dY = <1f“7(+1—zx) dQ — MdQ + (1 — &) MdY (A.76)

where dQ continues to be given by (A.62) as the implied real exchange rate response to the mon-
etary policy shock. Solving (A.76) as in section B.2, we find

dY = dY* + 4G (x — (2—«))dQ

Following the same steps as in section B.3, this allows us to sign the magnitude of the output
response relative to the RA solution. For example, in response to monetary easing, inducing an
exchange rate depreciation dQ > 0, a value x < 2 — a results in an output response dY that lies
below the RA model’s output response. ]

B.6 Proof of proposition 7

Proof. If the economy starts with an NFA dNFA, the consolidated household budget constraint
implies that
PV(dC) = —dANFA + PV (dY) (A.77)

Moreover, from section B.2, we know that when 4Q = 0 in the international Keynesian cross, we
simply obtain

dY =(1—a)dC (A.78)
Combining (A.77) and (A.78) yields
PV(C) = —%dNFA
PY@Y) = -1 . *INFA
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which is the desired result. O

Proof. We also prove the statement here, that the present value of the output response to monetary
policy is negative whenever x < 1 — a. To do so, consider equation (A.76) and take present values
on both sides. Since M preserves present values, we find

— (-4

PV(dY) = (&X tl-a— 1> PV(dQ) + (1 —a) PV(dY) = & : PV(dQ)

This shows that the present value is negative, due to “stealing demand from the future”, whenever
x<1l-—a. O

B.7 Representative-agent incomplete-market (RA-IM) model

The RA-IM model is a special case of the derivations in appendices B.2-B.5, with specific M and
M’. To derive the two matrices in this case, note first that a representative agent spends any
marginal increase in the present value of its income stream by increasing consumption equally in
all periods. That is, the Jacobians of consumption with respect to labor income Cy and ex-post
returns C, are given by

1=h (-pp (-pp - =
= 1-p 1-p)p 1-P)F - C=Al1-p

Since total steady state wealth is given by A = % and J), = % (1BB* ---), wehave that

and therefore that
M=Cy=(1-8)-1q

where we use q = ((1 + r)it)po = (lBt)tZO as in appendix B.2. Observe that q'1 = (1 — ,8)71,

which is why M is idempotent in the RA-IM model, that is, M?> = M. From (A.63), we can then

explicitly compute

11—«

G=I+ M

To derive the matrix M’, observe that by the Euler equation (24), the consumption response to
small interest rate changes dr; is given by

1
4C; = dCoy — Ly 75
asztl+r

where, due to a zero NFA, the consumption response at infinity dCy is pinned down by the re-
quirement that the present value of dC; adds to 0, and so

ad 1 dr
dCq = (1-p8)B°= >
s;) B ﬁasZtl%—r
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In matrix notation, we can then write

1
dC = —— (1-M)Udr
N—_————
=M’
where U is given by (A.75) as before. When ¢ = 1, this is a special case of (A.73).
The solution (A.64) to the international Keynesian cross is then given by

qY = —(1—@}7(1—1\4) Udr + ——xdQ + (x — 1) MdQ (A.79)

Exchange rate shocks. Directly from (A.79), we obtain the following two results without mon-
etary policy shocks, dr; = 0. First, when x = 1, the output response reduces to the RA solution
(28). This is an incarnation of our general neutrality result in proposition 4. When x # 1, the
RA-IM model has a non-trivial consumption response

(1-a)dC=(x—-1)MdQ = (1-p)(x—1)1q'dQ

which accounts for the difference to our benchmark RA-CM model.
Second, when dQ; is decreasing towards zero, with AR(1) persistence p € (0,1), the entire
output response dY; is negative whenever

1
X<(l—a) ———=x
1—1—0(,8}_—2

*

This is a special case of proposition 5. The threshold x* lies below 1 — &, potentially by a lot given
that standard quarterly calibrations for p are in the neighborhood of 0.85, while calibrations for
are in the neighborhood of 0.99. For our baseline calibration,

X'~ 0.14- (1 —a) = 0.057

This implies that contractionary depreciations are much less likely to be obtained in a RA-IM
model than in a HA model.

Monetary policy shocks. When there are only monetary policy shocks, i.e. dQ; = — Y >, fl—@,
the solution simplifies to
=1 ao+ 1 (ax-@-w)+ -0 (2-1))dQ+ (x-1-(1-a)1)maQ
o 1l—u 11—« X o X o

which immediately shows that, if c = 1 and x = 2 — &, the solution collapses to the RA-CM
model’s solution, in line with our general result in proposition 6. More generally, neutrality is
achieved if y = 1+ X,

B.8 Two agent complete-markets (TA) model

Here we analytically derive the solution to the two-agent complete-market model, and show how
it fits into the general framework of the paper with a particular diagonal M matrix.
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We start from equation (A.57), which holds in any model. To obtain dC;, observe that from

(A.53), we have
1

dc} = ——c¥ (A.80)
g o S; 1+7r

From (A.54), we find that

Wt 1 PHt 1 14
c _ — — — | —
dCt =d < Pt Nt) = Vd < Pt Yt> i < 1— “th + dYt> (A81)

where we have used (A.56). This implies

AN 1 drs A o
= (1 2) L e A (g

Substituting dC; into (A.57), we arrive at

B AN 1 drs % A A
dYp = —(1—-a) (1 - y> ;s; R — —aﬁdgt +(1—a) ﬁde (A.82)
Solving (A.82) for dY;, we find that
-0 an e -0
dy, = — L= + le} (A.83)
1-(1-a)y o1+ 1_“1_(1_“)ﬁ

Here, the factor 1/ (1 —(1-a) %) is the Keynesian multiplier that hand-to-mouth agents induce,

see Bilbiie (2020) and Auclert, Rognlie and Straub (2018) for similar multipliers in the context of
fiscal policy. We now use equation (A.83) to derive analytically the response of the two agent
model to exchange rate shocks and monetary policy shocks.

Exchange rate shocks. For exchange rate shocks, dr; = 0. Equation ((A.82)) is then a special
case of equation (32), with M = ﬁl. Hence, proposition (2) holds with that M matrix. Comparing
(33) with (A.83), we see that Proposition (3) also holds (here, M > 0iff A > 0).

Moreover, observe from (A.83) that, when x = 1, the value of A/ is irrelevant: the fraction
x—(1-a)
1-(1-a)p
partial with respect to x and A/u is positive, implying that for x > 1, the TA model’s output
response lies above the RA model’s, while the opposite is true for x < 1. Hence, Proposition 4
holds.

Finally, in response to a depreciation dQ; > 0, the entire output response dY; is negative for
values of x below (1 — &) % This shows that Proposition 5 holds, with x* = (1 — «) % 47

We illustrate both of these results in figure A.1. We choose A/ = 0.384 to match the quarterly
MPC of our baseline model. The red dash-dotted line with x = 1 illustrates the neutrality result:
the output responses are identical across the TA and HA models. For lower values of x, the TA
model also generates a contraction, albeit a significantly more modest one than the HA model.

collapses to 1, and we obtain the RA solution dY; = %.dQ; for any A/u. The cross-

47Note that the result in proposition 5 on the present value turning negative for y < 1 — a does not carry
over to the TA model, due to the presence of complete markets between unconstrained agents and the rest
of the world.
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Figure A.1: Output effect of exchange rate shocks by x
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Note: impulse response in the TA and HA models to the shock to i} displayed in Figure 1. The share of
constrained agents in the TA model A is calibrated to match the quarterly MPC of the HA model.

The intuition for this is that M = 2T and hence misses all the off-diagonal entries that populate
the intertemporal MPC matrix of the HA model.

Monetary policy shocks.  With ¢ = 1, but allowing for monetary policy shocks, equation
(A.82) is a special case of (38), with M = %I and

Mr:—(I—M)U:—<1—2>U (A.84)

where U is defined in (A.75) the triangular matrix with 1’s above and on the diagonal, and zeros
elsewhere. Observe that (A.84) is a special case of our general result in (A.73).

When there are only monetary policy shocks, i.e. dQ; = — Y i~ fl—_@, the solution simplifies to
1 a(x—2-a)+1-a?(E-1)(1-2) ir.

dy, = — 1+ 5 Y. (A.85)
1-w 1-(1-a)y S+

When o = 1 and x = 2 — «, the big fraction collapses to 0, and we obtain the RA model’s output
response, irrespective of A/u. This is a special case of the neutrality result in proposition 6. The
cross-partial with respect to x and A/yu is positive again (for accommodative monetary policy
shocks), so that for y > 2 — a, the TA model’s output response lies above the RA model’s, in line
with our general result in proposition 6.

We can also say what happens for ¢ # 1 in (A.85). When x = 2 — &, and ¢ > 1, the neutrality
result fails in that the output response rises in the income share of constrained agents A/u. The
opposite holds for ¢ < 1. One can also derive a c-dependent neutrality threshold, for which dY;

is independent of A/, namely
1
=1 1—w)—
x=1+1-a)
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In the special case of ¢ = 1, this collapses to x = 2 — a.

B.9 Taylor rules

In this section, we explore how the HA and RA models respond to shocks when the central bank
follows a Taylor rule, as in (20), rather than the real interest rate rule (19). We first revisit the neu-
trality results for exchange rate depreciations and monetary policy, and then consider the response
to productivity shocks as well.

Exchange rate depreciations. A depreciation dQ; > 0, di; > 0, affects the demand for home goods
and thus PPl inflation 7ty = 714 through the Phillips curve (18). CPI inflation is then determined
by

e = e+ 1 (dQi — dQi1) (A.86)

and the real interest rate path by

o
11—«

dry = diy — 741 = GTTHr — TTHE1 — (th+1 - th) (A.87)
As the Phillips curve involves endogenous variables, that themselves depend on dr, this situation
is significantly less tractable than the case with a fixed real interest rate. Still, we can make progress
by focusing on AR(1) shocks to i}, with some fixed persistence p € (0,1). We show below that, in
this case, there still exists a threshold value for y;,

1+ Co
1+ (p+0)

_ Ko (@—p)
cUmeb = a a7
for which the responses of all aggregate variables, such as output, employment, and consumption
are independent of M, and hence the same for the RA and the HA model.*8

Monetary policy shocks. The path of real rates is now no longer just a function of the path of
monetary policy shocks €;; it also depends on the response of inflation, and thereby also on the
endogenous response of aggregate variables. However, the international Keynesian cross (38) still
holds, and thus, for x = 2 — a, the response of aggregates to the shock is still independent of M
conditional on a given real interest rate path. This is why our neutrality result for monetary policy
goes through unchanged for the Taylor rule (20).

Productivity shocks. The exact same logic applies to the case of productivity shocks Z;. Those
shocks affect home prices according to Py; = uW;/Z;. This causes shifts in wage inflation via the
Phillips curve (18) and thus shifts in real interest rates via (A.87). Since the responses in RA and
HA models to changes in real interest rates are still identical when ¥ = 2 — «, the responses to
productivity shocks in both models are also identical for this choice of x.

x=1—u

Proof of the result on exchange rate depreciations with a Taylor rule. We focus on AR(1)
shocks here, such that dQ; = pdQ;_; for some p € (0,1). The output response with a Taylor rule
is determined by the following system of equations. The first is the international Keynesian cross

(38),
X
1—u«

dY=—(1—a)(I-M)Udr+a dQ — aMdQ + (1 — ) MdY (A.88)

“8The response is also the same in the incomplete markets RA and the TA model.
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simplified using (A.73). The second is the Phillips curve for wage inflation (18), in linearized terms
given by
TTwt = Ky (Q)dNt + U'dCt) + ﬁﬂ'wt+1 (A89)

The third is the determination of the real interest rate through the Taylor rule (A.87),

o
11—«

dry = diy — 71 = QT — Typpy1 — (dQi11 —dQy) (A.90)

and the forth is the determination of the real exchange rate as
diy —dr
Q=Y —=——= A91
Qs S; s (A91)

We guess and verify that all variables are exponentially decaying with the same persistence p.
In this case,

dr =k - di*
with an unknown k = g—%’. From (A.91), we then get that
40— (i —dr =1y (A.92)
T i )= 5 r .

So we can rewrite (A.88) as

_ X k k
dy = (le_a—(1—zx)1_k>dQ—M<a—(1—a)l_k)dQ+(1—u¢)MdY (A.93)

Rearranging,

dY—((x X —(1—&)k)dQ:(1—0¢)M<dY—a_(1_“)lfde>

1—« 1—k 1—«

we see that the solution is independent of M precisely if and only if

which is equivalent to

For k = 0, we recover neutrality at x = 1. For k — oo, the monetary response dominates the
output response, so the threshold converges to x — 2 — a. In case the neutrality result holds, the

output response is given by
« k
aY = (1—zx_1—k>dQ

Given the linear production function, this is equivalent to the employment response, AN = 4Y.
The aggregate consumption response is




Substituting these formulas into the linearized wage Phillips curve (A.89), we find that

1 1 o k k
Tt = 1—,3PKw((pdNt+0dCt>_WKw <(P<1—¢x—1—k) —01_k>th

and therefore that

[0 o k k o
dars = {1_@)’% (4’<1_a‘1_k> _01—k>+1—a(1_p)}dgt

Comparing this with (A.92), we find an equation for k/ (1 — k),

(1_‘))12 (PﬁF:o <(P<1iuc_1ﬁk>_Ulﬁk>+1fzx(l_p)

We solve this equation for k/ (1 — k)

P Al 4 k p—p L
<1 1_'8p1cw(g0+a)>1_k [3 +1_a(1 0)
IR 4 ke L 9P
(1-r fgpmtoro) 5 = 1 a< = ger)
KW 1+%¢

(
1—k 1—a 1_|_ ) (CP—HT)

Note that the solution lies in k € (0,«). The neutrahty threshold is then given by

(
)

X = 1 —
] Kw((,b_
+ (17

Kuw(9—p)
T mm? g0
£ ’

1
p)(1—Pp) 9+0)
C Quantitative model details

C.1 Non-homothetic demand

The Bellman equation (1) that incorporates the preferences in (39) reads

_ _ /(1-1)
Vi(a,e) = maxu ([0&1/’7 (cr —Q)(’7 Vi (1-— oc)l/ﬂ Cgl 1)/17}’7 U >
Cp,CH,A'
—v (Nt) + BE; [Viga (', ¢')]
PFt p Wt
s.t. D C +—c +a = (1—|—rt)a+e?tNt
a>a
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Notice that, by relabeling cr = cr — ¢, this is equivalent to

_ n/(n-1)
—0 (Nt) + BE; [Vt+1 (d,¢)]
PH Py Wi Py
s.t. Pt +?tcH—l—a (1+rt)a+e—Nt—?tc
a>a

_ /(n—1
or, defining ¢ = [al/ﬂ (@) 4 (1)l cg 1)/'7}17 K ), as simply

Vi(ae) = max u (€) — v (Ni) + BE; [Viga (', ¢')]
~ Wi P
s.t. c+a':(1+rt)a+e?tNt—?F:c
a>a

where P is the standard CES price index (3). Hence, this is the standard consumption-saving
problem, only with a modified income process that subtracts — £ ¢ to real income in every state
of the world. The policy functions ¢; (a,¢), a;+1 (a,e) for this problem as well as the aggregates

Crand Ay q of policies integrated against the time varying distribution, can be obtained from the
sequence of inputs {rt , Pf Ni, 3 Pre c} using standard tools. Since every agent’s policy for cr; (a,e) =

¢+ cr (a,e) , it follows that aggregate spending on foreign goods is simply
Crt = c+Cr

P\ 7" <
— c+a<1§t) Cy (A.94)

while aggregate spending on domestic goods is

Crr = (1—«) <> - C (A.95)

Note that equations (A.94) and (A.95) only require the standard CES prices index P, which is the
price index of an infinitely wealthy agent, and does not require the ideal price indices for agents
at different points in the distribution (a, e).

C.2 Delayed substitution model

We introduce delayed substitution as a modification of the household side of the model, both in
the domestic economy as well as in the rest of the world. We provide a detailed description of the
former for the HA model; the latter is similar.

Delayed substitution in the domestic economy. We assume that instead of being able to
flexibly adjust their relative consumption of home and foreign goods each period, domestic agents
can only do so with a certain probability 1 — 6. With probability 0, they are forced to keep the
ratio of foreign good to home good consumption constant. Crucially, while relative consumption

A-29



choices are restricted in that case, agents are still able to adjust their overall expenditure.

To describe this behavior more formally, consider a given household with fixed relative con-
sumption of x = CC—IZ For a given total nominal expenditure z = Pycy + Prcr, the household
therefore consumes cy; = z/(Py + xPr) home goods and cr = xz/(Py + xPr) foreign goods.
When expenditure is given in real terms, in units of the aggregate CPI, ¢ = z/P, consumption is

given by cy = P¢/(Py + xPr) and c¢r = xP¢/ (Py + xPr). Consumption of the bundle is then

_ /(n—1
c = |:0(1/17C1(—_?771)/7] _|_ (1 _ “)1/7// C;—II/] 1)/17:|VI (}7 )
— . P /1. (p=1)/1 _ /g
= ¢ b ap [(x x +(1—a) } (A.96)

=1/p(x)

The effect of a fixed ratio of relative consumption x is that it distorts the price index: For each
unit of the optimal consumption bundle ¢, only 1/p(x) units of the actual, distorted consumption
bundle c can be purchased. Thus, p(x) acts like the relative price of the actual consumption bundle
in terms of the optimal bundle. As such, p(x) is equal to one precisely for the optimal ratio x =

-1 . .
= (11;—1”) , and strictly greater than 1 for any other x. In the following, we denote the relative
H

price by 7,(x) to emphasize that Py, P, P; are all time-dependent.
Having defined p,(x), the household problem is now given by

Vi(a,e,x) = maxu(c) —v(Ny) + BOE; [Viyq (d', ¢/, x)] + B (1 —0)E; [max Viyq (a',¢,x")
x/

c,a

W,
P(x)e+a’ = (1+r)a+ep N, d>a
t

where, with some abuse of notation, we write u(c) for the utility function over bundles, u(c) =

i:‘; A household entering a period with a fixed ratio x needs to pay a relative price p,(x) for
her consumption c. Her consumption ratio remains at x with probability 6 and she is able to
reoptimize the ratio at the beginning of the subsequent period with probability 1 — 6.

The goal of the re-optimization is to minimize the expenditures p, , . (x) paid in future periods.
This is reflected in the first order condition for the optimal choice £; at the beginning of period t,

dlogp X
E, Z BOY 1 (cris) ctﬁg’gjs(f) —0 (A.97)

Importantly, ¢, is household-specific implying that the optimal ratios £; differ across households
in general. An instructive special case is given by ¢ = 1, log preferences, in which £; is equal across
households

00 ol
B Y50y Mzo

First order solution. Equation (A.97) can be log-linearized around the steady state, in which
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* 9

X" = xss = 12 We focus on the case of ¢ = 1, where we find
- 9*log P (xss) 9 log Pros (Xss) 9% log P, , (xss)
E s | o F A8 77 5 +s loe P t+s log P —
t;)(ﬁ)) ( dlog x? dlog % + dlog xdlog PHt+Sd 08 “Ht+s + 0log x0Pr s dlog Prt--s 0

(A.98)

Rewriting (A.98), we find a simple recursive relationship characterizing deviations in the optimal
ratio d log %;

P
dlog %, = (1 — p)dlog P—f: + BOdlog #;41 (A.99)

Equation (A.99) has a similar logic to a New Keynesian Phillips curve. The response of the optimal
consumption ratio dlog %; is a weighted average over future relative prices, multiplied by the
elasticity, 7 x dlog 1;—’2 The more persistent consumption ratios are, that is, the greater 6, the more
weight is put on farther out price changes.

Having characterized the optimal individual choices of £; in (A.99), we aggregate them in

order to find the behavior of d log x;
dlogx; = (1 —0)dlog £ + 6dlog x;_4 (A.100)

An instructive special case of (A.99) and (A.100) is that of an unanticipated permanent increase
in the relative price of home vs foreign goods by some d log 1;—’; Since (A.99) is perfectly forward-

looking, the optimal consumption ratio adjusts immediately to the new level, dlog £; = dlog 1;—’;,
with elasticity #. If adjustment was instantaneous, 6 = 0, d log x; would immediately jump to the
same level. In the case where adjustment is sluggish, 8 > 0, however, dlog £; slowly increases
over time. On impact it is equal to (1 — 6) x dlog I;—PF’ In the long run, it converges to 77d log 1;—’:
While # remains the long-run elasticity in the model, the short-run elasticity is reduced.

Once d log x; is computed using (A.99) and (A.100), demand for home goods is given by

dCht = (1 —a)dCy —a (1 — ) dlogx;

In the frictionless case, 0 = 0 and dlog x; = — ﬁnth, reproducing the first term of (28).

One feature of this model is that the elasticities are not just time dependent, but also shock
dependent, in the sense that the persistence of the shock to dlog 1;—’:: factors into the elasticity with
which d log x; is affected. The more persistent a shock is, the greater the elasticity will be. This can
explain, for instance, why permanent tariff changes can have different effects on export volumes
than shocks to exchange rates due to capital flows, as estimated in Fitzgerald and Haller (2018)

and Cavallo, Gopinath, Neiman and Tang (2021).

Delayed substitution in the rest of the world. We follow a similar logic for the rest of the
world. There, we assume that foreign households are slow to substitute between the varieties
produced by the different countries. Denoting by x; and £ the current and optimal ratios of
spending on home goods vs foreign goods, a suitable extension of the above yields the following
expressions. The optimal ratio £} is determined by

P
dlog £F = v(1— pB)dlog P—’i + podlog £,
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which then enters the evolution of the actual ratio x}
dlogx{ = (1 —6)dlog X + 0dlog x;_,
Ultimately, x; pins down demand for home goods,

dCi; = —a (1 — ) dlog x;

C.3 Calibrating openness and price pass-through

This appendix provides data from a representative set of countries that experienced a large depre-
ciation. This includes Mexico, which we use as our main calibration target, as well as eight other
countries with a depreciation episode studied in Burstein and Gopinath (2015).

Calibrating «.  We start by providing recent data on the import/GDP ratio from the IMF
International Financial Statistics in the top panel of Table A.1. The import-GDP ratio informs the
choice of « in our benchmark model, or of the aggregate % in our quantitative model with non-
homothetic demand. This justifies our calibration to a« = 0.4 for Mexico.

Calibrating 6r.  To calibrate price stickiness parameters, we use information from the country’s
large devaluation episode to inform our choice of exchange rate pass-through. For this exercise,
we proceed as follows. We start from the equations describing the dynamics of import prices Pr;
in response to an exchange rate change, (41). Note that this equation delivers price dynamics as
a pure function of the exchange rate path & and parameters 0r and r, independently of the rest
of the model. In particular, (41) implies that the linearized price dynamics of pr; = log Pr; in
response to an impulse to the exchange rate of ¢; = log &; are

(1 ¢56r) (1 —6p)
O

Prt — PFt-1 = (et — prt) + (PFt+1 — PFt) (A.101)

1+r
We conceptualize the exchange rate depreciations experienced by each country in our case study
as a one-time permanent shock to the exchange rate, from its initial level of ey = 0 toe; = €
for t > 0. Though stylized, this provides a useful approximation to the behavior of the nominal
exchange rate in these episodes (see e.g. Burstein, Eichenbaum and Rebelo 2005, figure 1). It is
easy to verify that the solution for pr; under this particular path for e; in (A.101) is:

pre =2 (1—0F) (A.102)

Equation (A.102) delivers a simple way to back out the Calvo price rigidity coefficient as a function
of the import price pass-through as of date ¢,

1
o = (1 - %) ’ (A.103)
To perform this calculation for each of our countries, we need a measure of the pass-through to
the retail price of imported goods, pr; /e at some date t following the depreciation at t = 0. Burstein,
Eichenbaum and Rebelo (2005) (henceforth BER) measured pass-through at 24 months, corre-
sponding to t = 8, but only for dock prices, tradable retail prices and nontradable retail prices.
We convert this information into a measure of the retail price of imported goods following BER’s
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Mexico Argentina Brazil Korea Thailand Finland Sweden Italy UK

Latest data 2019 2019 2019 2019 2019 2019 2019 2019 2019
Imports/GDP 40% 15% 14%  37% 51% 40% 44% 29%  32%
Depreciation year 1994 2001 1998 1997 1997 1992 1992 1992 1992
Dock PT 107% 87% 126%  60% 68% 116% 76% 63%  141%
Tradable retail PT 82% 36% 36%  30% 28% 64% 29% 32%  22%
Nontradable PT 30% 7% 11% 11% 25% 6% 14% 19%  41%
Imported retail PT ~ 122% 63% 52%  46% 28% 102% 34% 38%  -15%
Implied 0 0.00 0.78 0.91 0.93 0.96 0.00 0.95 094 1.00
aYy -0.35 -0.03 0.00 -0.01 0.00 -0.35 0.00 -0.01 -0.01

Y7 _odY; -1.81 -0.42 -010 -011 0.03 -1.81 -0.02 -0.08 0.01

Notes: data on dock and retail pass-through are taken from Table 7.5 in Burstein and Gopinath (2015), using the ratio of the increase in
dock import prices and retail prices at 24 month to the trade weighted exchange rate at 24 month. Data on imports and international
investment position (assets, liabilities and NIP) are taken from the IMF International Financial Statistics. The bottom two rows replicate
the exercise of Table 2 for these countries.

Table A.1: Imported price pass-through, openness, and international positions for selected coun-
tries

framework. Specifically, we assume that (log) traded goods prices p7; are made up of imported
goods prices and local goods, whose price is well proxied by the price of non-traded goods, so
that

pre = (1 —¢) pre + Ppne (A.104)

Following BER, we assume ¢ = 1/2, and use equation (A.104) to back out pg;.*’

The bottom row of Table A.1 reports the result of this exercise. The first two rows report pp¢ /e,
pri/e and pn¢/e for t = 8 quarters. The next row reports pr; /e backed out from (A.104), and the
final row reports the implied quarterly 6 from equation (A.103). As can be seen, the devaluations
suggest a lot of heterogeneity in imported price pass-through in each episode. In Mexico, this
procedures infers full price pass-through, given the large movements in tradable retail prices and
limited movement in nontradable prices. This is consistent with the large amount of price pass-
through observed at the dock in that episode. In other episodes tradable retail prices move a lot
less, so our procedure infers much more limited import price pass-through.

Calibrating 6,,. We also use information from Table A.1 to calibrate the wage stickiness pa-
rameter 6, . We use information from the time path of non-traded good prices, which in our
model correspond to ppy, in order to discipline that parameter. Note that, in contrast to 6r, which
is identified directly from the price pass-through data, 6, depends on the entire structure of the
model, and in particular on the relationship between monetary policy and domestic economic ac-
tivity. Moreover, the path of py; does not separately identify the stickiness of wages 0, and the
stickiness of prices 0. We therefore follow the standard in the literature and set 0y to imply a

“We obtain similar results if we assume that the retail price of imported goods is a mix pp; =
(1 —¢) ppr + ¢pn: of dock prices and non-traded goods prices.
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Figure A.2: Calibrating 0,,
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Note: The left panel shows the impulse response of home goods prices Pp;following a permanent change in the nominal exchange
rate E;.The data is taken from Table 7.5 in Burstein and Gopinath (2015). The middle panel plots the sum of square distance between
model and data at t = 4 and t = 8, for different values of the calvo parameter 6. The right panel shows the reduced-form elasticity
of the asset price to output, for different values of the Calvo parameter 6.

price duration of 3 quarters. We then find 6,, to match two features of the data. First, we look for
the best fit in terms of the path of prices in response to the pure devaluation shock as described
above. Second, we look for a coefficient that implies a reasonable degree of cyclicality of stock
prices in response to a monetary policy shock.

Figure A.2 shows the outcome of that exercise. The left panel plots the path of prices Py; after
the devaluation in the model and in our data, the middle panel plots the sum of square distance
between model and data att = 4 and t = 8, and the right panel plots the reduced-form elasticity of
asset prices induced by a contractionary shock to capital flows. When wages are relatively flexible
(6w = 0.66), home goods prices initially go down in response to the devaluation shock, because
this shock induces a recession in the short run. This does not match the path of prices that we
observed in the Mexican devaluation. Our model infers that wages are stickier than this, in the
range of 6, = 0.85 or above. Second, at 6, = 0.85, stock prices are still countercyclical, going up
after a contractionary capital outflow. We pick 8, = 0.95 because it hits a tradeoff between making
asset prices roughly acyclical in response to capital flow shocks, and getting a path of prices pp;
that lines up well with the data.

We use the calibration in this section to consider the effect of depreciations in other countries
than our benchmark of Mexico, which featured high openness and full import pass-through. We
recalibrate our model to hit their import-GDP ratio and their degree of import price pass-through,
but keeping the MPCs the same. The bottom two rows of the table illustrates that the effects of the
same exchange rate shock are very heterogeneous across countries. Countries with lower import
price pass-through have much less of an immediate impact on output, since the real income effect
is really muted. Openness has a non-monotonic effect, since the immediate effect of an exchange
rate depreciation is not as large in an economy that is more closed, but the general equilibrium
effect of any open international position is much larger, through the logic of Proposition 7.

C.4 Currency mismatch in balance sheets

To incorporate currency mismatch in the net foreign asset position, we proceed as follows. We
expand the setting in section A.1 by allowing countries to invest in long-duration foreign currency
assets, modeled as bonds with nominal coupons that exponentially decay at a rate §, and a foreign
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currency price of Q;, where ¢ is calibrated to empirical duration data.

Investment through the mutual fund. We first assume that foreign currency exposures are
held through the mutual fund. Suppressing the choice of domestic nominal bonds and foreign
stocks for simplicity, the beginning-of-period valuation equation for the mutual fund (A.1) be-
comes

(141i) A1 = (De+ pr) Pesq + E (14 89F) Af4

where Af is the number of foreign-currency asset coupons held in period #, while the end-of
period valuation equation A.2 is
Ar = piPesf + £ QF Af

Optimal investment now requires, in addition to the equations in (A.4), that

1+69Q;,
Q

1+if = (A.105)

which gives the valuation equation for the foreign currency bond price Q;. The real value of
mutual fund assets (A.9) is now

AF

(L) Ay = (D4 p) sty + (14 i7) Q5 (A.106)
In the steady state, this now reads
_ H * F _ H -k x AF
ASS - psssfl + (1 + 5st) Afl - pSSSfl + (1 + Zss) stAfll (A-107)
Efy

We continue to calibrate the steady state of the model so that nfa_; = 0, and hence As; = pss, but
now allow for a gross currency mismatch, where the country has a share fy of foreign currency
assets in excess of foreign currency liabilities, relative to its GDP. Combining (A.107) with As =
pss, we have:

fr = pss (1 - SI—{l)

In other words, if fy > 0, then the country has foreign currency assets that are offset by foreign di-
rect investment in the domestic stock market (sljl1 < 1), while if fy < 0, the country has borrowed
in foreign currency and holds a levered position in its domestic stock market, s*; > 1.

After a depreciation induced by a change in the path of i} for t > 0, the country experiences
an adverse valuation effect to its liabilities. We use equation (A.105) to calculate the induced new
bond price 9 (note that when 6 > 0, the increase in foreign interest rates reduces the present
value of liabilities in foreign currency term), and (16) to calculate the new real exchange rate Q.
Together with our calibration of fy, this determines rg via equation (A.106) and therefore the

magnitude of the valuation effect.

Investment through the government balance sheet. ~When foreign currency investments
are done through the mutual fund, the valuation effects are distributed in the population accord-
ing to their holdings of mutual fund shares. To quantify the effect of alternative distribution rules,
we now assume that the government holds the country’s gross currency exposure, and rebates it
according to various schemes. We add a government, with shares s¢ in domestic assets and AC |
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Figure A.3: Calibrating fy
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Note: The left panel shows the fraction of liabilities denominated in foreign currency as a share of total
liabilities, on average across advanced, emerging and developing countries, respectively. The right panel
shows the distribution, in a set of 50 countries, of the difference between foreign currency assets and liabili-
ties (“gross currency mismatch”), as a share of GDP. Source: Bénétrix et al. (2020), updating an earlier study
by Lane and Shambaugh (2010).

coupons in foreign bonds, and budget constraint

: A
szﬂ+#FﬂBF1—ﬂ+%1+ﬁ4)Qr§§+ﬁfﬂh+pQ (A.108)

where T; are aggregate taxes. We distribute those taxes by modifying the household budget con-
straint (1) to read

Py P p Wi 1=A
?tCF‘f‘?tCH"f—ﬂ/ = (1+Tt)a+€?tNt—Tt

e
E [el—/\]

A = 1 represents lump-sum taxes, while A = 0 are proportional taxes. The higher A, the more
regressive the tax system is. Finally we assume the fiscal rule

By = (PB)t By

When pp = 0, through (A.108), the government immediately must adjust taxes to shore up its
balance sheet loss from foreign liabilities after a depreciation. When pg > 0, the government
builds up debt and taxes later, which mitigates the immediate effect on spending.

Calibrating 6 and fy. To calibrate the coupon J, we note that the duration of a bond with price
(A.105) is given by

14

140
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We calibrate J to hit a liability duration of D = 18 quarters, as implied by Doepke and Schneider
(2006)’s estimates for the U.S.

We calibrate fy to data on from Lane and Shambaugh (2010) and Bénétrix et al. (2020). Lane
and Shambaugh (2010) documented aggregate foreign currency exposures for 1994 to 2004 for a
sample of 117 counties; Bénétrix et al. (2020) subsequently updated their data to 2017 for a sample
of 50 countries. These studies measure foreign currency exposure as the difference between county
i’s gross foreign currency assets and gross foreign currency liabilities.”® The right panel of figure
A.3 shows the distribution of these currency exposures, normalized by GDDP, from the most recent
study by Bénétrix et al. (2020). As emphasized by these authors, countries have dramatically
reduced the aggregate currency mismatch in their balance sheets since the 1990s: for instance,
while Mexico used to have around 25% more foreign currency liabilities than assets as a share of
its GDP, it now has around 5% more foreign currency assets than liabilities (the left panel illustrates
that this has tended to happen via a reduction in the fraction of the share of liabilities that are in
foreign currency.) In the latest 2017 data, only three countries in the dataset have foreign currency
liabilities exceeding assets by more than 40% of GDP: Tunisia (-63%), Egypt (-44%) and Sri Lanka
(-40%). In our exercise of section 5.6, we set fy = —50%. This calibration therefore represents an
upper bound on the size of valuation effects.

D Alternative models

This appendix presents three extensions of our baseline model, which we show can be reinter-
preted as versions of our baseline model with different parameters. Appendix D.1 adds produced
nontradable goods in addition to tradable goods. Appendix D.2 adds imported intermediate
goods. Both of these can be directly reinterpreted as our baseline model with an appropriate
reparameterization of the openness parameter « and the elasticity of substitution between home
and foreign goods 7. Appendix D.3 considers a tradable-nontradable model of a commodity ex-
porter, which takes as given the price of exports. We show that in the standard case where a fixed
quantity of tradables (commodities) is being produced each period, akin to a fixed endowment of
tradable goods, this can be reinterpreted as our model with dollar currency pricing.

D.1 Nontradable goods

We first add nontradable goods to the model. Instead of (2), assume that household consumption
is now an aggregate between tradable goods and (home-produced) nontradable goods,

(A.109)

H,NT

_ _ ¢/(¢-1)
c— [¢1/5C(Tg 1)/§+(1_¢)1/gc(§ 1)/5}

where the tradable bundle is a mix of imported tradables and home-produced tradable goods,

(A.110)

_ _ /(n-1)
cr = {rxl/”cg] RIL (1-— a)l/”cgjl)/q o

Here, ¢ is the tradable share, while 1 — « is home bias within tradables; { is the elasticity of substi-
tution between tradables and nontradables (which is plausibly quite low), while 7 is the elasticity

50Lane and Shambaugh (2010)’s headline measure of currency exposure for country i at time ¢, F X;?GG ,

is normalized by the sum of assets and liabilities, but the supplementary data in both Lane and Shambaugh
(2010) and Bénétrix et al. (2020) report measures normalized by GDP, which correspond exactly to our fy.
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of substitution between home and foreign goods within tradables. For this section, we assume
that the production functions for tradables and nontradables are identical, so that they always
have the same price, and that all that matters is the sum of cy,r and cy nT.

With this demand system, total demand for home goods coming domestic residents is

=1 - -
CH =CH,T +CHNT = <(1 — 06) (I;I;) ¢ <1;T> + (1 — QD) <1;§I> ) C (A.111)

At the steady state where all prices are 1, the overall home and foreign shares of consumption are

therefore c c
T=(-0pt(1-9)=1-g -

c

—ap=n (A.112)

In response to a shock to prices around the steady state, we log-linearize and find that this relative
demand changes by

N (1—a)p N NI
CH_C—_(l_lX)(P_i_(l_qb)(W(pH_pT)+€(pT_p))_(

Noting that p = ¢pr + (1 — ¢) P, we can write

1-9¢

pr—pr =9~ (pu —p)
pr—p=—9¢"'(1=¢)(Pn—p)
and substitute these into (A.113) to obtain

ly—¢ (1-a)g .
T A (e Ea () K A A
w1
(—a)+ (1 ¢

Note that the elasticity 7 in (A.114) is a weighted average of the primitive elasticities # and .

Define the consumption aggregator function ¢(cr, cyr) to maximize ¢ subject to (A.109), (A.110)
and cy = cy,1 + cunT. It is immediate that this has constant returns to scale. We can view total
foreign and home consumption (as calculated above) as optimizing this function subject to prices
P F and P H-

For steady-state Pr = Py = P = 1, we found cr and cy in (A.112), with & = a¢ the steady-state
foreign share and 1 — & the home share. In (A.114) we calculated the local elasticity of substitution
of the consumption aggregator function, 7.

To first order in aggregate shocks, therefore, our model remains the same when nontradables
are introduced; we need only replace the openness parameter « and elasticity of substitution be-
tween home and foreign goods 7 with their counterparts & and 77 in (A.112) and (A.114).>! The
two implications of this equivalence mapping are the following.

First, the import-to-GDP ratio is now % = a¢ = &. Hence, even in the presence of nontrad-
ables, it is appropriate to calibrate & to that ratio.

Second, 7 is a weighted average of 7 (elasticity between home and foreign within tradables,
which could be relatively high) and { (the elasticity between nontradable and tradable, which

1-¢
o+ (1—¢)

7 (A.114)

¢

>1The problem of allocating within cp between different countries’ varieties is unchanged; the elasticity
there remains 7.
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could plausibly be much lower), with a larger weight on ¢ when the nontradable share is higher.
Hence, 7 itself could plausibly be relatively low.

D.2 Imported intermediates

We now return to the consumption basket in (2), but change the production structure to allow for
imported intermediate goods. Specifically, suppose that the continuum of firms in each country
now produce an intermediate good X using the technology X = ZN, and that the final good
Y in each country is a CES aggregate of the country’s own intermediate good and the foreign
intermediate good.

Concretely, for the home country, suppose that production of the final good is given by

B C1y/078/@-D)
y — [(Pl/gxg DT (1 - g)/ex( 1>/€} (A.115)

where Xp is the home country’s demand for the home intermediate, and X is the home country’s
demand for imported intermediates. Suppose further that Xr (analogous to cr) is a CES aggregate
of each other country’s intermediate, with elasticity v. As before, normalize all prices and quan-
tities at the steady state to 1, and assume that foreign prices and quantities do not change. Note
that a country’s total value added, or GDP, equals its X.

It follows that total demand for the home country’s intermediate X is

PX = PX i
X=01-¢)( L) Y+o(-L) Y (A.116)
Py £
where demand for Y is the same as before

Y =(1-a) <€f) e (?) e (A.117)

Equations (29) and (30) continue to hold, replacing Y by X and Py by PX. Totally differentiating
(A.116), we get

X = —(1—-¢)1—a)y(dPy—dP)—(1—¢)ay(dPy —dE)
—(1—¢)7(dP% — dPy) — pv(dPE —dE) + (1 — ¢)(1 — &)dC (A.118)

As in appendix B.1, linearizing the CPI equation, we have dP = (1 — a)dPy + ad&. Linearizing
the price index corresponding to (A.115), we get dPy = (1 — ¢)dP% + ¢dE.

Writing all the relative prices in (A.118) in terms of the real exchange rate dQ = d€ — dP, we
have

4
dPy — dP =~ dQ
1
APy — d€ = =~ dQ
X _ ¢ B _ ¢ 1
Py —apy = ¥ (apy — ) = P a0
dPE —dg = 1 (dpy—de) = ——— 1 49
H T—¢ 1 I—¢l—a
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and can plug this into (A.118) to obtain

dX = <(1—¢)0¢f7+(1—¢)1f“7+¢§1ia+1f¢u11“> dQ+(1—¢)(1—a)dC (A119)

Ifwedefinea =1—(1-¢)(1—a),and f = == ((1 —Pan+ (1 — o)y + ¢l + %vﬁ),
then (A.119) becomes just

X = %ng +(1—-a)dC (A.120)

which is identical to equation (A.57) in appendix B.1, but with &, x, and dX replacing «, x, and dY.
With these substitutions, the International Keynesian Cross remains the same, and our analysis in
the main body of the paper goes through. The two implications of this equivalence mapping are
the following.

First, x = a + ¢ — a¢, while the import-to-GDP ratio is « + ¢. Hence, provided « and ¢ are not
too large, @ is close to the import-to-GDP ratio, though an ideal calibration would substract the
reexported good-to-GDP ratio a¢.

Second, the trade elasticity ) is now a more complex amalgam of four primitive elasticities:
substitution between home and foreign final goods 7, substitution between different countries’
final goods 1, substitution between home and foreign intermediates {, and substitution between
different countries” intermediates v.

D.3 Commodity exporter model

As our last alternative model, we consider a model of a commodity exporter, who takes as given
the price of tradable goods. We set this up as in Uribe and Schmitt-Grohé (2017), by assuming
that the economy possesses a constant stream of tradable goods YT that it can sell in the world
market at fixed prices. Vice versa, there are non-tradable goods that the economy does not export.
We describe the main changes in this economy relative to the one in section 2 and argue that this
model is identical to the DCP model in section 3.4 in which dollar prices of exports are fully rigid.

Households. Domestic households are assumed to behave as in section 2, except that they con-
sume tradable and non-tradable goods, rather than foreign and domestic goods. Pr; is the price of
tradables and Py is the price of non-tradables. The utility function u (ct, cn) is the same as before,
with c¢r and cy entering a CES basket with elasticity # and a consumption share of tradables of «,
analogous to (2). The CPI is analogous to (3), individual demands analogous to (4)—(5). Foreign
households elastically buy or sell tradables at a fixed dollar price P; = 1.

Production. Non-tradables are produced using the linear production function

YNt = ZNNnt

and sold by a continuum of firms charging flexible prices at a markup y. Ny is labor demand by
non-tradable producers. Tradables are produced by the Leontief production function

Y7 = Zrmin{Nr, L} (A.121)

where L > 0 is a fixed factor the country is endowed with, such as the land on which natural
resources can be found. Again we assume Y7; is sold by a continuum of firms charging flexible
prices at a markup u. Nty is labor demand by tradable producers.

We assume here that (A.121) is Leontief in line with the idea that tradables are basically an
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endowment of the economy, Y7; = Z7L = const. The only reason why we do not outright assume
that Y7, is an endowment is that in a heterogeneous-agent context, it matters whose endowment
Yy is. (A.121) provides us with a simple way to split the proceeds from selling Y7; into labor and
profit income.

Rest of the model. All the remaining model ingredients are identical. For example, all firms’
dividends (tradable and non-tradable alike)

_ PniYne — WiNn L EtPr YT — WiNry

D
f 2 22

are capitalized and traded, just like domestic firms’ dividends before. Unions and wage stickiness,
notation for exchange rates, market structure, and monetary policy are all identical.
Market clearing for non-tradable goods is given by

Yo = (1—a) <> e (A122)

essentially (26) without the second term, as non-tradable goods are not exported. We normalize
all prices &, Qss, Pss, Pnss, Prss to 1, and quantities Css = 1, Ynss = 1 — &, Y = a in the steady
state of the model.

Consumption function. We can write consumption as function of real labor income and divi-

dends C; = C; ({%NS, D }) just like before.
Model analysis. Define real GDP as
_ P Tss P Nss

Y, = =Y —Yni =Y Y
t P.. Tt + P.. Nt T+ YNt

We can write dividends as .

_ PnyYy — WiN; | EPf — Py

- + o
by by

which is identical to (12) in the case of DCP with fully rigid dollar export prices, where Cj;; = «

and Pj; = P; = 1. Just like before, aggregate labor income is given by

Dy

(A.123)

Wi 1 Py
—N; = ——-Y, A.124
5N = (A124)
Rewriting (A.122), we find that
Py
Yi=(1—a) 5 Cr+a (A.125)
t

which is identical to the goods market clearing condition (26) with DCP. Given that (A.123)—(A.125)
are the same as in the model with DCP (section 3.4), and the consumption function is unchanged,
this proves that the model with tradable and non-tradable goods is isomorphic to the DCP model.
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