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A  Omitted Proofs

A.1 Omitted Proofs in Proposition 2
A.1.1 Omitted Derivations in Deriving the Multiplier Effect
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Proof. Using 4+ dlny

1 o _dInY;
a;)\i(ai_a dln s;
_Ugli)\i(ai—a (i —e) Z/\
:‘75_@1;)\1( @)ié+é§&(a

_1 [iAi(a _
ai:e

i=e

@i—@i)\i(@

olnY; dInp;

(Z Olngp; dln s,

=(c—=1)(i—e)+ ZJ . 311;1;/ leiff we obtain

olnY; d1n<,0]>

(Zﬁlncp dlIn sq
Z@lnY dlngoj

dlngp; dln s,
Z@lnY dlnp;

dlngp; dln s,

_@]

)

Z olnY; dIn g,
< dlnp; dlns '

A.1.2 Omitted Proof in Deriving Positive Extensive Margin
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A.2 Derivation Details in the Proof of Proposition 3
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Proof. Using the expressions for productivity cutoffs we obtain
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The second equality uses the expressions of cutoffs.
The third equality uses part 2 of the technology assumption, the definition of F). and re-arranges
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The fourth equality in (A.2) uses the definition of 51 and expands the product. The fifth agian uses
the technology assumption and the definition of .1 = Af.11 = ff. and F, = f,. ]
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Proof. We show it as follows.
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where the first equality writes the integral as difference, the second factors out %, the third substitutes
in the expression for relative cutoffs derived in (A.1), the last two rearrange terms and combine the
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Proof. Substituting the expression for d¢p, into (A.3) and solving for % in (A.1) yields
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Next we show that the numerator, defined as T, simplifies to what we have in (A.4). For ¢ > e, we have

F/OO (ﬁ)g_1 dG(p)
) o+ [ (Z)ﬂ W]
) e (B [ () e
5 / (2 1dG(g0)+ =3 OO (%)U da(e)

§0T+1 o-1
¥
_Z (1) z)(o 1)/ (_> dG(p)

Pr

(PH—I

ﬁ'lﬁ ﬁ'lﬁ

[
0

_ o—1
where the penultimate step uses (%) = Fj,1/s] " fori > e. The last step results from continuing

o—1
the same procedure all the way to the maximum intensity f;o (%) dG(p). Substituting back we
have

_ Zn: (sgi—_11+<i_€_l>> [Zn:@)fm/;m <_%)H dG(p)

i=et1 B r=i

n T S 1 ) Pri1 © o—1
=X | X (—aﬁ +<z‘—e—1>) s e (—) e
r=e+1 li=e+1 S1 1 Pr Pr
n @T‘-{»l o—1
- —(r—e—1)(c— 2
= % = n) e [T E) o)
r=e+1 77‘ 807"

n

@ o—1 Bry1 © o—1
= Y = me) e (B [T (E) e
r ?r e

r=e+1

S E A (s ) /%H (_3)0_1 dG(p),

r=e+1 Pr Pe

where =, = Y0, ( (i — e)) (51)@=¢=D@=1) The second equality changes the order of sum-
1



mation (instead of summing first across r, we first sum across ¢). The last equality uses the expression
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A.3 Lemma in the Proof of Proposition 8

Lemma 1. Under any gi(-) s.t. % = K (0) for any §; > 0, 0 > 1 and K (c) > 0 we have
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Proof.
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A.4 Lemma in the Proof of Proposition 9

Lemma 2. 7(p, L) is a continuous increasing function of ¢ and there is some x* s.t. 7(p*, L) = a* =
7(p*, L)y with7w(p, L) < 7(p, L) for o > ¢* and 7w(p, L) > 7(p, L") otherwise. Moreover, p* is unique
iff there is a change in specialization, otherwise 7w(p, L) = 7(p, L') for all .

Proof. (1) Continuity of 7 ()

Within any technology type 7(¢) = 6 X P7 ! [¢;(p)]' "7 so it is differentiable in ¢ and thus continu-
ous. To show continuity at any adoption threshold {; where firms are indifferent between ¢ and i — 1 we
s.howhlimw e T(p) = lim,, S 7(p). Denoting 7; () as the variable profit of firm ¢ using technology
i we have

lim_ ﬁ(gﬁ) = lim 7ATZ‘_1 (g@) — fi—l
o, PP,

= lim 7;(p) — fi = lim 7(y)

o= o3

where the equalities in the first and third line are respectively because for ¢ < {p; firms prefer  — 1 and ¢

otherwise. The middle equality in the second line reflects the indifference adoption condition that defines
©,; and the remaining ones the continuity of 7; within technology.

(2) Existence of p* s.t. 7(¢*, L) = a* = 7(¢*, L'). Moreover, for small enough increase in size
from L to L', firm ¢* upgrades technology by one step: 7,(¢*, L) = 7;_1(¢*, L), with firm ©* using
technology | under size L.

For the first part, due to positive selection effect, the entry cutoff is higher under L/, gbf’ > L, so
for firms with productivity % < ¢ < @L’, we have 7 (p,L') = 0 = 7 (L, L) < 7 (¢, L). Moreover,
as average profits per entering firms do not change by the free entry condition, | ;ﬁf 7(p, L)dG(p) =
f;; 7(p, L')dG(¢) = fg, there must exist some ¢ > @~ such that (o, L') > #(p,L). Thus by
continuity of profit function there exists a ¢* such that 7(¢*, L) = 7(p*, L) = x*.

For the second part, first note that a firm ¢* must have upgraded under L’ because its gross profits are
unchanged even though markets are more competitive. Thus:

7~Tl—1(90*7 L) = 7ﬂ{-l(ga*a Ll) =" (A6)

Technology downgrading would imply lower profits for all firms ¢, 7;(, L) < 7T;41(¢, L) due to
positive selection (shown below)

(3) 7(p, L) < 7(p, L) forall p > ¢* and 7(p, L) > 7(p, L') otherwise, so ©* is unique.

Consider any firm with productivity ¢ that uses technology / under L. Given (A.6) we consider three
cases and show the following:

(3.1) If o < @F then 7 (i, L) < (g, L);
(3.2) If pF < ¢ < ¢* then 7(yp, L') < 7(¢p, L);
(3.3) If o > p* then 7 (o, L') > 7(p, L),

where b is defined as the technology cutoff for downgrading, @~ > @F and @, < @& |, and the
existence of such b is shown in the proof for positive extensive margin in proposition 2.
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Before proving each case we derive expressions useful across them. The first expression is firm profit
in terms of productivity cutoffs,

o—1
7o, L) = 7r(p, L) — fir = 71(@¥ , L) (f@) — I, (A7)
I
where 7/(p, L) is the operating profit of firm ¢ under technology I, and the second equality uses
(e, L) — _<L)U_ :
1@V L) (@ 7 given a common technology /.

The second expression is the profit of a firm with cutoff gbf in terms of @~ with k > m:
, , @L/ _ LI 1
Au(@r L) = fml(Pm, L) (—’;) + Z F; ( ) , (A.8)
Pm 1=m+1
which uses the indifference adoption condition shown in Technote 1. Equivalently,
oL -1 k 2L\ 1
fom(Brs L) = k(@1 L) (—’;‘) - > F (—z) : (A.9)
P i=m+1 Pi

The last one uses expression (A.6) so that
(" L) = 10", L) + fi = fis1 = Tz (@™, L) + F1. (A.10)

(3.1) Case of downgrading: @%’ > ol i
Any firm with ¢ < @ﬁl, may downgrade after the size increase, i.e. % > 0 for s < I. The profit
function becomes
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N Y 2
(o, L") = 7r(pr, L) <F) — /1

1
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o— I e
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<7(p, L),

where the first line follows from expression (A.7), the second uses (A.8), the third uses the zero profit
condition #.(p%, L) = #.(pL', L') = f. and divides and multiplies the first term by (p~ )J_l, the fourth

12



line uses positive selection effect after an increase in size, <peL/ > L, the fifth line follows from expression

T ding, _ dlng . :
(A.9), the sixth line uses ¢! > @F fori < I, as 512 > 7t > 0 for i < I by assumption.

The last inequality is obtained as follows. Since ¥ > @¥, firm ¢ uses technology I or I -+ 1 under
o—1

size L if the size change is small enough. If it uses technology I, then 7 (%, L) (%) —fr=7(e, L)

I

from (A.7). If on the other hand it uses technology I + 1, then
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. 2 A _ ' ~
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Pr I+1

the inequality follows because the firm can still use technology I and earn (%, L) (%) T f1 but
choose technology I + 1, which must therefore yield higher profit. '

(3.2) Case ofupgradlng with (pI < oF and pt < p*

For any p¥ < ¢ < ¢* we have £ < (0 for I <1 <. The profit function can be written as
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l © o—1
-YA(S) -x
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© o—1
< 7r(@7, L) —L> —f1

Pr
< 7(p, L),

where the first line line uses (A.7) and (A.9), the second uses (A.7) so that 7,(¢*, L") =
o o—1 o—1

7 (pF ,L’)( ) , the third uses (A.10), the fourth uses (A.8), the fifth uses Fl( ) <
o—1 o—1

F <?> as gol/ < ¢* (firm ¢* is using technology [ after the size increase), and F; < s > >

l 7

o—1

F(@i) for [ +1<i<l—las@l >l (4ne o dher o forj s ),

The last inequality is obtained as follows. Firm ¢ elther uses / — 1 or I under size L as ¥ < pF. If
it uses technology 7, then

ﬁlﬁ

S e

o—1
#1(e7, L) <S%) —fr=71(p, L) — fr =7(p, L)

from (A.7), so profit is lower under L’. If instead it uses technology /I — 1 then it obtains
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7t L) < ) — fr under /, which must be smaller than the profits under the optimally chosen

I — 1 technology. Thus, for p¥ < ¢ < ¢* under ¥ < @¥, we have 7#(p, ') < 7 (¢, L). Together with
the initial result for downgrading, we have shown that

7o, L) < 7o, L), ifpl <p <o

And for ¢ < @Y, 7(p, L") = 0,50 7(p, L') < (g, L) if p < *.
(3.3) Case of upgrading with ¢* < pF < pF
For all ¢ > ¢* we have % < 0 for ¢ > I. The profit function can be written as
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where the first line uses (A.7) and (A.8), the second uses (A.7) so that 7;(*, L') = #;(@F , L) <(P ) ,
l
o—1

L
o—1
the third uses (A.10), the fourth uses (A.9), the fifth uses F; (%) > F (%) as pF > * (firm
l

o—1 o—1
©* is using [ — 1 under L), andE(ﬁ) > Fi(c%) for | +1 < i < 1—1as@F > ol

(e < A2 () for i > ),
The last step is as follows. Firm ¢ either uses technology I — 1 or technology I under size L as

@Y < @k, If it uses technology I — 1, then

o—1 o—1 o—1
wr-1(pf_1, L) (%) + £ (%) — fr> 71 (@7 g, L) (%) + Fr— f1
-1 i -1

o—1
=#r1(pfy, L) ( d ) — fi-1

vy
=7(p, L),

where the inequality uses ¢ > @¥, and the equalities use F; = f; — f;_; and expression (A.7). On the
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other hand, if firm ¢ uses technology I, then
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. _I % 2
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where the second line uses (A.9), the third uses g‘of’ < @% , and the last uses expression (A.7). This shows

(o)

fe R
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Technote 1  In the following we show that when k£ > m we have
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Proof.
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where the second line uses (A.7) and the adoption indifference condition: the profits for firm with pro-
ductivity @ﬁ’ has the same profits from using technology k£ — 1 and technology k, i.e.,

_Ll 0'—1
i1 (@1, L) ( QOka ) — froo1 = (@5 L) — fi
k—1
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the third line uses Fj, = fr — fr_1, the fourth uses the adoption indifference condition for cutoff g’pf_l,
and we can continue similarly until we reach the cutoff for technology m. |

A.5 Claims in the Proof of Proposition 10
Claim: AF = F(p,L') — F (g, L) — [F(L') = F (L)] > 0forall ¢ > @k if 24& = 0.
Proof. In this case, we need to show that

AF=F(p1)-Fe.L) = [ T L) - fle )] dG(g) > 0

since F' (L') = F (L) as shown in lemma 1.

The inequality holds if @ > @£+1 where @£+1 is the threshold above which firms will either upgrade
or use the same technology after shock (unique as shown in the proof for positive extensive margin in
proposition 2), since for those firms f(p, L") > f(p, L).

If ¢ < @f,, then we use F' (L") = F (L) to rewrite

L _ _ _ ? ?
AF=F(L)~F L)~ (FL) - F@.L) = [ feD)d6e) - [ fie. L))
ot ot
where we use f(¢) = 0 for firms below the production threshold. Thus,
_ et ?
AF= [ e Dd6e) + [ 15(eD) - fe L] dG(p) > 0 (A1)
@t oL

The equality follows from selection, @~ > @, which also implies that the first term is positive. The
second term 1s also positive as some firms belonging to p < @fﬂ have downgraded after the shock so

that (¢, L) > f(p,L'). |

B Size Independence in Calibration

In the following, we provide some intuition as to why our calibration result does not depend on the
values of initial size parameters (L, @min, fo, fr). We first argue that given the data moments our
framework matches, the calibrated values of specialization premium does not depend on initial values
of size parameters. Second, we show how the values of fixed productivity boost (¢) should adjust to keep
the specialization premium unchanged, and derive the expression for specialization potential (A).

B.1 Calibrated Specialization Premium under Different Size Parameters

We follow the steps below to show that given the same data moments we match, varying the size param-
eters alter only calibrated ¢ but not the specialization premium:

1. Given specialization premium, the intermediates cost share (data moment we match) and top 20V
firms sales share (data moment we match) do not depend on the initial size parameters;

2. The size parameter affects the free entry and the entry cutoff expressions, which in turn affects the
price index;
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3. According to specialization schedule, ¢ adjusts with the price index, so the equilibrium with dif-
ferent size parameters have the same values of specialization premium.

First, observe that once specialization premium is known, both the intermediates cost share and top
firms sales share do not depend on the values of size parameters, ¢, and price index. Specifically, the
intermediates cost share can be expressed as

F AN F AN 1 F 2\ " F 2\ "
1 i L2 r2 L1 i L2 2
()@ 20 @) =6 @ E) .
_ B N (-) (B.1)
1 b1 Iy b2
L (#)(2) +(2) ()
where 1 = f; — fo and F5 = f5 — fi. This only depends on fixed costs relative to f, (therefore the

absolute values of fj is irrelevant) and the specialization premium, since relative productivity thresholds
(%’ g—z) depend only on s; and relative fixed cost. Similarly, the top firms sales share can be expressed

as b1
S0 (%)
Yo
(B.2)

. o—k—1 _ o—k—17"
2 Z(O’—l) i - Pit1
> ico 51 {( O) <_¢O > ]

N~k
where (%) is the fraction of firms consists of the top 20V sales in the data. This again only depends

Q1

)\20\/ =

[o

I

on the specialization premium and relative fixed costs.
Furthermore, the free entry condition in terms of the cutoffs is

F _ o\ -k F _ o\ -k

1+ (—1) (ﬁ) + (—2) (ﬁ) ~fs, (B3
Jo %o Jo o

which depends on the size parameters fg, fo, ©min, and the relative productivity thresholds. This implies

that @y (f&, fo, Ymm) is function of fg, fo, and i, given the specialization premium. Moreover, the
expression for entry cutoff illustrates that the price index is a function of entry cutoff and total labor

force: . 1
1N L (fy 1-"2a N\
N A = _ (X a . B4
=P (ay) P (& L(1+ Nrio) B4

Therefore, the price index is function of all four size parameters P(fg, fo, Ymin, L:). Finally, from the
specialization schedule, in equilibrium the price index is consistent with specialization premium and ¢:

c—1

m(s%in)kfo (0) "

6= Pst. (B.5)

The above analysis implies that given the same observed moments on intermediates cost share and ini-
tial top 20V firms sales share, a different value of size parameter supports the equilibrium with the same
values of specialization premium, which leaves (B.1) and (B.2) unaffected. Moreover, the price index
P(fg, fo, ¢min, L) adjusts accordingly following (B.3) and (B.4), and from (B.5) ¢ changes following
the adjustment of P to leave the specialization premium unchanged.

17



B.2 Specialization Potential

To derive the expression for specialization potential, we first describe the effects of changes in size
parameter on the price schedule and specialization schedule if the framework matches the same data
moments.

First, the price schedule can be written as

P= {M (14 N7'79) [Z / o ()] dG ()
= {M (1 + N7~ ‘7 [

_ {AQ [X(s1, L)]7T (14 Npi=o)7=1 7! B(sl)} , (B.6)

ﬁMM

where p, () denotes the domestic price of firm ¢ using technology r, Ay = (5)°—T 5 (fo)° a1 %,

X(s1,L) = 1_(,% is total expenditure which captures the effect of economy size, and

a(s1)
2 ? o—k—1 8_0 o—k—1
_ § : r(c—1) r r—+1
81 f— S — —
' [<900) ( %o ) ]

r—=

captures the effect of relative productivity cutoffs, which depends only on the specialization premium.
The last equality of (B.6) is shown in Technote 2 at the end of the section.
Second, the specialization schedule can be expressed as

S1 = (%) ’ . (B7)

From previous subsection we have shown that under the same data moments the specialization premium is
unchanged with different values of size parameters. Therefore, for different size parameters, the changes
in calibrated value of ¢ must equal the changes in price index due to different size parameters:

p=P= (7\2>’1 (E>”11 : (B.8)

where © = ‘% represents the relative change in endogeneous variable x, and the second equality uses
(B.6) in relative change. We obtain the following expression by replacing A5 in (B.8):
=
A-__© i (B.9)
(fe)V/E(fo) 7

Because z,;, is the unit we measure firm productivity, parameter A summarizes the productivity effects
from specialization, or the specialization potential. It is positively correlated with the productivity effect
of specialization (¢) and size (L), and negatively correlated with the entry fee (fz) and operating cost

(fo).!

!Everything else equal, a larger size L implies a larger number of varieties therefore a lower price index.
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Given the data moments we have, we can only pin down the values of specialization potential in the
economy, but not each individual force, such as the levels of ¢. However, given there is no change in
other size parameters other than ¢, the change in ¢ fully reflect the change in specialization potential,
which is independent of the initial values of size parameters given the data moments we match.

Technote 2 In the following we derive the last equality in (B.6). Using the expression for mass of

entrants, M = Uk f , we simplify the price index as
2 7 1 1—0 1—0o
o [ (@)
P M [po(@ / [ K ] dG(p
{ [EN) [}T_Oj ]t
1
2 T
c—11 $re1 1—
= —X (51, L " 7d B.10
{ X [2,:0: A G<¢>] } (.10
Note that from CES demand and monopolistic competition p,(¢) = -3¢, (¢) = =75 (s "), thus

>/ T b dC )

=(= - ) U: P71 G (p) + (51)77 /:2 P71 G () + (s1)7 7Y /: w”ldG(s@)l

0 1

g (2 ()
Mo U e vt e (2 ()

k—o+1
k

( )7 PFot X (14 N7'79%)] cEa B(sy),

_ o—k—1 — o—k—1
) -2
©o P ’

and multiply and divide the term (,)°~'~*, the third equality uses the entry cutoff expression,

(Spmln) (fO)
- k—o+1

where second equality uses the pareto distribution

Pri1 B k((;pmin)k
TG (i) = i)
[ eract) = pEe

r

1

1 o =
Yo GX (1+ N7io)

to substitute out {p, and uses 6 = L(UL)*". The last equality defines

2 _ o—k—1 @ o—k—1
B(s)) =Y /Y [(&) - (—f“) ] ;
—0 %o %o
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as it only depends on the specialization premium. Substitute the above expression back to (B.10) we get

1
k

_ (0_1>(90min)k(f0)17%(&)"’1 k—o+1 L 1-0\ 771 o
P_{ (k—o+1)fs PEERX G, L7 (14 NTE) B(sn} .

Moving P*~7*! to the left hand side and rearranging we obtain (B.6).
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