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A Model Assumptions

To derive the asymptotic properties of the SPCA and alternative estimators, we need the following

high-level assumptions, which can be easily verified by standard and more primitive assumptions.

We start with assumptions that characterize the DGP of returns and factor proxies.

Assumption A.1. The factor innovation V satisfies:

‖v̄‖ .p T
−1/2,

∥∥T−1V V ᵀ − Σv

∥∥ .p T
−1/2, ‖V ‖MAX .p

√
log T ,

where Σv ∈ Rp×p is a positive-definite matrix with λp (Σv) & 1 and λ1 (Σv) . 1.

Assumption A.2. The residual innovation Z satisfies:

‖z̄‖ .p T
−1/2,

∥∥T−1ZZᵀ − Σz

∥∥ .p T
−1/2, ‖Z‖MAX .p

√
log T .

where Σz ∈ Rd×d is a positive-definite matrix with λd (Σz) & 1 and λ1 (Σz) . 1. In addition,

‖ZV ᵀ‖ .p T
1/2.

Assumptions A.1 and A.2 impose rather weak conditions on the time series behavior of the factors

and measurement error. Since vt and zt have a finite cross-sectional dimension, both assumptions

hold if these processes are stationary, strong mixing, and satisfy some moment conditions.

Assumption A.3. The factor loading matrix β satisfies

‖β‖MAX . 1, λp(β
ᵀ
[I0]β[I0]) & N0,

for some index set I0, where N0 = |I0|.

Assumption A.3 implies that there exists a subset of test assets, within which all latent factors

are strong. Because the number of factors is finite, requiring all factors to be strong within a common

index set I0 is equivalent to requiring each factor to be strong in its own index set. One direction of

the equivalence is trivial. To prove the other direction, suppose that for factor i, there exists an index

set, Ii, in which this factor is strong, that is, λ1(βᵀ[Ii]β[Ii]) & |Ii|. Then we can find k? := mink |Ik|,
and build up I0 from Ik∗ (so that |I0| ≥ |Ik? |) by adding randomly selected |Ik? | number of assets

from each Ij , j = 1, 2, . . . , p, j 6= k?. The resulting index set I0 contains at most p× |Ik? | number of

test assets, barring from repeated counts. We thereby construct a common index set such that all

factors are strong within this set.

Next, we need the following moment conditions.

Assumption A.4. The idiosyncratic component U satisfies:

‖U‖MAX .p (log T )1/2 + (logN)1/2, ‖ū‖MAX .p T
−1/2(logN)1/2.
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In addition, for any non-random subset I ⊂ [N ],

∥∥U[I]

∥∥ .p |I|1/2 + T 1/2,
∥∥ū[I]

∥∥ .p |I|1/2T−1/2.

Assumption A.4 imposes restrictions on the time-series dependence and heteroskedasticity of ut.

The first two inequalities are results of some large deviation theorem, see, e.g., Fan et al. (2011).

The last inequality can be shown by random matrix theory, see Bai and Silverstein (2009), if ut is

i.i.d. both in time and in the cross-section.

Assumption A.5. For any non-random subset I ⊂ [N ], the factor loading β[I] and the idiosyncratic

error U[I] satisfy the following conditions:

(i)
∥∥∥(βᵀ[I]β[I])

−1/2βᵀ[I]U[I]

∥∥∥ .p T
1/2.

(ii)
∥∥∥(βᵀ[I]β[I])

−1/2βᵀ[I]U[I]ιT

∥∥∥ .p T
1/2.

If βᵀ[I]β[I] is singular, we need replace the matrix inverse above by the Moore-Penrose inverse.

Assumption A.6. The following conditions hold for U , V , β, and any non-random subset I ⊂ [N ]:

(i)
∥∥U[I]V

ᵀ
∥∥ .p |I|1/2T 1/2,

∥∥U[I]V
ᵀ
∥∥

MAX
.p (logN)1/2T 1/2.

(ii)
∥∥∥(βᵀ[I]β[I])

−1/2βᵀ[I]U[I]V
ᵀ
∥∥∥ .p T

1/2.

Assumption A.7. The following conditions hold for U , Z, β, and any non-random subset I ⊂ [N ]:

(i)
∥∥U[I]Z

ᵀ
∥∥ .p |I|1/2T 1/2,

∥∥U[I]Z
ᵀ
∥∥

MAX
.p (logN)1/2T 1/2.

(ii)
∥∥∥(βᵀ[I]β[I])

−1/2βᵀ[I]U[I]Z
ᵀ
∥∥∥ .p T

1/2.

Assumptions A.5 - A.7 resemble Assumptions A.7, A.9, and A.10 of Giglio and Xiu (2021), except

that here we impose their stronger versions which hold for any non-random subset I ⊂ [N ]. Of course,

these two sets of assumptions are equivalent if ut is identically distributed along the cross-sectional

dimension.

In the main text, we denote the selected subsets in the SPCA procedure as Îk, k = 1, 2, . . .. We

now define their population counterparts. For simplicity, we consider the case Σv = Ip here. In

general case, replace β and η by β
′

= βΣ
1/2
v and η

′
= ηΣ

1/2
v in the following definiiton. In detail, we

start with a
(1)
i :=

∥∥β[i]η
ᵀ
∥∥

MAX
and define I1 := {a(1)

i ≥ c
(1)
qN}, where c

(1)
qN is the (qN)th largest value in{

a
(1)
i

}
i=1,...,N

. Then, we denote the largest right singular vector of β(1) := β[I1] by b1. For k > 1, we

obtain a
(k)
i :=

∥∥∥β[i]

∏
j<kMbjη

ᵀ
∥∥∥

MAX
, Ik := {a(k)

i ≥ c
(k)
qN} and bk is the largest right singular vector

of β(k) := β[Ik]

∏
j<kMbj . This procedure is stopped at step p̃ (for some p̃ not necessarily equal to

p) if c
(p̃+1)
qN < c. In a nutshell, Ik’s are what we will select if we do SPCA directly on β ∈ RN×p and
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η ∈ Rd×p, while Îk’s are obtained by SPCA on R̄ ∈ RN×T and Ḡ ∈ Rd×T . We need the following

assumption to guarantee the selection consistency, that is, P(Îk = Ik)→ 1 for any 1 ≤ k ≤ p̃.

Assumption A.8. We assume that β(k), a
(k)
i and c in the above procedure satisfy:

(i) σ1(β(k)) and σ2(β(k)) are distinct in the sense that there exists a constant δ > 0 such that

σ2(β(k)) ≤ (1 + δ)−1σ1(β(k)).

(ii) c
(k)
qN and c

(k)
qN+1 are distinct in the sense that there exists a constant δ > 0 such that

c
(k)
qN+1 ≤ (1 + δ)−1c

(k)
qN ,

where c
(k)
qN and c

(k)
qN+1 are the (qN)th and (qN+1)th largest value in

{
a

(k)
i

}
i=1,...,N

, respectively.

(iii) c
(p̃+1)
qN and c are distinct in the sense that there exists a constant δ > 0 such that

c
(p̃+1)
qN ≤ (1 + δ)−1c.

Assumption A.8 requires that these singular values are distinguishable, so that their (relative)

differences will not vanish asymptotically. This assumption is rather mild, despite not being very

explicit.

Assumption A.9. As T →∞, the following joint central limit theorem holds:

T 1/2

(
T−1vec(ZV ᵀ)

v̄

)
d−→ N

((
0

0

)
,

(
Π11 Π12

Πᵀ
12 Π22

))
,

where Π11, Π12, Π22 are dp× dp, dp× p, and p× p matrices, respectively, defined as:

Π11 = lim
T→∞

1

T
E (vec(ZV ᵀ)vec(ZV ᵀ)ᵀ) ,

Π12 = lim
T→∞

1

T
E
(
vec(ZV ᵀ)ιᵀTV

ᵀ) ,
Π22 = lim

T→∞

1

T
E
(
V ιT ι

ᵀ
TV

ᵀ) .
Assumption A.9 characterizes the joint asymptotic distribution of ZV ᵀ and V ιT . Since the

dimensions of these random processes are finite, this CLT is a fairly standard result of a central limit

theory for mixing processes.

In the same vein, we make an assumption on the central limit result between ZV ᵀ and ZιT ,

which we use for inference on αg.
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Assumption A.10. As T →∞, the following joint central limit theorem holds:

T 1/2

(
T−1vec(ZV ᵀ)

z̄

)
d−→ N

((
0

0

)
,

(
Π11 Π13

Πᵀ
13 Π33

))
,

where Π13 and Π33 are dp× d, and d× d matrices, respectively, defined as:

Π13 = lim
T→∞

1

T
E
(
vec(ZV ᵀ)ιᵀTZ

ᵀ) ,
Π33 = lim

T→∞

1

T
E
(
ZιT ι

ᵀ
TZ

ᵀ) .
Blow we introduce assumptions needed for the SDF estimation. Assumption A.11 ensures that

the SDF concept is well defined. Assumption A.12 again can be shown by some large deviation result

and certain central limit theorem.

Assumption A.11. Suppose that vt and ut are stationary time series independent of β, and that

Σv = Cov(vt) and Σu = Cov(ut) satisfy λmin(Σv) & 1 and λmax(Σu) . 1. Consequently, Σ =

Cov(rt) = βΣvβ
ᵀ + Σu.

Assumption A.12. The time series rt and the SDF defined by mt = 1 − bᵀ(rt − E(r)) with b =

Σ−1E(rt) satisfy:

(1)

∥∥∥∥∥T−1
T∑
t=1

(rt − r̄t)(mt − m̄t)− Cov(rt,mt)

∥∥∥∥∥
MAX

.p (logN)1/2T−1/2.

(2)

∥∥∥∥∥T−1
T∑
t=1

(rt − r̄t)(rt − r̄t)ᵀ − Cov(rt)

∥∥∥∥∥
MAX

.p (logN)1/2T−1/2.

(3)

∣∣∣∣∣T−1
T∑
t=1

mt − E(mt)

∣∣∣∣∣ .p T
−1/2.

(4)

∥∥∥∥∥T−1
T∑
t=1

rt − E(rt)

∥∥∥∥∥
MAX

.p (logN)1/2T−1/2.

Finally, we need the following assumption for establishing the convergence of the ridge-based

SDF estimator. It ensures that all eigenvalues of βΣvβ
ᵀ are well separated. This assumption shares

the spirit with Assumption A.8. A similar assumption has been adopted by, e.g., Wang and Fan

(2017).

Assumption A.13. The eigenvalues of βΣvβ
ᵀ are separated in the sense that

(λj − λj+1)/λj ≥ δ

for some constant δ > 0, where λj := λj(βΣvβ
ᵀ) is the jth eigenvalue of βΣvβ

ᵀ.
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B Mathematical Proofs

B.1 Proof of Proposition 1

Proof. Note that for any orthogonal matrix Γ ∈ RN×N , the estimators based on PCA, PLS and

Ridge on R′ = ΓR are the same as those based on R. Thus, without loss of generality, we can

assume β = (λ1/2, 0, · · · , 0)ᵀ, where λ = ‖β‖2. The same simplifying assumption is adopted in the

proofs of Propositions 1, 2, and 3. Also, since zt = 0, Ḡ = ηV̄ .

We start with γ̂PCAg . We write R̄ in the following form:

R̄ = βV̄ + Ū =

(√
λV̄ + Ū1

Ū2

)
, (B.1)

where Ū1 is the first row of Ū and Ū2 contains the remaining rows. Correspondingly, we write the

largest left singular vector of R̄ as ς = (ς1, ς
ᵀ
2 )ᵀ, where ς1 is the first element of ς and ς2 is a vector of

the remaining N − 1 entries of ς. Recall that in Algorithm 1, we denote ξ and ς as the largest right

and left singular vectors of R̄ with the singular value
√
T λ̂, so that by simple algebra we have

ς1 =
(
√
λV̄ + Ū1)ξ√

T λ̂
, ς2 =

Ū2ξ√
T λ̂

. (B.2)

Since the entries of U and V are i.i.d N (0, 1), we have

|T−1V̄ V̄ ᵀ − 1| = |T−1V (IT − T−1ιT ι
ᵀ
T )V ᵀ − 1| ≤ |T−1V V ᵀ − 1|+ |v̄|2 .p T

−1/2,

where we use large deviation results |T−1V V ᵀ − 1| .p T
−1/2 and |v̄| .P T

−1/2 in the last equation.

This equation also implies that
∥∥V̄ ∥∥−√T .p 1.

Similarly, we can get |T−1Ū1Ū
ᵀ
1 − 1| .p T

−1/2 and
∥∥Ū1

∥∥−√T .p 1.

In addition, by Lemma A.1 in Wang and Fan (2017), we have
∥∥N−1UᵀU − IT

∥∥ .p

√
T/N , which

leads to

∥∥N−1ŪᵀŪ − (IT − T−1ιT ι
ᵀ
T )
∥∥ =

∥∥(IT − T−1ιT ι
ᵀ
T )(N−1UᵀU − IT )(IT − T−1ιT ι

ᵀ
T )
∥∥ .p

√
T/N.

Next, by direct calculation using the above inequalities we obtain∥∥∥∥ V̄ ᵀŪ1 + Ūᵀ
1 V̄

T
√
λ

+
ŪᵀŪ −N(IT − T−1ιT ι

ᵀ
T )

Tλ

∥∥∥∥ .p
1√
λ

+

√
NT

Tλ
.p

1√
λ
.

Together with (B.1), we have∥∥∥∥R̄ᵀR̄

Tλ
− V̄ ᵀV̄

T
−
N(IT − T−1ιT ι

ᵀ
T )

Tλ

∥∥∥∥ .p
1√
λ
. (B.3)
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Because of this result, to study the eigenstructure of R̄ᵀR̄/(Tλ), we need analyze the eigenstructure

of

M :=
V̄ ᵀV̄

T
+
N(IT − T−1ιT ι

ᵀ
T )

Tλ
=
V̄ ᵀV̄

T
+ B̃(IT − T−1ιT ι

ᵀ
T ),

where B̃ = N/(Tλ) and the assumption of the proposition implies that B̃ → B for a constant B.

Note that V̄ ιT = 0, the eigenvalues of M can be explicitly given by:

λi =


T−1V̄ V̄ ᵀ + B̃ i = 1;

B̃ 2 ≤ i ≤ T − 1;

0 i = T.

, (B.4)

and the first eigenvector is V̄ ᵀ/
∥∥V̄ ᵀ

∥∥. Since the largest eigenvalue of R̄ᵀR̄/(Tλ) is λ̂/λ with its

corresponding eigenvector ξ, Weyl’s theorem yields that

λ̂

λ
=
V̄ V̄ ᵀ

T
+ B̃ +Op

(
1√
λ

)
= 1 + B̃ +Op

(
1√
λ

+
1√
T

)
, (B.5)

and the sin-theta theorem in Davis and Kahan (1970) implies that

‖PV̄ ᵀ − Pξ‖ =
∥∥V̄ ᵀ(V̄ V̄ ᵀ)−1V̄ − ξξᵀ

∥∥ .p
1√
λ
, (B.6)

which implies that (V̄ V̄ )−1(V̄ ξ)2 = ξᵀV̄ ᵀ(V̄ V̄ )−1V̄ ξ = 1 + Op(λ
−1/2 + T−1/2). Together with

|T−1V̄ V̄ ᵀ − 1| . T−1/2, we have

|V̄ ξ|√
T

= 1 +Op

(
1√
λ

+
1√
T

)
. (B.7)

It is easy to observe that the sign of ξ plays no role in the estimator γ̂PCAg , we can choose ξ such

that

V̄ ξ√
T

= 1 +Op

(
1√
λ

+
1√
T

)
. (B.8)

Recall that the risk premium estimator is γ̂PCAg = η̂γ̂, where

η̂ =
Ḡξ√
T

and γ̂ =
ςᵀr̄√
λ̂
. (B.9)

Using Ḡ = ηV̄ and (B.8), we have

η̂ = η +Op

(
1√
λ

+
1√
T

)
. (B.10)
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Write

γ̂ =
ςᵀr̄√
λ̂

=
ςᵀβ(γ + v̄)√

λ̂
+
ςᵀū√
λ̂

=

√
λς1√
λ̂

(γ + v̄) +
ςᵀū√
λ̂
, (B.11)

where we use β = (
√
λ, 0, . . . , 0)ᵀ in the last step. Now we analyze the two terms on the right hand

side of (B.11) one by one. For the first term, using (B.2), we have

√
λς1√
λ̂

=
λ

λ̂

(V̄ + λ−1/2Ū1)ξ√
T

=
λ

λ̂

(
V̄ ξ√
T

+
Ū1ξ√
Tλ

)
.

Using (B.5) and (B.8) and
∥∥Ū1

∥∥ .p

√
T , it follows that

√
λς1√
λ̂

=
1

1 + B̃
+Op

(
1√
λ

+
1√
T

)
. (B.12)

For the second term in (B.11), using (B.2) again, we can write

ςᵀū√
λ̂

=
ς1U1ιT

T
√
λ̂

+
ςᵀ2U2ιT

T
√
λ̂

=
ς1U1ιT

T
√
λ̂

+
ξᵀ(IT − T−1ιT ι

ᵀ
T )Uᵀ

2U2ιT

T 3/2λ̂
. (B.13)

The condition that entries of U are independent N (0, 1) implies that ‖U1ιT ‖ .p

√
T , with λ̂/λ

p−→
1 +B as shown in (B.5), the first term in (B.13) is of order Op(T

−1/2λ−1/2). For the second term in

(B.13), using
∥∥(N − 1)−1Uᵀ

2U2 − IT
∥∥ .p

√
T/N , we have

|
ξᵀ(IT − T−1ιT ι

ᵀ
T )Uᵀ

2U2ιT

T 3/2λ̂
| ≤|

(N − 1)ξᵀ(IT − T−1ιT ι
ᵀ
T )ιT

T 3/2λ̂
|+ N − 1

T λ̂

∥∥(N − 1)−1Uᵀ
2U2 − IT

∥∥
=
N − 1

T λ̂

∥∥(N − 1)−1Uᵀ
2U2 − IT

∥∥ .p
1√
λ
,

which leads to |λ̂−1/2ςᵀū| .p λ
−1/2. Plugging this and (B.12) into (B.11), we obtain

γ̂ =
ςᵀr̄√
λ̂

=
γ

1 + B̃
+Op

(
1√
λ

+
1√
T

)
, (B.14)

and thus γ̂PCAg
p−→ (1 +B)−1ηγ by (B.10), (B.14) and B̃ → B.

B.2 Proof of Proposition 2

Proof. Recall that in Section 2.3.2, we have

γ̂PLSg =
∥∥ḠR̄ᵀR̄

∥∥−2
ḠR̄ᵀR̄ḠᵀḠR̄ᵀr̄. (B.15)
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We analyze
∥∥ḠR̄ᵀR̄

∥∥, ḠR̄ᵀR̄Ḡᵀ and ḠR̄ᵀr̄ separately. Recall that from (B.3), we have∥∥∥∥R̄ᵀR̄

Tλ
− V̄ ᵀV̄

T
− B̃(IT − T−1ιT ι

ᵀ
T )

∥∥∥∥ .p
1√
λ
,

where B̃ = N/(Tλ) satisfies B̃ → B. Together with Ḡ = ηV̄ and
∥∥Ḡ∥∥ .p

√
T , we have

1

Tλ
√
T

∥∥ḠR̄ᵀR̄
∥∥ =

1√
T

∥∥∥∥Ḡ( V̄ ᵀV̄

T
+ B̃(IT − T−1ιT ι

ᵀ
T )

)∥∥∥∥+Op

(
1√
λ

)
=

η√
T

∥∥∥∥ V̄ V̄ ᵀV̄

T
+ B̃V̄

∥∥∥∥+Op

(
1√
λ

)
p−→ η(1 +B), (B.16)

where we use |T−1V̄ V̄ ᵀ−1| .p T
−1/2 and

∥∥V̄ ∥∥−√T .p 1 in the last equation. For the same reason,

by direct calculation we have

1

T 2λ
ḠR̄ᵀR̄Ḡᵀ =

1

T
Ḡ

(
V̄ ᵀV̄

T
+ B̃(IT − T−1ιT ι

ᵀ
T )

)
Ḡᵀ +Op

(
1√
λ

)
= η2 V̄ V̄

ᵀV̄ V̄ ᵀ

T 2
+ η2B̃

V̄ V̄ ᵀ

T
+Op

(
1√
λ

)
p−→ η2(1 +B). (B.17)

Next, we write

1

Tλ
ḠR̄ᵀr̄ =

1

Tλ
ḠR̄ᵀβ(γ + v̄) +

1

Tλ
ḠR̄ᵀū. (B.18)

We analyze these two terms in (B.18) separately. For the first term, we can write R̄ in the form of

(B.1) as in the proof of Proposition 1. Then, using
∥∥Ū1

∥∥ .p

√
T we have

1

Tλ
ḠR̄ᵀβ = η

V̄ V̄ ᵀ

T
+ η

V̄ Ūᵀ
1

T
√
λ

= η
V̄ V̄ ᵀ

T
+Op

(
1√
λ

)
. (B.19)

For the second term in (B.18), we have

1

Tλ
ḠR̄ᵀū = η

1

T 2
√
λ
V̄ V̄ ᵀŪ1ιT + η

1

T 2λ
V̄ ŪᵀUιT = η

1√
λ

V̄ V̄ ᵀ

T

Ū1ιT
T

+ η
1

T 2λ
V̄ UᵀUιT

= Op

(
1√
Tλ

)
+ η

N

T 2λ
V̄
(
N−1UᵀU − IT

)
ιT + η

N

T 2λ
V̄ ιT = Op

(
1√
Tλ

)
+Op

(
1√
λ

)
,

(B.20)

where we use
∥∥N−1UᵀU − IT

∥∥ .p

√
T/N and V̄ ιT = 0 in the last equation. Plugging (B.19) and

(B.20) into (B.18), we have

1

Tλ
ḠR̄ᵀr̄ = η

V̄ V̄ ᵀ

T
(γ + v̄) +Op

(
1√
λ

)
p−→ ηγ. (B.21)
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Plug (B.16), (B.17), (B.21) into (B.15), we have

γ̂PLSg
p−→ 1

η2(1 +B)2
η2(1 +B)ηγ =

1

1 +B
ηγ.

B.3 Proof of Proposition 3

Proof. Since Rank(R̄) ≤ min{N,T − 1}, and the assumptions of the proposition imply that N/T →
∞, we thereby have a condensed SVD of R̄ as

R̄ =
√
T (ς, ς∗)Λ̂

1/2(ξ, ξ∗)
ᵀ =
√
Tςλ̂1/2ξᵀ +

√
Tς∗Λ̂

1/2
∗ ξᵀ∗ ,

where Λ̂1/2 is the diagonal matrix of T − 1 singular values, ς, ξ are the left and right singular

vectors corresponding to the largest singular value of T−1/2R̄, which is denoted by λ̂1/2. In addition,

ς∗ ∈ RN×(T−2) and ξ∗ ∈ RT×(T−2) are the singular vectors corresponding to the rest T − 2 nonzero

singular values, Λ̂
1/2
∗ ∈ R(T−2)×(T−2). By direct calculation, we have

√
TR̄ᵀ (R̄R̄ᵀ + µI

)−1
= (ξ, ξ∗)Λ̂

1/2(Λ̂ + T−1µI)−1(ς, ς∗)
ᵀ =

λ̂1/2

λ̂+ T−1µ
ξςᵀ + ξ∗Λ̂

1/2
∗

(
Λ̂∗ + T−1µI

)−1
ςᵀ∗ ,

and thus, with Ḡ = ηV̄ , the Ridge estimator can be written as

γ̂Ridgeg = ḠR̄ᵀ (R̄R̄ᵀ + µI
)−1

r̄ =
λ̂

λ̂+ T−1µ

ηV̄ ξ√
T

ςᵀr̄√
λ̂

+
ηV̄ ξ∗√
T

Λ̂
1/2
∗

(
Λ̂∗ + T−1µ

)−1
ςᵀ∗ r̄

=
λ̂

λ̂+ T−1µ
γ̂PCAg +

ηV̄ ξ∗√
T

Λ̂
1/2
∗

(
Λ̂∗ + T−1µ

)−1
ςᵀ∗ r̄. (B.22)

Using (B.5) and the fact that T−1λ−1µ→ D and Proposition 1, we can show that the first term in

(B.22) converges to (1 +B +D)−1ηγ. With respect to the second term, as shown in (B.3), we have∥∥∥∥R̄ᵀR̄

Tλ
− V̄ ᵀV̄

T
−
N(IT − T−1ιT ι

ᵀ
T )

Tλ

∥∥∥∥ .p
1√
λ
,

and the eigenvalues of

M =
V̄ ᵀV̄

T
+
N(IT − T−1ιT ι

ᵀ
T )

Tλ

are given by (B.4), it then follows from Weyl’s theorem that λi(T
−1λ−1R̄ᵀR̄) = B̃ + Op(λ

−1/2) for

2 ≤ i ≤ T − 1. Note that Λ̂
1/2
∗

(
Λ̂∗ + T−1µ

)−1
is a (T − 2) × (T − 2) diagonal matrix and the ith

10



element on the diagonal is

λi+1(T−1R̄ᵀR̄)1/2

λi+1(T−1R̄ᵀR̄) + T−1µ
=

1√
λ

λi+1(T−1λ−1R̄ᵀR̄)1/2

λi+1(T−1λ−1R̄ᵀR̄) + T−1λ−1µ
.

Together with T−1λ−1µ→ D, we have∥∥∥∥Λ̂
1/2
∗

(
Λ̂∗ + T−1µ

)−1
∥∥∥∥ = max

1≤i≤T−2

λi+1(T−1R̄ᵀR̄)1/2

λi+1(T−1R̄ᵀR̄) + T−1µ
.p

1√
λ
. (B.23)

Also, with ‖ū‖ .p

√
N/T , we have

‖ςᵀ∗ r̄‖ ≤ ‖ςᵀ∗β(γ + v̄)‖+ ‖ςᵀ∗ ū‖ ≤ ‖β(γ + v̄)‖+ ‖ū‖ .p

√
λ+

√
N/T .p

√
λ (B.24)

and∥∥∥∥ V̄ ξ∗√T
∥∥∥∥2

=

∥∥∥∥ V̄ (ξ, ξ∗)√
T

∥∥∥∥2

−
∥∥∥∥ V̄ ξ√T

∥∥∥∥2

≤
∥∥∥∥ V̄√

T

∥∥∥∥2

−
∥∥∥∥ V̄ ξ√T

∥∥∥∥2

= 1 +Op

(
1√
T

)
−
∥∥∥∥ V̄ ξ√T

∥∥∥∥2

.p
1√
λ

+
1√
T
,

(B.25)

where we use (B.8) in the last inequality. Consequently, using (B.23), (B.24) and (B.25), we have

|ηV̄ ξ∗√
T

Λ̂
1/2
∗

(
Λ̂∗ + T−1µ

)−1
ςᵀ∗ r̄| ≤

∥∥∥∥ηV̄ ξ∗√
T

∥∥∥∥∥∥∥∥Λ̂
1/2
∗

(
Λ̂∗ + T−1µ

)−1
∥∥∥∥ ‖ςᵀ∗ r̄‖ . T−1/4 + λ−1/4.

By comparing this with the limit of the first term in (B.22), we obtain

γ̂Ridgeg
p−→ 1

1 +B +D
ηγ.

B.4 Proof of Proposition 4

Proof. By direct calculation, we can write

RRᵀ + Tµr̄r̄ᵀ = R
(
IT +

µ

T
ιT ι

ᵀ
T

)
Rᵀ = R

(
IT +

µ̃

T
ιT ι

ᵀ
T

)2

Rᵀ, (B.26)

where µ̃ =
√
µ+ 1 − 1. Hence, the eigenvectors of RRᵀ + Tµr̄r̄ᵀ are equivalent to the left singular

vectors of R
(
IT + T−1µ̃ιT ι

ᵀ
T

)
. Let ς and ξ denote the largest left and right singular vector of

R
(
IT + T−1µ̃ιT ι

ᵀ
T

)
. Note that ξ can be viewed as the largest eigenvector of

(IT + T−1µ̃ιT ι
ᵀ
T )RᵀR(IT + T−1µ̃ιT ι

ᵀ
T ),

11



we analyze the eigenspace of this matrix first. Similar to (B.3) in the PCA case, we have the following

approximation of RᵀR∥∥∥∥RᵀR

Tλ
− V̄ ᵀV̄

T
− γ

ιT V̄ + V̄ ᵀιᵀT
T

− γ2 ιT ι
ᵀ
T

T
− N

Tλ
IT
∥∥∥∥ .p

1√
T

+
1√
λ
, (B.27)

by |T−1V̄ V̄ ᵀ − 1| .p T
−1/2,

∥∥Ū1

∥∥ .p T
1/2 and

∥∥N−1ŪᵀŪ − (IT − T−1ιT ι
ᵀ
T )
∥∥ .p

√
T/N .

Then, with (B.27) and N/(Tλ)→ B, we have

∥∥T−1λ−1(IT + T−1µ̃ιT ι
ᵀ
T )RᵀR(IT + T−1µ̃ιT ι

ᵀ
T )−M∗

∥∥ = op(1) (B.28)

where the matrix M∗ here is defined by

M∗ := BIT + T−1V̄ ᵀV̄ + T−1(1 + µ̃)γ(ιT V̄ + V̄ ᵀιᵀT ) + T−1
(

(1 + µ̃)2γ2 + µ̃2B + 2µ̃B
)
ιT ι

ᵀ
T .

Recall that ξ is the eigenvector of T−1λ−1(IT + T−1µ̃ιT ι
ᵀ
T )RᵀR(IT + T−1µ̃ιT ι

ᵀ
T ), we can analyze the

eigenspace of M∗ first and then use sin-theta theorem to characterize ξ.

Firstly, the rank of M∗ − BIT is at most 2. Using the fact that V̄ ιT = 0, by direct calculation,

we have the two nozero eigenvalues of M∗ −BIT are the solutions of the equation

(x− a1)(x− a3)− a2
2 = 0, (B.29)

where a1 = T−1
∥∥V̄ ∥∥2

, a2 = T−1/2(1 + µ̃)γ
∥∥V̄ ∥∥ and a3 = (1 + µ̃)2γ2 + µ̃2B + 2µ̃B. Since the larger

solution of (B.29) is

a1 + a3 +
√

(a1 − a3)2 + 4a2
2

2
≥ a1 > 0 (B.30)

with probability 1, it is also the largest eigenvalue of M∗ − BIT . In addition, the second largest

eigenvalue of M∗ −BIT should be distinct with λ1(M∗ −BIT ). To see this, if the second eigenvalue

is the other solution of (B.29), we have λ1(M∗ − BIT ) − λ2(M∗ − BIT ) =
√

(a1 − a3)2 + 4a2
2 ≥

max{2a2, |a1 − a3|} > 0. If the second eigenvalue is 0 (in which case the second solution of the

above equation must be negative), we have shown in (B.30) that λ1(M∗ −BIT )− λ2(M∗ −BIT ) =

λ1(M∗ − BIT ) ≥ a1 > 0. In both cases, we have λ1(M∗ − BIT ) − λ2(M∗ − BIT ) ≥ δ > 0 for some

constant δ > 0. Consequently,

λ1(M∗)− λ2(M∗) = λ1(M∗ −BIT )− λ2(M∗ −BIT ) ≥ δ, (B.31)

for some constant δ > 0. Now we calculate the first eigenvector of M∗, which should also be the

first eigenvector of M∗ −BIT . We use ξ̃ to denote this eigenvector. Since we already know that the

largest eigenvalue of λ1(M∗−BIT ) is a solution of (B.29), which means that ξ̃ should be in the space

12



spanned by V̄ ᵀ and ιT . Writing ξ̃ = K1

∥∥V̄ ∥∥−1
V̄ ᵀ +K2T

−1/2ιT and plugging the largest eigenvalue

of λ1(M∗ −BIT ) of (B.30) into λ1(M −BIT )ξ̃ = (M −BIT )ξ̃, we directly get

K2

K1
=

√
(a1 − a3)2 + 4a2

2 + a3 − a1

2a2
, (B.32)

which will pin down K1 and K2 because we also have
∥∥∥ξ̃∥∥∥ = 1.

Using
∥∥T−1λ−1(IT + T−1µ̃ιT ι

ᵀ
T )RᵀR(IT + T−1µ̃ιT ι

ᵀ
T )−M

∥∥ = op(1), (B.31) and sin-theta theo-

rem, we have ∥∥∥Pξ − Pξ̃
∥∥∥ ≤ op(1)

δ − op(1)
= op(1),

which implies that |ξ̃ᵀξ| p−→ 1 and consequently,∥∥∥ξ −K1

∥∥V̄ ∥∥−1
V̄ ᵀ −K2T

−1/2ιT

∥∥∥ = op(1) or
∥∥∥ξ +K1

∥∥V̄ ∥∥−1
V̄ ᵀ +K2T

−1/2ιT

∥∥∥ = op(1).

Since the sign of ξ plays no role in the estimator γ̂rpPCAg , we can simply assume the former one.

Also, the relationship between singular vectors implies that

F̂ = ςᵀR =
∥∥R(IT + T−1µ̃ιT ι

ᵀ
T )
∥∥−1

ξᵀ(IT + T−1µ̃ιT ι
ᵀ
T )RᵀR. (B.33)

With the approximation of RᵀR in (B.27), V̄ ιT = 0, T−1V̄ V̄ ᵀ = 1+Op(T
−1/2) and N/(Tλ)→ B,

by direct calculation, we have∥∥∥∥∥V̄ ∥∥−1
V̄ (IT + T−1µ̃ιT ι

ᵀ
T )RᵀR− λT 1/2

(
(1 +B)V̄ + γιᵀT

)∥∥∥ = op(λT ), (B.34)

and ∥∥∥T−1/2ιᵀT (IT + T−1µ̃ιT ι
ᵀ
T )RᵀR− λT 1/2(1 + µ̃)

(
γV̄ + (γ2 +B)ιᵀT

)∥∥∥ = op(λT ). (B.35)

Plugging (B.34), (B.35) and
∥∥∥ξ −K1

∥∥V̄ ∥∥−1
V̄ ᵀ +K2T

−1/2ιT

∥∥∥ = op(1) into (B.33) we have

∥∥∥∥∥R(IT + T−1µ̃ιT ι
ᵀ
T )
∥∥ F̂ − λT 1/2(L1V̄ + L2ι

ᵀ
T )
∥∥∥ = op(λT ), (B.36)

where

L1 = K1(1 +B) +K2(1 + µ̃)γ, L2 = K1γ +K2(1 + µ̃)(γ2 +B). (B.37)
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It is easy to observe that scalar plays no role in the estimator γ̂rpPCAg , we can redefine

F̂ ∗ = λ−1T−1/2L−1
1

∥∥R(IT + T−1µ̃ιT ι
ᵀ
T )
∥∥ F̂

and use F̂ ∗ to create γ̂rpPCAg . Then, (B.36) becomes
∥∥∥F̂ ∗ − V̄ − L−1

1 L2ι
ᵀ
T

∥∥∥ = op
(
T 1/2

)
. Conse-

quently,
∥∥∥V̂ − V̄ ∥∥∥ =

∥∥∥F̂ ∗(IT − T−1ιT ι
ᵀ
T )− V̄

∥∥∥ = op
(
T 1/2

)
, γ̂ = T−1F̂ ∗ιT = L−1

1 L2 + op(1), and

η̂ = ḠV̂ ᵀ(V̂ V̂ ᵀ)−1 = ηV̄ V̂ ᵀ(V̂ V̂ ᵀ)−1 = η
(
V̄ V̄ ᵀ + op(T )

)(
V̄ V̄ ᵀ + op(T )

)−1
= η + op(1),

and the estimator γ̂rpPCAg = η̂γ̂
p−→ ηL−1

1 L2, where L1 and L2 are defined in (B.37).

In light of that a1
p−→ 1, a2

p−→ (1 + µ̃)γ, µ̃ =
√

1 + µ− 1, γ̂rpPCAg
p−→ ηL2/L1, (B.32) and the

definitions of L1 and L2 in (B.37), we have

γ̂rpPCAg
p−→ w(1 +B)−1ηγ + (1− w)η(γ + γ−1B),

where

w =
2 + 2B

1 + 2B +
√

(1− a)2 + 4(1 + µ)γ + a
, a = (1 + µ)(γ2 +B)−B.

B.5 Proof of Proposition 5

Proof. Consider the set I = {|β[i]| ≥ β{qN}}, where |β|{qN} is the (qN)th largest value in
{
|β[i]|

}
i∈[N ]

.

Since

T−1R̄Ḡᵀ − βηᵀ = β
(
T−1V̄ V̄ ᵀ − 1

)
ηᵀ + T−1Ū V̄ ᵀηᵀ + T−1βV̄ Z̄ᵀ + T−1Ū Z̄ᵀ,

we have

∥∥T−1R̄Ḡᵀ − βηᵀ
∥∥

MAX
. ‖β‖MAX |T

−1V̄ V̄ ᵀ − 1| ‖η‖+ T−1
∥∥Ū V̄ ᵀ

∥∥
MAX

‖η‖

+ T−1 ‖β‖MAX

∥∥V̄ Z̄ᵀ
∥∥+ T−1

∥∥Ū Z̄ᵀ
∥∥

MAX
.p (logN)1/2T−1/2.

In other words, the difference between T−1R̄Ḡᵀ and βηᵀ for all test assets is bounded by

Op
(
(logN)1/2T−1/2

)
, which is o(1) under our assumption.

On the other hand, with the assumption that ‖β‖MAX . 1 and the definition of |β|{qN}, we

have
∥∥β[I0]

∥∥2
. qN + (N0 − qN)|β|2{qN}. Together with the assumption that qN/N0 → 0 and∥∥β[I0]

∥∥ � √N0, it leads to |β|2{qN} & ‖βI0‖
2 /N0 � 1. Then, with the assumption that |β|{qN+1} ≤

(1 + δ)−1|β|{qN}, we have that the difference between |β|{qN+1} and |β|{qN} should be at the same

rate as |β|{qN} & 1, which is larger than the difference between T−1R̄Ḡᵀ and βηᵀ. Therefore, with
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probability approaching one, we have Î = I. In what follows, we only need consider the case of

Î = I.

Since qN/N0 → 0, by the definition of I, we have
∥∥β[I]

∥∥ /√|I| ≥ ∥∥β[I0]

∥∥ /√|I0|. Together with

the assumption that
∥∥β[I0]

∥∥ � √N0,
∥∥β[I0]

∥∥ → ∞ and |I| = qN → ∞, we have |I|/(T
∥∥β[I]

∥∥2
) → 0

and
∥∥β[I]

∥∥ → ∞. Now compared to the case with PCA, the expansion on γ̂SPCAg resembles that of

(B.11), except for an extra term that depends on Z̄ and the restriction of r̄ on I:

γ̂SPCAg =
ηV̄ ξ√
T

ςᵀr̄[I]√
λ̂

+
Z̄ξ√
T

ςᵀr̄[I]√
λ̂
. (B.38)

In restriction to the smaller set I, the first term matches exactly the case of |I|/(T
∥∥β[I]

∥∥2
)→ 0 = B

in Proposition 1, which yields
ηV̄ ξ√
T

ςᵀr̄[I]√
λ̂

= ηγ + op(1).

We now analyze the second term in (B.38). As shown in (B.14), we have∥∥∥∥∥ ςᵀr̄[I]√
λ̂

∥∥∥∥∥ .p 1,

so to prove that SPCA is consistent in this case, it is sufficient to show that T−1/2
∥∥Z̄ξ∥∥ p−→ 0,

where ξ is the largest right singular vector of R̄[I]. Similar to the proof of (B.6) in Proposition 1, we

can show that the difference between projection matrices, Pξ and PV̄ ᵀ is small by sin-theta theorem.

That is to say, we have
∥∥ξξᵀ − V̄ ᵀ(V̄ V̄ ᵀ)−1V̄

∥∥ p−→ 0. Then, with the fact that

∥∥Z̄V̄ ᵀ(V̄ V̄ ᵀ)−1V̄
∥∥ ≤ ∥∥Z̄V̄ ᵀ

∥∥∥∥(V̄ V̄ ᵀ)−1
∥∥∥∥V̄ ∥∥ .p T

1/2 × T−1 × T 1/2 .p 1,

we have T−1/2
∥∥Z̄ξξᵀ∥∥ p−→ 0. Consequently,

T−1/2
∥∥Z̄ξ∥∥ = T−1/2

∥∥Z̄ξξᵀξ∥∥ ≤ T−1/2
∥∥Z̄ξξᵀ∥∥ ‖ξ‖ p−→ 0.

Hence, zt does not affect the consistency of the SPCA estimator. This completes the proof.

B.6 Proof of Theorem 1

Proof. It is sufficient to consider the case Σv = Ip. Otherwise, we can do transformation V ′ = Σ
− 1

2
v V ,

β′[I] = β[I]Σ
1
2
v , η′ = ηΣ

1
2
v and γ′ = Σ

− 1
2

v γ. All the Assumptions A.1-A.8 still hold for the new V ′, β′[I].

Therefore, we only need analyze the case of Σv = Ip.
For notation simplicity, throughout the proofs of Theorems 1-4, we use R̃(k) :=

(
R̄(k)

)
[Îk]

to denote

the matrix on which we perform SVD in each step of Algorithm 5. Similarly, we use r̃(k) :=
(
r̄(k)

)
[Îk]

.

The first left and right singular vectors of R̃(k) are denoted by ς(k) and ξ(k), while the largest singular
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value of R̃(k) is denoted by
√
T λ̂(k). As a result, λ̂(k) = T−1

∥∥∥R̃(k)

∥∥∥2
.

Using the above notation, our estimated factor at k-th step is V̂(k) =
√
Tξᵀ(k) ∈ R1×T , the risk

premium of this factor is given by γ̂(k) = λ̂
−1/2
(k) ςᵀ(k)r̃(k), the loading matrix of R on this factor is

β̂(k) = T−1/2R̄ξ(k), and the loading of G on this factor is η̂(k) = T−1/2Ḡξ(k). By footnote 14, we can

use Ḡ instead of Ḡ(k) in Algorithm 5 and throughout the proof. We denote η̂ = (η̂(1), . . . , η̂(p̃)) and

γ̂ = (γ̂(1), . . . , γ̂(p̃))
ᵀ, so the risk premium estimator is γ̂SPCAg = η̂γ̂.

By Lemma 2, we have ξᵀ(i)ξ(j) = 0 for i 6= j ≤ p̃. This suggests that V̂(k) at each step k are

pairwise orthogonal. Using this property and the definition of R̃(k), we have

R̃(k) :=
(
R̄(k)

)
[Îk]

= R̄
[Îk]

k−1∏
i=1

M
V̂ ᵀ
(i)

= R̄
[Îk]

(
IT −

k−1∑
i=1

ξ(i)ξ
ᵀ
(i)

)
, (B.39)

for k > 1 and when k = 1,

R̃(1) = R̄
[Î1]

= β
[Î1]
V̄ + Ū

[Î1]
.

If we define β̃(1) = β
[Î1]

and Ũ(1) = Ū
[Î1]

, then R̃(1) can be written in the form R̃(1) = β̃(1)V̄ + Ũ(1).

We can iteratively define

Ũ(k) := Ū
[Îk]
−
k−1∑
i=1

R̄
[Îk]
ξ(i)

√
T

ςᵀ(i)Ũ(i)√
λ̃(i)

and β̃(k) := β
[Îk]
−
k−1∑
i=1

R̄
[Îk]
ξ(i)

√
T

ςᵀ(i)β̃(i)√
λ̃(i)

. (B.40)

Recall that ξ(k) and ς(k) are singular vectors of R̃(k), we have

ς(k) =
R̃(k)ξ(k)√
T λ̂(k)

, ξ(k) =
R̃ᵀ

(k)ς(k)√
T λ̂(k)

. (B.41)

Using (B.41), if R̃(i) = β̃(i)V̄ + Ũ(i) for i < k, we can write (B.39) as

R̃(k) = R̄
[Îk]

(
IT −

k−1∑
i=1

ξ(i)ξ
ᵀ
(i)

)
=R̄

[Îk]
−
k−1∑
i=1

R̄
[Îk]
ξ(i)

ςᵀ(i)R̃(i)√
T λ̂(i)

=β̃
[Îk]
V̄ + Ũ

[Îk]
−
k−1∑
i=1

R̄
[Îk]
ξ(i)

ςᵀ(i)β̃(i)V̄√
T λ̂(i)

−
k−1∑
i=1

R̄
[Îk]
ξ(i)

ςᵀ(i)Ũ(i)√
T λ̂(i)

=β̃(k)V̄ + Ũ(k).

Consequently, by induction, R̃(k) = β̃(k)V̄ + Ũ(k) for k ≤ p̃+ 1. Similarly, we can write

r̃(k) = β̃(k)(γ + v̄) + ũ(k), (B.42)
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where ũ(k) is defined by

ũ(k) := ū
[Îk]
−
k−1∑
i=1

R̄
[Îk]
ξ(i)

√
T

ςᵀ(i)ũ(i)√
λ̂(i)

, (B.43)

and ũ(1) = ū
[Î1]

.

Similar representations can be created for G̃(k) := Ḡ
∏k−1
i=1 M

V̂ ᵀ
(i)

. Specifically, we have

G̃(k) := Ḡ

(
IT −

k−1∑
i=1

ξ(i)ξ
ᵀ
(i)

)
=Ḡ−

k−1∑
i=1

Ḡξ(i)

ςᵀ(i)R̃(i)√
T λ̂(i)

= ηV̄ + Z̄ −
k−1∑
i=1

Ḡξ(i)

ςᵀ(i)β̃(i)V̄√
T λ̂(i)

−
k−1∑
i=1

Ḡξ(i)

ςᵀ(i)Ũ(i)√
T λ̂(i)

=

η − k−1∑
i=1

Ḡξ(i)

ςᵀ(i)β̃(i)√
T λ̂(i)

 V̄ +

Z̄ − k−1∑
i=1

Ḡξ(i)

ςᵀ(i)Ũ(i)√
T λ̂(i)

 .

Using the following notation

η̃(k) := η −
k−1∑
i=1

Ḡξ(i)

ςᵀ(i)β̃(i)√
T λ̂(i)

, and Z̃(k) := Z̄ −
k−1∑
i=1

Ḡξ(i)

ςᵀ(i)Ũ(i)√
T λ̂(i)

, (B.44)

G̃(k) can be written as G̃(k) = η̃(k)V̄ + Z̃(k).

To sum up, we have defined R̃(k), r̃(k), β̃(k), Ũ(k), ũ(k), η̃(k) and Z̃(k) at the kth step of the algorithm.

Note that β̃(k) ∈ R|Ik|×p and η̃(k) ∈ Rd×p can be viewed as the loading of R̃(k) and G̃(k) on V̄ , but

they are not the same as the estimators defined in Algorithm 5, β̂(k) ∈ RN×1 and η̂(k) ∈ Rd×1, which

are the estimated loadings of R and G on the kth factor.

By Lemma 4, we have P(Îk = Ik) → 1 for k ≤ p̃ and P(p̂ = p̃) → 1. Thus, we can impose that

Îk = Ik for any k and p̂ = p̃ in what follows. In addition, Lemma 3(ii) and Lemma 4(iii) imply that

λ̂(k) � qN and that |Ik| = qN . Therefore, the assumptions of Lemmas 6-9 hold.

Since our algorithm stops at p̃, it implies that at most qN − 1 test assets satisfy

T−1
∥∥∥(R̄(p̃+1)

)
[i]
Ḡᵀ
∥∥∥

MAX
≥ c. Consider the test assets in I0, we have

T−1
∥∥∥G̃(p̃+1)R̄

ᵀ
[I0]

∥∥∥ = T−1
∥∥∥(R̄(p̃+1)

)
[I0]

Ḡᵀ
∥∥∥ .p q

1/2N1/2 + cN
1/2
0 = o

(
N

1/2
0

)
, (B.45)

where we use the the assumptions c→ 0 and qN/N0 → 0 in the last equation.

Write the left hand side of (B.45) as

G̃(p̃+1)R̄
ᵀ
[I0] = η̃(p̃+1)V̄ V̄

ᵀβ[I0] + η̃(p̃+1)V̄ Ū
ᵀ
[I0] + Z̄(p̃+1)V̄

ᵀβ[I0] + Z̄(p̃+1)Ū
ᵀ
[I0]. (B.46)
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Using (B.45), (B.46) and Lemma 8(i)(ii), we have∥∥∥η̃(p̃+1)

(
V̄ V̄ ᵀβ[I0] + V̄ Ūᵀ

[I0]

)∥∥∥ = op

(
N

1/2
0 T

)
. (B.47)

Also, using Assumption A.6, Lemma 1(i) and Weyl’s theorem, we have

|σp(V̄ V̄ ᵀβ[I0] + V̄ Ūᵀ
[I0])− σp(Tβ[I0])| ≤

∥∥∥V̄ Ūᵀ
[I0]

∥∥∥+
∥∥T−1V̄ V̄ ᵀ − Ip

∥∥∥∥Tβ[I0]

∥∥ .p N
1/2
0 T 1/2. (B.48)

Since Assumption A.3 implies that σp(β[I0]) � N
1/2
0 , we have σp(V̄ V̄

ᵀβ[I0] + V̄ Ū
ᵀ
[I0]) �p N

1/2
0 T . Using

this result, (B.47) and the inequality
∥∥∥η̃(p̃+1)

(
V̄ V̄ ᵀβ[I0] + V̄ Ūᵀ

[I0]

)∥∥∥ ≥ σp(V̄ V̄ ᵀβ[I0] + V̄ Ūᵀ
[I0])

∥∥η̃(p̃+1)

∥∥,

we have
∥∥η̃(p̃+1)

∥∥ p−→ 0. That is, by definition of η̃(p̃+1) in (B.44),∥∥∥∥∥∥η −
p̃∑
i=1

Ḡξ(i)

ςᵀ(i)β̃(i)√
T λ̂(i)

∥∥∥∥∥∥ = op(1). (B.49)

Multiplying (B.49) by γ from the right-hand side, we have∥∥∥∥∥∥ηγ −
p̃∑
i=1

Ḡξ(i)

ςᵀ(i)β̃(i)√
T λ̂(i)

γ

∥∥∥∥∥∥ = op(1). (B.50)

Recall that our final estimator of γg is

γ̂SPCAg = η̂γ̂ =

p̃∑
i=1

η̂(i)γ̂(i) =

p̃∑
i=1

Ḡξ(i)

ςᵀ(i)r̃(i)√
T λ̂(i)

=

p̃∑
i=1

Ḡξ(i)

ςᵀ(i)β̃(i)√
T λ̂(i)

(γ + v̄) +

p̃∑
i=1

Ḡξ(i)

ςᵀ(i)ũ(i)√
T λ̂(i)

.

(B.51)

Combining (B.50) and (B.51), we have

‖ηγ − η̂γ̂‖ ≤
p̃∑
i=1

∥∥∥∥∥∥Ḡξ(i)

ςᵀ(i)β̃(i)√
T λ̂(i)

v̄

∥∥∥∥∥∥+

p̃∑
i=1

∥∥∥∥∥∥Ḡξ(i)

ςᵀ(i)ũ(i)√
T λ̂(i)

∥∥∥∥∥∥+ op(1). (B.52)

Using
∥∥Ḡ∥∥ .p T

1/2, Lemma 7(ii), Lemma 9(i) and the assumptions that qN →∞, we have∥∥∥∥∥∥Ḡξ(i)

ςᵀ(i)β̃(i)√
T λ̂(i)

v̄

∥∥∥∥∥∥ ≤ ∥∥Ḡξ(i)

∥∥∥∥∥∥∥∥
ςᵀ(i)β̃(i)√
T λ̂(i)

∥∥∥∥∥∥ ‖v̄‖ = op(1),

18



and ∥∥∥∥∥∥Ḡξ(i)

ςᵀ(i)ũ(i)√
T λ̂(i)

∥∥∥∥∥∥ ≤ ∥∥Ḡξ(i)

∥∥∥∥∥∥∥∥
ςᵀ(i)ũ(i)√
T λ̂(i)

∥∥∥∥∥∥ = op(1).

Plugging them into (B.52) completes the proof.

B.7 Proof of Theorem 2

To derive the asymptotic distribution, we need a more intricate analysis. As in the proof of Theorem

1, we impose that p̂ = p̃ and Îk = Ik, since Lemma 4 shows that both events occur with probability

approaching 1.

Recall that in Algorithm 5 the SPCA estimator is written as γ̂SPCAg = η̂γ̂ =
∑p̂

k=1 η̂(k)γ̂(k), where

p̂ is the number of factors selected and, with the notation defined in the proof of Theorem 1,

η̂(k) =
Ḡξ(k)√
T

=
ηV̄ ξ(k)√

T
+
Z̄ξ(k)√
T
, γ̂(k) =

ςᵀ(k)r̃(k)√
λ̂(k)

=
ςᵀ(k)β̃(k)(γ + v̄)√

λ̂(k)

+
ςᵀ(k)ũ(k)√
λ̂(k)

. (B.53)

Denote H1 = (h11, . . . , hp̂1), H2 = (h12, . . . , hp̂2), where

hk1 = T−1/2V̄ ξ(k), hk2 = λ̂
−1/2
(k) β̃ᵀ(k)ς(k). (B.54)

Therefore, we can write (B.53) as

η̂(k) − ηhk1 =
Z̄ξ(k)√
T
, γ̂(k) − h

ᵀ
k2(γ + v̄) =

ςᵀ(k)ũ(k)√
λ̂(k)

. (B.55)

Since ξ(k) and ς(k) are the largest singular vectors of R̃(k) with the singular value
√
T λ̂(k), we have

ς(k) =
R̃(k)ξ(k)√
T λ̂(k)

, ξ(k) =
R̃ᵀ

(k)ς(k)√
T λ̂(k)

. (B.56)

From (B.56), we have

Z̄ξ(k)√
T

=
Z̄√
T

R̃ᵀ
(k)ς(k)√
T λ̂(k)

=
Z̄V̄ ᵀ

T

β̃ᵀ(k)ς(k)√
λ̂(k)

+
Z̄Ũᵀ

(k)ς(k)

T
√
λ̂(k)

=
Z̄V̄ ᵀ

T
hk2 +

Z̄Ũᵀ
(k)ς(k)

T
√
λ̂(k)

.
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Using Lemma 7(ii) and the assumptions on q, we have∥∥∥∥∥∥
Z̄Ũᵀ

(k)ς(k)

T
√
λ̂(k)

∥∥∥∥∥∥ = op(T
−1/2),

∥∥∥∥∥∥
ςᵀ(k)ũ(k)√
λ̂(k)

∥∥∥∥∥∥ = op(T
−1/2).

Then, along with (B.55) and Lemma 1(vi), the above equations lead to∥∥∥∥η̂ − ηH1 −
ZV

T
H2

∥∥∥∥ = op(T
−1/2), (B.57)

and

‖γ̂ −Hᵀ
2γ −H

ᵀ
2 v̄‖ = op(T

−1/2). (B.58)

Combining (B.57) and (B.58), with ‖H1‖ .p 1, ‖H2‖ .p 1 from Lemma 9 and Assumptions A.1,

A.2, we have ∥∥∥∥η̂γ̂ − ηH1H
ᵀ
2 (γ + v̄)− ZV ᵀ

T
H2H

ᵀ
2γ

∥∥∥∥ = op(T
−1/2). (B.59)

As shown in Lemma 3(iv), under the assumption that λp(η
ᵀη) & 1, we have p̃ = p. Together

with P(p̂ = p̃)→ 1, we can impose that p̂ = p for derivations below. To analyze H1H
ᵀ
2 and H2H

ᵀ
2 in

(B.59), using Lemma 9 and the assumptions on q, we have

‖Hᵀ
2H2 − Ip‖ ≤ ‖Hᵀ

1H2 − Ip‖+ ‖H1 −H2‖ ‖H2‖ .p T
−1/2. (B.60)

Then, for the term H2H
ᵀ
2 , we have

‖H2H
ᵀ
2 − Ip‖ = max

1≤i≤p
|λi(H2H

ᵀ
2 )− 1| = max

1≤i≤p
|λi(Hᵀ

2H2)− 1| = ‖Hᵀ
2H2 − Ip‖ .p T

−1/2 (B.61)

since H2 is a p× p matrix.

For the term H1H
ᵀ
2 , by Lemma 9 and the assumptions on q, we have

‖Hᵀ
1H2 − Ip‖ = op(T

−1/2). (B.62)

In addition, we have

σp(H2) ‖H2H
ᵀ
1 − Ip‖ ≤ ‖(H2H

ᵀ
1 − Ip)H2‖ = ‖H2(Hᵀ

1H2 − Ip)‖ ≤ ‖H2‖ ‖Hᵀ
1H2 − Ip‖ . (B.63)

Since (B.60) implies that σ1(H2)/σp(H2) = λ1(H2H
ᵀ
2 )1/2/λp(H2H

ᵀ
2 )1/2 .p 1, (B.62) and (B.63) give

‖H1H
ᵀ
2 − Ip‖ = ‖H2H

ᵀ
1 − Ip‖ ≤

σ1(H2)

σp(H2)
‖Hᵀ

1H2 − Ip‖ = op(T
−1/2). (B.64)
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Combining (B.59), (B.61), and (B.64), we obtain
∥∥η̂γ̂ − η(γ + v̄)− T−1ZV ᵀγ

∥∥ = op(T
−1/2). Using

Delta method and Assumption A.9, it is straightforward to obtain:
√
T (η̂γ̂ − ηγ)

d−→ N (0,Φ) ,

where Φ is as defined in Theorem 2.

B.8 Proof of Theorem 3

Proof. As in the proof of Theorem 2, we have

∥∥η̂γ̂ − η(γ + v̄)− T−1ZV ᵀγ
∥∥ = op(T

−1/2)

from (B.59), (B.61), and (B.64). Together with α̂g = ḡ − η̂γ̂ = αg + ηγ + ηv̄ + z̄ − η̂γ̂, we have

∥∥α̂g − αg − z̄ + T−1ZV ᵀγ
∥∥ =

∥∥η̂γ̂ − η(γ + v̄)− T−1ZV ᵀγ
∥∥ = op(T

−1/2)

Using Delta method and the CLT Assumption in Theorem 3 , we have
√
T (α̂g − αg)

d−→ N (0, Φ̃)

where Φ̃ is as defined in Theorem 3.

B.9 Proof of Theorem 4

Proof. As shown in the proof of Theorem 2, we have P(p̂ = p) → 1 and P(Îk = Ik) → 1 for k ≤ p.

Thus, we impose p̂ = p̃ = p and Îk = Ik below. Using the same notation as in the proof of Theorem

2 and (B.58), we have

1

T

T∑
t=1

|mt − m̂t|2 =
1

T

∥∥∥V̂ ᵀγ̂ − V ᵀγ
∥∥∥2

=
1

T

∥∥∥√Tξ(Hᵀ
2γ +Op(T

−1/2))− V ᵀγ
∥∥∥2

=
1

T

∥∥∥√TξHᵀ
2γ − V̄

ᵀγ
∥∥∥2

+Op
(
T−1

)
, (B.65)

where ξ = (ξ(1), . . . , ξ(p)).

Using (B.56), we can write

√
Tξ(k)h

ᵀ
k2 =

R̃ᵀ
(k)ς(k)√
λ̂(k)

hᵀk2 =
V̄ ᵀβ̃ᵀ(k)ς(k)√

λ̂(k)

hᵀk2 +
Ũᵀ

(k)ς(k)√
λ̂(k)

hᵀk2. (B.66)

Using Lemma 7(i), Lemma 9(i) and λ̂(k) �p |Ik|, |Ik| = qN , we can derive from (B.66) that

√
Tξ(k)h

ᵀ
k2 = V̄ ᵀhk2h

ᵀ
k2 +Op

(
q−1/2N−1/2T 1/2 + T−1/2

)
.

That is,

√
TξHᵀ

2 = V̄ ᵀH2H
ᵀ
2 +Op

(
q−1/2N−1/2T 1/2 + T−1/2

)
. (B.67)
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Therefore, using (B.67), (B.61) and the assumptions on q, we have

T−1/2
∥∥∥√TξHᵀ

2γ − V̄
ᵀγ
∥∥∥ .p T

−1/2
∥∥V̄ ᵀH2H

ᵀ
2 − V̄

ᵀ
∥∥ ‖γ‖+ q−1/2N−1/2 + T−1

.p T
−1/2

∥∥V̄ ∥∥ ‖H2H
ᵀ
2 − Ip‖+ q−1/2N−1/2 + T−1

.p q
−1/2N−1/2 + T−1/2.

Therefore, it follows from (B.65) that

1

T

T∑
t=1

|mt − m̂t|2 =
1

T

∥∥∥V̂ ᵀγ̂ − V ᵀγ
∥∥∥2

.p
1

T
+

1

qN
.

In light of the assumptions on q, we can choose q such that qN & N0/ logN0, which leads to

1

T

T∑
t=1

|mt − m̂t|2 .p
1

T
+

logN0

N0
.

B.10 Proof of Proposition 6

Proof. Write β̃ = Σ
−1/2
u βΣ

1/2
v , then by definition m̃t can be written as

m̃t = 1− γᵀβᵀΣ−1
r (βvt + ut) = 1− γᵀΣ−1/2

v β̃ᵀ
(
β̃β̃ᵀ + IN

)−1
(β̃Σ−1/2

v vt + Σ−1/2
u ut), (B.68)

or in matrix form

M̃ = 1− γᵀβᵀΣ−1
r (βV + U) = 1− γᵀΣ−1/2

v β̃ᵀ
(
β̃β̃ᵀ + IN

)−1
(β̃Σ−1/2

v V + Σ−1/2
u U), (B.69)

where M̃ = (m̃1, . . . , m̃T ), V = (v1, . . . , vT ) and U = (u1, . . . , ut). Suppose that the SVD of β̃ can

be written as β̃ = BΛ1/2Γ, where B ∈ RN×p and Γ ∈ Rp×p are matrices of left and right singular

vectors, Λ1/2 = diag(λ̃
1/2
1 , · · · , λ̃1/2

p ) is a diagonal matrix and λ̃i is the ith eigenvalue of β̃ᵀβ̃. Write

B = (b1, · · · , bp), then bᵀi bj = 0 for i 6= j. Using the SVD of β̃, we have

β̃ᵀ
(
β̃β̃ᵀ + IN

)−1
= ΓᵀΛ1/2(Λ + Ip)−1Bᵀ.

Hence, we have∥∥∥∥β̃ᵀ (β̃β̃ᵀ + IN
)−1

β̃ − Ip
∥∥∥∥ =

∥∥∥ΓᵀΛ1/2(Λ + Ip)−1Λ1/2Γ− Ip
∥∥∥ =

∥∥∥Λ1/2(Λ + Ip)−1Λ1/2 − Ip
∥∥∥ .p λ̃

−1
p ,

(B.70)
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and∥∥∥∥β̃ᵀ (β̃β̃ᵀ + IN
)−1

Σ−1/2
u U

∥∥∥∥ =
∥∥∥ΓᵀΛ1/2(Λ + Ip)−1BᵀΣ−1/2

u U
∥∥∥ .p

(
λ̃−1/2
p

)∥∥∥BᵀΣ−1/2
u U

∥∥∥ . (B.71)

Since Cov(BᵀΣ
−1/2
u ut) = Ip, we have E

(∥∥∥BᵀΣ
−1/2
u U

∥∥∥2

F

)
= pT , which leads to

∥∥∥BᵀΣ−1/2
u U

∥∥∥ ≤ ∥∥∥BᵀΣ−1/2
u U

∥∥∥
F
.p T

1/2. (B.72)

For the same reason, we have
∥∥∥Σ
−1/2
v V

∥∥∥ .p T
1/2. Then, with Assumption A.11, (B.69), (B.70),

(B.71), and (B.72), we have√√√√ T∑
t=1

|mt − m̃t|2 ≤
∥∥∥∥γᵀΣ−1/2

v

(
β̃ᵀ
(
β̃β̃ᵀ + IN

)−1
β̃ − Ip

)
Σ−1/2
v V

∥∥∥∥+

∥∥∥∥γᵀΣ−1
v β̃ᵀ

(
β̃β̃ᵀ + IN

)−1
Σ−1/2
u U

∥∥∥∥
.

∥∥∥∥β̃ᵀ (β̃β̃ᵀ + IN
)−1

β̃ − Ip
∥∥∥∥∥∥∥Σ−1/2

v V
∥∥∥+

∥∥∥∥β̃ᵀ (β̃β̃ᵀ + IN
)−1

Σ−1/2
u U

∥∥∥∥
.p T

1/2λ̃−1/2
p ,

which in turn leads to

1

T

T∑
t=1

|mt − m̃t|2 .p λ̃
−1
p ,

where

λ̃p = λp

(
Σ1/2
v βᵀΣ−1

u βΣ1/2
v

)
≥ λp(βΣvβ

ᵀ)λmin(Σ−1
u ) �p λp(βᵀβ)λ−1

max(Σu) & λp(β
ᵀβ),

which concludes the proof.

B.11 Proof of Theorem 5(a)

Proof. For Ridge SDF estimator m̂t, we have

1

T

T∑
t=1

|mt − m̂t|2 =
1

T

∥∥∥R̄ᵀ(Σ̂ + µIN )−1r̄ − V ᵀγ
∥∥∥2
. (B.73)

Recall that in the proof of Proposition 3, we have a condensed form of SVD on R̄:

R̄ =
√
TςΛ̂1/2ξᵀ +

√
Tς∗Λ̂

1/2
∗ ξᵀ∗ ,
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where Λ̂1/2 is the diagonal matrix of the first p singular values of T−1/2R̄ and Λ̂ = diag{λ̂1, . . . , λ̂p},
ς, ξ are the corresponding left and right singular vectors, and ς∗ ∈ RN×K , ξ∗ ∈ RT×K are the

singular vectors corresponding to the remaining K nonzero singular values in Λ̂
1/2
∗ ∈ RK×K , where

K = min{N,T − 1} − p. Using this representation, (B.73) becomes√√√√ T∑
t=1

|mt − m̂t|2 =
∥∥∥(V̄ ᵀβᵀ + Ūᵀ)ς(Λ̂ + µI)−1ςᵀr̄ − V ᵀγ + (V̄ ᵀβᵀ + Ūᵀ)ς∗(Λ̂∗ + µI)−1ςᵀ∗ r̄

∥∥∥
≤
∥∥∥V̄ ᵀβᵀς(Λ̂ + µI)−1ςᵀβγ − V̄ ᵀγ

∥∥∥+
∥∥∥V̄ ᵀβᵀς(Λ̂ + µI)−1ςᵀ(βv̄ + ū)

∥∥∥
+
∥∥∥Ūᵀς(Λ̂ + µI)−1ςᵀr̄

∥∥∥+
∥∥∥V̄ ᵀβᵀς∗(Λ̂∗ + µI)−1ςᵀ∗ r̄

∥∥∥
+
∥∥∥Ūᵀς∗(Λ̂∗ + µI)−1ςᵀ∗ r̄

∥∥∥+
∥∥V ᵀγ − V̄ ᵀγ

∥∥ (B.74)

We analyze these terms one-by-one. Firstly, we consider the properties of ς and ξ. Let ςk and ξk

denote the kth columns of ς and ξ, respectively. Note that ςk and ξk can be regarded as the ς(k)

and ξ(k) in our SPCA procedure with Ik = [N ], where ςk and ξk are the singular vectors at the kth

stage. This means we can reuse some of the proofs without repeating essentially the same arguments

therein.

Similar to (B.54), we define

h̃k1 = T−1/2V̄ ξk, h̃k2 = λ̂
−1/2
k βᵀςk, (B.75)

and H̃1 = (h̃11, . . . , h̃p1), H̃2 = (h12, . . . , h̃p2). Using Lemma 14, we can obtain∥∥∥H̃1H̃
ᵀ
2 − Ip

∥∥∥ .p T
−1 + λ−1

p (T−1N + 1),
∥∥∥H̃1 − H̃2

∥∥∥ .p T
−1/2 + λ−1

p (T−1N + 1). (B.76)

Using (B.76) and Lemma 14(i), we have
∥∥∥H̃2H̃

ᵀ
2 − Ip

∥∥∥ ≤ ∥∥∥H̃1H̃
ᵀ
2 − Ip

∥∥∥+
∥∥∥H̃1 − H̃2

∥∥∥∥∥∥H̃2

∥∥∥ .p T
−1/2+

λ−1
p (T−1N + 1), which, by (B.75), is equivalent to

∥∥∥βᵀςΛ̂−1ςᵀβ − Ip
∥∥∥ .p

1√
T

+
N + T

Tλp
. (B.77)

Consequently, with Lemma 11 and
∥∥∥βᵀςΛ̂−1/2

∥∥∥ =
∥∥∥H̃2

∥∥∥ .p 1, we have

∥∥∥∥βᵀς (Λ̂ + µI
)−1

ςᵀβ − Ip
∥∥∥∥ ≤ ∥∥∥∥βᵀςΛ̂−1/2

(
Λ̂1/2

(
Λ̂ + µI

)−1
Λ̂1/2 − Ip

)
Λ̂−1/2ςᵀβ

∥∥∥∥+
∥∥∥βᵀςΛ̂−1ςᵀβ − Ip

∥∥∥
≤
∥∥∥βᵀςΛ̂−1/2

∥∥∥2
∥∥∥∥Λ̂1/2

(
Λ̂ + µI

)−1
Λ̂1/2 − Ip

∥∥∥∥+
∥∥∥βᵀςΛ̂−1ςᵀβ − Ip

∥∥∥
.p

1√
T

+
N + T

Tλp
+

µ

λp
, (B.78)
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where we use

∥∥∥∥Λ̂1/2
(

Λ̂ + µI
)−1

Λ̂1/2 − Ip
∥∥∥∥ = maxj≤p(λ̂j + µ)−1µ .p λ

−1
p µ in the last step.

With
∥∥V̄ ∥∥ .p T

1/2 from Lemma 1, it implies from (B.78) that the first term in (B.74) can be

bounded: ∥∥∥V̄ ᵀβᵀς(Λ̂ + µI)−1ςᵀβγ − V̄ ᵀγ
∥∥∥ .p 1 +

N + T√
Tλp

+
µ
√
T

λp
.

For the second term in (B.74), using Lemma 11, we have

∥∥∥V̄ ᵀβᵀς(Λ̂ + µI)−1ςᵀ(βv̄ + ū)
∥∥∥ ≤ ∥∥V̄ ∥∥∥∥∥βᵀςΛ̂−1/2

∥∥∥∥∥∥Λ̂1/2(Λ̂ + µI)−1
∥∥∥ ‖βv̄ + ū‖ .p

√
N

λp
. (B.79)

Next, recall that ς∗ and ξ∗ are singular vectors of R̄, we have

V̄ ᵀβᵀς∗ + Ūᵀς∗ = R̄ᵀς∗ =
√
Tξ∗Λ̂

1/2
∗ . (B.80)

By Weyl’s theorem and Assumption A.4, we have

|σj(T−1/2R̄)− σj(T−1/2βV̄ )| ≤ T−1/2
∥∥R̄− βV̄ ∥∥ = T−1/2

∥∥Ū∥∥ .p

√
N

T
+ 1, (B.81)

for j ≤ min{N,T}. Since Rank(T−1/2βV̄ ) ≤ p, we have σj(T
−1/2βV̄ ) = 0 for j > p and thus

∥∥∥Λ̂
1/2
∗

∥∥∥ = σp+1(T−1/2R̄) .p

√
N

T
+ 1. (B.82)

Left multiplying (B.80) by V̄ , we obtain

V̄ V̄ ᵀβᵀς∗ =
√
T V̄ ξ∗Λ̂

1/2
∗ − V̄ Ūᵀς∗. (B.83)

Together with (B.82) and Assumption A.6, we have

‖βᵀς∗‖ ≤
∥∥∥(V̄ V̄ ᵀ)−1

∥∥∥(√T ∥∥V̄ ∥∥∥∥∥Λ̂
1/2
∗

∥∥∥+
∥∥V̄ Ūᵀ

∥∥) .p

√
N

T
+ 1, (B.84)

and consequently,

‖ςᵀ∗ r̄‖ ≤ ‖ςᵀ∗β‖ ‖γ + v̄‖+ ‖ςᵀ∗ ū‖ .p

√
N

T
+ 1. (B.85)

Using (B.84), (B.85), Lemma 13(iv) and
∥∥Ū∥∥ .p N

1/2 + T 1/2, we have

∥∥∥βᵀς∗(Λ̂∗ + µI)−1ςᵀ∗ r̄
∥∥∥ ≤ ‖βᵀς∗‖ ∥∥∥(Λ̂∗ + µI)−1

∥∥∥ ‖ςᵀ∗ r̄‖ .p
N + T

µT
, (B.86)
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and ∥∥∥Ūᵀς∗(Λ̂∗ + µI)−1ςᵀ∗ r̄
∥∥∥ ≤ ∥∥Ū∥∥∥∥∥(Λ̂∗ + µI)−1

∥∥∥ ‖ςᵀ∗ r̄‖ .p
N + T

µ
√
T
. (B.87)

Using Lemma 13(iii), we have∥∥∥Λ̂−1/2ςᵀr̄
∥∥∥ .p

∥∥∥Λ̂−1/2ςᵀβ
∥∥∥+

∥∥∥Λ̂−1/2ςᵀū
∥∥∥ .p 1 +

N + T

Tλp
.p 1,

where we use
∥∥∥Λ̂−1/2ςᵀβ

∥∥∥ =
∥∥∥H̃2

∥∥∥ .p 1. Then, with Lemma 13(iv), we have

∥∥∥Ūᵀς(Λ̂ + µI)−1ςᵀr̄
∥∥∥ ≤ ∥∥Ūᵀς

∥∥∥∥∥(Λ̂ + µI)−1Λ̂1/2
∥∥∥∥∥∥Λ̂−1/2ςᵀr̄

∥∥∥ .p

√
T

λp
+
N + T√
Tλp

. (B.88)

Plugging (B.78), (B.79), (B.86), (B.87) and (B.88) into (B.74) and using
∥∥V̄ − V ∥∥ .p 1, we obtain

1

T

T∑
t=1

|mt − m̂t|2 .p
µ2

λ2
p

+
1

T
+
N + T

Tλp
+
N2 + T 2

µ2T 2
.

With µ2 � T−1λp(N + T ), we achieve the best rate from the above bound:

1

T

T∑
t=1

|mt − m̂t|2 .p
1

T
+
N + T

Tλp
.

B.12 Proof of Theorem 5(b)

Proof. i. (Slow rate) Note that (13) is equivalent to a constrained optimization problem:

b̂ = arg min
b

∥∥∥Σ̂−1/2r̄ − Σ̂1/2b
∥∥∥2
, subject to ‖b‖1 ≤ µ,

for some tuning parameter µ. This implies that the vector of the true SDF loadings, b, satisfies that∥∥∥Σ̂−1/2r̄ − Σ̂1/2b̂
∥∥∥2
≤
∥∥∥Σ̂−1/2r̄ − Σ̂1/2b

∥∥∥2
and

∥∥∥b̂∥∥∥
1
≤ µ, for someµ ≥ s.

Equivalently, expanding the left- and right-hand sides of the above we have

b̂ᵀΣ̂b̂− bᵀΣ̂b ≤ 2(̂b− b)ᵀr̄,
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which leads to

(̂b− b)ᵀΣ̂(̂b− b) ≤ 2(̂b− b)ᵀ(r̄ − Σ̂b) ≤ 2
∥∥∥b̂− b∥∥∥

1

∥∥∥r̄ − Σ̂b
∥∥∥
∞
.

With a tuning parameter µ � s, we have

(̂b− b)ᵀΣ̂(̂b− b) . s
∥∥∥r̄ − Σ̂b

∥∥∥
∞
. (B.89)

With Lemma 15, we have

∥∥∥Σ̂1/2(̂b− b)
∥∥∥2

.p s

√
logN

T
. (B.90)

Therefore, we have

1

T

T∑
t=1

‖m̂t − m̃t‖2 =
1

T

T∑
t=1

∥∥∥b̂ᵀ(rt − r̄)− bᵀ(rt − E(rt))
∥∥∥2

≤ 2

T

T∑
t=1

∥∥∥(̂b− b)ᵀ(rt − r̄)
∥∥∥2

+
2

T

T∑
t=1

‖bᵀ(r̄ − E(rt))‖2

≤2
∥∥∥Σ̂1/2(̂b− b)

∥∥∥2
+ 2 ‖b‖21 ‖r̄ − E(rt)‖2∞

.ps

√
logN

T
+ s2 logN

T
.

Since s � µ & ‖b‖1, plugging in the optimal rate choice s � ‖b‖1, we complete the proof.

ii. (Fast rate) Since b̂ is the optimal solution of the minimization problem, it implies that

bᵀΣ̂b− 2bᵀr̄ + bᵀΣ̂b+ µ ‖b‖1 ≥ b̂
ᵀΣ̂b̂− 2b̂ᵀr̄ + b̂ᵀΣ̂b̂+ µ‖b̂‖1. (B.91)

Rewrite (B.91) as

(̂b− b)ᵀΣ̂(̂b− b) ≤ 2(̂b− b)ᵀ(r̄ − Σ̂b) + µ(‖b‖1 − ‖b̂‖1). (B.92)

If µ ≥ 4
∥∥∥r̄ − Σ̂b

∥∥∥
∞

, (B.92) becomes

∥∥∥Σ̂1/2(̂b− b)
∥∥∥2
≤2
∥∥∥b̂− b∥∥∥

1

∥∥∥r̄ − Σ̂b
∥∥∥
∞

+ µ(‖b‖1 − ‖b̂‖1)

≤1

2
µ
∥∥∥b̂− b∥∥∥

1
+ µ(‖b‖1 − ‖b̂‖1). (B.93)

Let J denote the support of b̂, then (B.93) can be written as∥∥∥Σ̂1/2(̂b− b)
∥∥∥2
≤1

2
µ
∥∥∥b̂J − bJ∥∥∥

1
+

1

2
µ
∥∥∥b̂Jc

∥∥∥
1

+ µ
∥∥∥b̂J − bJ∥∥∥

1
− µ

∥∥∥b̂Jc

∥∥∥
1
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=
3

2
µ
∥∥∥b̂J − bJ∥∥∥

1
− 1

2
µ
∥∥∥b̂Jc

∥∥∥
1
. (B.94)

Define b∗ = b̂− b, then (B.94) implies that 3 ‖b∗J‖1 ≥ ‖b
∗
Jc‖1, and we have

b∗ᵀ(Σ− Σ̂)b∗

‖b∗‖2
≤
∥∥∥Σ− Σ̂

∥∥∥
MAX

‖b∗‖21
‖b∗‖2

.p

√
logN

T

(
4 ‖b∗J‖1∥∥b∗J∥∥

)2

.p |J |
√

logN

T
.

Consequently, with the assumption |J |
√

logN/T → 0 and λmin(Σ) & 1, we have

b∗ᵀΣ̂b∗

‖b∗‖2
=
b∗ᵀΣb∗

‖b∗‖2
+
b∗ᵀ(Σ− Σ̂)b∗

‖b∗‖2
&p 1.

Therefore, we have∥∥∥Σ̂1/2(̂b− b)
∥∥∥2

= b∗ᵀΣ̂b∗ &p ‖b∗‖2 ≥ ‖b∗J‖
2 ≥ |J |−1 ‖b∗J‖

2
1 = |J |−1

∥∥∥b̂J − bJ∥∥∥2

1
. (B.95)

Plugging (B.95) into (B.94), we have∥∥∥Σ̂1/2(̂b− b)
∥∥∥2
≤ 3

2
µ
∥∥∥b̂J − bJ∥∥∥

1
.p µ|J |1/2

∥∥∥Σ̂1/2(̂b− b)
∥∥∥ .

Thus, ∥∥∥Σ̂1/2(̂b− b)
∥∥∥2

.p µ
2|J |. (B.96)

Choosing µ = 4
∥∥∥r̄ − Σ̂b

∥∥∥
∞

and by Lemma 15, we obtain

∥∥∥Σ̂1/2(̂b− b)
∥∥∥2

.p |J |
logN

T
. (B.97)

Similar to the slow rate case, we have

1

T

T∑
t=1

‖m̂t − m̃t‖2 =
1

T

T∑
t=1

∥∥∥b̂ᵀ(rt − r̄)− bᵀ(rt − E(rt))
∥∥∥2

≤ 2

T

T∑
t=1

∥∥∥(̂b− b)ᵀ(rt − r̄)
∥∥∥2

+
2

T

T∑
t=1

‖bᵀ(r̄ − E(rt))‖2

≤2
∥∥∥Σ̂1/2(̂b− b)

∥∥∥2
+ 2 ‖bᵀ(r̄ − E(rt))‖2

.p ‖b‖0
logN

T
.
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B.13 Technical Lemmas and Their Proofs

Without loss of generality, we assume that Σv = Ip in the following lemmas. Also, except for Lemma

4, we assume that p̂ = p̃ and Îk = Ik for k = 1, . . . , p̃, which hold with probability approaching one

as we will show in Lemma 4.

Lemma 1. Under Assumptions A.1-A.7, for any I ⊂ [N ], we have the following results:

(i)
∥∥T−1V̄ V̄ ᵀ − Ip

∥∥ .p T
−1/2.

(ii)

∥∥∥∥(βᵀ[I]β[I]

)− 1
2
βᵀ[I]Ū[I]

∥∥∥∥ .p T
1/2.

(iii)

∥∥∥∥(βᵀ[I]β[I]

)− 1
2
βᵀ[I]Ū[I]V̄

ᵀ

∥∥∥∥ .p T
1/2,

∥∥∥∥(βᵀ[I]β[I]

)− 1
2
βᵀ[I]Ū[I]Z̄

ᵀ

∥∥∥∥ .p T
1/2.

(iv)
∥∥Ū∥∥

MAX
.p (logNT )1/2,

∥∥Ū V̄ ᵀ
∥∥

MAX
.p (logN)1/2T 1/2,

∥∥Ū Z̄ᵀ
∥∥

MAX
.p

(logN)1/2T 1/2.

(v)
∥∥Ū[I]

∥∥ .p |I|1/2 + T 1/2,
∥∥Ū[I]V̄

ᵀ
∥∥ .p |I|1/2T 1/2,

∥∥Ū[I]Z̄
ᵀ
∥∥ .p |I|1/2T 1/2.

(vi)
∥∥V̄ ∥∥ .p T

1/2,
∥∥Z̄∥∥ .p T

1/2,
∥∥V̄ Z̄ᵀ

∥∥ .p T
1/2,

∥∥V̄ Z̄ᵀ − V Zᵀ
∥∥ .p 1

Proof. (i) Using Assumption A.1, we have∥∥∥∥ V̄ V̄ ᵀ

T
− Ip

∥∥∥∥ ≤ ∥∥∥∥V V ᵀ

T
− Ip

∥∥∥∥+

∥∥∥∥V ιT ιᵀTV ᵀ

T 2

∥∥∥∥ =

∥∥∥∥V V ᵀ

T
− Ip

∥∥∥∥+ ‖v̄‖2 .p T
−1/2.

(ii) Using Assumption A.5, we have∥∥∥∥(βᵀ[I]β[I]

)− 1
2
βᵀ[I]Ū[I]

∥∥∥∥ ≤ ∥∥∥∥(βᵀ[I]β[I]

)− 1
2
βᵀ[I]U[I]

∥∥∥∥+ T−1

∥∥∥∥(βᵀ[I]β[I]

)− 1
2
βᵀ[I]U[I]ιT ι

ᵀ
T

∥∥∥∥ .p T
1/2.

(iii) By Assumptions A.1, A.5 and A.6, we have∥∥∥∥(βᵀ[I]β[I]

)− 1
2
βᵀ[I]Ū[I]V̄

ᵀ

∥∥∥∥ ≤∥∥∥∥(βᵀ[I]β[I]

)− 1
2
βᵀ[I]U[I]V

ᵀ

∥∥∥∥+ T−1

∥∥∥∥(βᵀ[I]β[I]

)− 1
2
βᵀ[I]U[I]ιT ι

ᵀ
TV

∥∥∥∥
≤
∥∥∥∥(βᵀ[I]β[I]

)− 1
2
βᵀ[I]U[I]V

ᵀ

∥∥∥∥+

∥∥∥∥(βᵀ[I]β[I]

)− 1
2
βᵀ[I]U[I]ιT

∥∥∥∥ ‖v̄‖ .p T
1/2.

Replacing V̄ by Z̄ in the above proof, with Assumptions A.2, A.5 and A.7, we also have∥∥∥∥(βᵀ[I]β[I]

)− 1
2
βᵀ[I]Ū[I]Z̄

ᵀ

∥∥∥∥ .p T
1/2.

(iv) Using Assumption A.4, we have

∥∥Ū∥∥
MAX

≤ ‖U‖MAX + T−1
∥∥UιT ιᵀT∥∥MAX

≤ ‖U‖MAX + ‖ū‖MAX ‖ιT ‖ .p (logN)1/2 + (log T )1/2.
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Using Assumptions A.1, A.4, A.6, we have

∥∥Ū V̄ ᵀ
∥∥

MAX
≤ ‖UV ᵀ‖MAX + T−1

∥∥UιT ιᵀTV ᵀ
∥∥

MAX
≤ ‖UV ᵀ‖MAX + T ‖ū‖MAX ‖v̄‖ .p (logN)1/2T 1/2.

Replacing V̄ by Z̄ in the above proof, with Assumptions A.2, A.4 and A.7, we also have

∥∥Ū Z̄ᵀ
∥∥

MAX
.p (logN)1/2T 1/2.

(v) Using Assumption A.4 , we have

∥∥Ū[I]

∥∥ ≤ ∥∥U[I]

∥∥+ T−1
∥∥U[I]ιT ι

ᵀ
T

∥∥ ≤ ∥∥U[I]

∥∥+
∥∥ū[I]

∥∥ ‖ιT ‖ .p |I|1/2 + T 1/2.

Using Assumptions A.1, A.4, A.6, we have

∥∥Ū[I]V̄
ᵀ
∥∥ ≤ ∥∥U[I]V

ᵀ
∥∥+ T−1

∥∥U[I]ιT ι
ᵀ
TV

ᵀ
∥∥ ≤ ∥∥U[I]V

ᵀ
∥∥+ T

∥∥ū[I]

∥∥ ‖v̄‖ .p |I|1/2T 1/2.

Replacing V̄ by Z̄ in the above proof, with Assumptions A.2, A.4 and A.7, we also have

∥∥Ū[I]Z̄
ᵀ
∥∥ .p |I|1/2T 1/2.

(vi) Using Assumption A.1, we have

∥∥V̄ ∥∥ ≤ ‖V ‖+ T−1
∥∥V ιT ιᵀT∥∥ ≤ ‖V ‖+ ‖v̄‖ ‖ιT ‖ .p T

1/2.

Using Assumption A.2, we have

∥∥Z̄∥∥ ≤ ‖Z‖+ T−1
∥∥ZιT ιᵀT∥∥ ≤ ‖Z‖+ ‖z̄‖ ‖ιT ‖ .p T

1/2.

Using Assumptions A.1 and A.2, we have

∥∥V̄ Z̄ᵀ
∥∥ ≤ ‖V Z‖+ T−1

∥∥V ιT ιᵀTZ∥∥ ≤ ‖V ‖+ T ‖v̄‖ ‖z̄‖ .p T
1/2,

and

∥∥V̄ Z̄ᵀ − V Zᵀ
∥∥ =

∥∥T−1V ιT ι
ᵀ
TZ
∥∥ = T ‖v̄‖ ‖z̄‖ .p 1.

Lemma 2. The singular vectors ξ(k)s we obtain from Algorithm 5 satisfy ξᵀ(j)ξ(k) = δjk for j, k ≤ p̂.

Proof. If j = k, this result holds from the definition of ξ(k). If j < k, recall that R̃(k) is defined in
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(B.39) and ξ(k) is the first right singular vector of R̃(k), we have

R̃(k) = R̄[Ik]

∏
i<k

(
IT − ξ(i)ξ

ᵀ
(i)

)
and ξ(k) = arg max

α

∥∥∥R̃(k)α
∥∥∥

‖α‖
.

If ξᵀ(k)ξ(j) = c0 6= 0 for some j < k, then

∥∥∥R̃(k)(ξ(k) − c0ξ(j))
∥∥∥ =

∥∥∥R̃(k)ξ(k) − c0R̃(k)ξ(j)

∥∥∥ =
∥∥∥R̃(k)ξ(k)

∥∥∥ , (B.98)

since the definition of R̃(k) implies that R̃(k)ξ(j) = 0 for j < k.

On the other hand, since ξᵀ(k)ξ(j) = c0 6= 0, we have (ξ(k) − c0ξ(j))
ᵀξ(j) = 0, and consequently,

∥∥ξ(k)

∥∥2
=
∥∥ξ(k) − c0ξ(j)

∥∥2
+
∥∥c0ξ(j)

∥∥2
>
∥∥ξ(k) − c0ξ(j)

∥∥2
. (B.99)

Apparently, if
∥∥∥R̃(k)

∥∥∥ = 0, the process will stop so we have
∥∥∥R̃(k)

∥∥∥ > 0 for k ≤ p̂. Together with

(B.98) and (B.99), we have

∥∥∥R̃(k)

∥∥∥ =

∥∥∥R̃(k)ξ(k)

∥∥∥∥∥ξ(k)

∥∥ ≤

∥∥∥R̃(k)(ξ(k) − c0ξ(j))
∥∥∥∥∥ξ(k) − c0ξ(j)

∥∥ ,

which contradicts with the definition of ξ(k). Therefore, ξᵀ(k)ξ(j) = 0 for j < k. This completes the

proof.

Lemma 3. Under Assumption A.3, if c → 0, qN/N0 → 0 then bk, β(k) and p̃ defined in Section A

satisfy

(i) 〈bj , bk〉 = δjk for j ≤ k ≤ p̃.

(ii)
∥∥β(k)

∥∥ � q1/2N1/2.

(iii) p̃ ≤ p.

(iv) p̃ = p, if we further have λp(η
ᵀη) & 1.

Proof. (i) Recall that bk is the first right singular vector of β(k) and β(k) = β[Ik]

∏
j<kMbj . Using the

same arguments as in the proof of Lemma 2, we have 〈bj , bk〉 = δjk for j ≤ k ≤ p̃.
(ii) The selection rule at kth step implies that

1

|Ik|
∑
i∈Ik

∥∥∥∥∥∥β[i]

∏
j<k

Mbjη
ᵀ

∥∥∥∥∥∥
2

MAX

≥ 1

N0

∑
i∈I0

∥∥∥∥∥∥β[i]

∏
j<k

Mbjη
ᵀ

∥∥∥∥∥∥
2

MAX

. (B.100)
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For any matrix A ∈ RN×d and set I ⊂ [N ], we have∑
i∈I

∥∥A[i]

∥∥2

MAX
≤ ‖A‖2F ≤ d

∑
i∈I

∥∥A[i]

∥∥2

MAX
,

and

‖A‖2 ≤ ‖A‖2F ≤ d ‖A‖
2 ,

we thereby have

‖A‖2 �
∑
i∈I

∥∥A[i]

∥∥2

MAX
. (B.101)

Using this result, (B.100) becomes

1

|Ik|

∥∥∥∥∥∥β[Ik]

∏
j<k

Mbjη
ᵀ

∥∥∥∥∥∥
2

&
1

N0

∥∥∥∥∥∥β[I0]

∏
j<k

Mbjη
ᵀ

∥∥∥∥∥∥
2

.

Then, we have

1√
|Ik|

∥∥β(k)

∥∥∥∥∥∥∥∥
∏
j<k

Mbjη
ᵀ

∥∥∥∥∥∥ ≥ 1√
|Ik|

∥∥∥∥∥∥β[Ik]

∏
j<k

Mbjη
ᵀ

∥∥∥∥∥∥ &
1√
N0

∥∥∥∥∥∥β[I0]

∏
j<k

Mbjη
ᵀ

∥∥∥∥∥∥ ≥ 1√
N0

σp
(
β[I0]

) ∥∥∥∥∥∥
∏
j<k

Mbjη
ᵀ

∥∥∥∥∥∥ ,
(B.102)

where we use β[Ik]

∏
j<kMbjη

ᵀ = β[Ik](
∏
j<kMbj )

2ηᵀ = β(k)

∏
j<kMbjη

ᵀ in the first inequality. With

σp(β[I0]) &
√
N0 from Assumption A.3, (B.102) leads to

∥∥β(k)

∥∥ & |Ik|1/2. In addition, ‖β‖MAX . 1

from Assumption A.3 leads to
∥∥β(k)

∥∥ . |Ik|1/2. Therefore, we have
∥∥β(k)

∥∥ � |Ik|1/2 � q1/2N1/2.

(iii) From (i), we have shown that bk’s are pairwise orthogonal for k ≤ p̃. It is impossible to have

more than p pairwise orthogonal p dimensional vectors. Thus, p̃ ≤ p.
(iv) Recall that p̃ is defined in Section A. Since the procedure in its definition stops at p̃+ 1, we

have at most qN − 1 rows of β satisfying
∥∥∥β[i]

∏
j≤p̃Mbjη

ᵀ
∥∥∥

MAX
≥ c, which implies

∥∥∥∥∥∥β[I0]

∏
j≤p̃

Mbjη
ᵀ

∥∥∥∥∥∥
2

. qN + (N0 − qN)c2 = o(N0),

where we use (B.101) and the assumptions c → 0, qN/N0 → 0. With σp(β[I0]) &
√
N0 from
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Assumption A.3, we have∥∥∥∥∥∥η
∏
j≤p̃

Mbj

∥∥∥∥∥∥ ≤ σp(β[I0])
−1

∥∥∥∥∥∥β[I0]

∏
j≤p̃

Mbjη
ᵀ

∥∥∥∥∥∥ = o(1). (B.103)

If p̃ ≤ p− 1, using (i), we have

η
∏
j≤p̃

Mbj = η − η
∑
j≤p̃

bjb
ᵀ
j ,

which implies that

σp(η) ≤ σ1

η∏
j≤p̃

Mbj

+ σp

η∑
j≤p̃

bjb
ᵀ
j

 . (B.104)

Since

Rank

η∑
j≤p̃

bjb
ᵀ
j

 ≤ p̃ ≤ p− 1, (B.105)

we have σp

(
η
∑

j≤p̃ bjb
ᵀ
j

)
≤ 0 and thus (B.104) and (B.103) lead to σp(η) . σ1

(
η
∏
j≤p̃Mbj

)
−→0.

This contradicts with the assumption that λp(η
ᵀη) & 1. Therefore, we have p̃ ≥ p. Together with

the result in (iii), we have p̃ = p.

Lemma 4. Suppose Assumptions A.1-A.8 hold. If c−1 log(NT )1/2
(
q−1/2N−1/2 + T−1/2

)
→ 0 and

c→ 0, then for k ≤ p̃ and for Ik, p̃ and β(k) defined in Section A, we have

(i) P(Îk = Ik)→ 1.

(ii)
∥∥∥R̃(k) − β(k)V̄

∥∥∥ .p q
1/2N1/2 + T 1/2.

(iii) |λ̂1/2
(k) /

∥∥β(k)

∥∥− 1| .p q
−1/2N−1/2 + T−1/2.

(iv)

∥∥∥∥PV̂ ᵀ
(k)
− T−1V̄ ᵀPbk V̄

∥∥∥∥ .p q
−1/2N−1/2 + T−1/2.

(v) P(p̂ = p̃)→ 1.

Proof. We prove (i)-(iv) by induction. First, we show that (i)-(iv) hold when k = 1:

(i) Recall that Î1 is selected based on T−1R̄Ḡᵀ and I1 based on βηᵀ. With simple algebra, we

have

T−1R̄Ḡᵀ − βηᵀ = β
(
T−1V̄ V̄ ᵀ − Ip

)
ηᵀ + T−1Ū V̄ ᵀηᵀ + T−1βV̄ Z̄ᵀ + T−1Ū Z̄ᵀ.
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With Assumptions A.1, A.2, A.3, A.6 A.7, we have

∥∥T−1R̄Ḡᵀ − βηᵀ
∥∥

MAX
. ‖β‖MAX

∥∥T−1V̄ V̄ ᵀ − Ip
∥∥ ‖η‖+ T−1

∥∥Ū V̄ ᵀ
∥∥

MAX
‖η‖

+ T−1 ‖β‖MAX

∥∥V̄ Z̄ᵀ
∥∥+ T−1

∥∥Ū Z̄ᵀ
∥∥

MAX
.p (logN)1/2T−1/2.

From Assumption A.8, we have c
(1)
qN − c

(1)
qN+1 & c

(1)
qN and the the definition of p̃ implies that c

(k)
qN ≥ c

for k ≤ p̃. Thus, we have c
(1)
qN − c

(1)
qN+1 & c. Define the events

A1 : =
{ ∥∥T−1R̄[i]Ḡ

ᵀ
∥∥

MAX
> (c

(1)
qN + c

(1)
qN+1)/2 for all i ∈ I1

}
,

A2 : =
{ ∥∥T−1R̄[i]Ḡ

ᵀ
∥∥

MAX
< (c

(1)
qN + c

(1)
qN+1)/2 for all i ∈ Ic1

}
,

A3 : =
{ ∥∥T−1R̄[i]Ḡ

ᵀ − β[i]η
ᵀ
∥∥

MAX
≥ (c

(1)
qN − c

(1)
qN+1)/2 for some i ∈ [N ]

}
. (B.106)

It is easy to observe that {Î1 = I1} ⊃ A1 ∩ A2. In addition, from the definition of I1, we have∥∥β[i]η
ᵀ
∥∥

MAX
≥ c(1)

qN for all i ∈ I1 and
∥∥β[i]η

ᵀ
∥∥

MAX
≤ c(1)

qN+1 for all i ∈ Ic1. Therefore, if Ac1 occurs, we

have ∥∥T−1R̄[i]Ḡ
ᵀ − β[i]η

ᵀ
∥∥

MAX
≥ (c

(1)
qN − c

(1)
qN+1)/2,

for some i ∈ I1, which implies Ac1 ⊂ A3. Similarly, we have Ac2 ⊂ A3. Using {Î1 = I1} ⊃ A1 ∩ A2

and Ac1 ∪Ac2 ⊂ A3, we have

P(Î1 = I1) ≥ P(A1 ∩A2) = 1− P(Ac1 ∪Ac2) ≥ 1− P(A3). (B.107)

Using c−1(logN)1/2T−1/2 → 0 and c
(1)
qN − c

(1)
qN+1 & c, we have P(A3) → 0 and consequently, P(Î1 =

I1)→ 1.

(ii) Since Î1 = I1 with high probability, we impose Î1 = I1 below. Then, we have R̃(1) = R̄[I1]

and Assumption A.13 gives
∥∥∥R̃(1) − β(1)V̄

∥∥∥ =
∥∥Ū[I1]

∥∥ .p q
1/2N1/2 + T 1/2.

(iii) From Lemma 10, we have σj(β(1)V̄ )/σj(β1) = T 1/2 +Op(1). The result in (ii) implies that

|
∥∥∥R̃(1)

∥∥∥− ∥∥β(1)V̄
∥∥| ≤ ∥∥∥R̃(1) − β(1)V̄

∥∥∥ .p q
1/2N1/2 + T 1/2.

Together with
∥∥β(1)

∥∥ � qN from Lemma 3, we have

|
λ̂

1/2
(1)∥∥β(k)

∥∥ − 1| = |

∥∥∥R̃(1)

∥∥∥
T 1/2

∥∥β(1)

∥∥ − 1| ≤
|
∥∥∥R̃(1)

∥∥∥− ∥∥β(1)V̄
∥∥|

T 1/2
∥∥β(1)

∥∥ +
|
∥∥β(1)V̄

∥∥− T 1/2
∥∥β(1)

∥∥|
T 1/2

∥∥β(1)

∥∥ .p q
−1/2N−1/2 + T−1/2.

(iv) Let ξ̃(1) ∈ RT×1 denote the first right singular vector of β(1)V̄ . From Lemma 10, we have∥∥∥Pξ̃(1) − T−1V̄ ᵀPbk V̄
∥∥∥ .p T

−1/2 (B.108)
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and σj(β(1)V̄ )/σj(β(1)) = T 1/2 +Op(1) for j ≤ p, which leads to

σ1(β(1)V̄ )− σ2(β(1)V̄ ) = T 1/2(σ1(β(1))− σ2(β(1))) +Op(σ1(β(1))) �p T 1/2σ1(β(1)), (B.109)

where we use the assumption that σ2(β(1)) ≤ (1 + δ)−1σ1(β(1)) in the last equation.

Using
∥∥∥R̃(1) − β(1)V̄

∥∥∥ .p q1/2N1/2 + T 1/2 as proved in (ii), (B.109), Lemma 3 and Wedin’s

sin-theta theorem for singular vectors in Wedin (1972), we have∥∥∥∥PV̂ ᵀ
(k)
− Pξ̃(1)

∥∥∥∥ .p
q1/2N1/2 + T 1/2

σ1(β(1)V̄ )− σ2(β(1)V̄ )
.p q

−1/2N−1/2 + T−1/2, (B.110)

In light of (B.108) and (B.110), we have that (iv) holds for k = 1.

So far, we have proved that (i)-(iv) hold for k = 1. Now, assuming that (i)-(iv) hold for j ≤ k−1,

we will show that (i)-(iv) continue to hold for j = k.

(i) Again, we show the difference between the sample covariances and their population counter-

parts introduced in the SPCA procedure are tiny. At the kth step, the difference can be written

as ∥∥∥∥∥∥β
k−1∏
j=1

Mbjη
ᵀ − T−1(βV̄ + Ū)

k−1∏
j=1

M
V̂ ᵀ
(j)

(ηV̄ + Z̄)ᵀ

∥∥∥∥∥∥
MAX

≤

∥∥∥∥∥∥β
k−1∏
j=1

Mbjη
ᵀ − T−1βV̄

k−1∏
j=1

M
V̂ ᵀ
(j)
V̄ ᵀηᵀ

∥∥∥∥∥∥
MAX

+ T−1

∥∥∥∥∥∥βV̄
k−1∏
j=1

M
V̂ ᵀ
(j)
Z̄ᵀ

∥∥∥∥∥∥
MAX

+ T−1

∥∥∥∥∥∥Ū
k−1∏
j=1

M
V̂ ᵀ
(j)
V̄ ᵀηᵀ

∥∥∥∥∥∥
MAX

+ T−1

∥∥∥∥∥∥Ū
k−1∏
j=1

M
V̂ ᵀ
(j)
Z̄ᵀ

∥∥∥∥∥∥
MAX

(B.111)

Since (iv) holds for j ≤ k − 1, we have∥∥∥∥∥∥
k−1∑
j=1

P
V̂ ᵀ
(j)
− T−1V̄ ᵀ

k−1∑
j=1

Pbj V̄

∥∥∥∥∥∥ =

∥∥∥∥∥∥
k−1∑
j=1

(
P
V̂ ᵀ
(j)
− T−1V̄ ᵀPbj V̄

)∥∥∥∥∥∥ .p q
−1/2N−1/2 + T−1/2. (B.112)

Using Lemma 2 and Lemma 3(i), we have

k−1∏
j=1

Mbj = Ip −
k−1∑
j=1

Pbj , and

k−1∏
j=1

M
V̂(j)

= IT −
k−1∑
j=1

P
V̂(j)

.
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Using the above equations, (B.112), and
∥∥T−1V̄ V̄ ᵀ − Ip

∥∥ .p T
−1/2, we have

T−1/2

∥∥∥∥∥∥V̄
k−1∏
j=1

M
V̂ ᵀ
(j)
−
k−1∏
j=1

Mbj V̄

∥∥∥∥∥∥ = T−1/2

∥∥∥∥∥∥V̄
k−1∑
j=1

P
V̂ ᵀ
(j)
−
k−1∑
j=1

Pbj V̄

∥∥∥∥∥∥ .p q
−1/2N−1/2 + T−1/2.

(B.113)

Similarly, right multiplying V̄ ᵀ to the term inside the ‖·‖ of (B.113), we have∥∥∥∥∥∥T−1V̄
k−1∏
j=1

M
V̂ ᵀ
(j)
V̄ ᵀ −

k−1∏
j=1

Mbj

∥∥∥∥∥∥ .p q
−1/2N−1/2 + T−1/2. (B.114)

Then, we analyze these four terms in (B.111) one by one. For the first term, using (B.114) and

Assumption A.3, we have∥∥∥∥∥∥β
k−1∏
j=1

Mbjη
ᵀ − T−1βV̄

k−1∏
j=1

M
V̂ ᵀ
(j)
V̄ ᵀηᵀ

∥∥∥∥∥∥
MAX

. ‖β‖MAX

∥∥∥∥∥∥
k−1∏
j=1

Mbj − T
−1V̄

k−1∏
j=1

M
V̂ ᵀ
(j)
V̄ ᵀ

∥∥∥∥∥∥ ‖η‖
.pq

−1/2N−1/2 + T−1/2.

For the second term, using (B.113), Lemma 1 and Assumptions A.3 and A.2, we have

T−1

∥∥∥∥∥∥βV̄
k−1∏
j=1

M
V̂ ᵀ
(j)
Z̄ᵀ

∥∥∥∥∥∥
MAX

.T−1 ‖β‖MAX

∥∥∥∥∥∥
k−1∏
j=1

Mbj

∥∥∥∥∥∥∥∥V̄ Z̄ᵀ
∥∥+ T−1 ‖β‖MAX

∥∥∥∥∥∥V̄
k−1∏
j=1

M
V̂ ᵀ
(j)
−
k−1∏
j=1

Mbj V̄

∥∥∥∥∥∥∥∥Z̄∥∥
.pq

−1/2N−1/2 + T−1/2.

For the third term, using (B.113) and Lemma 1, we have

T−1

∥∥∥∥∥∥Ū
k−1∏
j=1

M
V̂ ᵀ
(j)
V̄ ᵀηᵀ

∥∥∥∥∥∥
MAX

.T−1
∥∥Ū V̄ ᵀ

∥∥
MAX

∥∥∥∥∥∥
k−1∏
j=1

Mbj

∥∥∥∥∥∥ ‖η‖
+ T−1

∥∥Ū∥∥
MAX

T 1/2

∥∥∥∥∥∥V̄
k−1∏
j=1

M
V̂ ᵀ
(j)
−
k−1∏
j=1

Mbj V̄

∥∥∥∥∥∥ ‖η‖
.p(logNT )1/2

(
q−1/2N−1/2 + T−1/2

)
.

For the forth term, using (B.112) and Lemma 1, we have

T−1

∥∥∥∥∥∥Ū
k−1∏
j=1

M
V̂ ᵀ
(j)
Z̄ᵀ

∥∥∥∥∥∥
MAX

.T−1
∥∥Ū Z̄ᵀ

∥∥
MAX

+ T−2
∥∥Ū V̄ ᵀ

∥∥
MAX

∥∥∥∥∥∥
k−1∑
j=1

Pbj

∥∥∥∥∥∥∥∥V̄ Z̄ᵀ
∥∥
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+ T−1/2
∥∥Ū∥∥

MAX

∥∥∥∥∥∥T−1V̄ ᵀ
k−1∑
j=1

Pbj V̄ −
k−1∑
j=1

P
V̂ ᵀ
(j)

∥∥∥∥∥∥∥∥Z̄∥∥
.p(logNT )1/2

(
q−1/2N−1/2 + T−1/2

)
.

Hence, we have∥∥∥∥∥∥T−1R̄

k−1∏
j=1

M
V̂ ᵀ
(j)
Ḡᵀ − β

k−1∏
j=1

Mbjη
ᵀ

∥∥∥∥∥∥
MAX

.p (logNT )1/2
(
q−1/2N−1/2 + T−1/2

)
. (B.115)

As in the case of k = 1, from Assumption A.8, we have c
(k)
qN − c

(k)
qN+1 & c

(k)
qN . In addition, since the

stopping rule for the procedure in Section A is c
(p̃+1)
qN < c, we have c

(k)
qN ≥ c for k ≤ p̃. With the

assumption that

c−1(logNT )1/2
(
q−1/2N−1/2 + T−1/2

)
→ 0,

we can reuse the arguments for (B.106) and (B.107) in the case of k = 1 and obtain P(Îk = Ik)→ 1.

(ii) We impose Îk = Ik below. Then, we have R̃(k) = R̄[Ik]

∏k−1
j=1 MV̂ ᵀ

(j)
and thus

R̃(k) − β(k)V̄ = R̄[Ik]

k−1∏
j=1

M
V̂ ᵀ
(j)
− β(k)V̄ = β̄[Ik]

V̄ k−1∏
j=1

M
V̂ ᵀ
(j)
−
k−1∏
j=1

Mbj V̄

+ Ū[Ik]

k−1∏
j=1

M
V̂ ᵀ
(j)
.

Hence, using Assumptions A.3, Lemma 1, and (B.113), we have

∥∥∥R̃(k) − β(k)V̄
∥∥∥ ≤ ∥∥β[Ik]

∥∥∥∥∥∥∥∥V̄
k−1∏
j=1

M
V̂ ᵀ
(j)
−
k−1∏
j=1

Mbj V̄

∥∥∥∥∥∥+
∥∥Ū[Ik]

∥∥∥∥∥∥∥∥
k−1∏
j=1

M
V̂ ᵀ
(j)

∥∥∥∥∥∥ .p q
1/2N1/2 + T 1/2.

(iii) The proof of (iii) is analogous to the case k = 1. Rewrite the proof of the case k = 1 by

replacing R̃(1) and β(1) by R̃(k) and β(k). We have |λ̂1/2
(k) /

∥∥β(k)

∥∥− 1| .p q
−1/2N−1/2 + T−1/2.

(iv) The proof of (iv) is analogous to the case k = 1. Let ξ̃(k) denote the first right singular

vector of β(k)V̄ , then we have
∥∥∥Mξ̃(k)

− T−1V̄ ᵀMbk V̄
∥∥∥ .p T

−1/2 from Lemma 10. Since we have∥∥∥R̃(k) − β(k)V̄
∥∥∥ .p q

−1/2N−1/2 + T−1/2 from (ii), using the same proof as in the case k = 1, we have

∥∥∥∥MV̂ ᵀ
(k)
−Mξ̃(k)

∥∥∥∥ .p q
−1/2N−1/2 + T−1/2,

by Wedin’s sin-theta theorem. Combining these two inequalities completes the proof.

To sum up, by induction, we have shown that (i)-(iv) hold for k ≤ p̃.
(v) Recall that p̃ is determined by β[i]

∏
j<kMbjη

ᵀ whereas p̂ is determined by

T−1R̄[i]

∏
j<kMV̂ ᵀ

(j)
Ḡᵀ. Since (iv) holds for j ≤ p̃ as shown above, using the same proof for (B.115),
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we have∥∥∥∥∥∥T−1R̄

p̃∏
j=1

M
V̂ ᵀ
(j)
Ḡᵀ − β

p̃∏
j=1

Mbjη
ᵀ

∥∥∥∥∥∥
MAX

.p (logNT )1/2
(
q−1/2N−1/2 + T−1/2

)
. (B.116)

The assumption c
(p̃+1)
qN ≤ (1 + δ)−1c in Assumption A.8 implies that c− c(p̃+1)

qN � c. Together with

c−1(logNT )1/2
(
q−1/2N−1/2 + T−1/2

)
→ 0,

we can reuse the arguments for (B.106) and (B.107) with events

B1 : =


∥∥∥∥∥∥T−1R̄[i]

p̃∏
j=1

M
V̂ ᵀ
(j)
Ḡᵀ

∥∥∥∥∥∥
MAX

> (c+ c
(p̃+1)
qN )/2 for at most qN − 1 rows i ∈ [N ]

 ,

B2 : =


∥∥∥∥∥∥T−1R̄[i]

p̃∏
j=1

M
V̂ ᵀ
(j)
Ḡᵀ − β[i]

p̃∏
j=1

Mbjη
ᵀ

∥∥∥∥∥∥
MAX

≥ (c− c(p̃+1)
qN )/2 for some i ∈ [N ]

 , (B.117)

to obtain P(p̂ = p̃) ≥ P(B1) = 1− P(Bc
1) ≥ 1− P(B2)→ 1.

Lemma 5. Suppose that Γ(k) ∈ R|Ik|×|Ik| is an orthogonal matrix with the first p rows equals to(
βᵀ[Ik]β[Ik]

)− 1
2
βᵀ[Ik] and we define

(
s1

(k)

s2
(k)

)
:= Γ(k)ς(k) and

(
Ũ1

(k)

Ũ2
(k)

)
:= Γ(k)Ū[Ik],

where s1
(k) ∈ Rp×1 and Ũ1

(k) ∈ Rp×T are the first p rows of Γ(k)ς(k) and Γ(k)Ū[Ik], respectively. Then,

under Assumptions A.1-A.8, we have

(i)
∥∥∥s2

(k)

∥∥∥ .p T
−1/2λ̂

−1/2
(k) (|Ik|1/2 + T 1/2).

(ii)
∥∥∥Ũ1

(k)

∥∥∥ .p T
1/2,

∥∥∥Ũ1
(k)V̄

ᵀ
∥∥∥ .p T

1/2,
∥∥∥Ũ1

(k)Z̄
ᵀ
∥∥∥ .p T

1/2.

Proof. (i) The assumption Îk = Ik and the definition (B.39) of R̃(k) together lead to

R̃(k) = R̄[Ik]

∏
i<k

(
IT − ξ(i)ξ

ᵀ
(i)

)
.

Then, with (B.56) and Lemma 2, we have ς(k) = R̄[Ik]ξ(k)/
√
T λ̂(k). From the construction of Γ(k),

we have

Γ(k)R̄(k) =

(βᵀ[Ik]β[Ik]

) 1
2
V̄ + Ũ1

(k)

Ũ2
(k)

 ,
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which in turn gives

(
s1

(k)

s2
(k)

)
= Γ(k)ς(k) =

1√
T λ̂(k)

(βᵀ[Ik]β[Ik]

) 1
2
V̄ + Ũ1

(k)

Ũ2
(k)

 ξ(k).

With Lemma 1(v), we have

∥∥∥s2
(k)

∥∥∥ =

∥∥∥∥∥∥
Ũ2

(k)√
T λ̂(k)

∥∥∥∥∥∥ ≤
∥∥∥∥∥∥ Ū[Ik]√

T λ̂(k)

∥∥∥∥∥∥ .p T
−1/2λ̂

−1/2
(k) (|Ik|1/2 + T 1/2).

(ii) With Lemma 1(ii)(iii) and the definition of Γ(k), these results follow immediately.

Lemma 6. Under Assumptions A.1-A.8, if λ̂(j) �p |Ij | and |Ij | � qN for j ≤ p̃, then for k ≤ p̃, we

have

(i)

∥∥∥∥∥ Ūᵀ
[Ik]

ς(k)√
T λ̂(k)

∥∥∥∥∥ .p q
−1/2N−1/2 + T−1.

(ii)

∥∥∥∥∥ V̄ Ūᵀ
[Ik]

ς(k)

T
√
λ̂(k)

∥∥∥∥∥ .p q
−1N−1 + T−1,

∥∥∥∥∥ Z̄Ūᵀ
[Ik]

ς(k)

T
√
λ̂(k)

∥∥∥∥∥ .p q
−1N−1 + T−1, |

ςᵀ
(k)
ū[Ik]√
λ̂(k)
| .p q

−1N−1 + T−1.

Proof. (i) Using the equation ςᵀ(k)Ū[Ik] = (s1
(k))

ᵀŨ1
(k) + (s2

(k))
ᵀŨ2

(k) and Lemma 5, we have

∥∥∥ςᵀ(k)Ū[Ik]

∥∥∥ ≤ ∥∥∥s1
(k)

∥∥∥∥∥∥Ũ1
(k)

∥∥∥+
∥∥∥s2

(k)

∥∥∥∥∥∥Ũ2
(k)

∥∥∥ ≤ ∥∥∥s1
(k)

∥∥∥∥∥∥Ũ1
(k)

∥∥∥+
∥∥∥s2

(k)

∥∥∥∥∥Ū[Ik]

∥∥
.p

√
T +

|Ik|+ T√
T λ̂(k)

, (B.118)

which leads to ∥∥∥∥∥∥
Ūᵀ

[Ik]ς(k)√
T λ̂(k)

∥∥∥∥∥∥ .p
1√
λ̂(k)

+
|Ik|+ T

T λ̂(k)

.p q
−1/2N−1/2 + T−1.

(ii) From Lemmas 1 and 5, we have∥∥∥V̄ Ūᵀ
[Ik]ς

(k)
∥∥∥ ≤ ∥∥∥V̄ (Ũ1

(k)

)ᵀ
s1

(k)

∥∥∥+
∥∥∥V̄ (Ũ2

(k)

)ᵀ
s2

(k)

∥∥∥ ≤ ∥∥∥V̄ (Ũ1
(k)

)ᵀ∥∥∥+
∥∥∥V̄ Ūᵀ

[Ik]

∥∥∥∥∥∥s2
(k)

∥∥∥
.p

√
T +

|Ik|+ T√
λ̂(k)

,

which leads to ∥∥∥∥∥∥
V̄ Ūᵀ

[Ik]ς(k)

T
√
λ̂(k)

∥∥∥∥∥∥ .p
1√
T λ̂(k)

+
|Ik|+ T

T λ̂(k)

.p q
−1N−1 + T−1.
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Replacing V̄ by Z̄ and ιᵀT in the above proof and using Lemmas 1 and 5, we have similar results:∥∥∥∥∥∥
Z̄Ūᵀ

[Ik]ς(k)

T
√
λ̂(k)

∥∥∥∥∥∥ .p q
−1N−1 + T−1, and |

ūᵀ[Ik]ς(k)√
λ̂(k)

| .p q
−1N−1 + T−1. (B.119)

Lemma 7. Under Assumptions A.1-A.8, if λ̂(j) �p |Ij | and |Ij | � qN for j ≤ p̃, then for k, l ≤ p̃,

we have

(i)

∥∥∥∥∥ Ũᵀ
(k)
ς(k)√

T λ̂(k)

∥∥∥∥∥ .p q
−1/2N−1/2 + T−1,

∥∥∥∥∥ Ũ(k)√
T λ̂(k)

∥∥∥∥∥ .p q
−1/2N−1/2 + T−1/2.

(ii)

∥∥∥∥∥ V̄ Ũᵀ
(k)
ς(k)

T
√
λ̂(k)

∥∥∥∥∥ .p q
−1N−1+T−1,

∥∥∥∥∥ Z̄Ũᵀ
(k)
ς(k)

T
√
λ̂(k)

∥∥∥∥∥ .p q
−1N−1+T−1, |

ςᵀ
(k)
ũ(k)√
λ̂(k)
| .p q

−1N−1+T−1.

(iii) |
ξᵀ
(l)
Ũᵀ
(k)
ς(k)√

T λ̂(k)
| .p q

−1N−1 + T−1.

Proof. (i) Recall that in the definition of U(k) in (B.40), we have

Ũ(k) = Ū[Ik] −
k−1∑
i=1

R̄[Ik]ξ(i)√
T

ςᵀ(i)Ũ(i)√
λ̂(i)

. (B.120)

Then, a direct multiplication of ςᵀ(k)/
√
T λ̂(k) from the left side of (B.120) leads to

ςᵀ(k)Ũ(k)√
T λ̂(k)

=
ςᵀ(k)Ū[Ik]√
T λ̂(k)

−
k−1∑
i=1

ςᵀ(k)R̄[Ik]ξ(i)√
T λ̂(k)

ςᵀ(i)Ũ(i)√
T λ̂(i)

.

Consequently, with Lemma 6(i) we have∥∥∥∥∥∥
ςᵀ(k)Ũ(k)√
T λ̂(k)

∥∥∥∥∥∥ ≤
∥∥∥∥∥∥
ςᵀ(k)Ū[Ik]√
T λ̂(k)

∥∥∥∥∥∥+
k−1∑
i=1

∥∥∥∥∥∥ R̄[Ik]√
T λ̂(k)

∥∥∥∥∥∥
∥∥∥∥∥∥
ςᵀ(i)Ũ(i)√
T λ̂(i)

∥∥∥∥∥∥ .p
1√
λ̂(k)

+
|Ik|+ T

T λ̂(k)

+

√
|Ik|
λ̂(k)

k−1∑
i=1

∥∥∥∥∥∥
ςᵀ(i)Ũ(i)√
T λ̂(i)

∥∥∥∥∥∥
.p q

−1/2N−1/2 + T−1 +

k−1∑
i=1

∥∥∥∥∥∥
ςᵀ(i)Ũ(i)√
T λ̂(i)

∥∥∥∥∥∥ . (B.121)

If
∥∥∥T−1/2λ̂

−1/2
(i) ςᵀ(i)Ũ(i)

∥∥∥ .p q
−1/2N−1/2 + T−1 holds for i ≤ k − 1, then (B.121) implies that this

inequality also holds for k. In addition, when k = 1, Ũ(1) = Ū[I1] and this equation is implied from

Lemma 6(i). Therefore, we have
∥∥∥T−1/2λ̂

−1/2
(k) ςᵀ(k)Ũ(k)

∥∥∥ .p q
−1/2N−1/2 + T−1 for k ≤ p̃ by induction.
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Using (B.120) again, with Assumption A.4, we have∥∥∥∥∥∥ Ũ(k)√
T λ̂(k)

∥∥∥∥∥∥ ≤
∥∥∥∥∥∥ Ū[Ik]√

T λ̂(k)

∥∥∥∥∥∥+

k−1∑
i=1

∥∥∥∥∥∥ R̄[Ik]√
T λ̂(k)

∥∥∥∥∥∥
∥∥∥∥∥∥ Ũ(i)√

T λ̂(i)

∥∥∥∥∥∥ .p q
−1/2N−1/2 + T−1/2 +

k−1∑
i=1

∥∥∥∥∥∥ Ũ(i)√
T λ̂(i)

∥∥∥∥∥∥ .
(B.122)

When k = 1, Assumption A.4 implies that
∥∥∥T−1/2λ̂

−1/2
(k) Ũ(k)

∥∥∥ .p q
−1/2N−1/2 + T−1/2. Then, using

the same induction argument with (B.122), we have this ineqaulity holds for k ≤ p̃.
(ii) Similarly, by simple multiplication of V̄ ᵀ from the right side of (B.120), we have

ςᵀ(k)Ũ(k)V̄
ᵀ

T
√
λ̂(k)

=
ςᵀ(k)Ū[Ik]V̄

ᵀ

T
√
λ̂(k)

−
k−1∑
i=1

ςᵀ(k)R̄[Ik]ξ(i)√
T λ̂(k)

ςᵀ(i)Ũ(i)V̄
ᵀ

T
√
λ̂(i)

.

Consequently, we have∥∥∥∥∥∥
ςᵀ(k)Ũ(k)V̄

ᵀ

T
√
λ̂(k)

∥∥∥∥∥∥ ≤
∥∥∥∥∥∥
ςᵀ(k)Ū[Ik]V̄

ᵀ

T
√
λ̂(k)

∥∥∥∥∥∥+
k−1∑
i=1

∥∥∥∥∥∥ R̄[Ik]√
T λ̂(k)

∥∥∥∥∥∥
∥∥∥∥∥∥
ςᵀ(i)Ũ(i)V̄

ᵀ

T
√
λ̂(i)

∥∥∥∥∥∥
.p

1√
T λ̂(k)

+
|Ik|+ T

T λ̂(k)

+

√
|Ik|
λ̂(k)

k−1∑
i=1

∥∥∥∥∥∥
ςᵀ(i)Ũ(i)V̄

ᵀ√
T λ̂(i)

∥∥∥∥∥∥
.p q

−1N−1 + T−1 +

k−1∑
i=1

∥∥∥∥∥∥
ςᵀ(i)Ũ(i)V̄

ᵀ√
T λ̂(i)

∥∥∥∥∥∥ . (B.123)

When k = 1,
∥∥∥T−1λ̂

−1/2
(k) ςᵀ(k)Ũ(k)V̄

ᵀ
∥∥∥ .p q

−1N−1 + T−1 is a result of Lemma 6(ii). Then, a direct

induction argument using (B.123) leads to this inequality for k ≤ p̃.
Replacing V̄ by Z̄ and ιᵀT in the above proof, and using Lemma 6(ii), we have the following

results: ∥∥∥∥∥∥
Z̄Ũᵀ

(k)ς(k)

T
√
λ̂(k)

∥∥∥∥∥∥ .p q
−1N−1 + T−1 and |

ũᵀ(k)ς(k)√
λ̂(k)

| .p q
−1N−1 + T−1.

(iii) Recall that R̃(k) = β̃(k)V̄ + Ũ(k) as defined in (B.39), we have

|ςᵀ(l)R̃(l)Ũ
ᵀ
(k)ς(k)| ≤ |ς

ᵀ
(l)β̃(l)V̄ Ũ

ᵀ
(k)ς(k)|+ |ς

ᵀ
(l)Ũ(l)Ũ

ᵀ
(k)ς(k)| ≤

∥∥∥ςᵀ(l)β̃(l)

∥∥∥∥∥∥V̄ Ũᵀ
(k)ς(k)

∥∥∥+
∥∥∥ςᵀ(l)Ũ(l)

∥∥∥∥∥∥Ũᵀ
(k)ς(k)

∥∥∥ .
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Using (B.56), we have

|
ξᵀ(k)Ũ

ᵀ
(k)ς(k)√
T λ̂(k)

| = |
ςᵀ(l)R̃(l)Ũ

ᵀ
(k)ς(k)

T
√
λ̂(k)λ̂(l)

| ≤

∥∥∥∥∥∥
ςᵀ(l)β̃(l)√
λ̂(l)

∥∥∥∥∥∥
∥∥∥∥∥∥
V̄ Ũᵀ

(k)ς(k)

T
√
λ̂(k)

∥∥∥∥∥∥+

∥∥∥∥∥∥
Ũᵀ

(k)ς(k)√
T λ̂(k)

∥∥∥∥∥∥
∥∥∥∥∥∥
Ũᵀ

(l)ς(l)√
T λ̂(l)

∥∥∥∥∥∥ . (B.124)

With Lemma 1 and (i), we have

T 1/2
∥∥∥β̃(k)

∥∥∥ .p σp(V̄ )
∥∥∥β̃(k)

∥∥∥ ≤ ∥∥∥β̃(k)V̄
∥∥∥ ≤ ∥∥∥Ũ(k)

∥∥∥+
∥∥∥R̃(k)

∥∥∥ ≤ ∥∥∥Ũ(k)

∥∥∥+
∥∥R̄[Ik]

∥∥ .p T
1/2q1/2N1/2,

(B.125)

which leads to
∥∥∥λ̂−1/2

(k) ςᵀ(k)β̃(k)

∥∥∥ .p q
−1/2N−1/2

∥∥∥β̃(k)

∥∥∥ .p 1. Using this inequality and results of (i)

and (ii) in (B.124) completes the proof.

Lemma 8. Under Assumptions A.1-A.8, if λ̂(j) �p |Ij | and |Ij | � qN for j ≤ p̃, then for k ≤ p̃+ 1,

we have

(i)
∥∥∥Z̃(k)V̄

ᵀ
∥∥∥ .p T

1/2 + Tq−1N−1.

(ii)
∥∥∥Z̃(k)Ū

ᵀ
[I0]

∥∥∥ .p N
1/2
0 T 1/2 + Tq−1/2N−1/2.

Proof. (i) From the definition (B.44) of Z̃(k), we have

Z̃(k)V̄
ᵀ = Z̄V̄ ᵀ −

k−1∑
i=1

Ḡξ(i)

ςᵀ(i)Ũ(i)V̄
ᵀ√

T λ̂(i)

.

Then, with Lemma 7(ii), we have

∥∥∥Z̃(k)V̄
ᵀ
∥∥∥ ≤ ∥∥Z̄V̄ ᵀ

∥∥+
k−1∑
i=1

∥∥Ḡξ(i)

∥∥∥∥∥∥∥∥
ςᵀ(i)Ũ(i)V̄

ᵀ√
T λ̂(i)

∥∥∥∥∥∥ .p T
1/2 + T

(
q−1N−1 + T−1

)
.p T

1/2 + Tq−1N−1.

(ii) With (B.44) again, we have

Z̃(k)Ū
ᵀ
[I0] = Z̄Ūᵀ

[I0] −
k−1∑
i=1

Ḡξ(i)

ςᵀ(i)Ũ(i)Ū
ᵀ
[I0]√

T λ̂(i)

,

which, along with Lemma 7(i) and the assumptions on q, lead to

∥∥∥Z̃(k)Ū
ᵀ
[I0]

∥∥∥ ≤ ∥∥∥Z̄Ūᵀ
[I0]

∥∥∥+

k−1∑
i=1

∥∥Ḡξ(i)

∥∥∥∥∥∥∥∥
ςᵀ(i)Ũ(i)√
T λ̂(i)

∥∥∥∥∥∥∥∥Ū[I0]

∥∥
.p N

1/2
0 T 1/2 +

(
q−1/2N−1/2 + T−1

)(
N

1/2
0 T 1/2 + T

)
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.p N
1/2
0 T 1/2 + Tq−1/2N−1/2.

Lemma 9. Suppose that Assumptions A.1-A.8 hold. If λ̂(j) �p |Ij | and |Ij | � qN for j ≤ p̃, then

H1, H2 defined by (B.54) satisfy

(i) ‖H1‖ .p 1, ‖H2‖ .p 1.

(ii) ‖Hᵀ
1H2 − Ip̃‖ .p T

−1 + q−1N−1.

(iii) ‖H1 −H2‖ .p T
−1/2 + q−1N−1.

Proof. (i) Using the definition (B.54) of H1 and Lemma 1, we have

‖hk1‖ =

∥∥∥∥∥ V̄ ξ(k)√
T

∥∥∥∥∥ ≤ T−1/2
∥∥V̄ ∥∥ .p 1,

which leads to ‖H1‖ .p 1.

Using the definition (B.54) of H2, we have

‖hk2‖ =

∥∥∥∥∥∥
β̃ᵀ(k)ς(k)√
λ̂(k)

∥∥∥∥∥∥ ≤ q−1/2N−1/2
∥∥∥β̃(k)

∥∥∥ . (B.126)

With Lemma 1 and Lemma 7(i), we have

T 1/2
∥∥∥β̃(k)

∥∥∥ .p σp(V̄ )
∥∥∥β̃(k)

∥∥∥ ≤ ∥∥∥β̃(k)V̄
∥∥∥ ≤ ∥∥∥Ũ(k)

∥∥∥+
∥∥∥R̃(k)

∥∥∥ ≤ ∥∥∥Ũ(k)

∥∥∥+
∥∥R̄[Ik]

∥∥ .p T
1/2q1/2N1/2.

(B.127)

Combining (B.126) and (B.127), we have ‖hk2‖ .p 1 and thus ‖H2‖ .p 1.

(ii) By (B.56) and Lemma 2, we have

δlk = ξᵀ(l)ξ(k) =
ξᵀ(l)V̄

ᵀβ̃ᵀ(k)ς(k)√
T λ̂(k)

+
ξᵀ(l)Ũ

ᵀ
(k)ς(k)√
T λ̂(k)

= hᵀl1hk2 +
ξᵀ(l)Ũ

ᵀ
(k)ς(k)√
T λ̂(k)

.

By Lemma 7(iii), we have

|hᵀl1hk2 − δlk| .p q
−1N−1 + T−1,

and thus ‖Hᵀ
1H2 − Ip̃‖ .p q

−1N−1 + T−1.
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(iii) Using (B.56), we have

V̄ ξ(k) =
V̄ V̄ ᵀβ̃ᵀ(k)√
T λ̂(k)

ς(k) +
V̄ Ũᵀ

(k)ς(k)√
T λ̂(k)

.

With the definition of hk1 and hk2, it becomes

hk1 =
V̄ V̄ ᵀ

T
hk2 +

V̄ Ũᵀ
(k)ς(k)

T
√
λ̂(k)

. (B.128)

With ‖hk2‖ .p 1, Lemma 1 and Lemma 7(ii), (B.128) leads to

hk1 − hk2 .p T
−1/2 + q−1N−1.

This completes the proof.

Lemma 10. For any N × p matrix β, if
∥∥T−1V̄ V̄ ᵀ − Ip

∥∥ .p T
−1/2, we have

(i) σj(βV̄ )/σj(β) = T 1/2 +Op(1) for j ≤ p.

(ii) If σ1(β)− σ2(β) � σ1(β), then
∥∥∥Pξ̃ − T−1V̄ ᵀPbV̄

∥∥∥ .p T
−1/2, where b is the first right singular

vector of β and ξ̃ is the first right singular vector of βV̄ .

Proof. (i) For j ≤ p, σj(βV̄ )2 = λj(βV̄ V̄
ᵀβᵀ) = λj(β

ᵀβV̄ V̄ ᵀ) which implies

λj(β
ᵀβ)λp(V̄ V̄

ᵀ) ≤ σj(βV̄ )2 ≤ λj(βᵀβ)λ1(V̄ V̄ ᵀ).

With the assumption
∥∥T−1V̄ V̄ − Ip

∥∥ .p T
−1/2, we have T−1/2σj(βV̄ )/σj(β) = 1 + Op

(
T−1/2

)
by

sin-theta theorem.

(ii) Let ς and ς̃ be the first singular vectors of β and βV̄ , respectively. Equivalently, ς and ς̃ are

the eigenvectors of ββᵀ and T−1βV̄ V̄ ᵀβᵀ. Since
∥∥ββᵀ − T−1βV̄ V̄ ᵀβᵀ

∥∥ ≤ ‖β‖2 ∥∥T−1V̄ V̄ ᵀ − Ip
∥∥ .p

σ1(β)2T−1/2 and σ1(β)− σ2(β) � σ1(β), by sin-theta theorem we have

‖ςςᵀ − ς̃ ς̃ᵀ‖ .
∥∥ββᵀ − T−1βV̄ V̄ ᵀβᵀ

∥∥
σ1(β)2 − σ2(β)2 −O(

∥∥ββᵀ − T−1βV̄ V̄ ᵀβᵀ
∥∥)

.p T
−1/2.

Using the relationship between left and right singular vectors, we have

bᵀ =
ςᵀβ

σ1(β)
, ξ̃ᵀ =

ς̃ᵀβV̄∥∥βV̄ ∥∥ .
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Therefore,∥∥∥∥∥Pξ̃ − σ1(β)2∥∥βV̄ ∥∥2 V̄
ᵀPbV̄

∥∥∥∥∥ =

∥∥∥∥∥ξ̃ξ̃ᵀ − V̄ ᵀβᵀςςᵀβV̄∥∥βV̄ ∥∥2

∥∥∥∥∥ =

∥∥∥∥∥ V̄ ᵀβᵀς̃ ς̃ᵀβV̄∥∥βV̄ ∥∥2 − V̄ ᵀβᵀςςᵀβV̄∥∥βV̄ ∥∥2

∥∥∥∥∥ .p T
−1/2. (B.129)

By Weyl’s inequality, we have T−1
∥∥βV̄ ∥∥2

= λ1(T−1βV̄ V̄ ᵀβᵀ) = λ1(ββᵀ) + Op(σ1(β)2T−1/2) =

σ1(β)2 +Op(σ1(β)2T−1/2). Plugging this result into (B.129), we have
∥∥∥Pξ̃ − T−1V̄ ᵀPbV̄

∥∥∥ .p T
−1/2.

Lemmas 11-13 below are concerned with the singular values and singular vectors of T−1/2R̄. We

use ςj , ξj and λ̂
1/2
j , j ≤ p to denote them throughout Lemmas 11-13.

Lemma 11. Under the assumptions of Theorem 5(a), we have

λ̂j
λj
− 1 .p λ

−1/2
j (T−1/2N1/2 + 1) + T−1/2,

where λj = λj(β
ᵀβ) and λ̂j = λj(T

−1R̄R̄ᵀ).

Proof. Since λj
(
βV̄ V̄ ᵀβᵀ

)
= λj

(
βᵀβV̄ V̄ ᵀ

)
, we have

λj (βᵀβ)λp

(
V̄ V̄ ᵀ

T

)
≤
λj
(
βᵀβV̄ V̄ ᵀ

)
T

≤ λj (βᵀβ)λ1

(
V̄ V̄ ᵀ

T

)
. (B.130)

By Lemma 1(i) and Weyl’s inequality, we have λj
(
T−1V̄ V̄ ᵀ

)
− 1 .p T

−1/2 for j ≤ p. Then, (B.130)

becomes

λj
(
βV̄ V̄ ᵀβᵀ

)
Tλj(βᵀβ)

− 1 .p T
−1/2,

which is equivalent to

σj
(
βV̄
)

√
Tσj(β)

− 1 .p T
−1/2. (B.131)

Using Weyl’s inequality again, we have |σj
(
R̄
)
−σj

(
βV̄
)
| ≤

∥∥Ū∥∥ .p N
1/2 +T 1/2, which is equivalent

to

λ̂
1/2
j

λ
1/2
j

− σj(βV̄ )√
Tσj(β)

.p
1√
T

+

√
N +

√
T√

Tλj
. (B.132)

Combine (B.131) and (B.132), we complete the proof.
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Lemma 12. Suppose that the SVD of β is given by:

β = Γᵀ

Λ
1
2

0

H, (B.133)

where Γ ∈ RN×N , H ∈ Rp×p are orthogonal matrices, and Λ is a diagonal matrix of the eigenvalues

of βᵀβ. If we write Γςj = (sᵀj1, s
ᵀ
j2)ᵀ, where sj1 ∈ Rp, sj2 ∈ RN−p. Then under the assumptions of

Theorem 5(a), we have

(i)
∥∥∥(Λ/λj)

1/2 (sj1 − 〈sj1, ej1〉ej1)
∥∥∥ .p λ

−1/2
j (T−1/2N1/2 + 1), where ei1 is a p × 1 unit vector

with the ith entry being equal to 1.

(ii) ‖sj1 − 〈sj1, ej1〉ej1‖ .p λ
−1/2
j (T−1/2N1/2 + 1).

(iii)
∥∥∥(Λ/λj)

1/2 sj1

∥∥∥ .p 1.

(iv) ‖sj2‖ .p λ
−1/2
j (T−1/2N1/2 + 1).

Proof. With the orthogonal matrix Γ defined above, we can write

Ũ = ΓŪ =

(
Ũ1p×T

Ũ2(N−p)×T

)
, (B.134)

so that

ΓR̄ =

(
Λ

1
2

0

)
V̄ + Ũ =

(
Λ

1
2 V̄ + Ũ1

Ũ2

)
.

The relationship between singular vectors ςj and ξj can be written as

Γςj =

(
ΓR̄
)
ξj√

T λ̂j

, ξj =

(
ΓR̄
)ᵀ

(Γςj)√
T λ̂j

. (B.135)

Specifically, we have

sj1 =

(
Λ

1
2 V̄ + Ũ1

)
ξj√

T λ̂j

, sj2 =
Ũ2ξj√
T λ̂j

, ξj =

(
Λ

1
2 V̄ + Ũ1

)ᵀ
sj1 + Ũᵀ

2 sj2√
T λ̂j

. (B.136)

From (B.136), we have(
Λ

1
2 V̄ + Ũ1

)(
Λ

1
2 V̄ + Ũ1

)ᵀ
sj1 +

(
Λ

1
2 V̄ + Ũ1

)
Ũᵀ

2 sj2 = T λ̂jsj1. (B.137)
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We can rewrite (B.137) as

(
Ip −

Λ

λj

)
sj1 =

1

Tλj

(
Λ

1
2 V̄ + Ũ1

)
Ũᵀ

2 sj2 +
1

λj
Λ

1
2

(
V̄ V̄ ᵀ

T
− I
)

Λ
1
2 sj1 +

Λ
1
2 V̄ Ũᵀ

1

Tλj
sj1

+
Ũ1V̄

ᵀΛ
1
2

Tλj
sj1 +

Ũ1Ũ
ᵀ
1

Tλj
sj1 −

(
λ̂j
λj
− 1

)
sj1. (B.138)

Define L = diag(l1, . . . , lp), where li is equal to λj/(λj − λi) if i 6= j and 0 otherwise.

By left multiplying L to both sides of (B.138), we have

sj1 − 〈sj1, ej1〉ej1 =
1

Tλj
LΛ

1
2 V̄

Ũᵀ
2 Ũ2√
T λ̂j

ξj +
1

Tλj
LŨ1

Ũᵀ
2 Ũ2√
T λ̂j

ξj +
1

λj
LΛ

1
2

(
V̄ V̄ ᵀ

T
− Ip

)
Λ

1
2 sj1

+
LΛ

1
2 V̄ Ũᵀ

1

Tλj
sj1 + L

Ũ1V̄
ᵀΛ

1
2

Tλj
sj1 + L

Ũ1Ũ
ᵀ
1

Tλj
sj1 −

(
λ̂j
λj
− 1

)
Lsj1. (B.139)

Now left multiplying
(

Λ
λj

) 1
2

again, we have

(
Λ

λj

) 1
2

(sj1 − 〈sj1, ej1〉ej1) =
1

Tλ
3/2
j

Λ
1
2LΛ

1
2 V̄

Ũᵀ
2 Ũ2√
T λ̂j

ξj +
1

Tλ
3/2
j

Λ
1
2LŨ1

Ũᵀ
2 Ũ2√
T λ̂j

ξj

+
1

λj
Λ

1
2LΛ

1
2

(
V̄ V̄ ᵀ

T
− Ip

)(
Λ

λj

) 1
2

sj1 + Λ
1
2LΛ

1
2
V̄ Ũᵀ

1

Tλ
3/2
j

sj1

+ Λ
1
2L
Ũ1V̄

ᵀ

Tλj

(
Λ

λj

) 1
2

sj1 + Λ
1
2L

Ũ1Ũ
ᵀ
1

Tλ
3/2
j

sj1 −

(
λ̂j
λj
− 1

)(
Λ

λj

) 1
2

Lsj1

=K1 +K2 +K3 +K4 +K5 +K6 +K7. (B.140)

Before we analyze these seven terms in (B.140), we first analyze ‖L‖,
∥∥LΛ1/2

∥∥ and ‖LΛ‖. Since L

and Λ are diagonal matrices, by Assumption A.13 we can easily show that

‖L‖ . 1,
∥∥∥LΛ1/2

∥∥∥ . λ
1/2
j , ‖LΛ‖ . λj . (B.141)

In addition, Lemma 1(ii)(iii)(v) imply that∥∥∥Ũ1

∥∥∥ =
∥∥∥(βᵀβ)−1/2βᵀŪ

∥∥∥ .p T
1/2,

∥∥∥Ũ1V̄
ᵀ
∥∥∥ =

∥∥∥(βᵀβ)−1/2βᵀŪ V̄ ᵀ
∥∥∥ .p T

1/2,
∥∥∥Ũ2

∥∥∥ ≤ ∥∥Ū∥∥ .p N
1/2 + T 1/2.

(B.142)

Using Lemma 1(i)(vi), Lemma 11, (B.141) and (B.142), we analyze these seven terms in (B.140) one
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by one. For the first term, we have

‖K1‖ ≤T−3/2λ
−3/2
j λ̂

−1/2
j ‖LΛ‖

∥∥V̄ ∥∥∥∥∥Ũᵀ
2 Ũ2

∥∥∥ ‖ξj‖ .p λ
−1
j (T−1N + 1),

where we also use
∥∥∥Ũᵀ

2 Ũ2

∥∥∥ ≤ ∥∥ŪᵀŪ
∥∥ .p N + T in the last equation. For the second term, we have

‖K2‖ ≤ T−3/2λ
−3/2
j λ̂

−1/2
j

∥∥∥Λ1/2L
∥∥∥∥∥∥Ũ1

∥∥∥∥∥∥Ũᵀ
2 Ũ2

∥∥∥ ‖ξj‖ .p λ
−3/2
j (T−1N + 1).

For the third term, we have

‖K3‖ ≤ λ−1
j ‖LΛ‖

∥∥T−1V̄ V̄ ᵀ − Ip
∥∥∥∥∥(Λ/λj)

1/2sj1

∥∥∥ .p T
−1/2

∥∥∥(Λ/λj)
1/2sj1

∥∥∥ .
For the forth term, we have

‖K4‖ ≤ T−1λ
−3/2
j ‖LΛ‖

∥∥∥V̄ Ũᵀ
1

∥∥∥ .p λ
−1/2
j T−1/2,

where we use
∥∥∥V̄ Ũᵀ

1

∥∥∥ .p T
1/2 from Lemma 1. For the fifth term, we have

‖K5‖ ≤ T−1λ−1
j

∥∥∥LΛ1/2
∥∥∥∥∥∥Ũ1V̄

ᵀ
∥∥∥∥∥∥(Λ/λj)

1/2sj1

∥∥∥ .p λ
−1/2
j T−1/2

∥∥∥(Λ/λj)
1/2sj1

∥∥∥ .
For the sixth term, we have

‖K6‖ ≤ T−1λ
−3/2
j

∥∥∥LΛ1/2
∥∥∥∥∥∥Ũ1Ũ

ᵀ
1

∥∥∥ .p λ
−1
j ,

where we use
∥∥∥Ũ1Ũ

ᵀ
1

∥∥∥ .p T as shown in Lemma 1. For the last term, we have

‖K7‖ ≤ λ−2
j |λ̂j − λj |

∥∥∥LΛ1/2
∥∥∥ .p λ

−1/2
j (T−1/2N1/2 + 1) + T−1/2.

To sum up, (B.140) gives∥∥∥(Λ/λj)
1/2 (sj1 − 〈sj1, ej1〉ej1)

∥∥∥ .p λ
−1/2
j (T−1/2N1/2 + 1) + T−1/2 + T−1/2

∥∥∥(Λ/λj)
1/2sj1

∥∥∥ .
(B.143)

Note that ∥∥∥(Λ/λj)
1/2sj1

∥∥∥ ≤∥∥∥(Λ/λj)
1/2 (sj1 − 〈sj1, ej1〉ej1)

∥∥∥+
∥∥∥(Λ/λj)

1/2〈sj1, ej1〉ej1
∥∥∥

≤
∥∥∥(Λ/λj)

1/2 (sj1 − 〈sj1, ej1〉ej1)
∥∥∥+ |〈sj1, ej1〉|

√
λ−1
j eᵀj1Λej1

=
∥∥∥(Λ/λj)

1/2 (sj1 − 〈sj1, ej1〉ej1)
∥∥∥+Op(1).
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Plugging this into (B.143), we have∥∥∥(Λ/λj)
1/2 (sj1 − 〈sj1, ej1〉ej1)

∥∥∥ .p λ
−1/2
j (T−1/2N1/2 + 1) + T−1/2, (B.144)

which in turn leads to
∥∥(Λ/λj)

1/2sj1
∥∥ .p 1 as by assumption λ

−1/2
j (T−1/2N1/2 + 1)→ 0. Similarly,

we can analyze corresponding terms in (B.139), and obtain

‖sj1 − 〈sj1, ej1〉ej1‖ .p T
−1/2

∥∥∥(Λ/λj)
1/2sj1

∥∥∥+ λ
−1/2
j (T−1/2N1/2 + 1) .p λ

−1/2
j (T−1/2N1/2 + 1) + T−1/2.

From (B.136), we have

‖sj2‖ ≤

∥∥∥∥∥ Ũ2√
Tλj

∥∥∥∥∥
∥∥∥∥∥∥
(
λj

λ̂j

) 1
2

∥∥∥∥∥∥ ‖ξj‖ .p λ
−1/2
j (T−1/2N1/2 + 1). (B.145)

This concludes the proof.

Lemma 13. Under the assumptions of Theorem 5(a), we have

(i)

∥∥∥∥∥ ξᵀi Ūᵀςj√
T λ̂j

∥∥∥∥∥ .p
1
T + N+T

Tλi
+ N+T

Tλj
.

(ii)

∥∥∥∥ V̄ Ūᵀςi

T
√
λ̂i

∥∥∥∥ .p
1
T + N+T

Tλi
, | ς

ᵀ
i ū√
λ̂i
| .p

1
T + N+T

Tλi
.

(iv)

∥∥∥∥ ςᵀi Ū√
T λ̂i

∥∥∥∥ .p
1√
λi

+ N+T
Tλi

.

Proof. (i) From (B.135), we have

ξᵀi Ū
ᵀςj√
T λ̂j

=
ςᵀi R̄Ū

ᵀςj

T

√
λ̂iλ̂j

.

Using the orthogonal matrix Γ and the notations in Lemma 11 and Lemma 12, we have

ςᵀi R̄Ū
ᵀςj = sᵀi

(
ΓβV̄ + Ũ

)
Ũᵀsj =sᵀi1

(
Λ

1
2 V̄ + Ũ1

)
Ũᵀ

1 sj1 + sᵀi2Ũ2Ũ
ᵀ
1 sj1

+ sᵀi1

(
Λ

1
2 V̄ + Ũ1

)
Ũᵀ

2 sj2 + sᵀi2Ũ2Ũ
ᵀ
2 sj2

=K1 +K2 +K3 +K4.

Recall that from Lemma 12, we have
∥∥(Λ/λj)

1/2sj1
∥∥ .p 1. Using this result and Lemma 1, we

analyze these four terms one by one. For the first term, we have

‖K1‖ ≤
∥∥∥sᵀi1Λ

1
2

∥∥∥∥∥∥V̄ Ũᵀ
1

∥∥∥ ‖sj1‖+ ‖si1‖
∥∥∥Ũ1Ũ

ᵀ
1

∥∥∥ ‖sj1‖ .p

√
λiT + T.
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For the second term, we have

‖K2‖ ≤ ‖si2‖
∥∥∥Ũ2

∥∥∥∥∥∥Ũ1

∥∥∥ .p

√
N + T

Tλi

(√
N +

√
T
)√

T .p λ
−1/2
i (N + T ).

For the third term, we have

‖K3‖ ≤
(∥∥∥sᵀi1Λ

1
2

∥∥∥∥∥V̄ ∥∥+
∥∥∥Ũ1

∥∥∥)∥∥∥Ũ2

∥∥∥ ‖sj2‖ .p

√
λiT

(√
N +

√
T
)√N + T

Tλj
= λ

−1/2
j λ

1/2
i (N + T ).

For the last term, we have

‖K4‖ ≤
∥∥∥Ũ2Ũ

ᵀ
2

∥∥∥ ‖si2‖ ‖sj2‖ .p λ
−1/2
i λ

−1/2
j T−1(N + T )2.

Using above equations and Lemma 11, we get∥∥∥∥∥∥ξ
ᵀ
i Ū

ᵀςj√
T λ̂j

∥∥∥∥∥∥ =

∥∥∥∥∥∥ ς
ᵀ
i R̄Ū

ᵀςj

T

√
λ̂iλ̂j

∥∥∥∥∥∥ .p
1

T
+
N + T

Tλi
+
N + T

Tλj
.

(ii) Using Ūᵀςi = Ũᵀ
1 si1 + Ũᵀ

2 si2 and (B.142), we have

∥∥V̄ Ūᵀςi
∥∥ ≤ ∥∥∥V̄ Ũᵀ

1 si1

∥∥∥+
∥∥∥V̄ Ũᵀ

2 si2

∥∥∥ ≤ ∥∥∥V̄ Ũᵀ
1

∥∥∥+
∥∥V̄ ∥∥∥∥Ū∥∥ ‖si2‖ .p

√
T +

N + T√
λi

.

Then, with Lemma 11, we have
∥∥∥T−1λ̂

−1/2
i V̄ Ūᵀςi

∥∥∥ .p T
−1 + λ−1

i (T−1N + 1).

Replace V̄ in the above proof by ιᵀT , we can get
∥∥∥λ̂−1/2

i ūᵀςi

∥∥∥ .p T
−1 + λ−1

i (T−1N + 1).

(iii) Using Ūᵀςi = Ũᵀ
1 si1 + Ũᵀ

2 si2 and (B.142), we have

∥∥ςᵀi Ū∥∥ ≤ ∥∥∥sᵀi1Ũ1

∥∥∥+
∥∥∥sᵀi2Ũ2

∥∥∥ ≤ ∥∥∥Ũ1

∥∥∥+
∥∥Ū∥∥ .p

√
T +

N + T√
Tλi

.

Applying Lemma 11 again completes the proof.

Lemma 14. Under the assumptions of Theorem 5(a), H̃1, H̃2 defined by (B.75) satisfy

(i)
∥∥∥H̃1

∥∥∥ .p 1,
∥∥∥H̃2

∥∥∥ .p 1.

(ii)
∥∥∥H̃ᵀ

1 H̃2 − Ip̃
∥∥∥ .p T

−1 + λ−1
p (T−1N + 1).

(iii)
∥∥∥H̃1 − H̃2

∥∥∥ .p T
−1/2 + λ−1

p (T−1N + 1).

Proof. (i) Using the definition of H̃1 in (B.75) and Lemma 1, we have

∥∥∥h̃k1

∥∥∥ =

∥∥∥∥ V̄ ξk√T
∥∥∥∥ ≤ T−1/2

∥∥V̄ ∥∥ .p 1,
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which leads to
∥∥∥H̃1

∥∥∥ .p 1.

Using Γςk = (sᵀk1, s
ᵀ
k2)ᵀ, the SVD of β in (B.133), the definition of H̃2 in (B.75), Lemma 11 and

Lemma 12(iii), we have

∥∥∥h̃k2

∥∥∥ =

∥∥∥∥∥∥ β
ᵀςk√
λ̂k

∥∥∥∥∥∥ =

∥∥∥∥∥∥Λ1/2sk1√
λ̂k

∥∥∥∥∥∥ .p 1, (B.146)

which leads to
∥∥∥H̃2

∥∥∥ .p 1.

(ii) By (B.135) and Lemma 2, for l, k ≤ p, we have

δlk = ξᵀl ξk =
ξᵀl V̄

ᵀβᵀςk√
T λ̂k

+
ξᵀl Ū

ᵀςk√
T λ̂k

= h̃ᵀl1h̃k2 +
ξᵀl Ū

ᵀςk√
T λ̂k

.

By Lemma 13(i), we have

|h̃ᵀl1h̃k2 − δlk| .p
1

T
+

N + T

T min{λl, λk}
≤ 1

T
+
N + T

Tλp
,

and thus
∥∥∥H̃ᵀ

1 H̃2 − Ip
∥∥∥ .p T

−1 + λ−1
p (T−1N + 1).

(iii) Using (B.135), we have

V̄ ξk =
V̄ V̄ ᵀβᵀ√
T λ̂k

ςk +
V̄ Ūᵀςk√
T λ̂k

.

With the definition of hk1 and hk2, it becomes

h̃k1 =
V̄ V̄ ᵀ

T
h̃k2 +

V̄ Ūᵀςk

T

√
λ̂k

. (B.147)

With
∥∥∥h̃k2

∥∥∥ .p 1, Lemma 1 and Lemma 13(ii), (B.147) leads to

∥∥∥h̃k1 − h̃k2

∥∥∥ ≤ ∥∥T−1V̄ V̄ ᵀ − Ip
∥∥∥∥∥h̃k2

∥∥∥+

∥∥∥∥∥∥ V̄ Ū
ᵀςk

T

√
λ̂k

∥∥∥∥∥∥ .p T
−1/2 + λ−1

p (T−1N + 1),

which concludes the proof of (iii).

Lemma 15. Under Assumption A.13, we have

∥∥∥r̄ − Σ̂b
∥∥∥
∞

.p

√
logN

T
, ‖bᵀ(r̄ − E(rt))‖ .p

1√
T
.
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Proof. For the first inequality, we have

∥∥∥r̄ − Σ̂b
∥∥∥
∞
≤ ‖r̄ − E(r)‖∞ +

∥∥∥Σb− Σ̂b
∥∥∥
∞

.p

√
logN

T
,

where we use large deviation inequalities in Assumption A.12:

‖r̄ − E(rt)‖∞ .p

√
logN

T
, and

∥∥∥Σb− Σ̂b
∥∥∥
∞

=

∥∥∥∥ 1

T
R̄R̄ᵀb− Cov(rt, r

ᵀ
t b)

∥∥∥∥
∞

.p

√
logN

T
.

The second inequality follows immediately from Assumption A.12:

‖bᵀ(r̄ − E(rt))‖ = | 1
T

T∑
t=1

mt − E(mt)| .p
1√
T
.
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