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A Model Assumptions

To derive the asymptotic properties of the SPCA and alternative estimators, we need the following
high-level assumptions, which can be easily verified by standard and more primitive assumptions.

We start with assumptions that characterize the DGP of returns and factor proxies.

Assumption A.1. The factor innovation V satisfies:
ol Sp 772, T7WVVT =S| S T7Y2 [V vax Sp Vi9oe T,

where ¥, € RP*P is a positive-definite matriz with Ay (3,) 2 1 and A\ (3,) S 1.

Assumption A.2. The residual innovation Z satisfies:
2l Sp T2, T7'227 = | Sp T2 1 Zlvax Sp Vios T
where X, € R¥™4 is qa positive-definite matriz with A\q (X.) > 1 and M\ (2.) < 1. In addition,
|zvT) <, TV

Assumptions A.1 and A.2 impose rather weak conditions on the time series behavior of the factors
and measurement error. Since v; and z; have a finite cross-sectional dimension, both assumptions

hold if these processes are stationary, strong mixing, and satisfy some moment conditions.

Assumption A.3. The factor loading matrixz 5 satisfies

H/BHMAX 5 1, /\P(/BE-[O]/B[IO]) Z No,

for some index set Iy, where No = |Ip|.

Assumption A.3 implies that there exists a subset of test assets, within which all latent factors
are strong. Because the number of factors is finite, requiring all factors to be strong within a common
index set [y is equivalent to requiring each factor to be strong in its own index set. One direction of
the equivalence is trivial. To prove the other direction, suppose that for factor 4, there exists an index
set, I;, in which this factor is strong, that is, Al(B[T[i]ﬁ[Ii]) 2 |I;|. Then we can find k* := ming ||,
and build up Iy from I+ (so that |Iy| > |Ix+|) by adding randomly selected |Ii«| number of assets
from each I;,j =1,2,...,p,j # k*. The resulting index set I contains at most p x |I+| number of
test assets, barring from repeated counts. We thereby construct a common index set such that all
factors are strong within this set.

Next, we need the following moment conditions.

Assumption A.4. The idiosyncratic component U satisfies:

1Ullyax Sp (og )2 + (log N)Y2, - allyax Sp T2 (log N)'V2.



In addition, for any non-random subset I C [N],
U Sp 12+ T2, g || Sp 11127722

Assumption A.4 imposes restrictions on the time-series dependence and heteroskedasticity of w;.
The first two inequalities are results of some large deviation theorem, see, e.g., Fan et al. (2011).
The last inequality can be shown by random matrix theory, see Bai and Silverstein (2009), if u; is

i.i.d. both in time and in the cross-section.

Assumption A.5. For any non-random subset I C [N], the factor loading By and the idiosyncratic

error Uy satisfy the following conditions:
—-1/2 1/2
H(ﬁfl]ﬁm) /5[}]U[1}H S T2
(41) H(ﬁ[TI]ﬁ[I])_l/QB[TI} I]LTH <, TV2.
If »B[TI]ﬁ[I] is singular, we need replace the matriz inverse above by the Moore-Penrose inverse.

Assumption A.6. The following conditions hold for U, V, B, and any non-random subset I C [N]:

(@) HUuVTH< !IIWT”Q 10V lyax =
ZZ H ﬁ[] 5[[] U[[]VTH Tl/Z.

» (log N)1/2T1/2

Assumption A.7. The following conditions hold for U, Z, (3, and any non-random subset I C [N]:

@) U ZT|| Sp IVAPTVR, Uy 27 (log N)'/211/2.

HMAX ~p
)| lp) 28U 27| 5 T

Assumptions A.5 - A.7 resemble Assumptions A.7, A.9, and A.10 of Giglio and Xiu (2021), except
that here we impose their stronger versions which hold for any non-random subset I C [N]. Of course,
these two sets of assumptions are equivalent if u; is identically distributed along the cross-sectional
dimension.

In the main text, we denote the selected subsets in the SPCA procedure as fk, k=1,2,.... We
now define their population counterparts. For simplicity, we consider the case ¥, = I, here. In

general case, replace £ and n by g = ,821/ % and n, nZl/ % in the following definiiton. In detail, we

start with a = Hﬁmn HMAX and define I; := {a(l >c N} where c(]\), is the (¢N)th largest value in
{agl)};l N Then, we denote the largest right singular vector of 51y := Br,) by b1. For k > 1, we
obtain agk) = HBM Hj<k MbjnTHMAX, Iy, = {agk) > cl(]]j\),} and by is the largest right singular vector

of B = Bi1,] Hj < M. This procedure is stopped at step p (for some p not necessarily equal to
p) if cg])\;rl) < c. In a nutshell, I),’s are what we will select if we do SPCA directly on 8 € R¥*P and



n € R¥P while fk’s are obtained by SPCA on R € RV*T and G € R¥*T. We need the following

~

assumption to guarantee the selection consistency, that is, P([ = I) — 1 for any 1 < k < p.
P g Y, ) Yy p

Assumption A.8. We assume that By, agk) and c in the above procedure satisfy:

(i) o1(Bk)) and o2(Bk)) are distinct in the sense that there exists a constant 6 > 0 such that
o2(By) < (1468)" o1 (Buy)-
(ii) céljf\), and c(g’]f\),ﬂ are distinct in the sense that there exists a constant 6 > 0 such that

k 1 (k
c((;J\)f+1 < (1+9) 10((11\)/,

where c((;j\), and c((;;),ﬂ are the (qN)th and (¢N +1)th largest value in {al(-k) }i:1 , respectively.

goooy

(ii3) cg]}\;rl) and c are distinct in the sense that there exists a constant 6 > 0 such that

AV < (4o

Assumption A.8 requires that these singular values are distinguishable, so that their (relative)

differences will not vanish asymptotically. This assumption is rather mild, despite not being very

explicit.

Assumption A.9. AsT — oo, the following joint central limit theorem holds:

712 T~ vec(ZVT) KN 0 Iy e
v 0/ '\, Myw/)’
where 1111, 1o, Iloe are dp X dp, dp X p, and p X p matrices, respectively, defined as:

1
II;; = lim TE (vec(ZVT)vec(ZVT)T),

T—o0

1
Il = lim TE (vec(ZVT)LVT),

T—o0
1
Iy = lim —E (VipdhVT) .
= T—oo T ( Thr )

Assumption A.9 characterizes the joint asymptotic distribution of ZVT and Vip. Since the
dimensions of these random processes are finite, this CLT is a fairly standard result of a central limit
theory for mixing processes.

In the same vein, we make an assumption on the central limit result between ZVT and Zup,

which we use for inference on ay.



Assumption A.10. As T — oo, the following joint central limit theorem holds:

T1/2 TﬁlVeC(ZVT) i)/\/' 0 H11 H13
z 0) \Ill, T3/ )’

where 1113 and I3z are dp x d, and d x d matrices, respectively, defined as:
I3 = lim Ip (vec(ZVT)LZT),
T—oo T’
M5 = lim_ %E (ZuplZ7) .
Blow we introduce assumptions needed for the SDF estimation. Assumption A.11 ensures that

the SDF concept is well defined. Assumption A.12 again can be shown by some large deviation result

and certain central limit theorem.

Assumption A.11. Suppose that vy and uz are stationary time series independent of 3, and that
Yy = Cov(vy) and Xy = Cov(ug) satisfy Amin(Zv) = 1 and Apax(Xw) S 1. Consequently, ¥ =
Cov(ry) = BE,BT + Xy.

Assumption A.12. The time series vy and the SDF defined by m; = 1 — b7 (ry — E(r)) with b =

Y E(ry) satisfy:

<,p (log N)V/2p=1/2,
MAX

WE

(1) |77t

(Tt — Ft)(mt — mt) — COV(T‘t, mt)

o~
Il

1

<p (log N)V27~1/2,
MAX

N

(2) T_l (T‘t — ft)(’l"t — ’Ft)T — COV(Tt)

-
Il

1

(3) T my — BE(me)
t=1

!

—1/2
Sy T2

<, (log N)V/2=1/2,
MAX

T
Til Z ry — E(Tt)
t=1

Finally, we need the following assumption for establishing the convergence of the ridge-based
SDF estimator. It ensures that all eigenvalues of 53,37 are well separated. This assumption shares
the spirit with Assumption A.8. A similar assumption has been adopted by, e.g., Wang and Fan
(2017).

Assumption A.13. The eigenvalues of 83,57 are separated in the sense that
(Aj = Aj41)/A; =6

for some constant 6 > 0, where \j := X\;(83,07) is the jth eigenvalue of B3,[57.



B Mathematical Proofs

B.1 Proof of Proposition 1

Proof. Note that for any orthogonal matrix I' € RV*¥  the estimators based on PCA, PLS and
Ridge on R’ = 'R are the same as those based on R. Thus, without loss of generality, we can
assume = (A/2,0,---,0)T, where A\ = HBHQ The same simplifying assumption is adopted in the
proofs of Propositions 1, 2, and 3. Also, since z; = 0, G = V.

We start with ﬁf CA_ We write R in the following form:

= = (\5\7 + Ul) 7 (B.1)

R=38V+U= _
B 7,

where Uj is the first row of U and U, contains the remaining rows. Correspondingly, we write the
largest left singular vector of Rasc¢= (s1, §2T )T, where ¢; is the first element of ¢ and ¢y is a vector of
the remaining N — 1 entries of ¢. Recall that in Algorithm 1, we denote £ and ¢ as the largest right
and left singular vectors of R with the singular value \/ﬁ, so that by simple algebra we have

g o WAVETNE o Tt (B.2)
T\ T\

Since the entries of U and V are i.i.d N(0,1), we have
TV 1) = [TV (Ip = Tl )V = 1 < [TVVT =1 + [0 S, T2,

where we use large deviation results [T~'VVT — 1| <, T7'/2 and |6| <p T~'/2 in the last equation.
This equation also implies that HVH T Sp L.

Similarly, we can get |[T~'0,U — 1| <, T~/? and 01| = VT <p 1.

In addition, by Lemma A.1 in Wang and Fan (2017), we have |[N~'UTU — HTH <p VT/N, which

leads to
|INT'OTU — (I = T~ )| = ||(Ir = T el ) (NTIUTU = 1) (Ip — T~ o) Sp /TN

Next, by direct calculation using the above inequalities we obtain

AL T T D
Together with (B.1), we have
R VIV N -T )| 1
_ _ ( T LT[’T) Sp - (B.3)
TA T T VA




Because of this result, to study the eigenstructure of RTR/(T)\), we need analyze the eigenstructure
of

Vv N(]IT — T_leL;) 17807% ~ _1
M = - By — T Vupid
T ' T 7 +Br vrig),

where B = N/(TA) and the assumption of the proposition implies that B — B for a constant B.
Note that Vi = 0, the eigenvalues of M can be explicitly given by:

TWWVT+B i=1;
(B.4)
0 _

and the first eigenvector is VT/ HX_/TH Since the largest eigenvalue of RTR/(T\) is X/ A with its
corresponding eigenvector £, Weyl’s theorem yields that

R 1 - 11

S = +B+0,(—=)=14+B+0,| =+—=, B.5
AT ? (ﬁ > 8 (ﬁ \/T> ()
and the sin-theta theorem in Davis and Kahan (1970) implies that

- 1
[Pye —Pel| = |[VT(VVT) TV —&€7| S, VA (B.6)
which implies that (VV)~1(VE)? = TVTI(VV)TIVE = 1+ Op,(A"V2 4 T71/2)

Together with
|IT-'VVT — 1| < T2, we have

V¢l

1 1
— =140, —=+ > . B.7
VT ’ (ﬁ VT (B1)
It is easy to observe that the sign of £ plays no role in the estimator /7\; CA we can choose ¢ such
that
%3 ( 1 1 )
—=14+0,| =+ —=) . B.8
T O\ R T (B)
Recall that the risk premium estimator is :y\f CA = 1, where
A - <Ir
n=—= andy=-—+—. (B.9)
VT VA
Using G = nV and (B.8), we have
n=n+0 <1+1> (B.10)
AT VT ) |



Write

TP TB(y+0)  Tu Vg . <Ta

L S, SV SV SV v

where we use 3 = (v/A,0,...,0)T in the last step. Now we analyze the two terms on the right hand

(B.11)

side of (B.11) one by one. For the first term, using (B.2), we have

Vaa AV + A0 <V§ Ui€ )
NS VT VT VT
Using (B.5) and (B.8) and HUlH <, VT, it follows that
Vg 1 < 1 1 >
=——=+4+0 + — B.12
VA 1+B P\ VT (B.12)
For the second term in (B.11), using (B.2) again, we can write
sa Uy §2U2LT aUier §T(HT - LTLT)UTU2LT (B.13)
ao1va A 1A T3/2)

The condition that entries of U are independent N (0, 1) implies that ||Uyer|| <, VT, with X/ P
1+ B as shown in (B.5), the first term in (B.13) is of order O,(T~2A~1/2). For the second term in
(B.13), using ||(N — 1)U Uz — I || <p v/T/N, we have

S0y =T Ml )UIUsr . (N =) (Ip — T hepil)er, N —1

| T3/2)\ | S’ T3/2)\ |+ 7o) H(N_ 1)U Us _]ITH
1
H ~)TR I 5

which leads to |X‘1/2gTﬂ| <p A71/2. Plugging this and (B.12) into (B.11), we obtain

. SIr v < 1 1 >
Y S Y (I, B.14
TTVA 1B "\ VT (B.149)
andthuS'yPCA 25 (14 B)"'ny by (B.10), (B.14) and B — B. O

B.2 Proof of Proposition 2

Proof. Recall that in Section 2.3.2, we have

APLS = ||GRTR||T*GRTRGTGRT. (B.15)



We analyze HG’ RTR||, and GRTF separately. Recall that from (B.3), we have

1
<
~P \/X’

where B = N/(T'\) satisfies B — B. Together with G = nV and |G| <p VT, we have
el = - | (% + B -1 )| 40, (%)
TA\f VT VA
VTV - )
LBV +0,(—) 201+ B), B.16
Gl e () em o m

where we use |[T-VVT —1] <, T2 and HVH — /T <, 1 in the last equation. For the same reason,

by direct calculation we have

RTR VWV _
‘TA 7~ Blr-T L)

1 1 - (VV - _ 1
_ T T — _ T T _
7o GRTRGT = G ( + By —T LTLT)> GT+0, <ﬁ>
VVIVyT avATAl 1
2 2 p 2
=2l — ) Zn2a . 1
n e +n°B E —|—Op< )\) n°(1+ B) (B.17)
Next, we write
L GRT = L GRTB(y +0) + —GRa (B.18)
/D) ) 7 /D) ' ‘

We analyze these two terms in (B.18) separately. For the first term, we can write R in the form of
(B.1) as in the proof of Proposition 1. Then, using H(_le Sp VT we have

- VVT VU 4% 1
—~GRTB = L = Op | —= . B.19
5OR =t eV o, () (B.19)
For the second term in (B.18), we have
1 1 VVT U1LT
—~ GRi=n——VVT T —
T)\GR U= T \&VV U1LT+17T2)\VU Uir = nf T T —|—77T2/\VU Uur
1 N N _ 1 1
=0p | ——= V(NT'UTU -1 —Vir=0,(—= )+ 0, —=
() # Ve =0, () +0r (75).
(B.20)

where we use |N7'UTU —Ir|| <p «/T/N and Vip = 0 in the last equation. Plugging (B.19) and
(B.20) into (B.18), we have

VVT B 1 »
_~ CORTF = .
T)\GR r=0 (v+70)+ 0, (ﬁ) — Y. (B.21)




Plug (B.16), (B.17), (B.21) into (B.15), we have

1 1
~PLS P 2
L 21+ Bpy=——nn.
g 721+ B)2" (4B = 1 m

B.3 Proof of Proposition 3

Proof. Since Rank(R) < min{N,T — 1}, and the assumptions of the proposition imply that N/T —
00, we thereby have a condensed SVD of R as

R = VT(s,6)AV2(,£)T = VTAY2T + VT, A%,

where A2 is the diagonal matrix of T — 1 singular values, ¢, £ are the left and right singular
vectors corresponding to the largest singular value of T-Y2R, which is denoted by A2 In addition,
e RVX(T=2) and ¢, € RT*(T=2) are the singular vectors corresponding to the rest 7' — 2 nonzero
singular values, Ki/ 2 e RI-2)x(T-2), By direct calculation, we have
/2

_ _ _ —~ —~ —~ —~ -1
VTR (RRT + ul) ™" = (€, &)A2(A + T D) ™ (,6.)T = iy &N (A* + T—luI) o,
~lu

and thus, with G = nV/, the Ridge estimator can be written as

~

A VEQTE 77‘75*
N+ T VT /5

>\ ~PC A nVﬁ* 1/2 1
= + A +T" I, B.22
T ﬁ ( u) (B.22)

SR _ GRY (RRT + ) = A2 (R i) ol

Using (B.5) and the fact that T-'A~!; — D and Proposition 1, we can show that the first term in
(B.22) converges to (1 + B + D)~!ny. With respect to the second term, as shown in (B.3), we have

1

pﬁ7

R'R VTV N(y— T ipdk)
> T T)\

\ <

and the eigenvalues of

ViV N N(Ip — TﬁlLTL;)
T T

M:

are given by (B.4), it then follows from Weyl’s theorem that \;(T~'A"'RTR) = B + O,(A\~/?) for
1
2 <i<T-1. Note that A/ (A +71- u) isa (T —2) x (T — 2) diagonal matrix and the ith

10



element on the diagonal is

Nt (TIRTR)YV2 1 Nip1(T7'AIRTR)Y/?

N (T 'RTR) + T AN (T A IRTR) + T- A1y

Together with T=*A~'y — D, we have

AY? (A +T~ u) = max Aip (T RTR)'2 =z (B.23)
1<i<T—2 Mg 1 (T7YRTR) + T~ 1 ™" /X

Also, with ||a|| <p /N/T, we have

TPl < T80y + 0) + lIsTall < I8¢y + o)l + llall Sp VA + VN/T $p VA (B.24)

and
50 =152 - VAl <l - AT e () - 1Al = 55 o
B.25

where we use (B.8) in the last inequality. Consequently, using (B.23), (B.24) and (B.25), we have
V * — V * — — —
ER (R ) arl < || T o7l S T4 AV

it 7l

By comparing this with the limit of the first term in (B.22), we obtain

Al/z(A L )1‘

W ; +D'""
O
B.4 Proof of Proposition 4
Proof. By direct calculation, we can write
~ 2
RET+ Turi™ = R (o + Sori} ) BT = R (]IT + ;LTL,}> R, (B.26)

where i1 =/ + 1 — 1. Hence, the eigenvectors of RRT + T u77T are equivalent to the left singular
vectors of R (]IT —|—T_1[LLTL}). Let ¢ and £ denote the largest left and right singular vector of
R (]IT + 71 /NLLTL;). Note that & can be viewed as the largest eigenvector of

(Ir + T gl ) RTR(Ip + T~ L fupd}),

11



we analyze the eigenspace of this matrix first. Similar to (B.3) in the PCA case, we have the following

approximation of RTR

RTR VTV vV 4+ VT glrty N 1 1
- - - — || Sp —= + — B.2
H T T Y T Y T T)\T ~p \/T+\/X7 ( 7)
by [T7WVVT 1] S, T7Y2 ||U1|| Sp TY? and [|[NTYUTU = (Ip = T~ Yerd])|| Sp /T/N.
Then, with (B.27) and N/(TA\) — B, we have
| TN (Ip + T~ ) RTR(Ip + T~ fipdd) — M| = 0,(1) (B.28)

where the matrix M* here is defined by
M*:= Blp + TV + T Y1+ @)y(erV + VL) + T4 ((1 + )% + @*B + 2;13) L.

Recall that ¢ is the eigenvector of T~IA™(Ip + T~ fuped) RTR(Iy + T~ fugik.), we can analyze the
eigenspace of M* first and then use sin-theta theorem to characterize &.
Firstly, the rank of M* — Blp is at most 2. Using the fact that Vi = 0, by direct calculation,

we have the two nozero eigenvalues of M* — Blp are the solutions of the equation
(z —ay)(x —a3) —a3 =0, (B.29)

where a; = T~1 H‘_/H2, ag =T Y2(1 + fi)y |V|| and as = (1 + 1)2y* + fi*B + 2iB. Since the larger
solution of (B.29) is

a1 + az + /(a1 — a3)? + 4a3 > ar

5 >0 (B.30)

with probability 1, it is also the largest eigenvalue of M* — Blp. In addition, the second largest
eigenvalue of M* — Bl should be distinct with A\;(M* — Bly). To see this, if the second eigenvalue
is the other solution of (B.29), we have A\(M* — Bly) — Ao(M* — Bly) = /(a1 — a3)? + 4a3 >
max{2ag, a1 — as|} > 0. If the second eigenvalue is 0 (in which case the second solution of the
above equation must be negative), we have shown in (B.30) that A;(M* — Bly) — Ao(M* — Blr) =
A (M* — Blp) > a; > 0. In both cases, we have A\;(M* — Blp) — Ao(M* — Blp) > 6 > 0 for some
constant & > 0. Consequently,

AL(M*) = Ao(M*) = M\ (M* — Bly) — \p(M* — Bly) > 6, (B.31)

for some constant § > 0. Now we calculate the first eigenvector of M™, which should also be the
first eigenvector of M* — Bly. We use é to denote this eigenvector. Since we already know that the

largest eigenvalue of A;(M* — Bly) is a solution of (B.29), which means that §~ should be in the space

12



spanned by VT and vp. Writing € = K HVH_l VT 4+ KT~ Y20 and plugging the largest eigenvalue
of \i(M* — Bly) of (B.30) into A\;(M — Blz)é = (M — Blz)E, we directly get

Ky _ V(a1 —a3)? +4a3 +az —a (B.32)
K1 2@2 ’ '

which will pin down K7 and K5 because we also have

5) — 1.
Using || A~ (Ip + T fiepe ) RTR(Ip + T~ ivpe)) — M || = 0,(1), (B.31) and sin-theta theo-

rem, we have

fpeerd < 5285 =0

which implies that |éT§ | 24 1 and consequently,
6= K VI VT = Ko 2| = 0p(1) or ¢ K V][N VT 4 KT 0| = 0,(1),

Since the sign of ¢ plays no role in the estimator ;" PCA, we can simply assume the former one.

Also, the relationship between singular vectors implies that
F=¢R= HR(HT + T_lﬂLTLIF)H_l ET(Ir + T_lﬂLTL})RTR. (B.33)

With the approximation of RTR in (B.27), Vir = 0, T'VVT = 14+ 0,(T~'/?) and N/(T\) — B,

by direct calculation, we have
(VI Vg + T i) RTR = XTY2 (14 BYV + 3] )| = 0,(XT), (B.34)
and
HT—V?L{F(HT + T g ) RTR — ATY2(1 + i) (W + (2 + B)LTT) H = 0,(AT). (B.35)
Plugging (B.34), (B.35) and Hg — K|V T+ KQTfl/%TH = 0,(1) into (B.33) we have
H IRz + T g || F = XTV2(LyV + LQL},)H = 0,(\T), (B.36)
where

Li=Ki(1+B)+ Ko(1+ i)y,  Ly=Kiy+Ky(l+fi)(+*+ B). (B.37)

13



~rpPCA

It is easy to observe that scalar plays no role in the estimator 7, , we can redefine

F* = X' V2L |R(Ip + T updd)|| F

and use F* to create ’yerCA. Then, (B.36) becomes HF* V—L LQLTH Tl/z) Conse-
T

V=V =[P =) = V|| =0 (1772) 5 =

~

“LF*p = L7 Ly + 0p(1), and

quently,

~ o~~~ _ _ —1
F=GVT(VVT) =gV VT (V7T = n(VVT + op(T)) (VVT + o,,(T)) =0+ o0p(1),

and the estimator 74" PCA =7 2 anlLQ, where L; and Lo are defined in (B.37).
In light of that a; —2 1, ag = (1+ i)y, i = I+ p— 1, 357794 25 Ly /Ly, (B.32) and the
definitions of Ly and Ly in (B.37), we have

;y\;pPCA L) w(l + B)_IU’Y + (1 — w)n(’)/ + ’Y_IB)v

where

B 2+ 2B
1+2B++/(1—a)? +4(0 +p)y+a’

a=(1+u)(v*+ B) - B.

B.5 Proof of Proposition 5

Proof. Consider the set I = {|8| > Bgyn1}, where | 8],y is the (¢N)th largest value in {|8};|},

Since

ie[N]”

T'RGT =BT =B(T'WVT =)+ T OV + T 'BVZT+ T U ZT,
we have

[T RGT = B[ \ax S 18lhaax [T~ VVT =1 [l + T H[OVT ||y 1l

+ T Blax [VZT|| + T7H T Z7|| ok Sp (log N)Y2T1/2,

In other words, the difference between T 'RGT and pnT for all test assets is bounded by
O, ((log N)Y/2T1/2), which is o(1) under our assumption.

On the other hand, with the assumption that [|3[/yja,x < 1 and the definition of |B|i4ny, We
have Hﬁ Io]H2 gN + (No — qN)]ﬁ\%qN}. Together with the assumption that ¢N/Ny — 0 and
HB[I()]H = /Ny, it leads to \,8|{qN} pe HBIO||2/N0 = 1. Then, with the assumption that |B|f;ni1y <
(146)" 1|ﬁ]{qN}, we have that the difference between |3|¢;n11y and |B|¢4ny should be at the same
rate as |B|¢yny 2 1, which is larger than the difference between T LRGT and BnT. Therefore, with
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probability approaching one, we have I = I. In what follows, we only need consider the case of
I=1.

Since ¢N/Ny — 0, by the definition of I, we have HBU]H /\/m > HBUO]H /\/W Together with
1Biro) | = v'No, ||Byge]|| = o0 and [I| = ¢N — oo, we have ]I]/(THB[HW) — 0

and Hﬁ[l] H — 00. Now compared to the case with PCA, the expansion on ﬁfPCA resembles that of

the assumption that

(B.11), except for an extra term that depends on Z and the restriction of 7 on I:

_spca _ MVESTT | ZE ST

Y _x/T\ﬁer/T\fx'

(B.38)

In restriction to the smaller set I, the first term matches exactly the case of |I|/(T HB[ 1 H2) —-0=08

in Proposition 1, which yields

We now analyze the second term in (B.38). As shown in (B.14), we have

ST

Sp 17

=

VA

so to prove that SPCA is consistent in this case, it is sufficient to show that 7—1/2 HZf H 250,
where € is the largest right singular vector of R[I]' Similar to the proof of (B.6) in Proposition 1, we

can show that the difference between projection matrices, P¢ and Py, is small by sin-theta theorem.
That is to say, we have H§§T - VT(VVT)_IVH 25 0. Then, with the fact that

|1ZVT(VVn)V| < |12V | (VVT) YV Sp TV x T~ < T2 <, 1,
we have T~1/2 | Z£€T|| - 0. Consequently,
T2 || Z¢]| = T || e < TV | 2T gl - o
Hence, 2 does not affect the consistency of the SPCA estimator. This completes the proof. O

B.6 Proof of Theorem 1

_1
Proof. 1t is sufficient to consider the case X, = I,. Otherwise, we can do transformation V' = X, 2V,

1 1 _1
ﬁf[] = Bin%s, n' =n¥; and v' = %, *+. All the Assumptions A.1-A.8 still hold for the new V", fl]'

Therefore, we only need analyze the case of ¥, = I,,.

For notation simplicity, throughout the proofs of Theorems 1-4, we use E(k) = (R(k)) ] to denote
the matrix on which we perform SVD in each step of Algorithm 5. Similarly, we use 7 := (F(k) 1Ak
The first left and right singular vectors of ﬁ(k) are denoted by ¢y and &), while the largest singular
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value of R( k) is denoted by Tx(k) As a result, )\( HR k)H

Using the above notation, our estimated factor at k-th step is V =T f € R'™T the risk
Bremlum of t}us factor is given by ) = )\(k)/ g(k)r(k,), the loading rflatrlx of R on this factor is
B = T_l/QRﬁ(k), and the loading of G on this factor is 7)) = T_l/ng(k). By footnote 14, we can
use G instead of G(k) in Algorithm 5 and throughout the proof. We denote i) = (71, - - -, 7)) and
¥ = (a)--->7p)T, so the risk premium estimator is WSPCA =17.

By Lemma 2, we have §(i)§(j) = 0 for i # j < p. This suggests that 17(k) at each step k are

pairwise orthogonal. Using this property and the definition of E(k), we have

k—1 k—1
Ry = (Rwy) g, = Bz [T Mo = Bz, (HT - Zé(i)ﬁ(ﬂ)> , (B.39)
i=1 i=1

for k > 1 and when k =1,

If we define 3(1) = ’B[fﬂ and [7(1) = U[fﬂ’ then ﬁ(l) can be written in the form ﬁ(l) = BV + Upy.

We can iteratively define

_ k—1 R . 3 LU _ kilRA§-§T.B»
= [T, S(i) ™ (@) [1,]5(0) S()P ()
U(k) = Uf and ,B(k) = ,8" — —_— - (B.40)
[1k] — VT o (Zk] — VT o
Recall that ) and () are singular vectors of R(k), we have
R RJ<
Stk) = L )A( L, §y = : )A : (B.41)
TAr) T Aw)
Using (B.41), if E(i) = 5(1‘)‘7 + ﬁ(i) for i < k, we can write (B.39) as
» B k—1 T R(z
Buy = g, (HT - Z&i)f@)) =R Z R, €
=1 (2)
k-1 T 3.7 k-1 T 77
~ _ SNcIO4 _ N
— (&)"”@) i) (4)
=BV + Uty = 2 Ry~ ==~ 2 B — =
=1 T)\(z) =1 )‘(z)
:g(k)v + ﬁ(k)
Consequently, by induction, E(k) = B@V + ﬁ(k) for £ < p+ 1. Similarly, we can write
77(;{) = B(k) (’Y + 'l_)) + ﬂ(k), (B.42)
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where ) is defined by

(B.43)

and ﬂ(l) = ﬂ[fﬂ

Similar representations can be created for é(k) =G Hfz_ll Mg+ . Specifically, we have
(4)

k—1 TR k—1 T By k-l .U,
- (@) 1) -5 0 S®PO) A (i)~ (@)
Ciry (HT - Z&z ) =G~ ) Gpy—r=—==0V+2Z-) G&y—m—=—) G&uy—r=
i=1 A/ T)\(z) i=1 T/\(z) i=1 T/\(z)
k—1 T3 k—1 TU
_ Sti /8(7,) _ = = SGi U(Z)
=|n—- Gf(z) (@) V+ Z—ZG&Z (@)

k—1 T k—1 T

_ ~. S@Pw > . - S0V

Ty =1 — 3 GEp—2=2, and  Zgy =27 -y G2, (B.44)
=1 T/\(i) =1 T)\(Z)

é(k) can be written as é( k) = ( )V + Z( -

To sum up, we have defined R(k (k) B U(kys (k) and Z(k) at the kth step of the algorithm.
Note that B e RIEIxP and 7 Nk € € R¥*P can be v1ewed as the loading of P;(k) and é(k) on V, but
they are not the same as the estimators defined in Algorithm 5, B(k) e RV*! and Nk € R¥*1 which
are the estimated loadings of R and G on the kth factor.

By Lemma 4, we have P(fk = 1) — 1 for k < pand P(p =p) — 1. Thus, we can impose that
I, = I, for any k and p = p in what follows. In addition, Lemma 3(ii) and Lemma 4(iii) imply that
X(k) = ¢N and that || = ¢N. Therefore, the assumptions of Lemmas 6-9 hold.

Since our algorithm stops at p, it implies that at most gN — 1 test assets satisfy

71 ‘ (R(ﬁﬂ))[i] GT > c¢. Consider the test assets in Iy, we have

MAX

- Hé(ﬁH)R[TIO} =7 H (R(ﬁH) (7o) GTH <p ¢ANYV2 4 eNy? = ( 3”) ; (B.45)

where we use the the assumptions ¢ — 0 and ¢N/Ny — 0 in the last equation.
Write the left hand side of (B.45) as

Gieny Rl = ) VYV Bito) + i) VO + Zieny VT Bito) + Zieny Ul (B.46)
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Using (B.45), (B.46) and Lemma 8(i)(ii), we have
e (V0B + VT, )| = 00 (36°T). (B.47)
Also, using Assumption A.6, Lemma 1(i) and Weyl’s theorem, we have
05 (VT Bisg + VO ) — 0Tl < ||V | + 77T = | [ T8 | Sp No T2 (B.48)

Since Assumption A.3 implies that o, (87,)) =< Ny 172 , we have UP(VVTB[IO +VU[I ]) = N1/2T Using

this result, (B.47) and the inequality Hn (5+1) (VV Bire) + VU, )H > o, (VVT Bi1o] —i—VU[IO |

we have Hn (1) H 24 0. That is, by definition of 7 N(p+1) in (B.44),

T A,
S e, 000 ) (B.49)
n (Z) — = Op . .
i=1 \/ T)\(l)
Multiplying (B.49) by ~ from the right-hand side, we have
2o B
my = Y G —r==1 = op(1). (B.50)
i=1 T)\(Z)

Recall that our final estimator of v, is

P P gTZ'fi P §Tzﬂz‘ b CTzﬂz
ASPCA Z Z (i)' ( ZG‘f(i) ()A()(,YJFU)JFZG&Z) ()A(
i=1 i=1 1/T)\(1) i=1 T)‘(z) i=1 T)‘(z)
(B.51)
Combining (B.50) and (B.51), we have
2l shPo Pl st
Iy =0 < 3 || G —P=t|| + D || G == + 0p(1). (B.52)
=1 T)\(i) i=1 T>\(z)

Using HGH Sp T'/2, Lemma 7(ii), Lemma 9(i) and the assumptions that ¢N — oo, we have

f &P
< ||Gew || |~ f12]) = 0p(1),
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and

_ CTZN _ C-l;f'lzl
G2 | < ||Ge | [|F2Z2 | = 0p(1)-

Plugging them into (B.52) completes the proof.

B.7 Proof of Theorem 2

To derive the asymptotic distribution, we need a more intricate analysis. As in the proof of Theorem
1, we impose that p = p and fk = I, since Lemma 4 shows that both events occur with probability
approaching 1.

Recall that in Algorithm 5 the SPCA estimator is written as VSPCA =1y = Zgzl N(k)V(k)> Where

D is the number of factors selected and, with the notation defined in the proof of Theorem 1,

Géwy  nVE&w  Z&w . S k)r(k) k)5 (v + ”) (o )

M) = N + . Aw = (B.53)
T T T Do P \/*
Denote H1 = (h117 ey hﬁl)a H2 = (hlg, ey hﬁg), where
hrp1 = T71/2‘7§(k)7 hio = /\(_1)/2ﬁ(k)§(k) (B54)
Therefore, we can write (B.53) as
_ 28 Skt
Ny — Nhi = \}), k) — Pla(y +9) = )A (B.55)
g Adk)

Since (1) and g are the largest singular vectors of é(k) with the singular value \/TX(;C), we have

_ Rwém Rl

T)\(k) VT )

From (B.56), we have

Sw _ 2 Blgsw ZVT Blswy | Z00ysw _ 207 hyy 1 20w

\f \f,/T/\ \/T m T T X(k).
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Using Lemma 7(ii) and the assumptions on ¢, we have

ZUT ¢ <\
k)S(k) _ k) 4(k) _
(k) 0p(T 1/2)7 (k) 0p(T 1/2>_

T\ A Ak)

Then, along with (B.55) and Lemma 1(vi), the above equations lead to

R VA% _

0=t — = Hy| = 0p(T~Y/?), (B.57)
and

7 — Hy = Ho| = 0,(T~'/?). (B.58)

Combining (B.57) and (B.58), with || Hy|| <p 1, [|[Hz|| <p 1 from Lemma 9 and Assumptions A.1,

A.2, we have

VT

T HQHZT’V

Hﬁ?—n}thT(V—Fv) ‘: 0p(T~Y/?). (B.59)

As shown in Lemma 3(iv), under the assumption that \,(n™n) 2 1, we have p = p. Together
with P(p = p) — 1, we can impose that p = p for derivations below. To analyze H1HJ and HyHJ in

(B.59), using Lemma 9 and the assumptions on ¢, we have
|3 Hy = Tp|| < ||H] Ho = || + || Hy — Hal | Hal <p 7712 (B.60)
Then, for the term HoHJ, we have
1H2Hy —Lp|| = max |Xi(HpH3) — 1 = max |\(Hi Hy) — 1] = |[Hi Hz — L]l $p T2 (B.61)

since Hs is a p X p matrix.

For the term HyHJ, by Lemma 9 and the assumptions on g, we have
|HTHy — || = 0,(T~1/2). (B.62)
In addition, we have
op(Ha) | HoHT — 1| < |[(HoH] — L) Hall = | Ho(HT Hy — L) < | Hall |[HTHs ~ L. (B.63)

Since (B.60) implies that o1 (Hs)/o,(Ha) = M (HoHJ)'/2 /N, (HoHI)Y? <, 1, (B.62) and (B.63) give

01 (HQ)
op(H2)

|EHS — L, = | HeH] ~ 1] < |HTHy — L] = 0,(T12). (B.64)
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Combining (B.59), (B.61), and (B.64), we obtain |77 — n(y + 8) — T"1ZVT4|| = 0,(T/2). Using
Delta method and Assumption A.9, it is straightforward to obtain: T (75 — 1) LN N (0, D),

where @ is as defined in Theorem 2. O

B.8 Proof of Theorem 3

Proof. As in the proof of Theorem 2, we have
77 =0y +0) = T2V = 0p(T7/?)
from (B.59), (B.61), and (B.64). Together with &g = g — 77 = ag + 1y + nv + z — 777, we have
|Gy —ag — 2+ T2V = |77 — n(y +3) = T2V = 0,(T~/?)

Using Delta method and the CLT Assumption in Theorem 3 , we have vT(a, — a;) 4, N(0,®

where @ is as defined in Theorem 3. O

~—

B.9 Proof of Theorem 4

Proof. As shown in the proof of Theorem 2, we have P(p = p) — 1 and P(I), = I;) — 1 for k < p.
Thus, we impose p = p = p and j;; = I, below. Using the same notation as in the proof of Theorem

2 and (B.58), we have
1 T ~ 12 1 550 n 2 1 -1/2 2
=3l = o [V75 = V| = | VT + 0p (1) — v |
t=1
1 — 2 _
:THﬁgHZH*VWH +0, (T71), (B.65)

where § = (f(l), cee ,f(p))
Using (B.56), we can write

<<k>T Vﬁm ﬁ()U
f NN

Using Lemma 7(i), Lemma 9(i) and )\ )y =p k|, [Ix| = ¢V, we can derive from (B.66) that

VTE L, = hl,. (B.66)

ﬁg(’ﬂ)@z = VThiahl, + Op (q—l/zN—1/2Tl/2 + T—1/2) .
That is,

VTEH] = VTHHI + 0 (¢ //AN"V2TY2 77112 (B.67)
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Therefore, using (B.67), (B.61) and the assumptions on ¢, we have

T2 |VT¢HTy = V| Sp T2 VTS = VT ol + g AN 4 T
S T2V HY =Tyl + 72N T2 4 7
<, g VANY2 T2,

Therefore, it follows from (B.65) that

1
_|_7

T
1 2
—_ —m _ 5 T
thl‘mt ul” = HV =V 7” ~PT TGN

In light of the assumptions on ¢, we can choose g such that ¢ N = Ny/log Ny, which leads to

T
fz_:\mt—mﬂ SprF Ny

B.10 Proof of Proposition 6
Proof. Write B =%y Y 2527%/ 2, then by definition m; can be written as

My =1 —yTBTS (Boy +u) = 1 — 478, /287 (EgT + HN>71 (B, 2o+ 2, Puy),  (B.68)
or in matrix form

M = 1=y TS BV +U) = 1 -T2 2T (BT L) (BSV 50, (B6o)

where M = (my,...,mg), V= (vi,...,vr) and U = (u1,...,us). Suppose that the SVD of 5 can

be written as 8 = BAY2T, where B € RV*? and I' € RP*P are matrices of left and right singular

vectors, A1/2 = d1ag()\1/2 . 5}1}/2) is a diagonal matrix and \; is the ith eigenvalue of ETE Write
= (b1, -+ ,bp), then b]b; = 0 for ¢ # j. Using the SVD of 3, we have

BT (BF +1y) " = ITAV2 (A +1,) BT

Hence, we have

Fr(AFT+1y) -1,

~P 'p >

- HFTAW(A +1,)"TAY2D - ﬂpH = HA1/2(A +I,)7IAY2 - ]IPH <p At

(B.70)
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and

2
Since COV(BTE;1/2ut) =1,, we have E <HBTEU1/2UHF> = pT', which leads to

BT (5@ + JIN)_1 EJWU” = HPTAV?(A n Hp)—lBngl/ZUH <, (X;W) HBTE;V?UH . (B.71)

HBTE;V?UH < HBTE;VZUH <, T2 (B.72)
F

For the same reason, we have HE;UQVH Sp TY2. Then, with Assumption A.11, (B.69), (B.70),
(B.71), and (B.72), we have

T
Z|mt —my|? < ’
=1

5 ’

7Ty (BT (B8 +1v) B- ﬂp> 5y PV H + ’

P}/TE;]-BT (BBVT + HN>_1 251/21']”

Fr(BF+1yv) B-1,

<, T1/2)\;1/2,

Js=ev] <]

g (BBT T ]IN) ! 2u1/2UH

which in turn leads to
1 & ~
=l l? £ 31
t=1
where

X =N (zqﬁ/%mz;lﬁz}/ 2) > Ap(BEuBT) Amin (1) =p Ap(BT8) Amix (Zu) 2 Ap(B78),

which concludes the proof. O

B.11 Proof of Theorem 5(a)

Proof. For Ridge SDF estimator m;, we have
1 1=, a 2
= > lme =il = o |RTE 4 uly) 7 - v (B.73)
t=1

Recall that in the proof of Proposition 3, we have a condensed form of SVD on R:

R = VTAY2¢T + To, AV e,

23



where A/2 is the diagonal matrix of the first p singular values of T-*/2R and A= diag{//\\l, e ,/):p},
g, & are the corresponding left and right singular vectors, and ¢, € RVN*E ¢ e RT*K are the
singular vectors corresponding to the remaining K nonzero singular values in IA\}/ ? ¢ REXK , where
K = min{N,T — 1} — p. Using this representation, (B.73) becomes

T
S lme = inf2 = | (VBT + TR + uD)7ITE = VI 4+ (VIBT + U (R + pul) 6T
t=1

<|[VTBTCA + u1) T8y = V| 4+ |[VTBTR 4 )T (BT + )|

‘ +|[VTy = VT (B.74)

n HUT<(K + u)7ITR|| 4 |V AT (A + p)~ATF

+ HUT<*(1A\* + ul) "I

We analyze these terms one-by-one. Firstly, we consider the properties of ¢ and . Let ¢, and &
denote the kth columns of ¢ and &, respectively. Note that ¢ and & can be regarded as the ¢,
and £ in our SPCA procedure with I = [N], where ¢, and &, are the singular vectors at the kth
stage. This means we can reuse some of the proofs without repeating essentially the same arguments
therein.

Similar to (B.54), we define

iLkl = T_1/2V§k7 iLkQ = XI;I/Q/BTQW (B75)
and Hy = (ﬁn, ce ﬁpl), Hy = (h12, ..., ﬁpg). Using Lemma 14, we can obtain
Hﬁlﬁfg —11,,H ST 4 AN TIN 4 1), ”H1 HQH ST V24 U TIN+1). (BT6)

Using (B.76) and Lemma 14(i), we have HHQH —1I H < HHlH —1I H—FHHl HQH HHQH <p T-1/2 4
A H(T™IN + 1), which, by (B.75), is equivalent to

1 N—I—T
\f

H,@Tg/\ 176 — 1, H <, (B.77)

Consequently, with Lemma 11 and HﬁTgK_l/QH = Hf[gH <p 1, we have

|

BT¢ (K—i—,u[)_ldﬁ - HpH < ’

BTCKA/Q <K1/2 ( —i—/ﬂ) AL/2 _ ]Ip> Kfl/QgTIB

[« i)

A
NG ( n uI) L JI,,H n HﬂTgf\‘lcTB _ ]IpH

< [ave]
1 N—I—T W
< + —, (B.78)
< f A Ap
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~ ~ ~1 ~
where we use H[\l/2 (A + ,uI) A2 — HpH = maxj<p(Aj + ) "' Sp Ayt in the last step.
With [V <p T'/? from Lemma 1, it implies from (B.78) that the first term in (B.74) can be
bounded:

N+T | T
\/T)\p )\p

HVTB%(K +ul) 7T By — VWH Spl+
For the second term in (B.74), using Lemma 11, we have

Hx‘/TﬁTc(K + ) T8 + u)H <[|V| HﬁTgfrl/QH HKW(K 4ol H 187 + all <, \/AW (B.79)

P

Next, recall that ¢, and &, are singular vectors of R, we have
V18T, + UTe, = RTe, = VTEAY? (B.80)
By Weyl’s theorem and Assumption A.4, we have
0 (T2 R) = oy (T28V) | < T2 || R = BV || = T7'2||U|| < ﬁ+ 1, (B.81)
for j < min{N,T}. Since Rank(T~'/28V) < p, we have aj(Tfl/QBV) =0 for j > p and thus

|

Left multiplying (B.80) by V, we obtain

_ _ N
A}/ZH = opt(T72R) S\ 7 + 1. (B.82)

V‘_/TBTg* = \/va*//ii/Z - ‘_/UTg*- (B83)
Together with (B.82) and Assumption A.6, we have

18l < |[(7on) 7| (VE )[R+ ve) s, ﬁ+ 1, (B.84)

and consequently,

i} _ _ N
IF7Il < T8Iy + ol + T all Sp ) = + 1 (B.85)

Using (B.84), (B.85), Lemma 13(iv) and ||U]| <, N2 4 T2 we have

N+T
pT

HBT<*(7\* + pl) i F

| <187l | Rs + )| 1770 S5 (B.56)
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and

o il N+T
UTe(As + pl _1§IFH < ||U H A+ pd _1H ar| < . B.87
|076.Re 4 ar) e e S (B.87)
Using Lemma 13(iii), we have
~_ _ ~_ ~_ _ N+T
e ] e R B R e
where we use HK‘1/2§T5H = HﬁgH Sp 1. Then, with Lemma 13(iv), we have
o B , - PSP T N+T
(A + pl)~LTr|| < ||T7¢ HA+ I 1A1/2H HA 1/2§TF‘ < . B.88
|o7e@ + 1) 07 [ &+ ey Wyt v, 9

Plugging (B.78), (B.79), (B.86), (B.87) and (B.88) into (B.74) and using ||V — V|| <, 1, we obtain

T
1 . 1 N+T N24+7T?
el _ < 2o -
T;hnt mel” Sp )\]2)+T+ gy + 272

With p? < T7I)\,(N + T), we achieve the best rate from the above bound:

T
1 .1 N4T
_ _ < =
thllmt mt‘ NpT+ TAp .

B.12 Proof of Theorem 5(b)

Proof. i. (Slow rate) Note that (13) is equivalent to a constrained optimization problem:

0 S-1/2. a1/,

b= argmbinHE_ P53l bH , subject to ||b]]; < p,
for some tuning parameter p. This implies that the vector of the true SDF loadings, b, satisfies that

S-1/2..  a1/27)? S-1/2.  a1/2;? >
HZ_ 12F Y/ bH < HE_ 125 Y bH and HbH < u, for somepy > s.
1

Equivalently, expanding the left- and right-hand sides of the above we have

TS — bTSb < 2(b — b)TF,
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which leads to

o~ ~

(b —b)TS(b—b) < 2(b— b)T(7 — Sb) < 2 HZ— le HF - inoo .

With a tuning parameter p =< s, we have

b-0)TS0h-b) < er—in . (B.89)
With Lemma 15, we have
1 o~ 2 log N
H21/2(b—b)H <,s OgT . (B.90)
Therefore, we have
1 o 1 2
= > i =l = S [Brre = ) = (e~ EGr)|
t=1 t=1
2 || ~ 2 2 & )
S ) (MR = S TS ()]
t=1 t=1
o~ 2
<2||S2@ -0 + 20003 7 - B 1
log N log N
Spst/ Tt s T
Since s =< p 2 ||b]|;, plugging in the optimal rate choice s < ||b||,, we complete the proof.
ii. (Fast rate) Since b is the optimal solution of the minimization problem, it implies that
BTSb — 2677 + bTSb + pu|[b]|, > bTEb — 2677 + bTSb 4 pl[b]1. (B.91)
Rewrite (B.91) as
(b= b)TE(b —b) < 2(b )T (7 — £b) + p([blly — []1). (B.92)
Ifu>4 H'F — f)bH , (B.92) becomes
1/ 2 ~ ~ ~
|E26 - )| <2|fp ||, |7 - Sb|_ + o, - 1bl)
1 |~ ~
<z [B—e||, +uCioll, = 151). (B.93)

Let J denote the support of /l;, then (B.93) can be written as

R N e e e e
-2 1 2 1 1 1
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=50l =], - sl

Define b* = b — b, then (B.94) implies that 3 16511, = [|b%|l;, and we have

*T _A E3
b*T(X —X)b SHE—

[l

luvax v

[

Consequently, with the assumption |J|\/log N/T — 0 and Apin(X) 2 1, we have

b TSb*

b*TEb*

bT(S — )b

Therefore, we have

o+

o+

> 1
[l

|52 — o) = 5 2, 15712 = 0512 = 11 1002 = 117 [y b

Plugging (B.95) into (B.94), we have

~ ~ 2 ~ ~ ~
[5G -0 < 5ulfs -0, 5 w2 2226 - )

Thus,

~ ~ 2
[= 2@ -0 <p 211

Choosing =4 H'F — in and by Lemma 15, we obtain
[e.e]

[826 -0 <, 11

Similar to the slow rate case, we have

T
L5 e — 2
T t t
t=1

log N

:% ;T; [Brre =) — b7 - E(rt))Hz

T

logN 4 1|b% Hl log N
P~ ) =V

9 T > o T ,
sfzuw—wm-m\) + 7 2 17— B

<2H21/2

S l1bllo

log N
T

B+ 217~ B P
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B.13 Technical Lemmas and Their Proofs

Without loss of generality, we assume that ¥, = I, in the following lemmas. Also, except for Lemma
4, we assume that p = p and fk = I for Kk =1,...,p, which hold with probability approaching one

as we will show in Lemma 4.
Lemma 1. Under Assumptions A.1-A.7, for any I C [N], we have the following results:

(i) | T7VVT -1 <, TV

1 ~
" H(@’L]Bm) Bl Sp T2
_1 o _1 o
(ii3) H(ﬂ[TI]Bm) 25&]U[1}VT ng1/2; H(ﬁ[ﬂr}ﬂ[ﬂ) 25[THU[I]ZT <p T1/2
()  |[Ulyax  S» (log NT)'/2, [0V [yax 5o (log N)'/2T1/2, 1UZ7[|yax  <p

(log N)Y/2T/2,
(0) Nl Sp 112+, (O VT S 121212, [0 27| S 111272,
i) |V T 12| 2T [VET| S TV VET - V2T 51

Proof. (i) Using Assumption A.1, we have

H A%

T —L

Ip|| + 1)) <p T7Y2.

va
< | || +

Vipd VT
T2

_|vvr
T

(ii) Using Assumption A.5, we have

,% _ 7% B 1
H@[T”ﬁ[”) it SH(B[TIWUJ) SlyVin |+ 77 | (8lyn) * OfUerek| <o T
(iii) By Assumptions A.1, A.5 and A.6, we have
1 1 _1
H(ﬂfl]ﬁm B[I]U[I H H 115[1 ﬁ[TI]U[I]VT +77! (5&]5[1}) Q/BEI]U[I]LTL;VH
1 _1
< |(staem) " syt | + | (3pa8n) ~* sty hol 5, 72

Replacing V by Z in the above proof, with Assumptions A.2, A.5 and A.7, we also have

H (5&]@1])7 BUMZT|| <p T2,

(iv) Using Assumption A.4, we have

10| yiax < 100hiax + T Uik |l yax < 100iax + Nllax lerll Sp (log N)YY2 + (log T) /2.
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Using Assumptions A.1, A.4, A.G, we have
10V |yiax < N0V lyiax + T UertbVT || yax < N0V Ivax + T lalhax 9] Sp (log N)V2T12,
Replacing V by Z in the above proof, with Assumptions A.2, A.4 and A.7, we also have
|UZ7|| ux Sp (log N)Y2TH2,
(v) Using Assumption A.4 , we have
10| < 1Ol + T~ [Unered || < [0 ]] + llam| ezl Sp 112+ T2,
Using Assumptions A.1, A.4, A.6, we have
1T V| < UV + T Ve VT < [0 VT + T f|an]| o]l <p 1117272,
Replacing V by Z in the above proof, with Assumptions A.2, A.4 and A.7, we also have
|0 Z7|| Sp 1)/2T2.

(vi) Using Assumption A.1, we have

VI < IVI+ T |[Verd|| < IV + 0] llerll Sp T2,
Using Assumption A.2, we have

1Z)] < 121 + T~ || Zerd|| < 1120 + 120 lerll Sp T2
Using Assumptions A.1 and A.2, we have

VZT| < \VZ| +T7H|[Verdo Z|| < VI + T o]l 121l Sp T2,
and
\VZT—VZT|| = ||[T" 'V Z|| =T ||o|| ||2]] $p 1-

O
Lemma 2. The singular vectors {s we obtain from Algorithm 5 satisfy £(Tj)§(k) = 0,1, for j,k <p.

Proof. If j = k, this result holds from the definition of ). If j < k, recall that ﬁ(k) is defined in
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(B.39) and {4 is the first right singular vector of E(k), we have

é(k) = R[]k] g (]IT - f(z‘)f(TZ—)> and  {) = argclynax H]T’(;TH
If §(Tk)£(j) = ¢g # 0 for some j < k, then
Hﬁ(m(&k) - CO%’))H = Hﬁ(k:)ﬁ(k) - CO%)%)H = Héw)ﬁ(k)H ) (B.98)

since the definition of fi(k) implies that E(k)f(j) =0 for j < k.
On the other hand, since f(Tk)f(j) = co # 0, we have (§x) — co(;))T¢(;) = 0, and consequently,
¥

€ |I” = ll€a — cotplI* + llo€ i [* > 1|€w) — e (B.99)

Apparently, if ‘E(k)H = 0, the process will stop so we have HE(k)H > 0 for k& < p. Together with

(B.98) and (B.99), we have

_ Hﬁ(k)ﬁ(k)H Hé(k)(&k)—co&('))H
|| - ol = Hf<k>—co€(j>|j\ ’

which contradicts with the definition of §,. Therefore, f(Tk)g(j) = 0 for j < k. This completes the
proof. O

Lemma 3. Under Assumption A.3, if ¢ — 0, gN/Ng — 0 then by, Bky and p defined in Section A
satisfy

(i) (bj,bx) = djx for j <k <p.
(ii) ||Ba || = ¢"> N2,
(iii) p < p.
() p=p, if we further have \,(nTn) 2 1.

Proof. (i) Recall that by, is the first right singular vector of ) and By = Bir,) [1;<f Ms;. Using the
same arguments as in the proof of Lemma 2, we have (b;, by) = d;;, for j < k < p.

(ii) The selection rule at kth step implies that

2 2

1 1
17 Z B H Mip,; 0T >~ Bl H M, 07 : (B.100)

1€1y, i<k MAX i€lg i<k MAX
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For any matrix A € RV*? and set I C [N], we have

S 1A ax < AR < a3 1 AglE
el el

and
IAI” < [|AlE < d]JA|?,

we thereby have

2 _ 2
14" = Z HA[i]HMAX‘ (B.101)
i€l
Using this result, (B.100) becomes
2 2
1
A By [ Me,n™|| 2 ﬁ Biro) [ M, "
i<k <k

Then, we have

i<k i<k

1 1
\/’T H/B H H ]-77T > \/ﬁ /B[Ik} HMbﬂ?T Z m 6[10] HMbﬂ?T \/7 ﬁ[[o HMb 77 )
i<k i<k

(B.102)

where we use [, Hg<k M,nT = Blk](H]<k‘ M, 20T = = B Hg<k Mi;nT in the first inequality. With
op(Bi1,)) 2 VNo from Assumption A.3, (B.102) leads to Hﬁ(k | = [Ix|Y/2. In addition, ||8]/yax S 1
from Assumption A.3 leads to Hﬂ k)” < |I;|Y/2. Therefore, we have HB H = |I|"/? < ¢*/2N1/2,

(iii) From (i), we have shown that by’s are pairwise orthogonal for & < p. It is impossible to have
more than p pairwise orthogonal p dimensional vectors. Thus, p < p.

(iv) Recall that p is defined in Section A. Since the procedure in its definition stops at p+ 1, we
have at most ¢N — 1 rows of 3 satisfying HBM I i< M, nTHMAX > ¢, which implies

2

Bitg [T M, ™| S gV + (No — aN)e? = o(No),
i<p

where we use (B.101) and the assumptions ¢ — 0, ¢N/No — 0. With 0,(8,)) 2 Vv No from
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Assumption A.3, we have

n T M, || < op(Biao)) ™" ||Bito) [ [ Mis,n™|| = o(1). (B.103)

J<p J<p

If p <p—1, using (i), we have

n [ Ms, =n—n_bbl,

J<p J<p
which implies that
Up(n) <o nHMbj + op anjb; . (B.104)
J<p J<p
Since
Rank anjb]T- <p<p-—1, (B.105)
J<p

we have o), <n di<p bjb}) < 0 and thus (B.104) and (B.103) lead to o,(n) < o1 (77 [T« Mbj) —0.
This contradicts with the assumption that \,(n7n) 2 1. Therefore, we have p > p. Together with
the result in (iii), we have p = p. O

Lemma 4. Suppose Assumptions A.1-A.8 hold. If ¢! log(NT)l/2 (q*I/QJ\f*l/2 + T*1/2) — 0 and
¢ — 0, then for k < p and for Iy, p and By defined in Section A, we have

(i) P(Iy = I;) — 1.
0 [ 7] oo 102

(iii) NG/ 1Bl = 11 Sp g VANY2 4 7712,

(v |

]P)\//\'JC) o T—lVT]P)kaH Sp q—1/2N—1/2 —|—T_1/2.

(v) P(=p) = 1.

Proof. We prove (i)-(iv) by induction. First, we show that (i)-(iv) hold when k = 1:
(i) Recall that fl is selected based on T-!RGT and I; based on BnT. With simple algebra, we

have

T'RGT — BT =B (T 'VVT L) g+ T'OVIT + T71pVZT+ 77U ZT.
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With Assumptions A.1, A.2, A.3, A.6 A.7, we have

T RGT = 17| yaxe SNBlaax 1T VVT =T || lnll + T~ [TV || px Il
+ T |Bllvax [vzr||+7" 1TZ7||\ax S p (log N)'2T71/2,

From Assumption A.8, we have c((;\), — c((;\), 12 cfl ]\), and the the definition of p implies that c( ) >c

for k£ < p. Thus, we have cg\), — C(R+1 2 ¢. Define the events

A= { HT_IR[i]éTHMAX > ( (1) + ch+1)/2 for all 7 € Il}

o= {117 R < (4 /2 for i € 17},

As: = { T Ry GT = B [lyax = (e — 1), 1)/2 for some i € [N]} . (B.106)

It is easy to observe that {./7\1 = I;} D A; N Ay. In addition, from the definition of I;, we have

HanTHMAX > c( ) for all i € I and Hﬁ[z]nTHMAX < cé]\),_ﬂ for all 7 € IT. Therefore, if A{ occurs, we
have

15 = 1 1
| T~ Ry GT - > (621\)/ - cé&m/z

for some i € Iy, which implies A{ C As. Similarly, we have A5 C A3. Using {./7\1 =1} DANA
and Af U AS C As, we have

B’ HMAX

P(I, = 1) > P(A;1 N Ay) = 1 — P(AS U AS) > 1 — P(43). (B.107)

~

Using ¢~ (log N)'/2T-1/2 — 0 and cg\), = c((;\),ﬂ 2 ¢, we have P(A3) — 0 and consequently, P(I; =
Il) — 1.
ii) Since Al = I; with high probability, we impose Al = I; below. en, we have R n = Ry
ii) Since I = I h high probabil Iy = I bel Th have Ry = Ry
80V = 10l S 2N 4 2
(ili) From Lemma 10, we have o;(81)V)/0j(81) = T'/2 4+ 0,(1). The result in (ii) implies that

and Assumption A.13 gives

|H§(1)H ~ By VIl < Hé(l) - 5(1)‘7" <p 2NV 412,

Together with H/B(l) H =< ¢N from Lemma 3, we have

Ay |2 0 g [T e e
| (O 1| = | 1)< + 1) 1) < q—1/2N—1/2 L T12,
1B T2 |8y 2|8 V2B | ’

(iv) Let 5(1) € RT*1 denote the first right singular vector of B(l)‘_/. From Lemma 10, we have

H]P’ = T*VTP,%VH <, T2 (B.108)

)
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and 0;(81)V)/0;(B)) = TY? + Op(1) for j < p, which leads to

a1(ByV) — o2(ByV) = T%(01(Buy) — 02(B))) + Op(01(B))) =p T?01(Bny), (B.109)

where we use the assumption that o2(81)) < (14 0)"'o1(B(1)) in the last equation.
Using H]:’;(l) —B(l)VH Sp q"/2NY? 4 T2 as proved in (ii), (B.109), Lemma 3 and Wedin’s

sin-theta theorem for singular vectors in Wedin (1972), we have

In light of (B.108) and (B.110), we have that (iv) holds for k = 1.
So far, we have proved that (i)-(iv) hold for £ = 1. Now, assuming that (i)-(iv) hold for j < k—1,

we will show that (i)-(iv) continue to hold for j = k.

q1/2N1/2 + T1/2

P < _ _
~P 01(5(1)‘/) - 02(5(1)‘/)

<p g VANTY2 L2 (B.110)

~ _ ]P)~
Vi €

(i) Again, we show the difference between the sample covariances and their population counter-
parts introduced in the SPCA procedure are tiny. At the kth step, the difference can be written

as

k—1 k-1
5 T M7 — 778V + 0) [] Mgy (¥ + 27
j=1 j=1 J

MAX
k—1 k—1 k—1
< My 0T =TV | [ Mor VT +7 1BV [ [ Mgr 27
<||B 1:[ b; 7 B 1:[ v n B 1:[ v
=1 7=l MAX 7=l MAX
k—1 k—1
-1 ||17 ¥ -1 || >
+T UHM%VTnT +717 O M%ZT (B.111)
J=1 MAX J=1 MAX
Since (iv) holds for j < k — 1, we have
k—1 k—1 k—1
ZP% —TVTY BV =) <P% - Tlvwij) Sp g ANTVE4TTP (BA12)
j=1 j=1 j=1

Using Lemma 2 and Lemma 3(i), we have

k—1 k—1 k—1 k—1
[[v, =1~ 3P, d [[g, =1r- 32
Jj=1 Jj=1 Jj=1 Jj=1
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Using the above equations, (B.112), and HT‘l‘_/VT — ]IpH Sp T-1/2 we have

k—1 k—1 k—1 k—1
T2\ V[ [Mpr — [ Mo, V|| =T V2|V Por = P, V| <p g VANT2 41712
=1 (€] =1 = @) =1
(B.113)
Similarly, right multiplying VT to the term inside the ||-|| of (B.113), we have
k-1 k—1
TV [ Mg VT = [[ My, || Sp g PNV2 47712, (B.114)
J=1 (€] =1

Then, we analyze these four terms in (B.111) one by one. For the first term, using (B.114) and

Assumption A.3, we have

k—1 k—1 k—1 k—1

ﬁHMbjnT—T—WHMW)VTnT S1Blnax || TT Mo, —T_IVHM?(T)VT il

i=1 =t 7 MAX =1 =1 Y
Spq71/2N71/2+T71/2'

For the second term, using (B.113), Lemma 1 and Assumptions A.3 and A.2, we have

k-1 k—1 k—1 k—1
T8V [T Mer 27| <7 Bl | TTMu || V2] + 77 Bl [V [T Mgr — TT v, V]| 2]
j=1 MAX j=1 Jj=1 Jj=1

Squl/QNfl/Q L2,

For the third term, using (B.113) and Lemma 1, we have

k—1 k—1
T UHM\A/&)VWT < HUVTHMAX HMbJ [l
7=l MAX =1
) k-1 k-1 .
+ T [Olyax T2 ||V [T Mgz = TT M, V]| Il
j=1

=1

Sp(log NT)l/2 ((1*1/21\771/2 + T71/2> )

For the forth term, using (B.112) and Lemma 1, we have

k—1 k—1
0TIy 27| ST 02+ T [0V g [ S 1727
=1 MAX =1
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k—
+ T2 |0 yax | T Z V- Zﬂ”v; 12
Splog NT)l/2 (qil/QNfl/2 + T71/2) i

Hence, we have

k—1
T-'R H Mps G7— 6 [ My, <, (log NT)/2 (q’l/QN’l/Q + T*1/2> . (B.115)
i=1 MAX

As in the case of kK = 1, from Assumption A.8, we have cé’j\), — cé’j\), 1R cglj\),. In addition, since the

stopping rule for the procedure in Section A is Cg\;r D < ¢, we have cél;\)[ > c for k < p. With the
assumption that

"o NT)2 (VAN 4 7712) 0,

we can reuse the arguments for (B.106) and (B.107) in the case of k = 1 and obtain P(I), = Ij,) — 1.
(ii) We impose I, = I below. Then, we have E(k) = R[Ik] Hf;ll M, and thus
@)

k—1 k—1 k—1

Ry — BV = Ry, HMvg —BwV = By VHM s — Mo,V | + Ty T[] Mg

j=1 =1 oo

Hence, using Assumptions A.3, Lemma 1, and (B.113), we have
_ B - k—1 - - B -
HR(k) — B(k)VH < H,B[[k]H \% H M‘A/(;) — H Mij + HU[IHH H I\\/JI‘A/(;) <p q1/2N1/2 + T2
j=1 j=1 j=1

(iii) The proof of (iii) is analogous to the case k = 1. Rewrite the proof of the case k = 1 by
replacing ]5;(1) and (1) by R y and f). We have \/)\\%2/ Hﬂ(k)H -1 5, g VENT12 712,

(iv) The proof of (iv) is analogous to the case k = 1. Let {() denote the first right singular
vector of ﬁ(k)‘_/, then we have HMEW - T_IVTMbk‘_/H <p T-1/2 from Lemma 10. Since we have

Hé(k) — ﬁ(k)‘_/H <p ¢ '2N~Y2 4 7=1/2 from (ii), using the same proof as in the case k = 1, we have

(k) 30)

by Wedin’s sin-theta theorem. Combining these two inequalities completes the proof.
To sum up, by induction, we have shown that (i)-(iv) hold for k < p.
(v) Recall that p is determined by B[]
T_lR[,-] [Tk M‘A/(;)GT. Since (iv) holds for j < p as shown above, using the same proof for (B.115),

Mp,nT  whereas p is determined by
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we have

D
TR Mgy G7— 5] My, <, (log NT)'/2 (q—l/QN—l/2 + T‘1/2) . (B.116)

j=1 j=1 MAX

The assumption cg\;r 2 < (1+6)"'cin Assumption A.8 implies that ¢ — c((ﬁ\;r Ve Together with

¢ L(log NT)'/? (qu/QN—l/2 + T‘W) 0,

we can reuse the arguments for (B.106) and (B.107) with events

ﬁ ~
By = T_llfi[i] HM\?T GT > (c+ cél;\;rl))/2 for at most ¢N — 1 rows i € [N] » ,
=t ax
.- e : (p+1)
By:=14 TRy [] Mz GT— By T M, > (c— iy )/2 for some i € [N] 5, (B.117)
=1 =1 MAX
to obtain P(5 = p) > P(By) = 1 — P(BS) > 1 - P(By) — 1. -

Lemma 5. Suppose that Ty, € RUEXkl 45 an orthogonal matriz with the first p rows equals to
1

<5[T1k]5[1k}) ’ ﬁ[TIk] and we define

5k Ui J
2 | T lmsw and | 5" )= Ty Unny,
(k) *)

where s%k) e RPX! gnd ﬁ(lk) e RPXT gre the first p rows of LSy and F(k)U[Ik], respectively. Then,

under Assumptions A.1-A.8, we have
. _1/97°-1/2
(Z) Hs%k)H SpT 1/2)\(k)/ (‘Ik‘1/2_'_T1/2)_
) 0| s T2 ||T8 7| s T2 02| S T2
Proof. (i) The assumption fk = I} and the definition (B.39) of R ) together lead to
(k)

Ry = Ry [1 (HT - 5(1‘)%) :

i<k

Then, with (B.56) and Lemma 2, we have ;) = R[Ik]ﬁ(k)/ T/):(k). From the construction of I'(),

we have

N

Y/ rrl
VT
2

_ T
Loy Reey = (B”’“]ﬁ”’{)
Utk
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which in turn gives

With Lemma 1(v), we have

Ut Uy S-1/2
‘S%’“)H _ (A) < [Ak] <, T71/2)\(k)/ (|Ik|1/2 i Tl/z)_
TAk) VT A
(ii) With Lemma 1(ii)(iii) and the definition of I}y, these results follow immediately. O

Lemma 6. Under Assumptions A.1-A.8, if X(j) =p |I;| and |I;| < gN for j < p, then for k < p, we

have
7T
(i) Ygsw || < g V2N-1/2 L1
— ~P .
VT A
. vVUT S(k) ZUT S(k) §T Uy
(i) ||| Spa !N AT | B S gt N T P S g AN e T
T\ Ak T/ Ay VA®)

Proof. (i) Using the equation C(Tk)U[Ik} = (s%k))Tf](lk) + (s%k))Tﬁ(Qk) and Lemma 5, we have

<[t + st 5] < st 5% | + | N0

L]+ T
<, VT + il & (B.118)

VT ) ’

|55 Oin

which leads to

]
Unpwll o 1 |+ T

- <p —— < q_1/2N_1/2—|—T_1.
TAw) Ay TAw

(ii) From Lemmas 1 and 5, we have
705 < 7 (@) st |7 (88"t < [7 ()" + 7 ]

1 T
< ﬁ—f—%,

~p M

which leads to

T
VU1, S%) < 1 n \[k|A+T <

= p —— pq NI T
T/ Ay T  TAw

~.
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Replacing V by Z and uh in the above proof and using Lemmas 1 and 5, we have similar results:

20, it
[Ili]\g(k) Sp q—lN—l + T_l’ and ‘U[[k/]\g(k) Sp q_lN_l 4 T_l. (B119)
T Ay A(k)

O

Lemma 7. Under Assumptions A.1-A.8, if /):(j) =p |I;| and |I;| < gN for j < p, then for k,l < p,

we have

. Ulysw —1/277—-1/2 -1 Utk —1/277—-1/2 -1/2
(i) —W DN < g V2NTY2 W |\ <, g V2ANTZ T2,
g VOG5 —1p-1 —1 k) S(k) —1p-1 -1 S k) —1p—1 -1
(ii) | Spa 'NTIT, iy Sp 'NTIHTT =] S g I
T/ Nk Ty/X Atk

(iii) ‘M‘ <p g N4 Th

VT Ak

Proof. (i) Recall that in the definition of Uy in (B.40), we have

(B.120)

Then, a direct multiplication of g(Tk) / TX(k) from the left side of (B.120) leads to

wlm _ siling <= s Biniéo siVo
\/ T)\(k) \/ T/\(k) =1 4/ T)\(k) A/ T)‘(z)

Consequently, with Lemma 6(i) we have

T 77 k-1 5 T 77 E=1|| T 77
SV Sy VL) N Ry ||| | . 1 LT ] soU)

<
= — = = ~p = N N =
Towl [Vwll = VTw VTR Ao T Vw T /Th

k-1 S'(Ti)ﬁ(z‘)
Spq VPNV AT 4y — (B.121)
1=1 T)\(l)
If HTfl/Q//\\&)l/%(Ti)ﬁ(i) <p ¢ Y2N"Y2 4 T71 holds for i < k — 1, then (B.121) implies that this

inequality also holds for k. In addition, when k = 1, [7( 1) = U (1] and this equation is implied from

Lemma 6(i). Therefore, we have HT 1/2)\(k)/ S k)U(k H <p ¢ V2N~1/2 47~ for k < p by induction.
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Using (B.120) again, with Assumption A.4, we have

U
< q71/2N 1/2 4 p- 1/2+Z i)

NG \/TA \/T)\ = ||/

(B.122)

r7 k:—l
Uk | || Yl Ry

VT

When k& = 1, Assumption A.4 implies that HT*I/QX(_]gl)/Qﬁ(k)H Sp ¢ Y2N—1/2 41 7-1/2 Then, using
the same induction argument with (B.122), we have this ineqaulity holds for k£ < p.
(ii) Similarly, by simple multiplication of VT from the right side of (B.120), we have

T Um VT _ sV & sl Bt s Vo VT

Tm Tm = VT TW

Consequently, we have

C(Tk:) UwVT g(Tk) Ul VT sz Ry, (T y U VT
T )\(;C) T >\(k) i=1 \/T)\(k) T\/
1 el +T [l 5 g(Tz)U(i)VT
S D) h) Z
_ T 77 17
T UnVT
g Nl 3|1 (B.123)
i=1 T>‘(z)

When k = 1, _15\\(_]:)/ S(k) V H <p ¢ 'N7! 4+ T71is a result of Lemma 6(ii). Then, a direct
induction argument using (B 123) leads to this inequality for k < p.

Replacing V' by Z and ). in the above proof, and using Lemma 6(ii), we have the following
results:
Z U( )G(k) ﬂT

k
Sp qilel +771  and \ (k)A(
T/ A Ak)

<, N

(iii) Recall that E(k) = B(k)f/ + ﬁ(k) as defined in (B.39), we have

|§(Z)R( )U sl < sy l)VU Sty + |§(l U(k Sl = Hg(l l)H HVﬁ(Tk)g(k)H + Hg(Tl)ﬁ(l)H Hﬁ(Tk)g(k)H'
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Using (B.56), we have

5(k g(k = ‘g(l k) S(k g(TZ)g(l) VU( )S(K) ﬁ(Tk)g(k) ﬁ(Tl)g(l) (B.124)
VT Aw) ,/ \r T/ Aw) \/ Thw | |30
With Lemma 1 and (i), we have
7% oo | 0 07 ]| < B 7| < B0 | + | Reo | < [P | + Wl 5 727277,
(B.125)

which leads to |\, 27 E oll <, ¢gV/2N-1/2 E wll <p 1. Using this inequality and results of (i
(k) S(k)Pk)|| ~p &) || ~p
and (ii) in (B.124) completes the proof. O

Lemma 8. Under Assumptions A.1-A.8, ifX(j) =p |I;| and |I;| < ¢N for j < p, then for k <p+1,

we have
(i) | Zay V|| <p 72 + T N
(ii) HZMU&O] H <, NY2T1/2 4 g1 2N-172,

Proof. (i) From the definition (B.44) of E(k), we have

o i k—1 g(Tz Uy VT
Z VT =2V Zeg MONE AN
i=1 T)\(Z)

Then, with Lemma 7(ii), we have

~ _ _ k-1 _ §g) [7(1)‘71-
|77 < 12770+ X llGeoll | A 5 2 4 T (N ) 5, T T N
=t (i)
(ii) With (B.44) again, we have
Z4y UL, = 207, ZG@ [”

\/ T%)

which, along with Lemma 7(i) and the assumptions on ¢, lead to

z) ('L

VT

Sp NPTV 4 (g 2NV2 771} (NPT 4 )

[z < 2t + S ool 01
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< N&/QTl/z—i—Tq*l/QN*l/?.

O]

Lemma 9. Suppose that Assumptions A.1-A.8 hold. If X(j) =, |I;| and |I;| < ¢N for j < p, then
Hy, Hy defined by (B.54) satisfy

(i) |Hil <p 1, [[Hal| Sp 1.
(it) |H{Hy — 1) <p 7'+ N1
(iii) ||Hy — Hol| Sp T7Y% + ¢ 'N7L.

Proof. (i) Using the definition (B.54) of H; and Lemma 1, we have

VEk)

|4 _
= [25) <7 7 5.

which leads to ||Hi|| $p 1.
Using the definition (B.54) of Hs, we have

By

el = < g VN7 HB@)H. (B.126)

k)
With Lemma 1 and Lemma 7(i), we have

2 ] 0506 [ = [ <[] o] < [ V5720
(B.127)

Combining (B.126) and (B.127), we have ||hg2|| <p 1 and thus ||Ha|| S, 1.
(ii) By (B.56) and Lemma 2, we have

VB sy ELUT Gk €L UL Sk
_ S0 P w | Sl S0l

VT VT Tk

e = &l Eir)

By Lemma 7(iii), we have
W] hws — 0| Sp g "N+ T

and thus ||H{Hy — I5]| <p ¢ *N"1 4+ T71L
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(iii) Using (B.56), we have

VVTEL, ot VUGSt
T = >k =
\ T Ak T Ay

With the definition of hg; and hgs, it becomes

VEw) =

VT VU] s
hi = i + () (B.128)
With [|hge| Sp 1, Lemma 1 and Lemma 7(ii), (B.128) leads to
hit — hie Sp T2+ g N7
This completes the proof. ]

Lemma 10. For any N X p matriz 3, if HTﬁlf/VT — ]IpH Sp T-1/2, we have
(i) 05(BV)/oj(8) = T2+ Op(1) for j <p.

(ii) If 01(B) — o2(B) < 01(B), then H}P’g - T_lf/T]P)bVH <, T~V2, where b is the first right singular
vector of B and € is the first right singular vector of BV .

Proof. (i) For j < p, 0;(BV)* = X;(BVVTST) = A\;(878VVT) which implies
N(BTBIN(VVT) < 05(BV)” < N(BTB)M(VVT).

With the assumption HT*1V\7 - ]I,,H <p T-1/2, we have Tfl/Qaj(ﬁV)/aj(ﬁ) =140, (T*1/2) by
sin-theta theorem.

(i) Let ¢ and < be the first singular vectors of 3 and SV, respectively. Equivalently, ¢ and < are
the eigenvectors of AT and T~ !AVVTAT. Since HBﬁT - T_lﬁVVTﬁTH < ||BH2 HT_1VVT - }IPH <Sp
o1(8)*T~Y2? and 01(8) — 02(B) =< 01(B), by sin-theta theorem we have

HﬁﬁT — T_lm_/‘_/TﬁTH < 7-1/2
01(8)? = 02(8)? = O([| 88T — TV VTAT||) ~F '

(ISR

Using the relationship between left and right singular vectors, we have

jio S8 H _SBV

— T—-_
) & BV
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Therefore,

‘P o1(8)?

VIBTTRV
;- L VB pV
[Eidk

vl

VT/@ngTBV B VTﬁngTm_/
18V * 18V [°

VTP,V <, T7Y2. (B.129)

-fe-

By Weyl’s inequality, we have 7! HBVHZ = M(T'BVVTAT) = M(BBT) + Op(01(B)*T~1/?) =
o1(B)* + Op(0o1 (ﬁ)QT_l/Q). Plugging this result into (B.129), we have HP§ — T—lf/T}be/H <p T-1/2
O

Lemmas 11-13 below are concerned with the singular values and singular vectors of T-1/2R. We

use ¢j, §; and 3\\;/2, 7 < p to denote them throughout Lemmas 11-13.

Lemma 11. Under the assumptions of Theorem 5(a), we have

Ao <p )\j—l/2(T—1/2N1/2 1) LT

J

> | >

where \j = X\j(878) and A; = A\j(T"'RRT).

Proof. Since \; (BV‘_/TBT) = Aj (BTﬂVVT), we have

vw> _ N (B18VVT)

5@ (U <o (S, (B.130)

T

By Lemma 1(i) and Weyl’s inequality, we have \; (T_11_/‘_/T) -15, T2 for j < p. Then, (B.130)

becomes

Aj (BVVTAT)

—1<, T2
TA;(B7B) ~r
which is equivalent to
(BV
) <, T2, (B.131)
VTa;(B)
Using Weyl’s inequality again, we have |o; (R) —0j ([3‘7)| < HUH <Sp N1/24712 which is equivalent
to
NP e 1 YNAVT
- Sy Y (B.132)
A2 VTo(8) 7 VT T
Combine (B.131) and (B.132), we complete the proof. O
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Lemma 12. Suppose that the SVD of 8 is given by:

A3z
B=TT H, (B.133)
0

where T € RVXN | H € RP*P are orthogonal matrices, and A is a diagonal matriz of the eigenvalues
of B73. If we write I's; = (8}-1,8}-2)1-, where sj1 € RP, 5,9 € RN=P. Then under the assumptions of

Theorem 5(a), we have

(i) H(A/)\j)1/2 (sj1 — <5j17€j1>6j1)H Sp )\;1/2(T_1/2N1/2 + 1), where e;1 is a p X 1 unit vector
with the ith entry being equal to 1.

(i) lsj1— (sjn,ejn)esll Sp Ay VAT Y2NY2 4 1),
(i) [/ 5] 51
() lsjall Sp A AT 2NY2 4 1),

Proof. With the orthogonal matrix I' defined above, we can write

O U
U=TIU = (N Lpxr ) (B.134)

) A AT 4T
re— (M yeo= (V0
0 U,

The relationship between singular vectors ¢; and §; can be written as

so that

T'R)¢; I'R)" (Tg;
I = ( )ff, ¢ = CR) ITy) (Agj). (B.135)
TAj TA;
Specifically, we have
_ ~ _ ~\T ~
(137 +00) g Dot (A2 4 01) s + 0 sjo
Sj1 = — , Sj2 = =, &= — ) (B.136)
TAj TA; TA;
From (B.136), we have
<A%V + ﬁ1> (A%V + ﬁl)T 851+ (A%V + ﬁl) ﬁQTSjQ = T/)\\jsjl- (B.137)
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We can rewrite (B.137) as

A vvT \ AVUT
<]Ip—>\j> Sjl T)\ (A2V+U1> U2SJ2+ )\ A2 <T—I> A23j1+ T)\jlsjl
U, VTA2 0,07 by
: A= 2 =1 . B.1
LS VI LR DV L DY s (B-138)

Define L = diag(ls,...,[,), where [; is equal to A\;/(X; — ;) if ¢ # j and 0 otherwise.
By left multiplying L to both sides of (B.138), we have

UJU. 1~ UU VT 1
Sjl — <sj1,ej1>ej1 = )\ LA V 272 fj T)\ U \/ﬁfj + N LA < T - ]Ip> AéSﬂ
i TN T, J

LA2VU] U, VTA2 0,07 X
e+ L = L s — (21| s (B39
SV SV O L O Y - (B139)

1
Now left multiplying (AAJ) : again, we have

A2 1 _UJU. UlU.
(sj1 = (sj1,ej1)ej1) = AZLATV 222 + A2 LU 222
Aj TN}/ o) T)\3/2
3 T 3 T)\J
_ 1
1 1 (VVT A2 VU
latad () (4) i
Aj T T)\N) TA3/2
~ 1 ~ 1
1 UhVT A2 U1U Aj A2
A2 L — A L———— - —=-1 — | Ls;
+ A2 T)\j <)\j) Sj1 + T)\3/2 S51 (Aj )\j 551
J
=K1+ Ko+ K3+ K4+ K5+ K¢ + K. (B.140)

Before we analyze these seven terms in (B.140), we first analyze ||L]|, HLA1/2H and [|LA||. Since L

and A are diagonal matrices, by Assumption A.13 we can easily show that
IEh S 1 |[2a2 s A% LAl S (B.141)
In addition, Lemma 1(ii)(iii)(v) imply that

o] = ([ zera|| s, 72, o] = [yt sove s 1e (G| < )y N2+ T
(B.142)

Using Lemma 1(i)(vi), Lemma 11, (B.141) and (B.142), we analyze these seven terms in (B.140) one
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by one. For the first term, we have
- —3/27-1/2 =11 || 7577 IR
M <T320ER LAl [V 0300 | s sp 4N 4 1),

~DP Yy

where we also use HﬁgﬁQH < HUTUH Sp N + T in the last equation. For the second term, we have

~P 7y

Kol < T332 HA1/2LH H&H H@T@H 1€ ] <p ATATIN + 1),
For the third term, we have

1El] < A IEAN T TP =1 | [[ (A7) Y2551 ]| S5 T2 [ (A /200255
For the forth term, we have

Ml < 7702 A | V0T 5 472,
where we use HVﬁlTH Sp T'/2 from Lemma 1. For the fifth term, we have
|l < T HLAl/QH H(}IVTH H(A/A]’)l/Qsle <, )\;1/2T_1/2 H(A/)\j)l/QsﬂH .
For the sixth term, we have
I1Ks|| < T—1)\j—3/2 HLA1/2H HﬁlﬁfH <, /\j_17
where we use Hﬁl [71T H Sp T as shown in Lemma 1. For the last term, we have
1Kl < X723 = Al || LAV 5 25 2@ 2N 4 1) 4 T2,

To sum up, (B.140) gives

A2 (551 = (sin eqdeqn)| Sp A7 2@ ANV 4 1) 4 T2 T2 (A2 25|
(B.143)

Note that

H(A//\j)l/QSﬂH < H(A/Aj)l/2 (sj1— <8j176j1>€j1)H + H(A/Aj)l/Z(th6j1>€j1H

< H(A/>\j)1/2 (sj1— (5j1,€j1>€j1)H + [(sj1, €51) [\ /A; el  Aejy

= H(A/Aj)l/2 (sj1 — <8jla€j1>€j1)H + Op(1).
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Plugging this into (B.143), we have
A7) 12 (351 = (s, eqndesn) | Sp A7 ATVEN2 4 1) 12, (B.144)

which in turn leads to H(A/)\j)l/QsﬂH <p 1 as by assumption )\]-_1/2(T_1/2N1/2 + 1) — 0. Similarly,

we can analyze corresponding terms in (B.139), and obtain
Isj1 = (sj1, e)esll Sp T2 H(A/Aj)l/%ﬂH + A H@ANY2 1) < VAN ) 4 T2,

From (B.136), we have

Us
VTN,

This concludes the proof. O

~P 7

1
) 2
<§]> &1 <p ATVAT VN2 41, (B.145)
j

[[sj2]l < H

Lemma 13. Under the assumptions of Theorem 5(a), we have

(i) |

1 N+T , N+T
Se T T TN, TN

. VO 1 , N+T slu 1 , N+T
(i) T\/% SPT"‘ TJL’ ‘\/ﬁ‘SPT+T—§i'
. U 1 NAT
(w) =S yx t Th

Proof. (i) From (B.135), we have

§UT;  JRUTg;

TX;  Ty/ Ak

Using the orthogonal matrix I' and the notations in Lemma 11 and Lemma 12, we have

CZTRUng = 571; <Fﬁ‘7 + (7) ﬁTSj :571;1 <A%V + ﬁ1> ﬁijl + 52-25'2(7{51'1
+ 55 (A%V + (71) Ulsjo + sL,UsUJ 572
=K1 + Ko + K3 + Kjy.

Recall that from Lemma 12, we have H(A//\j)l/zsﬂH Sp 1. Using this result and Lemma 1, we

analyze these four terms one by one. For the first term, we have

1 _ o~ ~ o~
V&l < ||sAR || |VOT|[ il + siall | 00T | sl Sp VAT + 7.
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For the second term, we have

Il < il 8] |81 S5\ S (VR 4 VE) VT 072N 4

For the third term, we have

155l < ([[stad| 1911+ 8 ]) ] 1ol <o VAT (VA +VT) (|5 = 4202 1),

T,

For the last term, we have
1Kl < ([T | izl Isjall Sp A 20,2771 + 7).
Using above equations and Lemma 11, we get

ngUTAgj cJR(ZTfj « 1 N+T N+T
TX; Ty i

~Pr TN, TN

(ii) Using UTg; = (7{8,1 + ﬁgsig and (B.142), we have

N+T
VA

V7G| < | VOTsa

+ HV&;SQ

|7+ 17115 szl <p VT +

1/25

Then, with Lemma 11, we have HT‘l)\ VUTs H S TP+ N N TN 4 1).

Sp TN HTIN +1).

Replace V in the above proof by L}, we can get H/)\\i_l/QﬁTgi
(ifi) Using UTg; = UJsi1 + UJ si2 and (B.142), we have

N+T
TN

|01l < [[sh3 ] +

sZTZﬁgH < H(?&H + 0] Sp VT +

Applying Lemma 11 again completes the proof.
Lemma 14. Under the assumptions of Theorem 5(a), Hy, Hy defined by (B.75) satisfy

) || <

i 51

(ii) ||, — 11,;“ Sy T7H 4 AN (TN 4 1),

(iii) || Ay — ISIQH <p T2 4 ASY(T7IN 1),

Proof. (i) Using the definition of H; in (B.75) and Lemma 1, we have

<1V S,

-

50



which leads to HEHH Sp L
Using T's;, = (s];, 51,)T, the SVD of 3 in (B.133), the definition of Hy in (B.75), Lemma 11 and

Lemma 12(iii), we have

- T AL/2
o] = |2 sl o, o

~ ~

Ak Ak

which leads to Hﬁg” Sp L.
(ii) By (B.135) and Lemma 2, for [,k < p, we have

T/ TRT Ut .
§ BCk §l Sk — Rl e +

ik = &§ &k = —.
T T Ty
By Lemma 13(i), we have

8 1 N+T 1 N+T
BT By — 6 S N L e
[Py P lk’NpT+Tm1n{Al,Ak} =7t T,

and thus HEIIEIQ - HpH Sp TH+ A HTIN +1).
(iii) Using (B.135), we have

VVTaT o+ VUTg,
VT TR

With the definition of hg; and hgs, it becomes

V& =

- VT, Vot
hia = i + —. (B.147)
T\ Ak
With Hilk2” <p 1, Lemma 1 and Lemma 13(ii), (B.147) leads to
- - _ - VUT
| = o | < |70 = I | ||| + | 22| <o T2 4 0NN ),
T/ M
which concludes the proof of (iii). O

Lemma 15. Under Assumption A.13, we have

log N
T )

-5l

51



Proof. For the first inequality, we have

log N
T )

(o S RTINS (7 o7

where we use large deviation inequalities in Assumption A.12:

log N o 1z log N
R I SRR N PO ol e

[e.e]

The second inequality follows immediately from Assumption A.12:

) 1 & 1
1oT (7 = E(ro))l| = |7 > my—E(mi)| S, N
t=1
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