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1 Quasilinear Case

1.1 Budget rules on private goods
Party’s R Lagrangian for this problem at t = 2 is given by:

L=cra+0In(g)+A[Y—cps—cr2—g]+ ¥ (cp2+0In(g2) —cp — In(X))
The first-order and Kuhn-Tucker conditions party R are cpp,cr2,82 > X, A, > 0 and

[Cer] 1-A<0.
(CR,Z — f) [1 — )\] =0.
[Cp/g] ¢ —A < 0.
(Cprz — f) [l[) — )L] =0.
FARESS 2R
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[RC] [Y —cpa—cra—g2] > 0.

AlY —cpa—crp— 8] =0.
[IRC] [cpp +1In(g2) —cp — In(x)] > 0.
¥ [cp2 +1In(g2) —cp — In(X)] = 0.

(2)

)

4)

)

The solution to this problem depends on the status quo vector s = {cg,cp}. Denote the solution

by functions C; g »(s) for private consumption of party i and Gp(s) for public goods.

First note that A > 0, since u(.) is increasing in its arguments. Also, since we assume X is

relatively small relative to Y, Gro(s) > X. We have four cases to consider:

® Case 1: ¢ = 0. By eq. (2) we have that Cpra(s) =
Gra(s) = 0 = gP. By eq. (4), we have that Cg g 2(s)
holds if and only if cp < ¥ — 61In (g)

X. By eq. (1) and eq. (3) we have that
=Y —x—0. By eq. 5, we see this case



e Case2: ¢ >0, Cpra(s) = X and Crra(s), Gra(s) > x. By eq. (5) we have that Gra(s) =

ze . By eq. (4), we have that Crra(s) = Y — X — et By egs. (1)-(3) and the fact that
Cp,r2(s) > %, this case holds if and only if ¥ — 61In (&) <p < x +601In (Z).

® Case3: ¢ > 0and Cira(s),Gra(s) > X. By egs. (1)-(4), we have that Gr(s) = 20 = ¢*. By
eq (5), we have that Cpro(s) = cp +61n (55). By eq. (4) we have that Crra(s) =Y — 20 —
—01n (). This case holds if and only if ¥ + 61In (£) <cp <Y —20 —x — 0In (55).

e Case4: ¢ > 0,and Crro(s) = %, Cpr2(s), Gra(s) > X. By eq. (4) and eq. (5), we have that
Gra(s) solves

Y—f—g2+91ng2—§—91n(f):0 (6)

Note that by the implicit function theorem, Gy, ,(s) = . Therefore, we have

9 g

9—g , if cp<¢
ze T X, if ¢peli w)
20=g% if Cp€wY—20—-w)

(Go(Tp), if Y -20-w

<b

Gra(s) =

=

if cp<¢

if ¢peli w)
op+0In(sy), if tpefwY—20—w)
Y—%—Gy(cp), if cp>Y—-20—w

\Rl

Cpro(s) =

where ¢ = x —0In (), w = x +01In (¥), Go(cp) is given by eq. (6) and Crr2(s) is given by
eq. (4).

Now we follow back to period t = 1. It is convenient to first write continuation values. Let s
assume party R is in power att = 1.

Y—x-9+91n(9) if cp1<¢
cpa—* X .
Va(cps) = Y—%—%e o +06In(0) + L=, %f cp1 € [, w)
Y —cp1—0In(x) —20 +201n(20), if cp1 € [w,Y —20 —w)
T+ 01In(Ga(cp1)), if cp1>Y—-20—w
and
X—I—Qh’l( ), if CR1 <Z
01n(6 CRl i if
Wi(cr1) = cr1+0In(0) + 1 cr1 € [§,w)
cr1+0In(%), if cr1€fwY—20-w)

—X—Gz( )+91n(G2(cR,1)), if CR,12Y—29—CU

Note that the only relevant state for party R when in power is cp; and for when out of power is
cr1. Therefore, party’s R Lagrangian for this problem at t = 1 when the acceptance constraint is
not binding is given by:

L =cr1+0In(g1) +BlqVr(cp1) + (1 —q)Wr(cr1)] +A[Y —cr1 —cp1 — &1



The first-order and Kuhn-Tucker conditions party R are cr1,cp1,81 > X, A, 3 > 0 and

[ecpa] = A+ BqVir(cpa) <0.

(CP,l — f) [—A + ﬁqVI/{(CP,l)] =0. (7)
[CR,l] 1—-A + ﬁ(l — Q)WI/{(CRJ) S 0.
(cr1— %) [1 = A+ B(1—q)Wg(cr1)] = 0. 8)
1] ; _a<o,
(41— %) {;1 - /\} —0, )
[RC] [Y —cr1—cp1—g1] > 0.
A [Y —CR1 —Cp1 — gl] =0. (10)

Since u(.) is increasing in its arguments, A > 0. Also, by eq. (8), we have that Cp; = X. By eq. (7)
and eq. (9), we have that

1+ B(1 — q)Wi(cra) — ;1 ~0 (11)

Since Wg(cr1) = 0if cr1 < ¢ and Wg(cr1) = 1 otherwise, we have two cases to consider.

e Case 1: cry; < ¢ Byeq. (11), we have that ¢ = 6 = ¢P. By eq. (10), we have that
cr1 = Y — % — 0. For this case to hold, we would require cr; =Y —x—0 < =% —01In (g),
which is a contradiction.

e Case 2: cr1 > ¢. By eq. (11), we have that g1 =
found by eq. (10).

m <9:gD' CrR1 = Y — X — fcan be

Define g{ as the solution for the above problem, in which mandatory spending is on private
goods.

1.2 Budget rules on public goods
Party’s R Lagrangian for this problem at t = 2 is given by:

L=cro+0In(g)+A[Y —cpr—cr2—g]+¥(cpa+0In(g) — % —01In(y))



The first-order and Kuhn-Tucker conditions party R are cpp,cr2,82 > X, A, > 0 and

[CR,Z] 1—-A < 0.

(CR,Z — f) [1 — )t] =0. (12)
[CP,Z] 110 —A S 0.

(Cp/z — Jf) [1./] — )\] =0. (13)

o] 20, o
&2
(g2 — %) [9(1+1P) - /\] =0. (14)
by

[RC] [Y —cp2—cr2—82] >0.

A [Y —Cp2 —CR2 — g2] =0. (15)

[IRC] [cpp+6In(g2) — X —6In(g)] > 0.
¥lep2 +0In(g2) —x —0In(g)] = 0. (16)

The solution to this problem depends on the status quo s = {g}. Denote the solution by functions
Cira(s) for private consumption of party i and Gp(s) for public goods.
Since u(.) is increasing in its arguments, A > 0. We have four cases to consider:

Case 1: i = 0. By eq. (13) we have that Cpr2(s) = ¥. By eq. (12) and eq. (14) we have that
Gra(s) =0 = gD. By eq. (15), we have that Crr2(s) = Y — & — 6. By eq. 16, we see this case
holds if and only if § < 6 = ¢P.

Case2: > 0,Cpro(s) = xand Crr2(s), Gra(s) > X. By eq. (16) we have that Gro(s) = §.
By eq. (15), we have that Crr2(s) =Y —X — §. By eq. (12), eq. (14), eq. (2) and the fact that
Cpra2(s) > X, this case holds if and only if gP < g < 260 = ¢*.

Case 3: p > 0 and Cjr(s), Gr2(s) > x. By egs. (12)-(15), we have that Gro(s) = 20 = g*.
By eq. (16), we have that Cpra(s) = ¥+ 01n (%). By eq. (15) we have that Crra(s) =

Y—2(x-+9)>

Y—-x—-20—-0In (%). This case holds if and only if g* < g < Qe( 0

Case4: p > 0,and Crr2(s) = %, Cp,r2(s), Gr2(s) > X. By eq. (15) and eq. (16), we have that
Gra(s) solves

Y-%X—g+0lng —x—0Ing=0 (17)



82 Therefore, we have

Note that by the implicit function theorem, Gy, ,(s) =

oQll>

0—-g2°
=g, if g<gP
g i gelshy)
R E R )

X, if g<gP
%, if ge g g

Cer2(8) = 5 1 gIn (%), if ge g 0m (T2
Y—J?—Gz(g), if g291n<1/—2(93?+9)>

where G;(s) is given by eq. (17) and Cg r2(s) is given by eq. (15).
Now we follow back to period t = 1. It is convenient to first write continuation values:

Y —x—0+0In(9), if cp<gP
Y-x%—g+6In(g), if e (gl ¢")

Ve(s) =y _z_ 0In(3) — 260 (1 —In(20)), if Tp € [g*,96<y_2<9x-+6))>
%4 01n(Gals)), it @ > 00"
(% +61n(6), if cp<gP
T+61In(3), if ¢p€ g8

Wr(s) = Z+0In(g), if e [g*lge(Y—zgw)))

Y—2(+6)

Y — % — Gy(s) +0In(Ga(s)), if 62,96( )

(18)

Party’s R Lagrangian for this problem at t = 1 when the individual rationality constraint is not
binding is given by:

L =cr1+0In(g1)+BlgVr(g1) + (1 — q)Wr(g1)] + A [Y —cp1 — cr1 — g1
The first-order and Kuhn-Tucker conditions party R are cp1,cr 1,81 > X, A, 3 > 0 and
[Cer] 1—-A < 0.

(cra—%)[1—A] =0. (19)
[Cp,l] —A S 0.
(Cp/l — Jf) [—/\] =0. (20)

[81] ;1 — A+ BqVr(g1) +B(1 —q)Wg(g1) <O.

0 , ,

(81— %) gT_A+ﬁqVR(gl)+,B(1_q)WR(gl) =0. (21)
[RC] [Y —cp1—cr1—g1] >0.

AY —cp1—cr1—g1] =0. (22)



Since u(.) is increasing in its arguments, A > 0. Also, by eq. (20), we have that Cpr1 = X. By eq.
(19) and eq. (21), we have that

0
5+ﬁqVé(g1)+ﬁ(1—q)Wﬁ(g1) -1=0 (23)

Wr(cr1) = 0if g1 < 0, Wi(g1) = g% otherwise, V}(g1) = 0if g1 < 0, Vi(g1) = 0if g1 < 6,
Y—2(%+6)

Vr(g1) = £ —1if g1 € [6,20), Vy(g1) = —Zif g1 € 29,9e( ™)) and Vi(g1) = —pl— if
g g 81(6Ga(g1)

<Y—2(f+9) ) .
g1 > 0e\ ¢ we have four cases to consider.

* Case 1: g; < 0. By eq. (23), we have that g1 = 6 = ¢P, a contradiction.

e Case2: g1 [0,20). By eq. (23), we have that g1 = (iigt);)‘

which is always true, since p € [0,1] and € [0, 1].

This case holds if and only if p > /32;[51

Y—2(2+0)

* Case3: g1 € [29,96( 0 )> By eq. (23), we have that g1 = (1 + (1 —24))6. This case

holds if and only if p < %, which never holds.

Y—2(2+0)
e Case4: g1 > 96( o ) Eq. (23) and eq. (17) form a system of two non-linear equations
that solve jointly g1 and g».

Define g{ as the solution for the above problem, in which mandatory spending is on the public
good.

2 Budget rules on private goods — concave case

The Lagrangian of the transformed problem of proposer P in the second period in the generic 0
case is given by

L= ll’l(Cplz) + ell’l(gz) +A [Y —Cpp —CR2 — g2] + P (ln(CR,z) + Gln(gz) — h‘l(ﬁ) — 9111(?))



The first-order and Kuhn-Tucker conditions are cpp,cr2,82 > X, A, ¢ > 0 and

[Cp/z] L —A S 0.

Cp2 )
(Cprz - f) L — /\] =0. (24)
LCP2
[CR,Q] i — S 0.
CR2 )
(cra — %) |2 — A} 0. (25)
LCR2
[gz] M A < 0.
N
(g2 — %) [(1 + )0 /\] —o. 26)
N
[RC] [Y —cpp—cr2—g2] >0.
A [Y —Cp2 —CR2 — 82] =0. (27)
[IRC] [In(crz)+01n(g2) —In(cg) — 01In(X)] > 0.
P [In(cr2) +01In(g2) — In(cr) — OIn(x)] = 0. (28)

The solution to this problem depends on the status quo vector s = {cg,cp}. Denote the solution
by functions C; g »(s) for private consumption of party i, Gp(s) for public goods, and ¥p,(s) and
Epx(s) for policy variables.

First note that A > 0, since u(.) is increasing in its arguments. We have four cases to consider:

® Case 1: = 0. By eq. (25) we have that Crpy(s) = X. By egs. (24)-(27), we have that

Cppa(s) = % a?d Gpa(s) = (1+9 X) By eq. (28), this case holds if and only if cg < xé(y 7)’ ,
(6Y))
f@ (1+9)6
Epa(s) = &2 " = ep, where Ap = yg — 0yp. The expression for ¥p;(s) can be obtained
from the budget constraint of rich agents. In terms of policies, this case holds if and only if

¢y—x)°
Yo -

where § = . Using P’s budget constraint to solve for entitlement transfers delivers

T>Yr— X
e Case2: ¢ > 0,Crp2(s) = X¥and Cppy(s),Gpa(s) > X. By eq. (28) we have that Gp,(s) =
X (%) é. By eq. (27), we have that Cppy(s) =Y — X — ¥ (Q) g By egs. (24)-(26) and the fact
that Cr po(s) = ¥, this case holds if and only if yg — xé(y il < ¢r < x¢. From P’s budget

1
constraint, we have that Ep,(s) = yr — & (1 + (%)) . From the rich’s budget constraint,
Ypa(s) = 15. In terms of policies, this case holds if and only if yg — *& < T < ygr — xé(yyif)e.

J Case3 ¢ > 0and Cipa(s),Cjp2(s), Gpa(s) > X. By egs. (24)-(27), we have that Gps(s) =
1+9 = g¢*. Byeq. (28), wehave that Cr ps(s) = @% and from eq. (27) we have that Cp p»(s) =
40 — CRg- This case holds if and only if Cppy(s) > X, which implies cg < w¢, where

Y

w = 735 — X. From the rich’s budget constraint, we have that ¥p>(s) = yr —cr¢. The
expression for Epy(s) follows by using P’s budget constraint. In terms of policies, this case
holds if and only if T > yr — w¢.



e Case4: 1 >0and C;py(s) = X. By eq. (27) and eq. (28), we have that g» is the solution for
In(Y — % — ¢») +61In(g2) —In(cj1) —0In(%) =0 (29)

By P’s budget constraint we have that Eps(s) = ¥ — yp = ek. ¥po(s) = 75 can be obtained

from the budget constraint of rich agents. This case holds if and only if T < ygr — wC.

Therefore, we have

e, if T<yr—wi

Bt ify— (r -0 i TE [k wlyx -~ 50)
0

Epa(s) = yR—x<1+(ny_T) ) if fe[yR—XC,yR—J??@)
eD, if szR_féﬂ
X+ Gy(T)—yp, if T<yr-—wf
Ypa(s) = yl;_(yR_T)%, %f Te[yR—an‘,yR—a_?é‘)Y_ﬂ
2, if Te [yR—xC/yR—xg( Y)>
P, if 7> yp— x5
and
Ga(T), if T<yr—wl
Goas) = 45 TEmm @b
P2 % (Wx;fy if Te [yR—fC,]/R—fér(Y}x)e)
g, if TZ]/R_X(’:@

with G (s) is the unique solution to eq. (29).
The associated private consumption allocations are

Cp,prz(s) =yp+ 513,2(5) and CR,p,z(S) = YR — ‘ijlz(s).

In the first-period, assuming the case in which the individual rationality constraint is not bind-
ing, party’s P Lagrangian for this problem at ¢t = 1 is given by:

L =1In(cp1) +1In(g1) + B[qVp(cr1) + (1 — q)Wp(cpa)] + A[Y —cp1 —cr1 — &1]



The first-order and Kuhn-Tucker conditions party P are cp1,cr1,81 = X, A, ¢ > 0 and

1 dWP(Cp 1)
PR J— - N < .
[cp] o +B(1—9) Ty A<0
1 dWP
(Cp/] — f) l: + ,3(1 — Q)ﬂ — )L:| =0. (30)
cp1 dcpp
dvP(c
[cr 1] ﬁqd(R'l) - A <0.
CR1
dvP(c
(cr1 — %) [,Bqd(R’l) - /\] =0. (31)
CR1
0
— —A<0.
81] o <
|6
(g1 —X) { — )\} =0. (32)
b4l
[RC] [Y —Cp1 —CR1 — gl] 2 0.
AY —cp1—cr1—g1] =0. (33)
where
In () +01n (°92), if cpy < BOD
Wp(cp1) = { In(cpy) + 0In(X), if cpye [fé(igf)",w@

ln(Y —-X— Gz(CpJ)) + an(Gz(CpJ)), if cp1 > wé

Note that the only relevant state for party P when in power is cg; and for when out of power is
cp,1- By eq. (31), we have that cg; = *.
Since u(.) is increasing in its arguments, A > 0. By eq. (33), we have thatcp; = Y — % — g1.

d(r-x)°

Also, since Wy (cp1) =0ifcpy < & v and Wi(cp1) = % otherwise. Therefore, we have two

cases to consider:

¢ Casel: Byeq. (30) and eq. (9) we have that g = 9(11/ Jj) =gPandcp; =

a contradiction. Therefore, this case never holds.

Y—% _ D S&(y—x)°
50 = Cii = Xy

e Case2: By eq_. (30) and eq. (32) we have that ¢ = 5 Jj)(fﬁ_(f)_q) =3 +9}L2§(91_q) ¢P <gPandcp; =
(ﬁﬁ(stg’()l)(_i;x) = (1Tfélgﬁq()l)£159) ¢y > cfj. By P’s budget constraint, we have that £p; =
Ap_figfﬁ_(?)_(g)l’_f) = 9+§(1_q) (BTP + (1 +0)EF). Using the rich’s budget constraint, we

have that Tp; = yr — ¥ = 5.

It is worth noting that, since the problem for the first-period considers a case in which the
individual rationality constraint is not binding, the respondent R will always receive the con-
stitutional minimum X, which is the value R would receive if P is in power with all spending
discretionary. This implies a tax policy that also follows the case in which all fiscal instru-
ments are discretionary. The political wedge created by the mandatory spending on private
goods is manifested in the distortion of spending between public goods and entitlements,
as we can see above. Even when the individual rationality constraint is not binding, P will
always provide a public good level such that gp1 < ¢P and cp; > CEZ..
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