Online Appendix

A Appendix: Theoretical analysis
A.1 Proof of Lemma

Proof. Let B'Pr (st) M (st) N (St) be the vector of Lagrange multipliers on constraints 1) and
let Wy s, (Vi41) be the derivative of W; with respect to Vi1 (st, sk) for any si. The optimality

condition for b (st) in any competitive equilibrium can be written as

WO 51 X oo X Wt—l St E)Ut (St) ¢ &pt (St)
2 ’ - n L 1 39
( Pr (1) M, (1) ) aom) ) 5 om) (39)
t+1

st+1 |St

aUt(s‘) awt(st)
, "2 and -
, a(Qib}) o(Qibt)
are the same for all i € G;. Therefore, this equation implies that Ai = AY and

BMiy1 .
Y rg_H =0for all t,j € G; (40)

where st

= (81, ..,8t). When government securities are perfect substitutes

Eq
in any competitive equilibrium. O

A.2 Proofs for Section [3.2]

Let ¢ (o) be any equilibrium variable in the o-economy. We use second order Taylor expansions
of the equilibrium conditions with respect to o around o = 0. Let T, Oy ¢, Osox+ be the zeroth-,
first- and second-order terms in these expansions. In this notation,

2

o
2 (0) ~ Ty + 00yt + ang;h 2t (0) = T

Note that the statement that x; = 0 is equivalent to T; = 0. We first show several preliminary

results that will be used throughout this section.

Lemma 2. In the optimal equilibrium in the benchmark economy, ijﬂ = ET(?UT%H =0 for

all T, j € Gp, which also implies that

Ori1t=Qri1s Er4100Qr414 = Ery10,Qri1y for Tt (41)
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Proof. We first show that ?{f = ETa,r% 41 = 0 for all T, j € Gr under conditions of the
lemma. The zeroth order expansion of equation fort =1 is
7
Mypi =L =0 forall T,j € Gr. (42)
T+1

Neither M7, 1 nor &, 11 can be zero, which implies that Fgﬂ +1 = 0. Using this result, the
first-order approximation of equation fort=11is

=~
T ~
MT_H,TJrl ETﬁgr%+1 =0forall T,j € Gr,

T+1

which implies that ]ETGUT% +1 = 0. Applying this result to first-order expansions of Q) and
Q; . in equation gives . O

The previous lemma also implies the following useful corollary.

Corollary 7. For any equilibrium variables x, z;,z; in the optimal equilibrium in the bench-

mark economy, the following relationship holds for any T, j € Gr.

/ " j / " j = =N j
Er [#7412741] covr (mT+1, r§+1) ~ B (2741 Er [#141] covr (wT+1, TQH_I) ~ 21127 1 B0 01110677,

Proof. Using Lemma [2] we have

1

. . 1 . ‘ .
Ep [$T+1?“JT+1] ~ Ep [5090T+1307“JT+1 + 2$T+130—UTJT+1} , (Erzryr) <ETT2[+1> ~ Ep [233T+1300TJT+1} ;

and, therefore,

covr (ﬂ?Tﬂ, T%H) = [ET@“THTJTH - ETxT+1ET7"gp+1} ~ 0o 110577, 1

Since covp (azTH, T%“—l—l) = Oycovr (:CT+1, TJTH) = 0, we obtain

/ " 7 ~ = —I 7
Ep [ZT+IZT+1] covr <$T+1’7"T+1) = ZT+1ZT+1ET80xT+1aUTT+1’

/ " j —/ —I j
Er [zT+1] Er [ZT+1] covr (:UTH,?“]TH) ~ zTHzTHET@a;ETH@gTJTH.

Lemma 3. Equation holds in the optimal equilibrium of the benchmark economy.

Proof. The second-order expansion of , invoking results of Lemma [2| gives

1 [ Mrpy . My - M -

_ 7 +t j T+t put j

= 5 P ]ETaoo'TT_i_l + T Erd, In MT+t60rT+1 Il R Erd, In QT—i—l,t—laUrT—i-l
TH1,t-1 TH1,6-1 TH1,-1

1 . . .
= §ET&TUT%F+1 + E70, In MT+t60rJT+1 — E7rd,In Q?zi17t_1agr%+1.
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Similarly, the second-order expansion of gives

1 . . . .
0= iET&mT%JA + E70, In MT+1§85T%+1 — E7rdy In QTJrLt,lagT%Jrl — Erdy In £T+180r%+1.

Combine these two equations and use the fact that In A7 ;-1 =InQr4+1-1 —In Qg“v—ili—l to

get
ETaJ In §T+180T%1+1 = —ET{“)U In ATH,t_lagr%H.
This equation implies by Corollary O

Lemma 4. Equation holds in the optimal equilibrium of the benchmark economy.

Proof. Lemma [2| implies that the zeroth order approximation of equation @ is
= 0
> Qri1 Xrsi-1 = BrRp,,. (43)
t=1

Multiply equation @) by r%, 41 and take expectations at time 7" The Law of Iterated Expecta-

tions implies

o0
_ . o A
Er Z Ori14-1 X744y = ErBr |Rpyq + Z W1 | T (44)
=1 i>1

Take the second-order expansion of equation , note that the terms multiplying am,r; 41
cancel out due to and that E79,Qry1:-10,77 = Br (Bry10,Qr11,6-1) 0oy =
ET&,QTH,t_l(%r%_H by Lemma [2| to obtain

o0 o0
< j vel i _7 —i o j
Ep E X14+405Qr+1,t—10677 1 TET § Qr4+14-100 X1110577 1 = BrEr § WO 41057, 4
=1 t=1 i>1

(45)
Finally, note that Q7410 = 1 and, therefore, 0;Q1+1,0 = 0. Together with Corollary |Z| this
establishes equation . O

Lemma 5. Equation (@) holds in the optimal equilibrium of the benchmark economy.

Proof. From , we have InY; = Inf; + vIn (1 — 74), therefore In Y,;L = In6;. Thus, using
Corollary [7, we have

il J ~ il J ral J
covr (XT+t, T‘T+1) ~ Tt Y1 Erd, In YT+t8UrT+1 — Gr+tE7r0; In G405y .-
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Similarly, X741+ = 774+Yr+: — Gyt and thus

v

IET@UTT+t60rj
= T+1
1 =74t *

covr (XT+ta 7"%41) ~ Trp Y [ETGU Y7107,y —

+ ETa TT+758 TT+1:| - aTJrz‘,IETaa In GTthaUT%—H

TT+t
i — 1-—7 — T
~ L J T+t — VTTH+t
~ cour (Xt ) + Vs (

1 =71y

) IET(?(,TTH(?UT%WH.

Direct calculations show that 0, In§p,, = — OyT7+t- Therefore, we

A=Fr4t=7T1+t)(1—T741)
have

_ _ _ _ 2
1 —=Trye — V714t j (1 = Trge — YTr44)
E1r06T744007,q = —

a Erd, In &, 0,10 .
1— 71t ~ §144007 41

Combine with the previous equation, use definition of (;,, and Corollary m to obtain . 0
We need to prove the following result before proceeding to study stationary economy.

Lemma 6. In any equilibrium Wy s, (Viy1) = Pr (sk]5 ) and, therefore, in any equilibrium the

_ Ott1
8¢ gt/ _
Ue <ct_1/"/ 41/ {tht} gt’Gt

Proof. Consider any random variable € = {e(s;)}, with >, Pr (s]s") e (s;) = 0. Let F; (o) =
Wi ({Z + oe},) - Its derivatives is Fy (0) = >, Wy, ({T};) € (s). Since W is increasing in the
second-order stochastic dominance, F} (0) < 0. Together with Y, Pr (s;|s") € (s;) = 0 then the

1+1/ B
Bt <Ct+1 71” 1“” {Qt“bt“} egt+17Gt+1>
forallt>T.

benchmark economy <R“’”

t+1

first condition can be written as

> Wi, ({T}) — Pr (skls")] € (sx) < 0.

Sk

Since € is arbitrary, Wy, ({Z},) = Pr (si|s’) .

The consumption optimality condition for household is

Wo,sy X oo X Wy_q.6, X Uet (st) =Pr (st) M, (st) ,

where st = (s1, .., 5¢), which implies that
1 gH’l/V . .
ST Ue | erae — Ti,{@l b, } ,@T :MT .
+tUe ( +t @f/lt 141/~ THOTH 6 + +t
: J,put : 1 _ 5MT+1+1 . .
Since Ry, satisfies <RZF o > =, for all j,we obtain the result of the lemma. O
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We are now ready to show the properties of stationary economy.

Lemma 7. In a stationary optimal equilibrium of the benchmark economy, for all t > 1,

~ ~ AP—1/1E
Tr e, Qrig & BTTVIES,
B Xryte1 B Yrieer o Briiy1 r
T ~ Ep ~Er———~T,
X144 Yt Bry

and ET% ~ (1;?'8)% where = T1-1/1ES,

Proof. Since A{’pvt =1 for all j,t,
1= <5MT+t+1> Pt (5MT+t+1

R = R for all j,t
Mr Tl Mrit > J

by condition (iii) of the definition of stationarity. Therefore, equations and imply

1 _ <5MT”+1> Rt forallt
M+ §r i1

which, in turn, implies 77 = 77 for all ¢. The optimality condition of households and
condition (i) then implies that <%) =TI and, therefore, (%) =T for all t.
T+t A\ T+t o o
Let @ = 1/R. The government budget constraint @) is Br =Y 20, Q' X1 = 1EQ%XT,
which implies that <%) =T and
T+t

()= (o) Gt) = () () 5

The household optimality condition for ¢; in the benchmark economy is

§t

Wo,er X ooo X Wi_q 5, X ¢ (st) U, (st) =Pr (st) My (st) .

Lemma [6] implies that the zeroths order approximation of this equation is

_14+1/y

3 - L Yy i = —
O0r44Uc | Crt — = ; {bT+t}, Gt | = M7y
alT/jt L+1/y €6

and, therefore, by the properties (iii) and (iv) and the definition of IES we have
Q- </3MT+t+1> _ gp-U/IES,

Thus, QT = SI/IES  Thjg, together with definition of B and , implies

(XT-i-t) _1 - <BT>
Y74 B Yr )

The statement of the lemma then follows from applying Corollary [7] O
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Note that the only place where we used condition (iv) in the proof is in deriving expression
Q in terms of growth rates of real variables and obtaining weights 3 in terms of growth rates of
real variables on balanced growth path. Condition (iv) is necessary for a balanced growth path
but not for our results. For concreteness, suppose that U is separable in the first argument

1+1/y

and let u; = ¢; — 11/7 0 iy and T = (u?j ) Conditions (i)-(iii) imply that I'} is independent

of t and so that Q =4 (F“)fl/ IES " Thus, the only thing that changes in the analysis is that

we replace I~ V1ES with T x (F“)_l/ TES and adjust the definition of 3 accordingly.

A.2.1 Proof of Corollary

Proof. Equation can equivalently be written as

Y X ; X 0— Y Oy X -
ZQTQT—H —1 < TH) (TH) E70 In Qr41,-10577, 1 + ZQTQT—H,t—l ( TH) Ep——" 0,17, |

Yr Yo =1 Yr Y7
Yoy —o Br j -
+ ZQTQTJrlt \ 5 CraiBrdory 0o In Ay 1 = QT?TET D 0o 10T 1 W

i>1

: . — v ot = = X
By Lemma in the stationary economy Q%QTH,tﬂ (Y?T;ft> =B, (ryy = Cr and % =

T+t
1-8 By
g Yr-

= 1
(1 — )Zﬁ 0y anTJrltaU f+1 B F;T Zﬁ E, Y)iT+t80TT+1

T =1

Substitute these expressions and re-arrange to obtain

+ (TFE 2/3 Er0s1% 105 Apgrg =By [ D 0515106 @
T =1 i>1

Apply Corollary [7] and write in matrix form to get . O

A.2.2 Proof of Corollary

Corollary [2] follows from the following lemma.

Lemma 8. Let QtT,rtT be the period-T price and excess return of a pure discount bond that

expires in period T +t. Then in the optimal equilibrium of the baseline economy

covr (ln Q%H’t, T‘%—Url) ~ covr (ln Q1114 T%H) (47)
and

QOTCOUT <T€p+1, 7‘%4_1) ~ covp (ln Q1114 T%+1> (48)
for all 3 € Gp. The latter implies Xp =~ Zg when the government trades the full set of pure

discount bonds.
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Proof. From the definition of AtTJrl and Rk, we have the following recursion: QtT+1 Er p MT“ AHIQT

This implies that price QtTH must satisfy

[ B"Mriy
— ET+1 < MT+1 (At 1 X AT+2 X ... X A%#»tfl)
(B My
=Erp <MT+1 (A1 X AJp X oo X ATy )
—Epa BMry2AY., 4 w BMr A%,
| Mry Mrii—1 ’

where the second equation follows form Lemma E Similarly, Q741+ is given by

BMT+2A%+1 « BMTthA%_H_l

Qr+1t=Er X Epyy
+1,¢ +1 Mo +t Mrig o

Using the Law of Iterated Expectations, we obtain

; BMrioAY. BMp e Ag

i +1 T+t—1 o j
Er0, In QT+1,t807"T+1 =Er ET—Haa In Tﬂaa T+1 + ...+ ET—l—t—la(r In Tﬂaarqq_l

BMri2AT B T+tA%+t71 j
=Er |0,1 Mro OgTpyq + o+ 0o In Mror o741

= Er8, In Q419,77 1

This expression is equivalent to (47) by Corollary m

To show , first observe that 7%, = = Qh 1/ Qt'H — 1/Q% and, therefore,
1
QF

. t . .
B0ty 057, = ( {jf) Er [0 10 Qf110mhy — 05 Q0] | — ( >ETa n Q0,7
T

t . 1 .
T+1 t J t J
=| ——=|Er|0,1n Oy =——+——|Er|0;In Ogr
( gp+1 ) T [ QT+1 T+1] <5MT+1A(%/M1:> T [ QT+1 T+1
1
(Qo ) Er [6 In QT+18 7"T+1]

where the second equation follows from the fact that J, In QtH and 0, In QOT are measurable
with respect to T and IET&,TT +1 = 0 by Lemma I This equation is equivalent to by
Corollary [7] O

A.3 Nominal economy

We now describe a nominal version of the economy. Let P; be the price level and suppose

all securities are nominal. Security 0 now refers to a nominal one-period bond that pays one
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dollar next period. The household and government budget constraint in the nominal economy

are
Ptct‘i‘ZQibz Ptyt_TtPtyt+Z (@ + D}) bj_4
i

and

PXi+Y QBi= )Y (Qi+Dj) B,
1€Gy 1€G—1
respectively. All returns and liquidity premia are now in nominal terms. It is irrelevant in

the benchmark economy where Uy, ¢y, {Bé}Z are functions of nominal or real value of security
holdings. The definition of competitive equilibrium and optimum competitive equilibrium
remain unchanged except in nominal economy they are defined for (G, P) rather than G.

Our analysis of the benchmark economy extends with minimal changes to nominal economy.
For any real variable z; we use notation xf to denote its nominal value, xf = Pyx;. All variables
are defined in the same way as in Section [3| and it is easy to see that Lemma [1| continues to
hold in this settings.

It is easy to see that the perturbation we considered in Section [3| requires tax adjustments

rﬁ;p 1/ (QT+1¢_1§T +tY1§ +t) so that equation remain unchanged. The budget constraint

now holds in nominal terms so that equation ([15]) in the nominal economy becomes

(0.9} o0
Z ]ETX%FtcovT (QT+1¢_1, rgp+1> —1—2 ErQr41,4—1c0vp (X%th’ r%+1) ~ Br Z whrcovr <7“ZT+1, TJTH) )
=2 t=1 i>1
(49)
If we define X t as
XT+t ET7}+,§ X (lnYt —yln(1— Tt)) - ETG$f+t X lnG%H
and follow the steps of Lemma [f], we obtain
, 15 ,
covy (X{sfﬂ, rJTH) ~ covp (XTH, T%Jrl) — B¢ ErYy, cour <1n ETpts r%ﬂ) . (50)

Use equations and and follow the steps of proof of equation to obtain

—o Br
Er Za rTHa "’T+1WT QT?? =
i>1

Pr YT
_ZQTQT—Ht 1< o

CT+1; Eta 7“T+13 InApyq- 1)

_I._
MW

)
e
v

—0— T+t YT+ T+t j
QrQri1— < = Oy
o T +1,t—1 P PT_HYT_H ol'ryq
- _
—0— Pry tYT e\ (X1t j
+> QrQrir < jo * ( T+ )ETC% 0 Q741,6-10577 ;.- (51)
+t

t=1
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In the stationary nominal economy, PT“ YYT = (HTF)t, the price of a nominal one-period
T T

government bond to the zeroth order satisfies

_IBUC,T-H-H Pp  pr-YIES

Qryt = ==
" Uertt Pria r ~’
: ; : re) B8 p—1/IES =1
the nominal discount rate Qri1¢-1 satisfies Qpyq, 1 = (EF ) , and PTXT =
t
Ztﬁl( 2 Fil/IESFHT = 0= Pry Yo 1-1/IES\? Kt
s Arl] = Qrlran ( e 7?:) = (BT-V1ES)" = B’ Use these

expressmns in equation (51f) and apply Corollary |7| to get

o0
, - . ot mQri1r
Er ZaJT%“JrlaUrZTJrlwlT = (1 - B) ZB covr <Q%+7t’7']T+1>
t=1

i>1

1.8 $ oo
FHT> VE\ o ot Xrie g ) ot .
+ | — — covp | ———,r + (T — E cov <ln A T )

t=1

In matrix form this equation becomes
-
Sr@r o~ [mg Y prXsX 1 HTWfiEﬂ 3,

which proves the nominal version of equation given in Corollary |3} The returns with the

full set of nominal bonds satisfy Yp ~ E% which implies the nominal version of given in
Corollary

A.4 Household Heterogeneity

Suppose household h has household specific productivity 6}, ; and we partition the households
into two groups: T represent the set of households who can trade bonds and N represent the set
of households who cannot trade bonds. Other than that, we focus on the baseline economy, in
which all government assets are perfect substitutes and economy is small and open. Individual
optimality implies

yne =0, (1—7,)"

and we can define total output as Y; = >, yp+. Assuming a linear tax function, we have

T

8Tt yht
87’t th _}/t_

so tax revenue elasticity is the same as before.

Tt

=1- .
& 71—7}
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Consider a perturbation in which the government swaps € of security j € Gr for a risk-free
bond in period T, undoes this perturbation in period 7'+ 1 and realized excess return r% 41 and
then rolls it over for ¢ periods using one-period bond before returning it back to the household.
The same analysis as with the representative agent yields a welfare gain for agent h as

OT T+ _
OY 14t

Ynr+t 1
Yry Sy

-1 t -1 7
;1. Vho X BT My 14t (Qr1,6-1)" 77 1 Yn T+t ErB Mp 1 (Qri1-1)" mpiq

So an optimality condition will be

1 4 Ynret 1
ET Z thh7T+t (QT-FLt_l) T%“-i—l Y- = 07
- T+t St

where wj, are Pareto weights. A second-order expansion of this equation then yields

- 1 1, 5 Jywree 1
0= ET{ 5 Zh: wWh [Mh7T+tJ (QT+1,t—1) acra?“:m-l YT+t fT—i—t
B ) 1
+ zh: @h [Mp,r+t] (Qri1,-1) "9, In (Mh7+t) o774 y;;FTJ:t Erye
-1 YT+t i (Yt 1
+ zh:wh [Mh744] (Qr16-1)  Ooln < Y7 > O Yre Erpy
) | I
> wn [Muzse) @rr1a—1) 0o ln (Er4y) Bor9,y e
4 Yrie Srpy
B . 1
— Z wp [Mh,TthJ (Qry1,-1) ' 05 In (Q;Jikl,tfl) 8U7JT+1 y}];TH }
d T+t Erie

Canceling out the terms that do not depend on h and dividing out by the coefficient on

ET&,UT% 41 yields the optimality condition

1 . , : .
0 =Er iaoar%“_'_l + Z ,Ufh’Tthao' In (Mh,T+t) 80'7’%14_1 + 0, In (§T+t) aaréq_l + 0, In (QT+1,t71) 807‘%“4_1
h
Yh, T+t i
+ Zh:Mh,Tthao In ( Yoor ) 807"¥r+1] (52)

where py, py, = @p [thurt Sh,T+t/ (Zh wp, Mh;/urt} sh,Tth) are a deterministic sequence of

weights that sum to one with s; 714 = y{jTT:tt

As government bonds are perfect substitutes, for all h € T we must have

pUt J _
B Mp, 74t (QTJrl,tfl) T = 0.
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Expanding this equation yields
1

—\ -1 . —\ -1 . .
0= 9 Mh,Tth] (Qz}v—&-l,t—l) aoorgrﬂ - Mh,Tth] (in;v+1,t—1> 95 In <Q§U+1,t—1) agr%“—&-l
-1 .
+ [Mh,Tth <Q]%Uil,tfl> 9o In (Mp,7+1) aUTJTH
for all h € T. This simplifies to

0=Er [ 8UUTT+1 Oy In (ngil,t—l) 807“{,#1 + 0y In (Mp14+) agr%+1] .

. t
Since In ngjrlt 1 =IQri1—1 —InAri 1, we have.

1 . . . .
§ET80074%“+1 =Er |:_ao In AT+1,t—laoer[“+1 + 05 In (QT—i—l,t—l) aar%q_l —0sIn (Mh,T-i-t) 8074%“+11|
(53)

As this holds for all h € T we can average over all traders, using weights p, 1, to obtain

1 A . A ,
imTawrfTH =Ep [—a(, In A7 1141057741 + 0o M (Qr41,6-1) O — O In (M7 144) &JJTH]

(54)
where In (Mt 74) is the average SDF of all traders:

In (M']T,T-i-t Z Moy, T4+ ln Mh T+t / Z Kh, T+t

heT heT

The same equation does not hold for the non-traders but we do have that for all h € N

1 4 . . .

§ETOUJT%*+1 =Er [ — 0o Ay 1410577 4 + 0o I (Qry1,0-1) Do,y — O In (Mp14t) D17 4
+ (0 In (Mp, 744) — Op In (M7 ,744)) 807"%“] . (55)

We can now use equations and substitute for 28UUT‘T 11 (52)) to get
—E70, In fTHaar%H =Er {80 In ATH,t,l@Ur%H + 0, {Z P e I (Sh T+t> } 807’%4_1

e {Z iy (10 (Mrred) = In (Mh7T+t))} 807"%#] :

heN

We can further simplify this expression by defining

In (M) = e 0 (My 14 / (Z fh, T+t>

heN heN
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as the “average” SDF of the non-traders, then

. . 1 ‘
—covr <ln Tt TJTH) ~covy (30 In AT+17,5_1(301"§+1) + covp (Z Boh Tt In <ShT> ,rgp+1>
h Lt

+ prgrsseov (In (Mrrg) = I (M) 075 (56)

where iy iy = (EheN PhT +t) is the “share” of non-traders. Equation adds two ad-
ditional terms to equation in main text that capture the effect of heterogeneity on the
planners desire to smooth taxes. The first term, covp (Zh Py, 74t In (ﬁ) ,rjf +1> , captures
the planners desire to raise taxes in states of the world where inequality is high. The second
term, gy pycOVT (ln (Mr744) — In (My,74¢) ,8(,7‘%+1) , captures the fact that the planner is
trading on behalf of agents without access to asset markets and therefore will want to raise
taxes in states of which the non-traders place less weight on relative to those agents with access
to asset markets. This effect is scaled by the relative size of the non-traders. Following the

steps of Theorem [1] and Corollary [I] we get

Yrwr ~ |:7TQE$ + X EX 4 SR 4 pAvied W%Z%} B

ineq g 1 J . . . .
where X7t j] = covr (Zh ¢ 10 (m) T +1) is covariance matrix of returns with

inequality and

St = by gcovr (hl (Mt 74¢) — In (My744t) ,rélﬂ) ,
is the covariance of returns with the relative stochastic discount factors of traders and non-
traders.

We can get a feel for how trading frictions affect the optimal portfolio by studying a special
case. We further specialize to a simpler market structure in which the government trades only
a risk-free security and a growth-adjusted consol. Let excess return on the consol be denoted
by r°. Finally, we impose that the stochastic discount factor of the non-traders is scaled
version of the stochastic discount factor of the traders: In(Myr4¢) = (1 + ) In (M 7ye) -
This introduces a new parameter, ¢, that captures the severity of trading frictions as ¢ > 0
implies that the SDF of the non-traders is more volatile of those of the traders.

Under this last assumption the covariance of the relative stochastic discount factors sim-

plifies to

covy (ln (Mt 14¢) — In (My744t) ,7’%“) = —pcovy (ln (M 744t) 7T§“+1> .

As the traders trade the consol, we can use the traders’ Euler equation, equation (54)), to

substitute out for this covariance and obtain
J ~ J J J
—covy (ln (M7 744) ,rTH) ~ Eprp,, — covy (ln Qr+1,6-1, rT+1) + covp <ln Arii4-1, TTH> )
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Under our stationarity assumptions we have pys 71, = pps p and can therefore express SM as

the sum of three terms
SH = iyt (RT — @%E? + EQA“)
where Rr[j,t] = BilETrf_‘F_H.
The effect of non-traders on the optimal portfolio is given by W%E;IZ%/[ _B> This simplifies

under this market structure of a growth adjusted consol and a risk free bond as X7 is now a

single number representing the conditional covariance of the growth adjusted consol. We can

- ~ Errd
also make progress on the components of ZZ‘\F/[ B, starting with R = %ﬂ“ . Next we note
that
2 =t 1 T o= ot
S28 =Y Beovr (QO I Qri14, r%il) ~ =" BEr0y In Qry1,1057,
t=1 T t=1
F [o.¢]
~ —Er Z I0,Qr 11,0577
B
F o o0
~ gETaaQT-H,taUTT—Q—l
r o o r
~ —covp(r , T = ——>7.
15 (PPt T4 1) 15

- .
Finally, we have that Z% 6 = Zt21 ﬁtcovT (ln A;ﬁ_l ' r%o+1) . All put together we have that

~t
LM 2 HNTY Erry . L 2uz1 B covr (mATTiLwT%OH)
VarT(TTJrl)

Our empirical estimates have found that holding period returns on government debts of all ma-
At
turities co-vary positively with the liquidity premium so we can assume that Zt21 B covr (ln ATTJ;_M, T%"H) .

This implies that

- Errse R
SEIEM B > i < LTl —5) . (57)
1— 3 \varp(rg, )
So the presence of non-traders will lengthen the maturity as long as % > /3 We can
T+1

construct estimates for both E7r%, | and varr(r$, ) using the fact that the growth adjusted
consol is the infinite sum of zero coupon bonds of all maturities weighted by Bj. To check
equation , we use the estimates of the factor model and find that the left hand side is 137
which is significantly larger that B<1.

A.5 Price Effects

In this section we fill in the steps to derive formula and the proof of Corollary [6]
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Lemma 9. In the preferred habitat benchmark economy with ¢pB; T = b; 7, the government
optimality is given by

covr (ln§T+1+k, T%“H) + covr (ln APy ps TJTH) ~ Q7. (58)
and equation 1s satisfied.

Proof. Assumption ¢B; v ~ b; 7 implies

=2 10530 Q (57) (b (1) = by (5" 7)) ~ 07 3 [05m0.cQr (s7) (Br (57) = B (s71)] -

7
From assumption A = 9,A = 0 and equation it follows that ?%} = ET&,T% +1=0and as
before, stationarity implies AiT ~ 1. Now, take second-order expansion of equation to get

2121 90 0;,1,1,6Q (E;“ - Eg"tll)

0=(1-9¢rér)
Er
BMriq ij+1 [(BMT+2 0 ) (5MT+1+k 0 >]
+ E R X ..| ——R 59
T Mr Eppygp L\ Mpyr P2 Mrpyy = THUHR (59)

Under our perturbation and exploiting the form , we get

o AT[LJ.] _ AT[()?j]

it nQfp = ——
: e @
which combined with the GV assumption Ar [0,7] = 0and A = 9,A = 0 imply that Oyx0j 1.+ Q% =
%ﬁ[m Using this, it is easy to see that
T
o B YeArli, g1\ (— 0 — . Qr Br-
> 00 QY (Br — Bi) = (YT> > (W) (w [i] — @1 [i + 1] fffl Ef 1>
i>1 T/ Qr Qr_, BT
Br QE(: = (— 11  — .
- (2) % A%%00d) @r i -7, 1) (60
i>1
Following the same steps as in Lemma , we get
BMrq T%H [(5MT+2 0 ) (/BMT—H—‘rk 0 )}
E R X..|————R
T My Eriin L\ Mpyq  TF2 My, = TR
= —¢3'QEr [ETaorg' 10 mAY | = € QErO, log €y 1400y (61)

Substitute and in and applying Lemma to get equation , where the extra

term 19%, simplifies to

0= (1= onér) (37 () AL (or ] - iy ). (62)

fT i>1
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. . J QL .
where A%?E[z,j] = YrAli, j] (%) and wi | [i] =8 wr_1]i+1].
The final expression follows from substituting the budget constraint , and equations
(b8) and for all j. O

Lemma 10. Corollary[f holds

In a stationary economy

i+1

. B
Q%“ ~Q= /Brlfl/IES T—1 ~ FilcUTfl[Z' + 1]
Br
4 41 _ QrBr
From the definition of wr[i] = =5 =, we get that
whli] = BT YIESGr i+ 1], (63)

N\ .
When X = ¥4 = 0, from Lemma [2| we get wp = (1 —B) B and substituting for g =

BLI-YIES e obtain
it+1
W’?,l[i + 1] — (1 _ /Blefl/IES> (Brlfl/IES) . (64)
Substitute in in to get

wihli] = (1 _ ﬁF1—1/1E3> (5F1—1/1Es)i = whlil.

The statement of the corollary follows from noticing that the second term in equation (35))

+ %
drops out when wy, = w7

B Appendix: Empirical analysis
B.1 Results reported in Section

B.1.1 Data

Output, expenditures, tax revenues

We use the U.S. national income and product accounts to measure output, tax revenues. For
our measure of output Y;$ we use U.S. GDP. We measure nominal tax revenues 7;$ as Federal
Total Current Tax Receipts + Federal Contribution To Social Insurance and public expendi-
tures Gf as Federal Consumption Expenditures 4+ Federal Transfer Payments To Persons from

BEA. All series are nominal and de-trended with constant time trends.

31Lemma [7] continues to hold in the stationary preferred habitat economy because 7%, 1= IET(?GT% 11 =0.
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Figure 5: Summary of macroeconomic time series. Panel (a) plots detrended log nominal GDP, panel (b)
plots the nominal government expenditure measured as Federal Consumption Expenditures + Federal Trans-
fer Payments To Persons divided by nominal GDP, panel (c) plots nominal revenues divided by nominal GDP,
panel (d) plots the imputed 3 month return on privately-issued debt, panel (e) plots the average marginal tax
rate on income, panel (f) plots two ways of detrending the series in panel (e).



Tax rates

As a measure of tax rates 7; we use the measure of the average marginal federal tax rate from
Barro and Redlick| (2011). Their series end in 2012 but we follow their steps and extrapolate
this series for the years 2013-2017 using the Statistics of Income publicly available data from
the Taxstats website. The series for the raw tax rates are plotted in Figure (e). It is clear
from the series that there is a structural break in taxes around 1975. In our analysis we use
want to focus on movements in taxes around business cycle frequencies and therefore we want
to remove this break. We pursue two ways of doing that. First, we follow the business cycle
literature and apply a Hodrick-Prescott (HP) filter with the penalty parameter set to 1,600.
The resulting series is shown as the teal-blue line in the right panel Figure f). While this
procedure eliminates the low frequency movements in taxes, it also makes the resulting series
“too smooth” post 1975. As an alternative, we adjust the penalty parameter until we achieve
both goals: remove low frequency movements around 1975 and preserve the volatility of tax
rates after and before 1975. The resulting series is show in the red line (at a penalty parameter
of 100,000) in the right panel. We use the red line as a baseline measure of tax rates, but all

our results are virtually unchanged if we use the teal line instead (see sub-section |B.1.4)).

Asset returns and government portfolio of bonds

We use the Fama Maturity Portfolios published by CRSP. There are 11 such portfolios, out
of which ten portfolios correspond to maturities of 2 to 20 quarter in 2 quarter intervals, and
a final portfolio for maturities between 30 and 40 quarters. We use the convention that the
upper cut-off for each maturity corresponds to j in the mapping of data to the theory. That
is, we use returns on portfolio of bonds of maturities between 2 to 4 quarter to measure 7“{ to
7 =4, between 4 to 6 quarters to measure rg for j = 6, etc. With this convention j = 40 is the
largest maturity. We aggregate monthly log-returns by summing them across months within
each quarter.

To measure returns on private bonds we use the yield curve of High Quality Market (HQM)
Corporate Bonds computed by the U.S. Treasury@ The yields are available for select maturi-
ties with the shortest one being one year, while our quarterly model requires imputing returns
on 3-months private bonds. For our baseline dataset, we followed McCulloch| (1975) and in-
terpolated the nominal bond yields using cubic splines and then used that interpolation to

obtain the 3-month returns. We experimented with alternative extrapolation procedures, such

32The data can be accessed at https://www.treasury.gov/resource-center/economic-policy/corp-bond-
yield /pages/corp-yield-bond-curve-papers.aspx
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as using quadratic splines, and did not find any meaningful effect on our results. We use these

returns to construct the liquidity premium In AY.

Maturity structure of the U.S. government debt

We use the CRSP Treasuries Monthly Series to get the amount outstanding B} for all (including
TIPS and other inflation-protected bonds) federally issued (marketable) debt between 1952 and
2017, normalized by its face value. Each bond is uniquely identified by its cusips number n.
CRSP also supplies us the Macaulay duration ¢ for the outstanding amount, and the nominal
market price Q?’i of each bond outstanding. For a few bonds where duration is absent, we set
the duration equal to maturity date — current date.

We follow lJiang et al.| (2019), and construct at each date t, the market value Q%B; held by
the US government in bonds of Macaulay duration ¢, by summing across cusips n, such that
QiB! = Yom Q?’iBt” . We then sum across all Macaulay duration ¢ to get the market value
of the government debt portfolio B; = Zz‘egt Q!B! at each date t. We finally compute the

portfolio weight in the US government debt portfolio for each maturity i using that wi = é]fz.

B.1.2 Estimations and extrapolations

We estimate model our factor model using OLS. In the main text (Table , we report
the estimates for the baseline specification in which we restricted pg = py = 1 and p; = 0.
This estimation procedure produces estimates of (aj, Pj»Kjs o?) for eleven j, with the highest
being j = 40. For constructing our target portfolios, we need to extrapolate (pj,/ﬁj) for all
j > 1. In the baseline extrapolation, we estimate J; and 0? by fitting the closest exponential
function: f(j) = €’ — ePexp(—e! x j) for f(j) € {53-,0?}. We fit the parameters ¢’ and
el to minimize sum of squares between fitted and actual values of 0; and 032. Alternatively,
we also experimented to linearly extrapolate between any two adjacent j, and assume that
(Iij,a’?) = (n40,a?10) for 5 > 40. The point estimates and this extrapolation is reported in

Figure @(a). We also experimented with alternative extrapolation, presented in Figure @(b)

that we report in Section

B.1.3 Deriving equations (22 and ([23))

We start from the factor structure , which we rewrite in matrix form for each subscripts
ke{Y,G, A} as:

k Zk k k Zk k
A t+T -« + B ft-‘rT—l + ETJ,—t)
T+t T+t—-1
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Figure 6

where we have stacked the coefficients as follows:

o = [%] AR = [1 —Hk] BF — [Pk 0] ek, = [Ei}ﬂ]_
af 0 1 0 pf Ef T+t

We then invert this VAR(1) representation to get to the vector MA(¢):
k -1 k -1
Erit| _ (Ak> oF + (Ak) B* [ZT+t 1} + (Ak) ok
[fT+t] Jrit-1 Tt

_ (Ak>—1 [ak LBk [ﬁiﬁ;” N (A’“>_1s§+t N (A’“>_1IB%’“ (Ak>—1€§ﬂ+t71

—er ([7]) + Z () 7) (#) b

From the first row of this vector MA(¢)representation, we can read MA(t) representation for

each component zéﬁ Lt

t—1

( T+1 r+1>

E\Pr — — Pg

Zhyy = Er [ZT—HE} + > PRt
=0

Pr— Pk

EfTH+t—T1
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We use the MA(t) representation to obtain formula for the matrices E}l, E?, E%, Y&, First,

t t
1_k K’“(pf_pk)

k J _ t— J
covr (ZT+7§7 TT+1> =covr | P, €741 T " €fT+1,Ep 1 T KiEFTH1

Pf— Pk

t t
(pf—pk) 2 2
= KkRjOs + Lip—in07.
i — Pi O fF T Hk=5}9;

Applying that formula for t =1 and k& = j, we get

note that for any k and any ¢t > 1:

Yt [j,t] = covr <TZF+1’ r%+1> = "j’ftU% + L{t=j}032"
Furthermore we can easily check that, using that y =2 = o 24 Zteg Kio, -2

—1q; -2 2 -2 _—2
L] = vmjyoy T — X Rik0; 9
Using Corollary [2, when the set of government securities consists of the full set of pure

discount bonds, we have ECT? [4,t] ~ X7 [j,t], and hence
Z% [7,t] ~ nj/ﬁtafc + L{t:j}af.
. . e 1.9 1.3 $
We then use stationarity and the definition of X7, =T' [Tﬁ; XInYrh — Gy xln GT +t] to get
that

Ls
% [4,t] = covr ( Tt )

g 0 'T+1
IE“TYT+1t

77 1 GT 5
= —gcovr (ln Yol TTH) g covr (ln Grie 7°T+1>
Y? Yr
7 Gj
ok $ Pf pY %H pf pG Ufc. (65)
Yy Y pp oy Yr P~ Pa

Finally, we use the definition of A;; = AY x .ox At r—1 and that /T? = 1 to compute
E? [7,t] = covr (AT+1,t,7’Jf+1>

_ 0 0 J
= covr (AT+1 X ... X At+T,TT+1)

t

|
—

12

J
covr (AT+1+€, TT+1)

£=0
/41 /+1
<pf ~Pa ) 2
~ K AKjO
—0 P —PaA
92 ot ¢
KAKjO 1—p 1—p
= ! Py ! —PA 41 (66)
pr—pra| " 1—py 1—pa



In the third line, we use the ~ sign because we take a first-order approximation of the product

of A°. Note that in our baseline case with pg; = py = 1 and p ¢ = 0, those formula simplify to

T8 G 1—pt

E¥ U,t] = K; (THY - Lrg | of ZA[' t] = Kak;j o2 4,
) $ $ =T ) J9f

Y, Yy 1—pa

We can now compute the three components determining the portfolio allocation. First note

that:

Z S G, ke = Z (L{j:g}Jj_2 - XQ/fjmga]-_QUf) K

leG leg
2 _—2
2 Zéeg KygOy
1 - =2 2 _—2
+ D ieg K0y

prm— 72.
T+ g “?U?Ut

The primary surplus component W)T( Z;IX% ; is given by

_ . . TE p -GS ph—pt Lt
XS X B G = [ S0 ke Z( LY T T Y ) 64

Y$ pr—py  YS Upr—opg

o>1 t>1
K
= KXT ;X27
Tj
; — Pf Py _Cﬁfﬁc [0 R Ve i
with Kx 1 = ﬂ <Y$ Py py [1—Bpf 1_pr] VS 7o [l—fmf I—Efpg]>' Similarly, the

liquidity component WTE 12A

2 ¢
- ' o KAC 1—0p 1—pl | ot
TS ANESE N B PN TNII I e [pfl_ e L K
>1 tzlpf Pa
Kj
KAT éXa
7j

; Pr |1 _ __Pr __Pa |1 pPa ; .
with Ka7 = B (pf o [lpf [1_3 (1—Bpf)] o [1_3 (1—ﬁﬂA)H>' Finally, the in
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terest rate risk component WQEFE% F is given by

2
OS82 [j] = 7€ <Z 27t 5,4 w) > (mafe + W) B

Ke
Leg t>1

9 ~1
Q —2 thl ﬁto’fﬁ

=T "KR;0
773 —2 2 _—2
0"+ D ieg KEoy

-2 _—2
Kikeo: ‘O W)
Q -2 J j £ 2
SR a8 E Lj=00,; " — ——3 — | 0¢B
(eeg [ ’ 0"+ Dteg k7O

g K
=5+ Kor—3x°,
7;

At At
where Kqo 7 = @ [Zt>1 Kt — D e it ] From here it is easy to see that as the number of
maturities go to infinity, Ko 1 — 0.

In our baseline case with pg = py = 1 and p; = 0, these formula simplify to expressions
and (23)

We quantify the coefficients Kx, K4, Kq for the capped portfolio using the estimates

1 A1
from our factor model. The constants y? = 5 PYTY TrQ)f =g TI'Yp/Brp, 71341 =
ey TS
1.015  0.25
~~  icg —— —
74.76
R 0.013
I' ¢p Yp/Bp, 79 =1—- 3 and
NN —— ~——
1.0050.605 0.25 0.01

0.152

T T
- =047~ —0.0317 ~
98.99 0.17 0.15
—0.00321
—0.320
ka P PA
1
K - 0.00098 0.99 0.827
AT = 1 = — = ,
—pA 1-5 1-p0py
0.827 99.99 0.819
——
0.0056 L 4.59
95.4
0.534
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Figure 7: The capped target portfolio @ for various alternatives (in yellow) versus the baseline capped tar-
get portfolio (in red)

o0

Kor= Z Btfft

t¢G
0.153

We see that the magnitude of ﬂq)f Kx  is roughly equal to W%K A1 but they have opposite

signs and is much smaller than (1 — B) This explains why the portfolio that hedges primary

surplus offsets the portfolio that hedges liquidity risks but both are less important than hedging

interest rate risks.
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Table 3: FACTOR MODEL ESTIMATION RESULTS (AR(1) FACTOR STRUCTURE)

Excess returns r{ for various maturities j

6m 12m 18m 24m 30m 36m 42m 48m 54m 60m 120m In Gf In Yf’$ In A(t) ft
Qg 0.086 0.155 0.220 0.245 0.284 0.315 0.346 0.344 0.372 0.304 0.444 -0.177 -0.319 0.006 0.026
(0.014)  (0.025) (0.033) (0.035) (0.039) (0.039) (0.038) (0.037) (0.037) (0.043) (0.030) (0.016) (0.008) (0.003) (0.502)
Pk -0.107 -0.057 -0.041 -0.043 -0.042 -0.025 -0.022 -0.008 -0.022 -0.027 0.003 1.001 1.009 0.828 -0.035
(0.043)  (0.035) (0.030) (0.025) (0.023) (0.020) (0.018) (0.016) (0.015) (0.015) (0.009) (0.008) (0.004) (0.047) (0.063)
Kl 0.028 0.074 0.118 0.157 0.199 0.230 0.257 0.285 0.306 0.345 0.404 -0.032 -0.048 0.001 0.000
(0.002)  (0.003) (0.004) (0.004) (0.005) (0.005) (0.005) (0.005) (0.005) (0.005) (0.004) (0.016) (0.008) (0.000) (nan)
O’% 0.044 0.154 0.267 0.300 0.378 0.384 0.356 0.345 0.341 0.460 0.222 4.231 1.125 0.000 63.676
(0.004) (0.014) (0.024) (0.027) (0.034) (0.034) (0.031) (0.031) (0.030) (0.041) (0.020) (0.375) (0.100) (0.000) (5.65)
R2 0.536 0.698 0.771 0.840 0.870 0.898 0.922 0.938 0.946 0.943 0.979 0.985 0.996 0.727 0.001

Notes: This table records the OLS estimates of the factor model (21)) without imposing py =0,py = pg = 1. Standards
errors are in parenthesis. The sample for excess returns and primary surpluses normalized by outputs is 1952-2017, and

the sample for the one-period liquidity premium is 1984-2017. The time period is a quarter.

B.1.4 Robustness

AR(1) factor structure In this section, we consider the general estimation of without
any a-priori restrictions on parameters. Table [3| presents estimation results.

The construction of matrices E;l and E? remain unchanged while matrices E% and 27)5
are now constructed using expressions and . We construct the capped target portfolio

implied by the general AR(1) structure and compare to our baseline portfolio in panel (a) of
Figure [7

Alternative extrapolation method, tax series, time aggregation, calculation of re-

turns In Section we discussed an alternative extrapolation procedure for coefficients

J

<I€j, 02>, while in Section |B.1.1| we presented an alternative procedure to de-trend tax series.

None of these alternative approached affect our conclusions in any meaningful way. We re-
ported the implied unrestricted target portfolios under this alternative procedures respectively
in panel (b) and (c) of Figure

We also experimented with alternative ways to calculate returns with different time fre-
quencies. In the baseline, we used quarterly measures of returns, surpluses and taxes to ensure
the largest sample such that we could measure asset prices and macro data in a consistent
way. To verify if our results are driven by our choice of the frequency, we use returns and
other macro variables at biannual frequencies. The shortest maturity available is now of 6
months, which we take as our measure of the one-period government bond RY. As before, we

construct the biannual holding period return by summing monthly returns for each portfolio
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which are separated by 6 month intervals. For other macro variables, we aggregate two consec-
utive quarters to obtain the biannual series. Using this data, we apply the same procedure as
the baseline (extracting the factor, estimating the factor model, constructing the conditional
covariances) and obtain the optimal portfolio. We show the implied unrestricted target port-
folios in the panel (d) of Figure [7} In order to compare it to our baseline results which have
portfolios by quarterly bins, we aggregate the baseline portfolio weights to biannual weights
using Weiannual [] = w [2i — 1] +w [2i],where ¢ indexes the 6 month intervals and the right hand
size is the baseline target portfolio. We find that that the two biannual portfolios are very

similar.

B.2 Results reported in Section
B.2.1 Additional discussion for Section [5.1]

To simulate the neoclassical model, we solve a complete markets Ramsey allocation as in
Lucas and Stokey| (1983)) by posing the following maximization problem. Given some ¢t = 0

state sgp € S and household savings bg (80) , the Ramsey problem can be expressed as

- Ye
B B0 LU <Ct’ 9t> (67)
subject to
yr (') = et (sY) + G (se), (68)
bo (s7) e (s°) = Y D Bme (s") [ue (") e (s") +uy () we (57)] (69)
t=0 st

where the implementability constraints, equation is derived by taking the time-0 budget
constraint and replacing after-tax wages as well as bond prices.

We assume that the state space S is discrete (described below) and non-linearly solve
the optimal allocation using the first-order conditions of the Ramsey planning problem. The
resulting optimal allocation is represented using two sets of vectors of dimension 2|S|, one set
for consumption and labor choices at ¢ = 0 and another set for all s; € § for £ > 1. Using thg
Ramsey allocation {c, y;}, we can back out other related objects such tax rates 7, = 1 — @
; primary surplus X; = 7y — G¢; and zero-coupon bond prices QF = Et%{f.

We follow |[Buera and Nicolini (2004) and assume that the preferences of households are

Iy
1—0o Yt
isoelastic U (ct, %) = Cf_a — (QL)W with parameters ¢ = 2 and v = 1. The economy is

closed, so the demand of assets from foreign investors is zero and there are liquidity services
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provided by government bonds. The only source of uncertainty comes from the exogenous

stochastic process of government expenditures Gy, which follows an AR(1) process
InGy =ag+ pcInGi_1 + oges

We set (ag, pg,0c) to obtain a mean G/Y of 15%, auto correlation of 0.95 and a standard
deviation 11—52 which are in line with the U.S. data that we use in Section We discretize the
In G; process with |S| = 50 grid points. For our calculations, we set the level of initial debt By
so that the annualized initial level of government liabilities to GDP is 100%.

We use this parameterization to construct several versions of the optimal portfolio. First,
for a given s € S, we apply Corollary to Theorem 1 in |Angeletos| (2002) and obtain the
optimal portfolio w(TJM’" (ST) = wCMmn (sp = s) for n = 1,...50 maturities that implements
the complete markets allocation. We use the bond prices and present value of primary surpluses
all of which can be backed out given the objects from the Ramsey allocation. In Figure 2] red

CM,n}50
n=

color line, we plot {w L for s = s94 which is the modal state.

Details for Figure To obtain the target portfolio <r given some history s”, we need to

solve for a vector of portfolio shares that satisfies
=
ETﬁT = [ﬂgzg + wj)fzj)f 5.

Before explaining how we get ﬁT, we make two observations. First, given the properties of
the Ramsey allocations, X, W?, 77%, E% only depend on state s, which we set to so4 and as
before can be computed in closed form using the complete market allocation that we have
already solved. Second, as mentioned in the main text the returns of different bonds are highly
correlated in the neoclassical economy, which makes the matrix of returns > to be effectively
non-invertible and there are a range of portfolios that satisfy inequality for a given e. To
obtain the target portfolio that is plotted in Figure [2] blue color, we set ¢ = 1le — 3 and pose

the following minimization problem
min HGJ — ﬁ?BNH
w

such that
=
HZT&" - [mg TIPS St w?zﬂ 3

' < 1Te.

where || - || we mean the sup norm . This formulation conveniently delivers an objective that is
quadratic while the constraint set is linear and convex; and we use a standard methods (OSQP

library) to solve the minimization problem.
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From the outcomes in Figure there are two clear observations. First, even though
Corollary [1] abstracted from income and price effects, the resulting target portfolio provides
an excellent fit to the optimal portfolio that replicated the complete market allocation in this
neoclassical economy. Second, the portfolio in the neoclassical economy are very different than
our target portfolio computed using U.S. data. It has large negative (695 times annual GDP
in risk-free assets) positions in the risk-free bond and large and offsetting positions in risky
bonds with flipping signs. As a point of reference, in the target portfolio that is calibrated to
US data, positive debt is issued in all maturities with the maximum being around 1 percent,

and the share in the risk-free debt is quite small 0.7 percent.

Risk-free bond and consol We chose the first 50 maturity zero coupon bonds to keep the
discussion closer to the market structure analyzed in Section The formula Theorem 1 of
Angeletos (2002)) can be applied to any |S| securities. Furthermore, if we replace inverse in
equation (12) of |Angeletos| (2002) of with pseudo—inversﬁ we can also obtain the formula for
a set of securities smaller than |S|. Our online codes are flexible to implement any market
structure but since the general patterns are not that different we discuss only one special case,
in which the market structure has a risk-free bond and consol. Besides being a case analyzed in
detail in |Angeletos| (2002), an attractive feature of risk-free bond and consol market structure
is that Y7 is a scalar, and the target portfolio (also a scalar) is uniquely pinned down. In this
case, using the modified Angeletos (2002) formula, we find that the holdings in the consol,
weonsol is 746 percent of annual GDP and an offsetting position of in the risk free bond w®

) XX

of —646 percent of annual GDP. The counterpart O = &+ WTT

-
] B for our target
portfolio, we get 677 percent in the consol and an offsetting —577 percent in the risk-free
bond. This fact both the portfolios are so close to each other reasserts the validity of our
formula for the target portfolio.

Next comparing the share of holdings in the consol (741 percent of total debt ) to the sum
of shares of the portfolio that hedges primary surplus risk ITE:}IW%( Z¥ (-15% in the baseline
with 120 maturities and -17% in the theoretical unrestricted target portfolio which we estimate
from the US data in Section , we find that it is about 40-50 times larger with an opposite

sign.

Understanding the sources of differences between the optimal portfolios We want

to understand the sources that drive the differences between the optimal portfolios computed

33 A pseudoinverse is minimum (Euclidean) norm solution to a system of linear equations with multiple
solutions. See also discussion in Section V.B in|Angeletos| (2002).
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using U.S. data and the neoclassical model. First, we construct the counterpart of Table
using data simulated for 265 quarters from neoclassical model economy. The results are
reported in Table [] below. Compared to Table [I] in the main text, we see that returns in the
simulated economy are much less volatile. For instance, for long maturities the variance of
returns is between 0.025 and 0.035 which is 300 times smaller than what we get for the U.S.
counterparts. The covariances of returns with primary surplus are only 10-20 times smaller
signaling a much higher correlation. Furthermore, the sign of the covariance with primary

surplus is positive for long maturities while it is negative in for the U.S. data.

Table 4: COVARIANCE MATRIX FOR NEOCLASSICAL MODEL

Excess returns rf for various maturities j Surplus Tax Liquidity
to rate pre-
GDP mium
6m 12m 18m 24m 30m 36m 42m 48m 54m 60m 120m Xt/vy Tt In A?
6m 0.00015  0.00042 0.00067 0.00089 0.0011 0.0013 0.0014 0.0016 0.0017 0.0019 0.0023 0.0029 0 0
12m 0.0012 0.0019 0.0026 0.0031 0.0037 0.0041 0.0046 0.0049 0.0053 0.0066 0.0083 0 0
18m 0.003 0.0041 0.005 0.0058 0.0066 0.0072 0.0079 0.0084 0.01 0.013 0 0
24m 0.0054 0.0066 0.0078 0.0088 0.0097 0.01 0.011  0.014 0.018 0 0
30m 0.0082 0.0095 0.011 0.012 0.013 0.014 0.017  0.022 0 0
36m 0.011  0.013 0.014 0.015 0.016 0.02 0.025 0 0
42m 0.014 0.016 0.017 0.018 0.023  0.029 0 0
48m 0.017  0.019  0.02 0.025  0.032 0 0
54m 0.02 0.022  0.027  0.034 0 0
60m 0.023  0.029  0.037 0 0
120m 0.036  0.046 0 0
Xt/vy 0.58 0 0
Tt 0 0
In A? 0
Mean  0.0008  0.0023 0.0036 0.0047 0.0058 0.0067 0.0076 0.0083 0.009 0.0096 0.012 4.1 18 0
Autocorro.11 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.92 0.84 0

We simulate the neoclassical model for 265 quarters that correspond to the sample period 1952-2017. Excess
returns 6m, 12m, ... are the nominal excess returns in Fama maturity portfolios corresponding to 6-12 months,

12-18 months, ... maturity bins, respectively. All data is quarterly and in percentage points.

Our factor structure suggests a parsimonious way to understand why the neoclassical port-
folio has the features we highlighted, that is, large savings in risk-free bonds and offsetting
positions in risky assets. To see that, consider a limiting case when the market structure has
bonds of all maturities. In the main text equations provides closed-form expressions for
the share in the risk-free security and the risky portfolio as a function of of the factor loadings

and highlights the role of the ratio % in driving the differences.
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Excess returns r% for various maturities j

6m 12m 18m 24m 30m 36m 42m 48m 54m 60m 120m In Gf In Yf’$ In A? ft
Qg 0.001 0.003 0.004 0.006 0.007 0.008 0.009 0.010 0.010 0.011 0.014 -0.098 5.503 0.000 -0.003
(0.001) (0.002) (0.003) (0.004) (0.005) (0.006) (0.007) (0.008) (0.008) (0.009) (0.011) (0.170) (0.017) (0.000) (0.025)
Pk -0.034 -0.035 -0.036 -0.037 -0.037 -0.038 -0.038 -0.039 -0.039 -0.040 -0.041 0.455 0.452 0.000 0.861
(0.061) (0.061) (0.061) (0.061) (0.061) (0.061) (0.061) (0.061) (0.061) (0.061) (0.060) (0.025) (0.025) (0.000) (0.032)
Kl -0.006 -0.019 -0.030 -0.039 -0.049 -0.057 -0.064 -0.071 -0.077 -0.082 -0.103 3.869 0.387 0.000 0.000
(0.001) (0.003) (0.004) (0.006) (0.007) (0.008) (0.009) (0.010) (0.011) (0.012) (0.014) (0.170) (0.017) (0.000) (nan)
O’% 0.000 0.001 0.003 0.004 0.007 0.009 0.012 0.014 0.017 0.019 0.030 1.908 0.019 0.000 0.163
(0.000)  (0.000) (0.000) (0.000) (0.001) (0.001) (0.001) (0.001) (0.001) (0.002) (0.003) (0.169) (0.002) (0.000) (0.014)
R2 0.173 0.174 0.174 0.175 0.175 0.175 0.176 0.176 0.176 0.176 0.177 0.936 0.936 nan 0.745

Table 5: Factor model estimation results Neoclassical model
Notes: This table records the OLS estimates of the factor model (21)) without imposing py =0,py = pg = 1. Standards

errors are in parenthesis. All series are for a 265 quarters that correspond to the sample period 1952-2017.

We follow the same steps as in Section [£.2] and estimate the factor model but now using
data simulated from the neoclassical economy. We make two changes relative to the baseline.
We allow for p; and py to be smaller than 1 as the neoclassical model had AR(1) as the data
generating process. Second, to estimate ro, We extrapolate using x; = a’—a' exp (—(12 X j) @
% equals 9.72 in the neoclassical economy as

compared to —0.6 using the U.S. data. Thus, from the lens of our expression , a big part

Plugging in for the values of KX, ko, we obtain

of the differences between the optimal portfolios can be understood from the fact that % in
the neoclassical model is much larger and of opposite sign from what we obtained in Section
using US data. Qualitatively it implies a larger and position with opposite opposite in
the portfolio that hedges primary surplus risk. Quantitatively, the finding that % is about
20 times larger than in the neoclassical economy explains well the gaps in the portfolio that
hedges the primary surplus risk. The reason for this can be traced back to observations we

made about covariance of returns with each other and primary deficits in Table [4]

B.2.2 Additional discussion for Section [5.2]

Heteroskedastic shocks In the main text, we assumed that the shocks €; were homoskedas-
tic, that is, we imposed that {o}} for k €{j,Y,G, A, f} are constant through time. We relax
that assumption and augment the baseline factor model 21 with the following univariate GARH

34This is a slightly general version so that its fits the neoclassical data well. Our results are virtually the same
if we use the linear splines extrapolation as in the Online Appendixl@
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processes {0}
p q
2 =2 § : GARCH _2 § : GARCH _2
Uk,t =0k + pkp Eztfp =+ qu Uaz,tfq
Jj=1 J=1

and impose that all € are standard Gaussian and independent of each other. We now estimate
the system using maximum likelihood and assuming p =2 and ¢ = 1.

The consequence of heteroskedastic shocks is that structure of the expressions for ¥ and
251 as well as E?for k€ {X,A,Q} remains the same but they have time-varying parameters
o¢t and o, for each return maturities j E We use the same extrapolation scheme as the
baseline to obtain (oj, ;) for other maturities. And finally, as an implication, the optimal

target portfolio and its components also inherit that time—variation@

Results In Figure |8, we plot the time-series for elements in {o;} and o;. The volatilities
for returns (including the factor) and macroaggregates are high in the early 80s and the great
recession of 2008-2010 and quite stable in the intervening periods.

Keeping everything else the same, periods when the factor is more volatile increases the
covariance of returns with each other as well as the covariance of returns with surpluses and
liquidity risk. Thus, a priori the effect on the optimal portfolio is ambiguous. To gauge how
much the portfolio moves overtime, we start by plotting in Figure E[), the 90-10 interval by
maturity, that is, for each maturity we construct the 90th and 10th percentile across dates.
We see that for lower maturities the portfolio shares varies by as much as 20-25 basis points
and the fluctuations are much smaller for larger maturities.

To understand the sources of this variation, we separate out the primary surplus risk
portfolio and the liquidity risk portfolios using expressions and report the sum of the
portfolio shares across maturities for every period. In Figure we see that both these shares

are quite stable through time, and more or less offset each other.

B.3 Additional details for Section 5.3l

In this section we estimate excess liquidity premia a’ and statistically test Eai = 0. We first

describe the estimation framework and then our findings.

35The time-variation in {UZG, 0%, 0?4} drops out because the covariances of hedging terms are driven by the
common component captured in the factor {U?-,t} .

36In principle, the fiscal risk and liquidity risk portfolio could vary because quasi-weights 77 and 7% or B vary
with time. To focus on the impact of heteroskedastic shocks, we keep them constant and equal to the values
that we used in the main text and only allow the target portfolio to vary due to time-varying covariances.
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Conditional volatilities: Returns

— short maturity (0-6m)
— long maturity (5-10 yrs)

Conditional volatilities: Factor
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Figure 8: Conditional volatilities of returns, factor, using the estimated GARCH model
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Figure 9: 90-10 interval of portfolio shares (maturities from 2 quarters to 120 quarters) with heteroskedastic
shocks.
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Figure 10: Components of target portfolio with heteroskedastic shocks. The blue line plots the sum of the

shares of the portfolio that hedges the primary surplus risk, that is, 1 - 75 3; 'S and the red line plots the
negative of sum of the shares of the portfolio that hedges the liquidity risk, that is, —1 - W?EglEf.

Framework From equation , we know that

; BMey1 0 LMy ;
aj = -E,—— (R, — R}) = —"E,———rj.
t M, ( 41 t) M, 't
To back out a, we need to estimate BMT:“ We start by assuming that the SDF is affine in a
vector of some demeaned factors f7":
BMit t
L = e g

and then use the fact that the there is no liquidity wedge for privately traded bonds. Thus we
are looking for (cg,c1) that minimize the error in Et%Rfvt =1 for a given set of returns

on private bonds RP"*. This yields a familiar expression for estimates of (c,c1)

-1
co = — (ER?mvt) 5

éy = —eom (vi2) (8 [ro] (s120)") (ot (o)) ) [e [t (o))

Fama and MacBeth (1973) show that (cp,c1) can be estimated using a two step process in
which we first run a return by return time-series regression to estimate security specific “betas”
and then we run a cross section regression for each date to back out “lambdas” or factor risk

: t
premia, A"

pvt,j _ . j j . gpPUE J
Ty —'Y]+/8]'ft + €,

put / put
rt _at+ﬁ ')‘t )
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and we can recover (cgp, 1) using

€0

1= —¢p (Zf)il E [}\fvt} .

E [R?’p”t] o

Using Fama McBeth procedure is useful because it immediately lends to an application for

Delta method for computing the standard errors on the a. Let”be the estimated counterparts

—

of the theoretical objects. We can express E [aﬂ as some function s () such that

IE/[a\ﬂ =3 ({Ti—i-l}tzo ) {R?,pvt}t21 ’ {ff”t}t21 ’ {)\fvt}pl) '

Applying the Delta method, we get that:

o*(E [a}]) =T x V2V,

where
_ ~ 71 — — . —
E [R?’p”t] 171 {TzZSJrl}tzo
~ 0 . —~\ —1 ~ " . - 0ppt] —2 {R?,pvt}
oo L [E i)+ (2{) E [Af” } cov (£ ,r;+1)] E [Rt o } 1|y o i1
- - put
T 0 {ft }
t>1
. 1y~ -1 ‘ t
L B [R%pvt} (E{) @(ffvtﬂ’zzeﬂ)lTxl ] L {A{fw }t21 J

Estimation To estimate the excess liquidity premia and its standard errors, we need three

Pt and a set of

things: a set of factors Factors f/ vt, a measure of private risk-free rate R°
excess returns 77", We describe those choices and then our results.

For the SDF %’?1 estimation, we impose a 3 factors structure to the SDF as in|Koijen et al.
(2017)). The first factor is/Cochrane and Piazzesi (2005)’s “CP factor”. The second factor is the
level (LVL) factor, which is constructed as the first component of the forward rate covariance
matrix, following |(Cochrane and Piazzesi (2008)). The third factor is the value-weighted stock
market excess return from CRSP. We then estimate the SDF with the returns on 5 portfolios
of corporate bonds of credit ratings AAA, AA, and A, constructed from Bloomberg (formerly
Barclays) indicesﬂ and available from 1989 to 2015. These indices measure the investment
grade, fixed-rate, taxable corporate bond market. They include USD-denominated securities

publicly issued by US and non-US industrial, utility and financial issuers@ We use as a private

3"We thank Alexandros Kontonikas for sharing with us the data used in and used in |Guo, Kontonikas and
Maio| (2020))

For more details, see |https://www.bloomberg.com/professional /product/indices/bloomberg-fixed-income-
indices-fact-sheets-publications/
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risk free rate RYP" our previous estimates of A? such that RY?Y = 1?212

We then apply our estimation framework. Our findings are reported in Table [f] We see
that although the point estimates are negative relfecting the larger share of risk-adjustment,
the main takeaway is that that all maturities the estimates are statistically not different from
zero. Thus we cannot reject Eal = 0.

L —

Table 6: Estimates of the time-averaged excess liquidity premium E [ai]

maturity i E[aj] s.e t-stat  p-value

6 months -0.03 (0.12) -0.24 0.81
12 months  -0.05 (0.33) -0.16 0.87
18 months  -0.05 0.63) -0.07 0.94
24 months  -0.06 (0.83) -0.07 0.94
30 months  -0.08 1.04) -0.07 0.94

(0.12)
(0.33)
(0.63)
(0.83)
(1.04)
36 months  -0.09 (1.23) -0.07 0.94
(1.47)
(1.65)
(1.85)
(1.92)
(2.28)

42 months  -0.10 1.47) -0.07 0.95
48 months  -0.10 1.65) -0.06 0.95
54 months  -0.10 1.85) -0.05 0.96
60 months  -0.10 1.92) -0.05 0.96
120 months -0.11 2.28) -0.05 0.96

Notes: This table records the estimates of the average excess liquidity premium, its standard errors, and the
associated t-statistics and p-value for the 11 Fama Maturity Portfolios. We take an average liquidity premium of
0 as our null hypothesis. The sample is 1989-2015. The units of the average excess liquidity premium is quarterly
and in percentage points. We follow [Fama and MacBeth| (1973) and control for cross-sectional correlations but
we assume that there is no serial correlations in the estimation of the SDF. We compute the standard errors

using the Delta method.

B.4 Details for Section [5.8

Next we describe the how we build A?E from the |Greenwood and Vayanos (2014)) estimates.
We use the GV point estimates of b’ for their reported maturities and extrapolate for other
maturities by fitting the same functional form that we used in the baseline for factor loadings@
The fit is reported in the left panel of Figure In the right panel of Figure we show
the heatmap of AQF (all normalized by its mean value) computed using expression and

the extrapolated {b"}. The price impacts are larger around the south east region around the

39 Alternatively, we also use the return on the portfolio of AAA corporate bonds of intermediate maturities
(1 to 10 years) from Barclays as our (private) risk-free rate RY'?"*. That doesn’t affect much the results (the
point estimates are modified but still very non-significant).

40Tn particular, Table 2 of GV reports estimates for bonds of maturities 2, 3,4, 5,10 years. We assume that
b" = by + bo exp (—51 X n) and find coefficients {50751} that minimize the least square errors. The results are
robust to other extrapolation schemes.
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Figure 11: The left panel plots the fit for coefficients b™. The right panel shows the normalized heatmap for
the price impact matrix: A9F

diagonal. Thus price impacts are large when securities involved are both of longer maturities.

C Closed Economy

In this appendix, we study a closed neoclassical version of our benchmark economy. Unlike
the benchmark open economy specification in Section [3] a change in the governments port-
folio will necessarily change the price of assets in economy; and, compared to the segmented
markets version of the benchmark economy presented in Section a change in the portfolio
composition at date T will also affect the price of securities in all other periods.

In what follows, we show how to to adjust our variational approach to incorporate such
effects on prices. Our main result is to characterize the price effects and using that we show
that the closed economy neoclassical setting implies price responses that are counterfactual
relative to the evidence reviewed in Section Besides the different structure on price effects,
the rest of the analysis of a closed economy including the steps to obtain the expression for
the optimal portfolio are identical to Section In Section we formally describe the
neoclassical closed economy environment that we study, then introduce the perturbation and
analyze the welfare effects and optimality of the government. The proofs of the main results

are in Section [C.2

C.1 Analysis

In addition to the assumptions of the benchmark economy we assume that:
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1. Household preferences are time separable

(ye/00) 7

Vt:Ut<ct_ 1+1/7

) + BEViq1.

Following the neoclassical tradition, we abstract from trading frictions and non-pecuniary
benefits of government debt by assuming that {Q:b};cg, does not enter into the utility
function and ¢, ({Q}b;}) = 0.

2. Government expenditures G are exogenous.
3. Foreign investors are absent, B! = 0, for all 7 and all assets are in zero net supply

4. The set of available securities can replicate a consol. We will let Q7° denote the price of

the consol at date ¢.

Under these assumptions asset market clearing implies that
b = B

and

¢ +Gy =Y.

Absence of trading frictions and non-pecuniary benefits of government securities the household

optimality conditions imply
EMy1 Ry = My or MyQ} = By [Myg1 (dfq + Q1) (70)

Perturbation Following Section we use a variational approach to isolate the optimal

public portfolio. We consider any competitive equilibrium and introduce a perturbation at
] €

Qp(sT)

of the risk free bond. This asset swap produces an

a particular history s’ by assuming that the government purchases units of security

j which is funded by selling QT%(T)
additional 77, +1(ST+1)6 of excess returns at all histories s” 7! following s”. We assume that the
rgq_,_l (sT)e
THQ5, , (s7HY)

keeping its holdings of all other assets constant. Due to its nature of swapping a longer security

government uses those resources to purchase an additional of the consol while

for a risk-free bond we will refer to this as a Quantitative Easing (or QE) perturbation and

4IThat all assets are in zero net supply is for notational simplicity. Assuming positive net supply simply adds
another term to the resource constraint equivalent to changing exogenous government expenditures.
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formally define it by

ifi=rfand st =sT,

ifi =4 and st = s7,

Q% (s™)

01 Bi(s") = o 1) j T+1 o to T
—W<TT+1(S ))e ifi=o00and s" > 5"t >1T,

0 otherwise.

The change in portfolio composition necessarily requires a change in taxes to balance the
governments budget constraint,
Gi+ Y (Qi+d)Bi_, =7Yi+ Y QB
i>0 i>0
Differentiating with respect to € in the direction of the QE perturbation yields the following

response of tax revenues

oy (re¥y) = e 5 (Tgatary) + D2 03me@i(s) (BI™™) = BiLy(sh)  (T1)
e 1+ Q5 (s7+1) U =" 2 e t it

where [, oy is an indicator returning 1 if history st follows from s and zero otherwise.
Intuitively the effect of the perturbation on tax revenues is a combination of two effects. The
first, % (I {st>ST}>, are the direct effects that are a result of the excess returns
generated by the asset swap. The second,) 9;1,eQi (Bi(s') — Bi_i(s"™1)), is the indirect
effect that arises because the asset swap in period T changes prices not only in all future
periods but also in all past periods starting from the initial date O.

Assuming that the equilibrium manifold is sufficiently smooth, we can apply the envelope

theorem to the household’s maximization problem to obtain the welfare impact of this pertur-

bation as € — 0. The welfare effect of this perturbation comes from its effect on both tax rates
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and security prices and is given by

O: 1 (T4Ys o :
0;rVo=Eo > M, O (V) > 0;mcQi (b1 — b))

t>0 gt i>0
—F ]Te TtY;f
= 1&g Z Mt Z 8] T EQt )
120 >0
B Bl B! — B! M, -
=Eq ZMtZastQt( 1Bi- 15 t l_ft t5 t) 4 Z gt (I{st ST}) %
| t>0 i>0 t t>T+1 t T+1
M, r
:EOXNLGZ )Zﬁj@t&l Bi) + z:(ﬁ)U@wﬂ<1£;>>
= t i>0 t>T+1 t T+1
My 7%+1 1
=Pro (s") My (s") | PEjre +Er ( > o0 (72)
(s7) Mz (s7) | PE 25 ) ivor, ) e
with
! & — . |
PE € — ]E M 8 c ) B’L_ _ Bz
o Prg (s7) My (sT) 0 ; t( 3 >; 3,7, Qt( t—1 t)
)
The term E7 )", <4 <M]\§;k) T +5+%3, - £T+ parallels the effect of the same perturbation in the
= +

open economy benchmark model, and can be analyzed in a similar manner. Now, in addition to
that term, we also have PFE; 1. that captures the effect on asset prices for all histories starting
from time 0 onward. In the next section we will show how our second order expansions can

allow us express that term using covariances that can be measured in the data.

Characterizing the Price Effects The perturbation affects asset prices through its effect
on the stochastic discount factor of the household. This can be seen by differentiating the

household Euler equation with respect to € in the direction of the perturbation to get

(0;1,eMy) Qf + My (0;,1,.Q}) = Ey [0j1e Mg (digy + Qiyy) + M1 (051,Q411)] -

As the perturbation affects the stochastic discount factor through changes in tax rates we

define &y, = %l(‘;gt %’5 as the semi-elasticity of log M; with respect to the tax revenues which

implies 0j 1, My = M€y 1051, (Tey) - Under our assumptions, this semi-elasticity is given by

. 1 §&—1
St = ¢txy;5_Gt—6tv(Y})X< & >

—[ee—ve (YDIU” (ct—ve(Y2))
U’ (ct—ve(Yy))

where ¢, = is the coefficient of relative risk aversion.
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To get a better understanding of how these terms contribute the price effects in the closed

economy we’ll focus on a stationary version of the economy

Definition 5. An optimal competitive equilibrium is stationary from time T if there exists a
constant Ry such that for all t > T (i) ErGy ~ G (ii) Erd; ~ 6 (iii) ErR: ~ Ry for all i
and (iv) Epe = .

This definition of stationary differs from the stationarity of the main text in that we assume
a growth rate of I' = 1. All of our results extend to a positive growth rate assuming that the
utility function is CRRA@ Our first set of results concern the asset pricing implications of the
QE perturbation. We will leave the proof of both propositions to the end of the section.

Proposition 1. For a neoclassical model which is stationary from time T
1. The QE perturbation keeps asset prices zero to the first-order
0:0;1.eQs =0 Y i,t>0
2. The QE perturbation only affects risk-premia at T
EtOpeOjreriy1 =0 ¥ t#T

and at date T

; 2¢rp 1-&r 1 j ;
Er00d; 7 g = = Ry, 0,1, >0,
T 5,7, TT+1 Yr — Gr — 670 (Yr) X ( & 10, t06T3 11067141 >

where 1 is coefficient of relative risk aversion.

This proposition states that the QE perturbation does not effect prices to zeroth or first
order. This is inline with our modeling of price effects in Section [5.8 where we assume that
the effect prices is at second order. Intuitively, to zeroth and first-order all assets have the
same expected return so the QE perturbation only changes the risk profile of the household’s
stochastic discount factor which, in turn, will only effect prices to second order. Moreover,
the proposition states that the effect on asset prices in the closed economy are counterfactual
to what has been documented in the data. Estimates by |Greenwood and Vayanos| (2014) and
others find that find that A9F[rf,j] ~ 0 and A®F[i,j] > 0 for i > rf which implies that

expected excess returns should decrease with the QE perturbation rather than increase:
QT+1 aaaaj,T,eQé“ <

—i —i

Qr Qr

42The main difference is that we will require that the government smooth excess returns using a growth-
adjusted consol rather than a pure consol.

Er0660j1,erpi1 = — 0.
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When governments buy back long term debt by issuing short term debt, short term rates
appear to be unchanged so expected excess returns are driven by the fall in the term premia
as the increased demand drives up prices.

In contrast, in the closed economy, the government returns the excess returns from the QE
swap via taxes which results in making states of the world where excess returns are high (low)
better (worse) for the household by lowering (raising) tax rates in those states. As a result, the
value of the asset decreases which raises the risk-premia. As noted, this is in inconsistent with
the segmented market literature which finds that the excess returns on long maturity debt are
lower after QE.

Finally, we are able to use our expansions to characterize the price effects

Proposition 2. For a neoclassical economy which is stationary from time 0, if all initial debt

, -\ -1
{Bll}i was risk-free then PE; 1 ~ (@%) T (ST) where

——= ,=rf 9] o7 T
M—/T(ST): _Q%JK(Q _1) Z ( t)

(1 — B(Qrf _ 1)EM> Mol I Qri
_ 2, B > &
(1-B@7 - nEu) S \ 1+ 0rn
285, *If

— —— — — covr &ﬂ"j ,agrj
(1 -B@" - 1)§M) S 1+ Qra (57 ( o TH)

covr (80 In My, Gor%+1>

covr <8gr%+1, Oy In Q:f>

2B = (ﬂt"f o
>

R (1 - E(@Tf - 1)EM) t=T 1 +@;o+1

J
covr (&TfM,t - 8U§M,t+1a (9UTT+1)

As we have noted without any assumptions price effects are given by

PE;r.= Pro (sT)lMT (ST)EO Z M; <€t£t 1) Z@',T,e@i (Bi_, — B))
>0 i>0
where a swap of securities at a particular history can affect asset prices at all other histories—
past and future—due to general equilibrium effects on the stochastic discount factor that now
directly depends on the tax rates. Proposition [2] allows us to characterize these price effects
with a closed form expression using entirely time T' covariances that are measurable in the

data.
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C.2 Proofs for Propositions [I] and
C.2.1 Proof of Proposition

We begin by noting that at the zeroth order, we get g\“ =—v 5 wtg o) X (5%_1> =&y
’ t—Gr—0¢ t + ’

is independent of time and the details of the perturbation. We proceed by proving a series of

lemmas documenting the results of Proposition
Lemma 11. Ezpected excess returns are zero to the zeroth and the first order

Proof. The zeroth of gives us

ﬁﬂ =0
Take first-order expansion to get
EtaaT§+1Mt+1 + Eirf 0o My =0

and thus
Etao—r’ti+1 - 0

Lemma 12. To the first-order, price effects are zero, that is, for all i, t: 808j7T76Q§ =0

Proof. Start from the definition of Q!

. M. .
Qi (s") =B ) —]\Z’“Dgw

k>1

. M. .
050;1,cQ} =By Y (951,05 10g My — ;1,605 log My) (J’“) Dl
E>1 t

A necessary and sufficient condition for price effects to be zero at the firs-order is that & > 1

Et (8j,T,680 IOg Mt—l—k - aj,T,eaa log Mt) =0 (73)

Use the definition of &, (st) to get 07, log M; (st) = D7 (Tt (st) Y, (st)) e (st). o
first-order
050j 1. log My = 05057 (1Y) X Eppy

Then is equivalently expressed as
Et (050j,1,e 108 Myyr — 0501 log My) = Epry (BeD0051e (ToakYirk) — 0501, (T¢Y1))
We check condition by guess and verify.
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Suppose aaaj,T,ng =0 for t > 0, then for all ¢ > 0 and from equations (71

r (ST+1) Oy1) (ST+1)
—UgUj € Y = Ug T+l I = LI
950j1,e (TtYy) = 0, (1 QP (sT+1) {st=sT+1} 1 +Q;O+1 {st>-sT+1}

When t > T +1

ST+1) T+1)

0o ( B 0oy (5
1+ Q7 1+ Qryq

E; (050j1,c log My 14k — 050j 1, log Mpi1) = EM7T+1 < ) Iistysri1y =0

When t < T, we can use the fact that to the first order, expected excess returns are zero from

Lemma to establish that holds. O
Lemma 13. In the closed economy the effect of the perturbation on expected excess returns is
Ei0ro0jeripr =0 ¥V t#T

and at date T

; 2¢p 1=¢&r 1 j ;
E10500; TV = — E:0,1], Oy’ 0
O T = Y = Gy — Oru (Yr) | < r L+Qm ) T fotteL

Proof. The first-order expansion 0;rM; after using Lemma [12] gives us

. - v o
ao-aj,T,EMH-l = _fM,tMt—i-l Oy — I{si>sT+1}
1+ Qx,

Use this along with the second order expansion of households optimality condition (70) to

obtain

. — N T’j . N
0= Ed,riy, (—g MM {ag (ﬂ) I{S%m}}) + Eioo 0Ty Mis1
4741

For t < T, I g, gr+1y = 0 and thus E;0,00; 111, = 0.

For st = sT*1 use Law of iterated expectations to get

1+ Q7

=0

J
. _ T .
T+1
0=Eri1+k0mrr14% | —Smrr1iosMriiik Ergn {80 () } FE1 414405005, 7,4 pr 2 M T 424k

and use Lemma to get Et8508j7T76T§+1 =0 for st = sT*1.
Finally for t =T

. — - Tj . -
0 =Er0sr74y <—§M,TMT+1 {60 (HTJ&) }) + Et0500j1eri 1M1y
4741
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Substitute for EM,T and simplify to to get

; 2¢p 1—&p 1 j ;
ErOyuOiT e, ~ X — EiOyr?n, Ogrly .
TO0000;5,T,eTT+1 YT - GT N 9’1"1) (YT) ( é-T 1+ Q’;o_;'_l 13 UTT+1 oTt41
Since &p =1 — ’ylziT <1, Yr — Gr — 0rv(Yr) > 0 from Inada conditions, and ¢ > 0, we
get that Er0,00; 1.1, | > 0. O

C.2.2 Proof of Proposition

The second order expansion of the price effects

0o (Pro (s7) Mz (s7) PEjre) =Eo | (5” 1) M)~ 0500;1,Qf (Ei_l - Ei) (74)

t>0 t i>0

which equals

AT |t & —1 = (77 i Y i
<€0£> MO Z 8008]‘7T76Q6B,1+ <§0f ) EO Z Z Bt (Mt+18008j,T,6Qt+1 - Mtaaaaj,T,th)
0 0

i>0 >0 i>0
(75)
Its easy to see that (%) M, ZiZO GJUGLT,EQ%)EZ,I = (5%;1) My Z#Tf 8008]-,@6@6?,1 =0
under the assumption that initial debt was risk-free.
The household pricing equation implies
MyQ} = By [Myy1 (Qfy1 + Diyy)] (76)

Differentiating by 0; 7. gives

(051.eMy) Qi + My0;.7,Qf = By [(051,eMis1) (Qiy1 + Diyr) + Mi1051,6Qi 11 ]

Let’s start by looking at ¢t < T', We know that 0,0; 1 M;+1 = 0 so taking the second derivative

with respect to o yields

IEt [Mtﬁ—laaaaj,T,eQi—i-l - Mtaaaaj,T,eQi] = @iEt |:(8aaaj,T,eMt) - (aaaaj,T,eMt—H) R:.{.l .

i1 M, i _ o1
Fort > T and st = sT we have M = &0 1951 (T¢Yy) and hence 05051, My = M 1+@7§11'
’ +

The second-order expansion of equation ([76) is

20,01, Mi05Q} + (050051, M) Q) + Mi0500;1Q; = Bi [2050;1,:Mi4105 (Qf41 + Diy1)]
+ (05005 1,eMi11) (@H + D§+1> + M410500j1.Ql 11
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We know that

‘ . _ O,r? _ ) )
E¢ [05051,eMi1105 (Qiy1 + Diy)] = 5M,T+17(7 Lt R, [M1105 (Qi41 + Diyy)]
1+ Qryq

S0 we get

Et [050j1eMi1105 (Qiyy + Dit1)] — 05051, M0, Q)

j
(9ng+1

= —— &y (B [Mi3105 (Qi1 + Diyy)] — M10,Q))
1+ Qri
oTri1 7 Yol o f
= Ta;ilfM,TﬂQt <80Mt - 50Mt+1Rt+1)

with the last equality coming from

Oe MQ; + M,0,Q} = E |:60Mt+1 (@H +ﬁi+1> + My1105 (Qfyy + D§+1)} :
Note that this only depends on ¢ through GL thus for ¢t > T

E: [Mtﬂaaa@j,T,eQiH - Mtaaaaj,T,eQﬂ

= Q/F,

J rf
f - Evi 8UTT+1 aaQt
(aacraj,T,eMt) - (aoaaj,T,eMt+1) E:-&-l - 5M,T+1Mt — —
1+ Qry Q)

_ rf
where the last term is simplified by noting that M, a%% =E; %&,Mwl — 80Mt] .
t t

Finally, we have the t = T and s* = sT term which gives
Er [M7410560;1,6Q% 1 — M70500;1,.Q% ]

EvrriMria
14+ Qg (sTH1

= @lTEt [(8008]',T,6MT) - (8aaaj,T7€MT+1) ETTJ;I - )aar%“+1aaré“+1] .

Now we note that all the terms Mt+16008j7T76Q§ 41 —Mt8006j7T75Q§ in the price effect sum have
a component @i <(8M@]~7T,6Mt) - (8008j,T7€Mt+1)R:L> in them. We gain some tractability
by substituting 0y,0; 1, M; = MEMawajvT,e (T¢Y7) + ZMt(?UﬁMJE)U@j,T,g (1¢Y?) and doing so
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Eo [ ZE,; (MtJrlaaaaj,T,eQi-&-l - Mtaao'aijﬁQi)
E

ZEtMtEM,t (aaoajms (Tth) - &majme (Tt—i—lY;H—l))

= 150
t=0
_ i o ao_frj ao_ rf
Lt=T+1 1+ Qry Q¢

I Moy ' 4
—2Pr(sT) &y Er _ Do, 1061714
; L+ Qi (sT1) 70

Z ByMy (056 31 10505, 1¢ (T¢Y2) — 05014110505 16 (Te41Yi41))
=T

+ 2Pr(sT)Er (78)

Most of these objects we can easily put some structure on except for

Z BiM & pp 4 (050051, (T4Y1) — 0500516 (Te41Yi41))
=0

Eo

9

there we have note that By = By = B, M; = (Qrf)tﬁg and gM,t = EMO = £,;. Put together

we have

> BiMiLyr (05005 1.c (T1Y1) = 0560 e (T141Y241))

Mo

t
(Qrf) (aaoaj,T,e (TtY;t) - 8Jo'aj,T,e (TtJrlY;erl))

t
Q1) (@7 = 10050310 (r¥3) | To
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we can then plug into 0y0;j 1. (T:Y7) to get

o

Z téMt 80’0'8] T,e (Tth) 8008j,T,6 (Tt-i-].}/t-‘rl))

t=0

= B(Q" —1)&,,MoE, !i (Qrf>t Z 0500 T.eQ} (Ei_l - Ei)
t=0

i>0 i
0 J T+1\\ ]
=T T oS g rr\! - TT+1(;9 )
BGGLCARLE S DY) (@) <1+ )
=B(Q" - 1)§M§fla(m (Pro (s7) Mr (s7) PE}] (ST)> (79)

+ By Mo(Q™ — 1)Pr(s")Er

.- rf\! Tgr+1 i
> (@) o (G

t=t+1
Going back to the HH version of this perturbation we get
oo
Er [ > MtT“] =0
t=T+1 QT +1

As second order expansion of this gives

o 00 ‘ rl (STH) R ( T+1)
MoE Q) O (T“m)] = —2E 0 ML (80)
o L2T;1( ) 1+ Qryy ! tzT;rl + Q1

Putting all together we get (combining equations ,,, and )
_ _oF o 807“j 0, rf
<£) aJUPEj,T,e = —= £M [ Z E;"ol 763;
§-1 (1 - BO(QTf - 1)) Qrf t=T+1 1 + QT-H Q:
9BE (@ — 1 o - Doy (sTH
Em(Q ) E [ Z (Qrf> 9, In M, TT+L( )

(1-B(@Q7-1)) ' t=T+1 + Q741
—2& o/ ) i
E N 60 80
(1-B@Qf-1) Q)" ’ LZ:I 1+ Qo (sTH1) TT41 7”T+1]

T agr§+L(3T+1)

2B >
T B@Tn) L; (@) (Ot~ a"gM’t“)]

+ Qriq

as desired.
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