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A Proof for Proposition 3, Conditions for Symmetric SDF-FX

Pass-Through, Continuous Time

For expositional convenience, let us label the two conditions in the statement of the proposition as
Assumption 1. [dZt(l),dYt(l)} = [dZt(Q),dY;(?)] = 0.
Assumption 2. [dZ", dY,?] = [az®, dy,V] = 0.

Proof. (a) Substitute the pricing kernels into the first-order conditions. The first-order conditions

for domestic bond holdings become:
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Note that:
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The first-order conditions for cross-country bond holdings become:
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Take the sum and plug in the first set of first-order conditions,
0 = [ds?°,ds)?) — [dm{® — dm{?, dsi/] (OA1)

Plug in the exchange rate dynamics

dsi/o = :L’Ei)dt + zt(i)(dmgo) — dmf ) + yt( )dY(l)

then Eq. (OA1) implies an equilibrium restriction on the relationship between zt ) and yt
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Hence, under symmetric pass-through, i.e., zt(l) = zt@) = 2, the cross-country Euler equations for

country pairs (0, 1) and (0, 2) imply
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Similar to Eq. (OA1), the first-order conditions from the cross-country bond holdings between

countries 1 and 2 imply
0 = [ds;? ds)”"] — [dm'® — am!V, ds!?). (OA5)
Plug in the bilateral exchange rate dynamics
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then,
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where R; j; = p; ;. denotes the matrix of SDF correlation. Under symmetric pass-through, that is
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Plug in Eq. (OA3) and Eq. (OA4), then we have
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Then, by Assumption 2,
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Also note that
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With Assumption 1 and symmetric pass-through,

[dsi/o’dsi/o] — zt((at(O))2+(Jt(i)) — 200 thTt(O) (1))
= zt[dmgo) - dmgi),dmt — dm!’ ]

Then, under Assumption 1, we have
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(b) Without loss of generality, I focus on the case where [dZt(l), dYt@)] # 0. I first decompose
country 1’s SDF shock dZt(l) into country 0’s SDF shock dZt(O) and an residual component:
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Then, I decompose the IM shock d Yt@) into the residual shock dZtm and an orthogonal component:
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Next, I can rewrite the bilateral exchange rate movement between countries 0 and 2 as
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