Online Appendix (not for publication)

A Additional Model Details and Derivations

A.1 Labor Unions and Wage Rigidity

Each household supplies labor to all of k € [0,1] unions. We denote a household’s total hours
of work by n; = fol i +dk. Each union pays the household a nominal wage Wy ;. The household

budget constraint therefore corresponds to

1 1
dt =1 + Ztﬁ /0 Wk/tnk,tdk + Tt(Zt) — C¢. (54)
t

Each union k € [0, 1] transforms hours supplied by households into a differentiated labor service

according to the linear aggregation technology

Ny = // zny Qe (a,z) dadz,

where Ny ; is expressed in units of effective labor. Each union also rations labor, so that all house-
holds work the same hours. In particular, this implies Ny, = ng; [[ zg:(a,z) dadz = ny,, after

normalizing cross-sectional average labor productivity to 1.

Labor packer. Unions sell their differentiated labor services to an aggregate labor packer. The

packer operates the CES aggregation technology

</ N, dk) ,

where the elasticity of substitution €; is potentially time-varying. We interpret time variation in the

desired wage mark-up of unions as a source of cost-push shocks, following standard practice (see,
e.g., Gali, 2015). The packer sells the aggregate labor bundle to firms at nominal wage rate W;. The

labor packer’s cost-minimization problem is standard and yields the demand function and wage

index
Wkt —€t
N = (—= N, 55
k.t ( Wt ) t ( )
1 1 1
We= ([ i T (56)
0 ,
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where Wy ; is the nominal wage rate charged by union k.
Wage rigidity. Nominal wages are sticky in our model. Each union k faces an adjustment cost

to change its wage. Formally, the union takes W ; as a state variable and controls how the wage

evolves by setting wage inflation 77}’,, with

= (57)

The union’s adjustment cost is directly passed to union members as a quadratic utility cost, so

households’ instantaneous flow utility is formally given by

w 1 0 ! w \2
Ut (Ct/{nk,t/ ”k,t}ke[OJ]) = u(ct) _77(/0 Mt dk) + 5/0 (7k;)“dk,

where v(-) captures pure disutility from working and ¢ modulates the strength of the wage
rigidity.* The representation in the main text, i.e., equation (4), is valid in any equilibrium that
features symmetric unions, which we assume.

We now formalize the union’s wage setting problem to derive a New Keynesian wage Phillips
curve. We assume that the union chooses wages in order to maximize stakeholder value—the sum

of stakeholders’, i.e., union members’, utilities. That is, union k solves

max /0°° e jgpsds<// [“(Ct(ﬂ,z; Wit)) — v(/ol Nyt dk) — g Ol(n,i‘ft)z dk} gt(a,z)da dz) dt, (58)

w
oy

subject to equations (55) and (57). The union further internalizes the effect of its wage policy on its
members’ consumption—hence the explicit dependence of ¢; on Wy, in equation (58). However,
since union k is small, it takes as given all macroeconomic aggregates, including the cross-sectional

household distribution.

Solving the union problem. To solve the union’s problem we associate it with the Lagrangian

L :/OOO e Pt / [u (ct (a,z; Wk,t)> - v(/ol (%) _eNtdk> - g /0.1 <7r}<‘ft>2dk] gt (a,z)d (a,z)dt

+ /0 e ! [Htﬂff,twk,t — oWt + Wk,tﬂt] dt + poWio,

8 There are three natural ways to model wage adjustment costs: as an explicit resource cost that is passed on to
households, as labor productivity distortions, or as a direct utility cost. In the main text, we adopt the utility cost
specification largely because it is most tractable.
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where in the second line we already integrated by parts. Thus, the two first-order conditions are

given by

dce(a, z; W, N, w .
0= /u’(ct)t(aw k’t)gt (a,z)d (a,z) + ez/(Nt)Wt + Tt — oy A+
kt t

0 = _5ant + ytwk,f/

as well as the initial condition yp = 0. By the envelope theorem, we have

der(a,z;Wiy) 1 L
oW, E(l + 7°)(1 — €)zNy.

Defining
A = /zu/(ct (a,2))gt (a,z)d (a,2),

the first FOC becomes
0= (1+7H)(1—e)wiN;At + €0 (Ny) N 4 usWi — oWipts + Wity
Differentiating the second FOC yields
wWy + Wiy = o7ty
Plugging back into the first FOC, we arrive at
0= (1+7)(1—e)wiNiAs + €0 (N;)N; — pd7l + 57,

which yields the result after rearranging. In particular, when equilibrium is initialized at a symmet-
ric nominal wage distribution { Wy}, then the wage policies that result from the union’s problem
maintain symmetry of equilibrium. That is, wages and labor allocations remain equalized across
unions, with Wy, = W; and Ni; = N;. In such a symmetric equilibrium, the non-linear New

Keynesian wage Phillips curve is then as in the main text.

A.2 Fiscal Rebates

Given union wage receipts z;Wj ;1 ; to a household with labor productivity z;, the government
pays the household a proportional income subsidy t1z;Wj 1y ;, which the union internalizes when
setting wages. Running a balanced budget, it pays for these outlays with a lump-sum tax based
on aggregate employment. We assume that both the subsidy and the tax are proportional to a

household’s labor productivity. That is, the net fiscal rebate that a household with idiosyncratic
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labor productivity z receives is zero, with
vty L
Piti(z) = / T 2W iy pdk — T°2Wi Ny = 0.
0

A.3 Natural Output and the Flexible Wage Limit

We define natural output as the output that obtains in the limit of flexible wages, i.e., as 6 — 0.

With isoelastic (CRRA) preferences u(c) = ﬁclﬂ and v(n) = ﬁn“”], natural output in HANK

is given by

- (S0 2D 0 aen) o

€t )
where the integral term reflects labor rationing. In the RANK limit, where this integral term
- 1
vanishes, natural output is simply given by YRA = (%(1 + TL)A}H’) G
As 6 — 0, equilibrium requires that 0 = %(1 + th)wiAs — o'(Ny). That is, the augmented

labor wedge is 0 in the flexible wage allocation, and we obtain natural output from this equation.

A.4 Competitive Equilibrium and Implementability

To conclude our discussion of the model details, we now state formally the implementability
conditions for the Ramsey problem in continuous time. As part of our discussion, we also provide
additional details on the generator .4; and its adjoint .4}, which we use in the main text. Finally, in
Section A.5, we develop a discretized representation of these implementability conditions, which
we leverage in our proofs below.

A competitive equilibrium of our baseline HANK model can be characterized by three blocks
of equations. First, there is an individual block, explained in the text, which corresponds to
the households” HJB, their optimality condition for consumption, and the Kolmogorov forward

equation:

oVi(a,z) = u(ci(a,z)) — v(Ny) — g(nf")z +0:Vi(a,z) + AiVi(a, z)
u'(ct(a,z)) = 9,Vi(a,z)

0igt(a,z) = Afgi(a,z),

where A; is the infinitesimal generator of the process (a;,z;). Intuitively, it captures an agent’s
perceived law of motion of the process d(a;, z;). It is analogous to a transition matrix in discrete

time, and it is defined by
Aifi(a,z) = (rta + zw Ny — ct(a,z))aaft(a,z) + A fi(a,z), (60)
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for any function f;(a,z) : R®> — R, where A, is an additively separable component that captures
perceived transition dynamics of earnings risk. We leave the structure of A, fully general in our
derivations, except that we assume it to be independent from policy. Our baseline results currently
do not apply to the case of counter-cyclical earnings risk that responds to monetary policy, for
example, but extending our approach to this more general case is straightforward.

We denote the adjoint of the infinitesimal generator by .A;. The adjoint is defined by
A fi(a,z) = —0, [(rta + zw Ny — ct(a,z))ft(a,z)} + Al fi(a,z), (61)

where A7 is the adjoint of A..
Second, there is an aggregate block, which includes the New Keynesian wage Phillips curve,
the production technology, the wage equation, the Fisher equation, and and equation that relates

price and wage inflation:

Y = o + % // 1y <€t -1 (1 + ) wzu (c;) — v’(nt))gt(a,z) dadz

€t
Yy = ANy
wr = At
ry = it — Tl
A

w
T = 70 — —.

t At

Finally, we have the market clearing conditions in the goods and bond markets, given by

Yt:Ct://ct (a,z) gt (a,z)dadz
0:Bt://agt (a,z)dadz.

The following Lemma defines the set of implementability conditions that act as constraints for a

Ramsey planner.

Lemma 12. (Implementability conditions) The set of equations that define an equilibrium can be
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expressed as implementability conditions for a standard primal Ramsey problem as follows:

PVA(8,2) = (cr(n,2)) — 0(N) — () + Vi, ) + AiVi(a,2)
u'(ct(a,z)) = 9,Vi(a,z)
oigt(a,z) = A;gi(a,z)

0= A;N; — // ce(a,z)gi(a,z)dadz

7l = pr? + g [egl(l +1h) A, // zu'(c¢(a,z))gi(a, z)dadz — v’ (Ny) | Ny.

We conclude this subsection by characterizing the operator M;(a, z), which is an important input in
the targeting rules we present in the main text (and in the proofs below). In particular, the operator

admits the representation
Mi(a,z) = (o — 1t + 9act(a,z) — 3 — A;) "1 94ct(a, 2),

where the term p — r; + 9,4¢4(a,2) = p — 9,5¢(a, z) captures time discounting net of the interest rate
on the assets not consumed.

The terms 9d; and A; account for changes in aggregate conditions over time, d;, and for the
expected transition of the household across states, .A;. Finally, d,¢;(a, z) is simply the instantaneous
marginal propensity to consume (MPC).

The difference between the private and the social marginal of wealth, M;(a,z)u;, can be
interpreted as the present discounted value of the contribution of future consumption to aggregate
excess demand induced by an increase in the household’s wealth at time ¢. Intuitively, a marginal
increase in wealth translates into higher aggregate demand at time t and in the future, depending
on the household’s propensities to consume and save out of wealth. Such spending is socially
beneficial when y; > 0 or costly when y; < 0—an effect that only the planner internalizes. Note
that a planner under discretion accounts for the social impact of future consumption via the path of

future multipliers y, despite taking future policy and expectations as given.

A.5 Discretized Competitive Equilibrium Conditions

We now develop a discretized representation of competitive equilibrium and the associated im-
plementability conditions for the Ramsey problem. This discretized representation will elucidate
how boundary conditions are treated formally by the Ramsey planner. In particular, we leverage

this representation to explicitly account for households’ borrowing constraint when deriving our
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proofs below.

For any function ¢;(a,z), we discretize both in the individual state space (4,z) and in time
t. We denote this discretization by ¢, for n = 0, ..., N. In particular, ¢, is a | x 1 vector, so that
Cin = Ct,(a;,z;) associated with grid point i and date f,,. We also use notation Co [2:]]/ for example, to
denote the (] — 1) x 1 vector consisting of elements 2 through | in c,.

We follow Achdou et al. (2022) and work with a consistent finite-difference discretization
of our continuous-time heterogeneous-agent equations, which of course converge in the limit to
our baseline HANK economy. We follow this approach in the remainder of this appendix. The
following Lemma summarizes the discretized competitive equilibrium conditions of our model,
using a finite-difference discretization given a policy path i = {i, },,>0. The proof follows along the
lines of Achdou et al. (2022) and Schaab and Zhang (2022), and we refer the interested reader to
those papers. This characterization will justify setting up the Ramsey problem using the following

discretized equations as implementability conditions.

Lemma 13. A consistent finite-difference discretization of the implementability conditions of our baseline

HANK model is as follows. For the Hamilton-Jacobi-Bellman equation, we have

oV, _ Vi1 —Vn o (inﬂl ay + ”“ ”ﬂl +z14A, Nn) (N — é(ﬁw)Z
n
at Cn,[zzn 2
0 D
“( ) G
in@y) — T ARy + 2 thn “ap.g) + 2 AnNp — €, 2] a

For the consumption first-order condition of the household, we simply have

D,
u’ (Cn,[Z:]] ) = (an+l>
da [2:]]

For the Kolmogorov forward equation, we have

!/

. D,
&

0

8n+1 — &n _(AZ)/ ( ) . ]
er-  9F — A, gn
inapy — T apg + 92 ap) + 2 AnNa — €2

dt

Finally, for the resource constraint we simply have

AnNn — C:/lgndx
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and for the Phillips curve

w w
e

dt

€ ec—1

5 (1+ 1AL (z ' (cy)) gndx — ' (Ny) | Ny,

= o7ty +

. Api1—A
and we have already used ¢, = iya; — a1 + “5"ay + z1AuNy.
n

In this Lemma, we denote by D, the finite-difference matrix that discretizes the partial derivative
operator d,. We also denote by A* the (finite-difference) matrix that discretizes the operator A*
associated with the earnings process. Finally, dx denotes the integration measure of households.
See Schaab and Zhang (2022) for details.

Crucially, the discretized system of equations in the above Lemma properly accounts for
the household borrowing constraint, leveraging results from Achdou et al. (2022). In particular,
they prove that in the simple Huggett economy with two earnings states the only point in the
state space where the borrowing constraint binds is (g, z"). We use this result here to plug in the
borrowing constraint directly at that discretized point. While we have not formally proven that
their representation extends to our HANK economy, we verify its validity numerically ex-post.
And since the stationary equilibrium of our model is almost identical to theirs, there is little reason

to expect any sharp discrepancies.
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B Appendix for Section 4

We invert our presentation of proofs and formal derivations for Sections 3 and 4. In this Appendix,
we start by setting up and characterizing the standard Ramsey problem, which is an instructive
building block for the proofs that follow.

In particular, we state the continuous-time Ramsey problem in Section B.1 and present an
illustrative but heuristic derivation of its first-order conditions. To formally account for boundary
conditions, we then introduce and characterize the discretized standard Ramsey problem in Section

B.2, leveraging the discretized representation of equilibrium from Appendix A.5.%

B.1 Standard Ramsey Problem in Continuous Time

In this section, we restate for convenience the standard Ramsey problem in continuous time
and develop a heuristic derivation of its optimality conditions. We defer a formal treatment of
boundary conditions to Appendix B.2. To adopt more compact notation, we drop time subscripts
and make implicit the dependence of individual variables on states, so that ¢;(a, z) simply becomes
c. Furthermore, we now reserve subscripts to denote partial derivatives, so that 0;c;(a, z) becomes
Ct.

The functional Lagrangian associated with the standard primal Ramsey problem is given by

L% (g0) :/OooePt{//{{u(c)—U(N)—i(ﬂw)z]g

+¢| — oV +Vi+u(c) —o(N) — g(nw)2 + AV

xfwe - v

+A| —g +A*g] }dadz

—u //ngadz—AN]

+0 [ — At 4 S (6;1(1 T AA — z/(N))N] }dt

o

49 In recent work, Gonzélez et al. (2021) follow a similar approach, first casting the optimal policy problem in
continuous time, and then discretizing the resulting Ramsey plan conditions. The main difference between our paper
and theirs is that they directly take their discretized system of equations to Dynare to obtain a numerical characterization
of the Ramsey plan. We leverage the discretized equations to prove the main results of our paper. Our primary interest
in discretizing the Ramsey plan conditions is to properly take into account the borrowing constraint faced by households,
as well as the distribution mass point that emerges at the borrowing constraint.
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Heuristic derivation. We provide an illustrative but heuristic derivation of the optimality con-
ditions, abstracting from formally taking into account boundary conditions. This derivation is
valuable because it is relatively brief and accessible. The proofs that follow become more complex
only insofar as they formally take into account boundary conditions.

The following auxilliary results will be helpful. Integrating various partial derivatives in the

above Lagrangian by parts, we have
/Ooo // [ePfcht] dadzdt = / [ —¢(0,a,2)V(0,a,2z) +p /Ooo e PlpVdt — /Ooo ept¢tth] da dz
/0OQ // [ept/\gt] dadzdt = / [ —A(0,8,2)8(0,4,2) +p /000 e P Agdt — /OOO ept/\tgdt] dadz
/O°° [eptem] dt = —6(0)7(0) +p /O " e tomdt - /0 " e ote,mdt.

Next, for the adjoint, we have

— /Ooo e’Pt/ ANA*gdadzdt = — /Ooo e Pt //(.A)L)gd(a,z)dt,

where we drop boundary terms, which we consider formally in the following subsections. And for

the generator, we have

/0 T e / P AVdadzdt = /0 et / / VA" pda dz dt.

Finally, for the consumption FOC, we simply have

—/ e_pt/ XVadadzdt:/ e_Pt/ XoVdadzdt,
0 0

where we also drop boundary terms.
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The functional Lagrangian can thus be rewritten as

R

Vi VAP ()~ o(N) - 572
+xu'(c) + xaV
+9A — pAg + gAA}dadz

+ AN

e—1

+ 0T+ 9§< (1+1HAA — U’(N)) N}dt.

We now consider a general functional perturbation around a candidate optimal Ramsey plan, and
parametrize this perturbation by & € IR. Since « is a scalar, the maximum principle then implies

that our candidate plan can only be optimal if LS (g0, &) |a—0= 0.
We have

L5P (g0, ) = / { // { [ (c+ ahe) — (e +ahe) — o(N + ahy) — g(nw —l—thn)Z} (g -+ ahy)
— (V+ahy)ps + (V + ahy) A" (a)p
+¢ [u(c +ahe) —o(N +ahy) — g(nw + ahn)z]
+ xu'(c+ ahe) + xa(V + ahy)
+ (g +ahg)Ar — pA(g + ahig) + (g + achg)A(zx)/\}dadz

+ uA(N + ahy) + 0:(T° + ahy)

_¢_9§ (621(1 —l—TL)A// u'(c + ahe) (g + ahg)dadz — U’(N‘i‘“hN)) (N+“hN)}dt'

We now differentiate and take the limit « — 0. Setting the resulting expression to 0, we have the
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following first-order necessary condition for optimality:

0_/ ¢ pt{//{[ ¢)he = phe —v'(N )hN—(S?Twhn}g%—hg[u(c)—yC_U(N)_g(nw)z}

where we have

_merwAwm¢+viAmm¢+ﬂ?@quaNmN_&wm]
+ xu” (¢)he + xahv

+hgAt — pAhg + hg A(0)A + g‘zxA(O)A}dadz

+VAhN+6thn
—H);( c)hg+u'( )ghc]dadz—v/(N)hN>N
+hN9§<€_1(1+TL)AA—v’(N)> }dt,

d
%.A(O) = (ah; + zhy N + zwhy — he)o,

and, again dropping boundary terms,

Finally, we group terms by h,, hg, etc., and invoke the fundamental lemma of the calculus of

variations. We directly obtain the optimality conditions that characterize the optimal Ramsey plan

d . d
Vo AN(0)g = g AO)V

= ¢(ah, + zhyN + zwhy — he)V,

of Proposition 4 in the interior of the state space, i.e., abstracting from boundary conditions.

B.2 Discretized Standard Ramsey Problem

A key challenge in solving Ramsey problems with heterogeneous agents is to formally account for
boundary conditions, in particular the borrowing constraint at 2. We find it convenient to derive
all proofs that explicitly account for the boundary of the state space in a discretized version of

our model. To that end, we work with the discretized representation of equilibrium developed in

Appendix A.5.

The standard primal Ramsey problem in our baseline HANK model is associated with the
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discretized Lagrangian

N—-1
L5 (g0) = min max Y Pt
{(Pn Xnr A, Wn, On} {Vn J[2:7]/8ns Yy /N, ln} n=0

. n+1 A N,
+u <1na1 o+ a1 A n) g —0(N,)1g — g(ﬂz})zllgt

n,[2:]]

+¢n| —pVat —0(Nu) —

dt

n An
Vig1r — Vi T <lnal - nwal + ;tlA am + 214, N”) g(nz))Zi

Cn,[2:]]

. A — A
+ (P;AZVH + Z‘Pi,n <1nai - n;zquai + %ai +z; ANy — Cn,i) ;[l 2 Vi
i>2 n

D
' (€)= (cl;V"H) [zﬂ]

Y gﬂ-&-;t &n +/\l (AZ) 20

+ X;,[z: 7

g : ) el
ni— 3. X _ ‘an

i>2 da In@p.)) — 70, Apg) + A"%Af"a[z;]] + 2] AnNn — € 2]

+ Un C;gndx — AyNy

w

10, - 7T”+1d7t_7r" + oty + g <€;1(1 + TL)An(Z ' (cy)) gndx — Z/(Nn)>Nn] }dt,

where the planner takes as given an initial condition for the cross-sectional distribution, go.
As in Appendix A.5, we fix from the beginning that unemployed households at the borrowing

constraint always consume their income, that is

An+1 -

Ap
diA, a1+ z1A.Ny,

Cpi = inay — 7T, a1 +

for all n. The planner takes this as given and does not get to consider perturbations in c,, ; for any n.

We want to emphasize at this point how important it is exactly which finite-difference stencils
are used for the discretization. For discretization in the time dimension, for example, the above
Lagrangian assumes a semi-implicit backwards discretization of 9;V; in the HJB. And it assumes an
explicit forwards discretization of d;g; in the KF equation. For the aggregates, it assumes an explicit
forwards discretization for A; and also an explicit forwards discretization for 71 These assumptions

also correspond to the appropriate stencils we use numerically to implement our results.
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We also want to echo Achdou et al. (2022) at this point, recalling that the correct discretization

stencil for the KF equation in the wealth dimension is given by
(A%)'g = ——(s-Dy)'g = ~-Dj(s - g)
da ! da ° '
That is, the correct stencil uses the tranpose D), rather than, as one might have expected, —D,(s - g).

B.3 Auxilliary Results

Before tackling the main proof of this appendix, we state several auxilliary results that will be
helpful below. Most of these results follow trivially by applying well-known properties of matrix

algebra. We consequently provide only some of the proofs explicitly.

Lemma 14. The following matrix algebra tricks will be useful. Let x, y and z be | x 1 vectorsand Aa ] X |
matrix. Transposition satisfies
(Ax) = x'A’.

We also have
¥ Ay = ;xiA[ir:}y = Zj:xi ;A[i,ﬂy}- = ;yj Zj:A/[j,i]xi =y Ax
We also have
¥(y-A)z=x'(y- (Az)) = (x-y)'Az = (Az)/(x y) = ZA/(x-y) =2 (y- A)'x.
Taking derivatives, we have
;xx’Ay = Ay

i/ (AN Al
dxyAx—(yA) =A'y.
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Lemma 15. In the Lagrangian, the H|B term can be rearranged as follows:

1 1
i Y ¢isiD, iV = I ; $isiDg (i1 V

i>2

L,

_Yuis py
—daV(s D,)'¢

- 1 '/
_dllVDa(S ¢)/

where D, is the upwind finite-difference matrix in the a dimension. We sometimes use s - D, = A"

Proof. We have

Z¢i5iDa,[i, :]V = Z¢isi Z Dg,[i, ]]V]

i>2 = =1

= Z Pisi Z D;,U, iV
i>2  j>1

=Y. Vi) Dy ; y¢isi
=1 i>2

=Y. Vi) Dy i y¢isi
=1 >l

- Z ‘/jD:Z,[j, :] (S ' ¢)
j21

=V'Dy(s- ¢),

where D/ ;| denotes the jth row of the matrix D;.

Lemma 16. The correct adjoint operation, i.e., the one we use to define A* ~ A/, is given by

Dy(s - ¢) = (A")'¢.
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In particular, we have

Lemma 17. We can “integrate by parts” the FOC term in the Lagrangian to arrive at

1, 1 , 0
g2 X,z (PaViosn ) ) = 2 Vi Pa ( ) :
da ( ) [2:7] " da X270 (n)
Proof. We have
1
da ZXi,t a,li,: ]Vt n+1) d ZXZ t(n Z D 1] t(n+1)
i>2 i>2 i>1

d Z jt(n+1) ZD []1]le()

j>1

0
d Z jt(n+1) D ( )
X[2:]],t(n)
1

t(n+1)"a :
d X[2:7),t(n)

It is important to note that we cannot roll the sum };-., forward to simply read };~. This is only

possible for the terms that include savings, using the fact that s; = 0. n

Lemma 18. We can “integrate by parts” in the time dimension as follows. For any x,, we have

N-1 N-1
Z e Plix, 4 = el Z e Plix, — eP¥xy 4 efte PNy
n=0 n=0

We prove the following results below. In particular, this implies

N-1 N-1
Y e g Vi = Y e el V, — el Vo + e PNy 1V,
n= n=0
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as well as

N—1 AL bty
IR 2R T Z T
+ %epdt/\'_lgo — %epdte’PtNx\ﬁ\,_lgN,
and
—ptn N ot ot D,
Z e X, 21]<d "+1>[22” - nX::()e e X2 (da Vn)m

Finally, we have

N-1 v — W N-1 0. — pdtg B 1 1
— Z e*Ptngn n+1dit L Z e Ptn 21 edt n 171-;0 + aepdt9,1ﬂ60 _ aepdtefpf[\/e 17.[5{)]
= n=0

Proof. We have

- 1
— 1), 1

Z e P 4’t Vt n+1) Z;)e pHm) Pt (n+1) gptlnt+ )‘P;(n)ﬁvt(nﬂ)
n=
o9}

(n+1) ,pt(n+1)—
2 g eP " (Pt Vt (n+1)

d 1
d
Z ,0 tq)tn 1 dtV(ﬂ)

e 1

n=1

o . 1 - 1
= ng:oe Pt( )epdt¢;(n7])avt(n) —e Pt(o)epdt¢/_lavt(0).
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Similarly, we can rearrange

0 D
Z n),[2:]] <da Vt(n+1)> [

n n D
= Z;)e pH+1) ot (1) —pt(n )X( p]]( Vt(n+1)>
n=

:Ee pt(n
:Zept

Finally, notice that

1

= Lerete g, >[zn<

D,

D
L 1y 2 (“Vt(m)
)/[2:]] da 2:]]

D,
)ef tth 1)[2]}<da t(n

1
B‘Odt¢;(n,1) EVt(n) = <1 + pdt)¢;(nfl)avt(”)

= Plin1) 7; Vitn) + PP}

Lastly,

— i 8t(n+1
_Zept()/\; % Ze.ﬂt

1

t(n—l)Vt(”)'

P Vi)

) (2:]]

[2:/]

dt m)&t(n+1) T Z et dt/\,( )8t(n)

n=

0

= Ze pH(n) gpt(n+1) o= pt(”H)/\( )8t(n+1) + Ze e th/( )8t(n)

1 > — n - - n 1
—aepdt Zoe pt( +1)A;(n)gt(1’l+l) + Zoe pt( )E/\;(n)gt(n)

dt t(n
ep Zep nlgt

And so we get

epdtzept Hn-1)8t(n) T

e”‘”Ze‘” Hn—1)8t(n) T

1

oo 1
—pt(n) / = pdtyt
N nzzoe p (dt’\t( ) Mo >>gt(”)

X

_ ot(n M_ A
— Ze T PA{(n-1) | 8t(n) T

1 1 it " pt(n) 1
dtepdte Pt(o)/\i(,l)gt(o) — aepdte pt(o)/\;(,l)gt(o) + Z%)e il )aA;(n)gt(n)

1 oat —ot(0)
dtepep /\(

)
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1)81(0)

n=

0
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(n)8t(n)-



Finally, we drop the second term on the RHS because g;¢) is fixed as an initial condition and so it

does not respond to %, which is precisely why the KFE is not a forward-looking constraint. W

Lemma 19. In the continuous time limit as dt — 0, we have

P~ 1+ pdt.
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B.4 Proof of Proposition 4

We are now ready to present our main proof. We use the auxilliary results above to rewrite the

discretized Lagrangian that corresponds to the standard primal Ramsey problem of Section 4 as

/

N-1 : w App1—Agn

. B ina — m¥aq + a1+ z1Au Ny

L5 (g0) = min max Y et " dtAn Sn
{‘Pn/XHrAnzﬂnzon} {Vn,Cy,,[z;]],gnﬂﬁ",Nmin} n=0

Cn,[2:]]
iy — 00y + Mg 4z AN, S
+ Un " gn_v(Nn)lgn_E(nn) T'gn
Cu[2:]]
I ppdt gy ; — A1 —An 4+ z:A,N 5
_ P - ¢n—1 v, +¢;1 _an Ty (lnal w1+ diA, 41 T Z1 ANy —U(Nn) . 5(7{2})2
Cn,[Z:]]
+ ¢, A%V, +iV’(¢ -D)’( 0 )
n n n n a . _
da indp.y) — 70 Ap.g) + A",#A”A" ap.g) + 221 AnNn — € 2]
1 0
+ Xy oyt (€n ) — €0 -V, ( >
"2 da Xn—1,[2:]]
AL — ePdty!
HTHgn + Al/i (Az)lgn
1 0
+ 7<DuAt)/ ! (‘ T ) .gn] }dx
da Ind[p.y) — 70 Ap.g) + A"JQA”A" ap.g) + 2.1 AnNn — € 2]
- ]/lnAnNn
0, — et €
”dit“nzd + 0np7ey, — 850 (Nu) Ny

ec—1

7 _ 7-[w An+1_An A N
+9n§Nn - 1+ 5 Au(z - g)'s (lnm n®+ =AM+ 214, n) dx}dt

Cn,[Z:]]
— et Vodx + ePUe PNy Vydx

0 0
+ epdtdiVéD; ( ) dxdt — ePe PNV D) ( ) dxdt
a X-1,12:]] XN-1,2:]]

+ A godx — ePMePINAY,  gndx

+ Pl — ePtemPNgN_ Y.

In the spirit of Marcet and Marimon (2019), we have reordered the forward-looking constraints—

this corresponds to summation (integration) by parts. The resulting “boundary” terms in the last
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few lines of the above Lagrangian are the key objects at the heart of the time-0 problem, which we
discuss in Section 4.

To conclude our proof of Proposition 4, we now take derivatives and characterize the necessary
tirst-order conditions. In particular, we do so for n > 1 precisely in order to avoid the boundary
terms that give rise to the time-0 problem. In the continuous time limit as dt — 0, these terms give
rise to the initial conditions ¢(a,z) = 0 and 6y = 0, as we explain in our statement of Proposition 4
and the discussion in the main text. This follows straightforwardly from basic calculus of variations
(see e.g. Kamien and Schwartz, 2012). We revisit these boundary terms below when we prove the

timeless property of the timeless Ramsey plans.

Derivative V,. We have

. _¢:1 - epdt‘P;z—l Z\/ 1 / odt 1 0
0= T pPpn+ (A%) pn + %(‘Pn Dy)'sy —e %Du Xo12 :

Using our auxilliary results, we have (¢, - D,;)'sy, = (sy - Da)' ¢pn = (A?) ¢y, and so

¢, — e, / pdt 1 1 0
T—p«anrA(pn—e %Da .

Xn—1,[2:]]

0=—

Derivative g,. We have

/\ _ epdty/
0 =u(cw) + jinen — 0(Ny)1 - §<WV1+———%;JJ> (AL (4%)')
+ a 1( + 0N, S (1+T)A ' (ey)
dgn da t nZ Cn).

Now we work out the remaining derivative,
d [1 . (. /
i | @A 5| = oo | (51 (DA )
1 d|
= 8n (Sn : (DuAn))}

= :g;((sn : Da)/\n)}

— (8 - Dg) Ay
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Thus, we have

5 A/ _epdt/\/i
0 =u(en) + ncn = 0(Na)1 = 5 (21 + ==L 4 AQ, + enth

e—1

Derivative ¢, 5.;. We now take the derivative with respect to ¢,,; for i > 2. We have

Ee—l

0 :”/(Cn,i)gn,i + Un8n,i + ”/(Cn,i)‘Pn,i + ”/I(Cn,i)?(n,z‘ + 60, N, 5 T(l + TL)AnZi”U(Cn,i)gn,i
a1, d [1, ,
* dcy, i [dﬂs”(qbn Da)Vn} * dcy i [dﬂsn (D) gn]-

Working out the remaining derivatives, we have

d 1 ’ - l dSn’i
an,i [dasn(qbn : Da)Vn] - da <(¢n Du>Vn> " an,i

- —Ella((w-Da)Vn)

1
- _%4711,1‘ (DaVn> ”

1
= - %4771,1'1)%[1‘,:] V.

[i]

And similarly,
d [1, 1 d 1,
dey i da°" (D”/\")g"}  dcy, [dag” (S" (D”A"))]
dsn,it 1
= dc,, . %gn,i(Da/\n)[i}

1
- = %gﬂ,iDa,[i,:} /\11 .

Thus, we have

c—1

€
0 :”/(Cn,i)gn,i + Un8n,i + ”/(Cn,i)(Pn,i + ”N(Cn,i)?(n,z‘ + 9nNn5 (1+ TL)AnZi”//(Cn,i)gn,i

1 1
= 3 PniDa iV = %gn,iDa,[i,:]/\n-
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Derivative t@. We have
n

0= [ —u'(cn1)gnad1 — pngnadr — Oy gy — Pt (cyp)ar — (57‘[,2”4),’11] dx

n 5 e-1 (1 + TL)AnNnZ]M”(Cnll)gnllllldx
D, D;[ ] 0
Gindi——— V + )\nl [ 'gn:| dx
[ l; d 1>Z2 da |\ —ap,,
0, — e”tp, 4
T + ,09”.

Alternatively, we have

d 1 d 1 !
dn.;y%(DaAn)/[sn - &n] = W% (Sn . Da/\n> 8n

D .
= - i;gn,iﬂi ;'[Z ]An

Thus, we have

0=|—u'(cn1)8n1a1 — pngn1a1 — 671 gy — P11t (cp1)ay — ¥ 1| dx

e—1 L "
" (14 1)ANpz1u" (cpa)gn1a1dx
0, — efite, 4
_E(Pln a; ;[ ]Vn Egnz ai—— dx‘i‘in i u + 00,

i>2 i>2
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Derivative i;,. The nominal interest rate derivative is very easy because it’s parallel to wage

inflation, except in the Phillips curve. That is, we have

D,y. D,y.
0 =u'(Cn1)gn101 + Hngna1d1 + Pt (Cup)ar + Z‘Pi,naiMVn + Zgn,iaiﬂf\n
= da = da
-1
+ G,deT(l + 11 AuNuziu” (1) guaa1.
Derivative N,,. Finally, we take the derivative for aggregate labor. This yields
' ) Dy i, Dy i
0=|u (Cn,1>gn,1zlAn + ,ungn,lzlAn + (Pn,lu <Cn,1)zlAn + Z(Pi,nZiAn da Vn + Zgn,iZiAHW/\n dx
i>2 i>2

-1
+ 9n§ € (1+ 14 ANz (1) guiz1 Andx

- vl(Nn)l/gndx - ’U/(Nn)¢;11dx

— Ay + 9,1% (e ; 1 (14 1) Au(z ' (cn)) gndx — v’(Nn)> — g@nv”(Nn)Nn.

These derivations conclude our proof. In particular, the first-order conditions we have now derived

are the exact, discretized analogs of the conditions we present in Proposition 4.

B.5 Stationary Ramsey Plan and Proof of Proposition 5
We now formally state the discretized characterization of the stationary Ramsey plan. We use the
fact that, in any stationary equilibrium, we simply have

u'(ci) = =Dy V,

da

fori > 2.

Lemma 20. (Discretized Stationary Ramsey Plan) A consistent discretization of the stationary Ramsey

plan, with Ass = 1, is given by the following equations. For the value function, we have

__ ppdt 0
0=-1=¢ ¢—p¢+A’¢—ePdtdlD;< )
T \Xpy)
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and for the distribution

1— epdt
o dt

-1
0 €

A+ AA+ u(c) + e — o(N) — 2 (0)2 + ONE

5 5 (1+7H)z-u'(c).

For consumption, for i > 2, we have

1

ce—1 1
da

o

—u" (c;))xi = |u'(c;) + 1+ 6N (1+ )z (¢;) — D, i M| 8-

The optimality condition for monetary policy, i.e., the nominal interest rate, is given by

1 -1 D,
0= <7/(61) tp— Do+ 9§€ — 1+ TL)Nzlu”(Cl)>g1a1 + ) it (ci) + ) giai d’;']/\-

i>1 i>1

We see here nicely how we need a boundary correction at the borrowing constraint. For inflation, we have

_ prdt

0= 0" —on"¢'1dx + ! T

0 + p6

where we used the optimality condition for monetary policy to drop terms. Finally, the optimality condition
for aggregate labor, i.e., aggregate economic activity, is given by

’ 1 ee—1 L 7 / D, i
O=|{u'(c1)+u— %Da,[lﬁ]k + 03 - (14+7%)Nzu"(c1) |g121 + Zcpiziu (¢;) + Zgizi 1 Aldx

i>1 i>1

e—1

—9'(N) —o'(N)¢'1dx — u +9§< 1+ (z-u'(c)) gdx — v’(N)> — E07)”(N)N.

o

This representation follows from setting all equilibrium objects to constants, e.g., 8, = 6. This
Lemma states necessary conditions that any stationary Ramsey plan must satisfy. It does not
speak to convergence to a stationary Ramsey plan. Crucially, this discretized representation of the
Ramsey plan provides a formal treatment of boundary conditions. We see exactly how the planner
takes into account the borrowing constraint that households face. And we see exactly where the
corresponding boundary terms enter the optimality conditions and targeting rules for optimal
monetary policy.

From the stationary counterpart of equation (30), it immediately follows that there is a key
necessary condition for the existence of a stationary Ramsey plan, given by [ [ 9,xss(a,z) dadz = 0.
We highlight this condition because it has an important economic interpretation in the context of
equation (30). It implies that the “births” and “deaths” of distributional penalties must average out
to zero in a stationary Ramsey plan. In additional derivations available upon request, we show

that this condition is satisfied in our baseline HANK model. This result has the interpretation that
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a planner does not want to over- or under-promise in the aggregate in terms of lifetime utilities.

Proof of Proposition 5. Note that in any stationary equilibrium we must have ¢'1dx = 1, which
we show below. Now notice that
1 —erdt 1—1—pd

t
T 0+ p6 — T 0+p0 =0

in the limit as dt — 0. Therefore, we must have 1 = 71 = 0 at the stationary Ramsey plan.

B.6 The Timeless Ramsey Problem in Dual Form

The timeless Ramsey problem also admits a dual representation, which we introduce next. The
distinction between the primal and dual problems lies in the treatment of the constraints that
a planner faces. In the primal approach, the planner optimizes over allocations, prices, and
instruments given a set of constraints or implementability conditions. In the dual approach, the
planner explicitly optimizes over the policy instrument, in this case, interest rates, using the
implementability conditions to characterize the comparative statics of endogenous variables to
policy.”” The primal and dual representations of the timeless Ramsey problem have their distinct

advantages and we leverage both in our analysis.

Definition. (Timeless Dual Ramsey Problem) A timeless dual Ramsey problem solves

max LTD (gss, 4755/ st)/
{it}

where LTP (Qss, Pss, Oss) denotes the timeless dual Lagrangian, given an initial distribution s as well as

initial promises ¢ss and 5. The Lagrangian is defined as

L™ (ges, rss, Oss) = /0 " et / / {u(ct(a,z))—v(Nt)—(zs(n,?“)z i(a,z)dadzdt + T (dss, 6ss), (62)

where all endogenous variables are understood as functions of the policy path {i;}.

Proposition 21. (Timeless Ramsey Problem Resolves Time-0 Problem under Primal and Dual)

Optimal policy under the timeless primal and dual Lagrangians resolves the time-0 problem. That is,

d

. d .
ELTD (gss/ Pss, Oss, 1ss, Zss) = aLTP (gs:;/ Pss, Oss, ss, Zss) =0. (63)

%0 In simple terms, a useful analogy may be to interpret the dual approach as substituting constraints into the objective
of an optimization problem, and the primal approach as accounting for constraints as additional terms in a Lagrangian.
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Proposition 21 is a slightly more general variant of Proposition 6 in the main text. In the main text,
we exclusively discuss the primal form of the Ramsey problem. In this Appendix, we leverage the
duality between primal and dual because some results and proofs are easier to derive in one or the
other. Proposition 21 establishes that both the primal and dual timeless Ramsey problems resolve

the time-0 problem. We now prove this result.

B.7 Proof of Proposition 6

Our goal is to show that

AL™ (gss, Pss, Oss, iss, Z
(gss ¢Sdsl SSs ”8S ss) = F<g551 ¢ss: sss Isss ss) =0. (64)

We proceed as follows: First, instead of working with the timeless primal Lagrangian, we leverage

the observation that £ dyTP —

d LTD

= 0 if and only if the analogous perturbation for the timeless dual
Lagrangianis 0, i.e., = 0. We make this point in our discussion of the dual approach below,
noting the generic duahty between primal and dual representations of the Ramsey problem. Second,
we will prove that this perturbation is 0 for a given diik' i.e., for a one-time perturbation in the
interest rate at time k. We can then simply “stack” up to arrive at any perturbation %

di*
For our baseline HANK model, dngiTkD takes the form

/
inaq — Py + AetizAng 42 AN, )
dlk{ Z e pt{ (Tl ! i dtAr ! T i’l) 8n — 'U(Nn)l/gn - Z(N,?)legn}dxdt

Cn,2:]]

dt

Timeless Penalties

1 1
-l—aepdtgblVodx — —ePteny }

gss:fpss/ess/iss/zss

for all k > 0. We start by evaluating the derivative for any arbitrary set of inputs to F(-). This yields

o0 5 ' de AN
= —pt _ _ 9 wy2| 48t ! 19Cn W\ n
0 HZ::OE {[M(Cn> U(Nn) 2(71'”) :| dik + (gn u (Cn)) dik (U (Nn)1—|—57‘[n 1) 8n i }dt
1 1 ary 1
= pdt o1 Y0 & pdt 0o -
T TR TR P

where we note that we always have d;}k/" = 0 because the planner is constrained by the same

boundary condition that the household faces when considering policy perturbations.
Our proof strategy will be to add five sets of auxilliary terms to this equation, each of which
evaluates to 0, and then use these additional terms to rearrange. In particular, the expressions we

add correspond to the discretized competitive equilibrium conditions. And our goal will be to then
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evaluate the corresponding expression at the stationary equilibrium, group terms, and show that

everything evaluates to 0.
Equation 1. We have

Vn+1 - Vn

5 1
T +u(ey) —ov(Ny) — = (72 + A*V, + — (s,

—pVut 2 da 1 DaVn) .

0= i e Plng!
n=0

where we use ¢ = ¢ss. We now use auxilliary results and derivations from before to rewrite this

equation as

0 1 1
O - Z 6 ptn [ Cn - U(Nn) - E(T[;{f)z —‘I— AZVn + %(Sn * DﬂVﬂ) - Epdt¢/av
Differentiating, we obtain
> dc dN, dm?
— —ptu Y n gl / n w n
0 Z_:e (¢p-u'(cn)) i, ¢ 1(0 (Ny) i + ol i, )
n=0
dV ,dsy dV 1 dV,
‘A D,V, Dyt | —ert L
A T ("’ U 4’ Do T

This is the first auxilliary equation that we will add to our desired expression.

Equation 2. We obtain the second auxilliary condition by simply differentiating the consumption

tirst-order condition. We rewrite the equation as

1

Lvip, ( 0 >

a 7
da X[2:]]
where we use x = Xss, and then differentiate to obtain

X2 da X2

Equation 3. For our third auxilliary equation, we differentiate the discretized Kolmogorov forward

+ erdt

00 B 1 0
0= e [sz;]}”//(cn,[zzf]) - epdt%VéDéz ( )
n=0 X[2:]]

/
dVy

/
dVy aVo
diy

"dey, ) dr 1
<X[zzn-u”<cn,[z:n>> “ai diy

oo
0=1) e
n=0

equation. From before, we have

1
+ aepdt/\lg(] .

0= E e Pin [— oA gy + A (A%) gy — %(sn -gn)'DLA
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Differentiating with respect to ix, we obtain

S dg dg ds dgn 1 dgo
= = pt” —_ /J / z /J . IJ . 1zen _ pdt 1=8Y
0 nX::Oe pA i + A/(A%) i + (gn - DaA) i + (84 - DsA) die + e A i

where we again use A = Ag.

Equation 4. We have the aggregate resource constraint with

0= i e Py
n=0

1
%AnNn - c;gn] ,

where we use u = jgs. Differentiating, we have

o _ 1 . dN ag dc
— oty - no_ no_ n
0 n;)e o [dxA" di, i, 8, ]

Equation 5. And finally, we use the Phillips curve, which we rewrite using previous results as

= efe—1 1
0= Ee_m”@ssg < - (1+ 1) Au(z -1/ (cn)) gudx — z/(Nn)> N, + Eepdfgng{
Differentiating, we obtain
— - —pty € e—1 L ! /dgn oM . /dcn - dNy,
0 ,;,e 9“(5{( € (1+77)A, <(Z u'(cn)) diy + (z-u"(cn) - gn) i, dx — 9" (Ny) diy N,

dN, 1 dr?
- pdte 0
g, T’ Ui

+ (eglﬂ +TL)An<z-u’(cn»/gndx—”’(N”))

Evaluate at stationary Ramsey plan. Crucially, each of our five auxilliary equations must nec-
essarily also hold when evaluated around the stationary Ramsey plan. The key step now, is to

evaluate each of the first-order derivatives we taken at the stationary Ramsey plan.

Putting everything together. Having evaluated all derivatives around the stationary Ramsey

plan, we add the five auxilliary equations we have derived to the expression for dé;D which we
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started out with, where we now also evaluate the latter at the stationary Ramsey plan. This yields

) P /d de AN
= —pt — _ O (wy2| 48t ! 18Cn way/ n
0 nX::Oe {[M(C) v(N) 2(7T )] i + (g-u'(c)) 7 (0'(N)1+6m 1)gdik
dey ANy ATt
o @) 5 - 91 (v 0 G +ors L)
! Z% i . /dj i Ie dﬁ
At (@ DY)t s D
"de,, > 1 0o \1av
+ - (cp. ) Tz ppdt 2 D/ N
<X[2.]] () | —5i0 - xay) | i

dagn dagn dsy, 1 A8n
Y 1 AZ\! . 1%5n
P/\ d +/\<A ) dk +(g Dﬂ/\) dlk +( DA) dlk

dN,, dgn ,dcy
+ydx diy —He diy ]/lgdzk

,dey

05 (ST A A( (W@ B+ a0 ) T x0T )N,

+ 9% (e ; ! (1+tHA(z 1/ (c)) gdx — v’(N)) ddI:;i }dt

,dVy ary
odt pdt 0
e diy T diy. dx
,dVy d ary 1
_pdt ePdt )/ 80 Pt 0 -
P TN G T
+dtettt - D’( 0 ) @
a 4
da X[ diy

where every term that does not have a time step subscript 1 is understood to have been evaluated
at the stationary Ramsey plan.

Our proof is now almost complete. First, note how the timeless penalties exactly offset the
“boundary terms” that resulted from rearranging the forward looking implementability conditions.
In particular, notice that %’ = 0 and the term in the very last line goes to 0 as dt — 0. The remaining
boundary (or initial condition) terms exactly cancel out.

Second, we plug in for

ds, _dry dNn dw, dcy

dik dilk atz dlk +zN dlk dlk

when evaluated at the stationary Ramsey plan.
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Third and finally, we group all terms by derivatives. After this last step, we see that the grouped
expressions correspond exactly to the optimality conditions that define the stationary Ramsey plan
Consequently, they must be 0. This concludes the proof: We started with an expression for 2 de ,
and added five auxilliary expressions, each of which itself evaluated to 0. Then we evaluated the
resulting expression around the stationary Ramsey plan and showed that it was 0. Consequently,

we have shown that
d LTD

diy

when evaluated at the stationary Ramsey plan. And since k was arbitrary, we have our desired result

=0

for any policy perturbation around the stationary Ramsey plan. We have thus shown that Ramsey

policy according to the timeless dual Lagrangian L™

LTP

—and consequently also the timeless primal

Lagrangian L*"—indeed resolves the time-0 problem. This proof demonstrates that our timeless

Ramsey approach formalizes Woodford (1999)’s timeless perspective in our HANK economy.

B.8 Proof of Proposition 7

From equation (33), we have that

0= // 204t (a,2) gt (a,2) dadz + zEH™g, (a, z) dadz — yy — v’l(th)
, "(N d
—I—// o1 (a,z) (zu (ct (a,2)) — U;ﬁ) gt (a,z) dadz+9t 5 A // d:t (a,z) dadz.

Combining equation (32) and the definition of '™, we have
0= // zu' (¢t (a,2)) gt (a,z) dadz — // 20,M¢ (a,2) gt (a,z) dadz + // zy: gt (a,z) dadz
drt a,z HTM
+9t // dcr (a,z)dadz — //z;(t a,z) g (a,z)dadz — z8; ' V' g (a,z),
e (

where [[ zp;gi(a,z) dadz = py.

Combining both of these equations, we obtain

O—// (zu ct (a,z) 0 (n;‘(ta Z>)> <1+§ZEZ:3> gt (a,z) dadz

+9t // (”Ztt a4,z jt f;ltt(( d ))> gt (a,z) dadz — // zXt (a,z) g (a,z) dadz.

Solving for 6, after imposing that all variables have reached the steady state immediately recovers

equation (46) in the text.
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B.9 Proof of Proposition 8

The stationary version of the promise-keeping Kolmogorov forward equation (47) follows trivially
from the time-varying equation (30), setting 9:¢;(a,z) = 0 and evaluating the RHS at the stationary

Ramsey plan.

B.10 Proof of Proposition 9

The optimality conditions of the Ramsey problem imply that

//a)(t a,z) gt (a,z) dadz—//au ct(a,2)) gt (a,z) dadz+9t // i;t 4z Qi (a,z)dadz
£ (
// ad,As (a,2) gt (a,2) dadz — afH™g, (a,2)

and

//zxi a,z) 8t (a,z dadz-yt—}—//zu ct(a,2)) gt (a,z) dadz+9t§// 6;? 4z gt (a,z)dadz
t(
//za At (a,2) gt (a,2) dadz — zEH™g, (a, z)

Combining these equations with FOCs (33) and (35), we can write, respectively

//z;a a,z) 8t (a,z dadz-// <zu ct(a,z) 0 (ntA(a Z))> <1+§z((2:2> gt (a,z) dadz

i ] (22 ) 02

and

// ax: (a,z) g (a,z) dadz —// <1 + Z Ea z;) u' (ct(a,2)) gt (a,z) dadz

dt (a,z)
// dct (a (a,z)dadz

Finally, expressing X: (4,z) as X: (a,z) = (1 — M; (a,2)) <yt +6:% Z?E g), we can write

t gt(a,z)

If (Zu, (¢t (a2)) — Plnte ))) (1+¢t<az>)gt (a,z)dadz + 6, [[ z (ﬁﬁiuz + M (a,z) 41 g ;)gt (a,z) dadz
b= J[z(1—M;(a,z)) g (a,z)dadz
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and

[[a (1 - gigg;g) u' (¢t (a,2)) gt (a,z) dadz + 6,5 [[ a M, (a,z) dT’g ggt (a,z) dadz
He = JJa(l—M;(az))g:(a z)dadz

Equation (49) follows from combining these two conditions after collecting terms. The logic behind
these perturbations is identical to the discretion case, explained in detail in the Proof of Proposition
2.

Output gap targeting rule under isoelastic preferences. Under isoelastic preferences, the target-

ing rule admits the alternative representation

€ 1 )W y {1 _QDf au'(c(a,z))gi(a,z) dadz (65)

= (et—11+TL Yz (ci(a,2))8e(a,z) dadz

[[(z—QP)u'(ct(a,z))pt(a,z) dadz
[[ zu'(ct(a,z))gt(a,z) dadz

e JI (% dTlizfrZ + (z — QPa) M, (a, z)th(“))gt(a z)dadz}
0 JJ 2! (ci(a,2))8:(a, 2) da dz

_|_

+ 60—

in terms of output gaps, where Y; is natural output in HANK.
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C Appendix for Section 3

C.1 Proof of Proposition 1

Having introduced the discretization of the implementability conditions and the Ramsey problem,

it is now straightforward to derive the optimality conditions for policy under discretion. We again

discretize the planning problem in both individual state variables (4,z) and in time. In particular,

we discretize the time dimension over a finite horizon, ¢ € [0, T|, where T can be arbitrarily large,

using N discrete time steps, which we denote by n € {1,..., N}. With a step size dt =

Nl’

we

have t, = dt(n — 1). We assume that a planner under discretion controls policy at time step s and

takes as given policy from s + 1 onwards.

The planning problem under discretion at time s is associated with the Lagrangian

N—-1
LP(gs) = min max CY e
¢5/X5rAs/Vs/19s Vs/Cs,[z;[]zgs+1/7T;0/N5/Zs n=s

(znal — n¥a; + ”“ a1 + 214, N)
+u

)
gt —v(Ny)1'gs — 5(”3’)21'&
n,[Z:H

Vi inay — ¥y + A egy 421 AN
- +"+;t+u<n1 g 4z, n>_v(Nn)
Cn,[Z:]]
LAV + Y g (s — g A A AN, — e ) 2y,
n n = Ln n*i n " thn 1 1 n n n,1 da n

+ X 2

D
ul(cn,[Z:]]) - (aVn+l> ]
da [2:]]

-8B AL (A7)

.

n,i . _ tan
i>2 d In@pp.g) — ﬂfﬂ[z;]} + A"JtlAnAn ap.g) + Z[Z:I]A”Nﬂ — Cn2:]]
+ ]/ln C;/lgndx - AnNn

+ 6y

w
n

_ % + p7y + g <€_€1(1 + TL)An(z ' (cn)) gndx — v'(Nn))Nn] }dt,

'

where the superscript D denotes the planning problem under discretion. The planner takes as

given an initial condition for the cross-sectional distribution, gs.

Unlike in the Ramsey problem with commitment, we only sum (integrate) by parts the state
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variables of the problem, and not those terms associated with forward-looking constraints. That is,

we use

A _ dt/\/
— Z e PtnA/ gn+1 Z e Ptn%gn

1 1
+ %e‘odt/\/ 185 — d pdt ptNM\]qu

and rewrite the Lagrangian as

N-1
LP(gs) = min max Y et
‘PS/XS//\S/HS/ﬂs Vs/cs,[z;]]rgs+1/7T§0/Ns/ls n=s

(znal — ¥a + ”“ a1 +2z1A, N, )
Cn,[2:]]

)
+u 8t — U(Nn)llgt - 5(7@?)21/&

+

oVt Vi1 — Vi +u(ina1 a1 + "“ Aig) + 20 Ay Nn)

~ o(Ny) - ﬁ(nﬁ’f]

at Cn,[Z:]]
+ ¢ ATV, +Z4” <i a; — 70, a; + Mﬂ"i—Z'A N, —c >DQHV
n n 122 Ln n“i n*i thn 1 1 n n n, da n
D
+ X;,[Z:H ul(cn,[Z:]]) —_ (dgﬂVrH_l) ]
(2:]]
A _ pdt/\/

+e Pt"ngn+A/ (AZ)g

y Dy ( 0 ) ;
+ )\Tl,l’ . . _ .gn X

52 A0 | Ninapy) — mlag + S5 g + 29 AnNe = € oy
+ Hn c;’lgndx - AnNn

+ 6,

v . — —1
- Tl 2T o g <e — (171 An(z -t () guidx — v’(Nn)>Nn] }dt

+ PNl godx — ePte PN AL andax.

Crucially, the Markov planner at time step s does realize that her policy decisions affect the
evolution of state variables, i.e., the distribution g, that the “future planner” at time step s + 1
takes as her initial condition. She does not internalize, however, that her policy decisions also

determine the terminal conditions on forward-looking equations, i.e., inflation and lifetime values,
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that “past planners” take as given.
We now characterize the first-order optimality conditions associated with the planning prob-

lem under discretion.

Derivative for V;. We have

1 1 D’ 0
= —pps — - s + (AZ),‘PS + *(‘PsDa)/ss — et ( >
dt da da Xs—1,2]

or simply

! 0
0= —p¢ps — dl(.bs +A'ps — e"‘”’; ( )
t Xs—1,[2:])

Consider the last term in this equation. The household’s consumption FOC says that consumption
today is a function of “expected” future value, which therefore uses V;;. The planner under
discretion takes the future value V,; as given. And the planner is constrained by the competitive
equilibrium condition that households make consumption decisions purely in terms of V1. By the
household’s first-order condition, then, c¢; is pinned down as a function of V.

We now see from this that, in the continuous-time limit with dt — 0, we must have

¢s = 0.

This is the proper boundary condition for the formal continuous-time problem under discretion.

Moreover, from the consumption FOC in the Lagrangian, we also have

da Xs—1,12:]]

for all s.

Derivative for g;. 1. We have

Y P 2 A;+1 - ePthé z
0 =u(cs41) + pst16s41 — U(Noy1)1 — Q( 7)1+ B T + (Ag (A7)
d 1 ce—1
dgs+1 |:d{1(DaAs+l [Ss+1 - 851 } + 0541415 (1+ ) Asaz - ' (€s41)-
S+

Now we work out the remaining derivative,

da [1 )
dgs+l [da (D /\s-i-l) [SS-H 'gs+l]] = A"As 1.
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Thus, we have

! dty/
4 /\s+1 —ef As

0 =u(€s41) + Hs16s+1 — U(Nsr1)1 — E(ng‘;l)zl + T

ce—1
0

+ AAsi1 + 0511 Ns 11— (1+ ) Aspaz - ' (csp).-

Derivative ¢, .. Notice that the planner under commitment also just solves a static problem for
consumption at every time step. In other words, the choice of consumption today doesn’t “bind”

the planner tomorrow in any way under commitment. Therefore, we again have

0 :u/(cs,i)gs,i + Us8s,i + u/(cs,i)cps,i + Ll (Cs 1)st + 9 N (1 +T )Asziu”(cs,i)gs,i

(5

1 1
- %‘Ps,iDa,[i,:]Vs - %gs,iDa,[i,:] As.

Derivative 71;;. We have

0= [ —u'(cs1)gs101 — HsQs1a1 — 6Tt gs — Pps1u’ (cs1)a1 — (57r§”¢;1} dx

ee—1
— 955 (1+ 4 AcNyzqu" (co1)gs 101dx
D’ 0
# |- D vs Y| ( ) i
i>2 i>2 a —apy)
1
+ %95~
Thus, we have
0=|—u'(cs1)8s1a1 — Msgs101 — O g — s 1t (c51)a1 — (5712”(]);1} dx
ee—1
— 953—(1 + ) AgNsziu” (cs1)gs 1a1dx
1
Zcplsz ngu A dx x+ 26
i>2 i>2

Derivative i,. The nominal interest rate derivative is parallel to that for wage inflation, except in

the Phillips curve. In particular, the choice of the nominal interest rate is again a fundamentally
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static problem, even in the case with commitment. We have

D,

- D, ..
0 =u'(Cs1)8s101 + Ps8s101 + Psatt’ (cs1)a1 + Zfi)i,sﬂi%Vs + ng,iﬂi%/\s

i>2 i>2
e—1

€
+ 0.

(1+ 1) AsNsziu" (cs1)gs 1.

Derivative N,,. Finally, we take the derivative for aggregate labor. This is again a static problem.
We have

D, . D, .
0= [ul(cs,l)gs,lzlAs + ‘usgsllzlAs -+ 4)5,11/[/(65,1)21145 + Z qﬁi,SZiAs%Vs + ng/iZiAs%/\s dx
i>2 i>2

ce—1

+05——(1+ ™) AsNsz1u" (c51) 85121 Asdx

— v (Ns)1 gsdx — ' (N;) pl1dx

g (6 ; . (1415 As(z - ' (cs)) gsdx — U,<Ns)> — 2650 (N;)Ns.

— UsAs +6
,uss“‘s 5

We now summarize the resulting optimality conditions for the problem under discretion. We state
these optimality conditions here for the fully discretized problem, which we have worked with
thus far. For the main text, we bring these equations back to the continuous case.

We see immediately that

because the planner does not respect promises from the past. These two conditions signify the lack
of commitment. The optimality condition for the cross-sectional distribution still characterizes the

evolution of the social lifetime value. Using 6; = 0, we have

O w \2 ;+1 B epdt/\g
0 =u(cs+1) + pst16s41 — 0(Nsy1)1 — S () 1+ —————

2 dt +Adsir.

The optimality condition for consumption becomes

Xs = u/(cs) + Us — /\a,s/
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( )

where s = —xs— . The optimality condition for monetary policy now becomes

0= |: (Cs 1) + ,us:| 5101 + ngﬂz 2,[1,]/\

i>2

And finally, the optimality condition for aggregate economic activity becomes

0=|u(cs1)gs121A A 24203 e~ o (N — e
= 5,1)8s,121As + Uss,121 s‘Fng,zZz S da s | ax U( s) Hs s
i>2

C.2 Proof of Proposition 2

Proving Proposition 2 amounts to a judicious combination of the optimality conditions for policy
under discretion (Proposition 1). In particular, we introduce two useful policy perturbations that
are purposefully designed so that they have a neutral impact on aggregate excess demand. The
first perturbation combines equations (20) and (21), yielding an aggregate activity condition. This
perturbation entails making households work an extra hour while forcing them to consume the
proceeds of any additional income. At an optimum, the marginal value of this perturbation for a

planner must satisfy

// (zu ct(a,z)) — EqN)>gt(a z)dadz—//zxt 0,2)gi(a,2) dadz = 0.

Aggregate Labor Wedge

The aggregate labor wedge captures the social marginal benefit of increasing aggregate activity.
And if the planner had the ability to control households consumption-savings decisions (i.e., if
xt(a,z) = 0), the aggregate activity condition shows that a planner would set the labor wedge
to zero. However, the planner must account for the fact that increasing consumption impacts
households’ savings decisions, which counterbalacnes the desire to set the aggregate labor wedge
to zero.”!

The second perturbation combines equations (20) and (22) and yields an interest rate condition.
This perturbation entails a unit increase in interest rates while making households directly consume

the resulting pecuniary gains. At an optimum, the marginal value of this perturbation for a planner

5! The aggregate activity condition also connects y; directly to the aggregate labor wedge when policy is set with
discretion. When substituting in for §t(a, z) from equation (20), we obtain a condition that defines y; as a weighted sum
of future labor wedges:

If (zu ct(a,2)) — qu\,h)> ¢t (a,z) dadz
e J[z(1—M;(a,2)) g (a,z) dadz
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must satisfy
// au'(c¢(a,z))gi(a,z) dadz — // axi(a,z)gi(a,z)dadz = 0.

Distributive Pecuniary Effect

In this case, the social marginal benefit of increasing interest rates is captured by its distributive
pecuniary effect, which is negative.

The planner understands that a change in rates simply redistributes resources across savers
and borrowers, since distributive pecuniary effects are always zero-sum in aggregate in dollar terms.
However, since borrowers typically have a higher marginal utility of consumption than savers, a
utilitarian planner perceives that an increase in rates decreases social welfare through this channel.
This desire to redistribute towards high marginal utility households by reducing interest rates—
a motive that is absent in representative-agent economies—is a central determinant of optimal
monetary policy in our environment. As in the case of the aggregate activity perturbation, the
planner must account for the fact that change interest rates impacts households’ savings decisions.

While both policy perturbations are neutral in terms of aggregate excess demand, they are
not neutral intertemporally in terms of their impact on households” savings decisions. However,
we can scale and combine both perturbations to neutralize the intertemporal effect, obtaining the

targeting rule of Proposition 2. Formally, we use the fact that we can write x;(4, z) as

Xie(a,z) = (1—M;(a,z)) py. (66)

Hence, by substituting for x;(a, z) in both the aggregate activity condition and the interest rate
condition, and equalizing y;, we recover equation (25) in the text. This targeting rule shows that,
under discretion, a utilitarian planner in a heterogeneous-agent environment trades off aggregate
stabilization against redistribution.

Equation (25) shows that the welfare impact of a perturbation that jointly increases hours
worked by all households and reduces the interest rate by QP basis points—forcing households to
consume the resulting proceeds—must be zero at an optimum.’”> Equation (25) implies that, at an

optimum, the planner sets policy trading off aggregate stabilization and redistribution motives.

Derivation of output gap targeting rule for isoelastic preferences. Under isoelastic (CRRA)

preferences, we can represent the targeting rule of Proposition 2 in terms of output gaps. We use

// watfzé”')z))gt(a,z) dadz — Y 1A = P // Wgt(alz) dadz.

52 And since the net present value MPC, My, is bounded between 0 and 1, we have QP > 0.
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Using natural output definitions

1

we rearrange and obtain

e (1—|—T Ly ™ = (1+ }M(// 'Zﬂlflfég')z))gt(a,z) dadz—QP// Wgt(a’z) dadz>

€t €t

or simply

1
v 7 e 1 ] - ff auuct az) )dadz 7+;7
SO PR e . Zuft
t ff a,z)dadz

Cost-Push Wedge Redistribution

C.3 Proof of Proposition 3

Our expression for inflationary bias follows by plugging in the targeting rule of Proposition 2,
rewritten as an expression for the aggregate labor wedge, into the Phillips curve (6). Setting 77, = 0,
this yields

) "(css(a,2)) — UI(AI\SI:S)>gSS(a,z) dadz.

a5

We now separate terms into a markup component and a redistribution component, analogous to

Proposition 2,

ASSNSS // ( (1+ th)zu' (css(a, z)) — zu' (css(a, 2)) + anu’(css(a,z))>gss(a,z) dadz

or simply

Y= gASSNSS [(1 _€ ; 1 (1 +TL)> // zu' (css(a,2))gss(a,z) da dz — QP // au’ (css(a,2))gss(a,z) dadz ]|,

which concludes the proof.
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D Optimal Policy and Ramsey Plans in Sequence Space

In this Appendix, we discuss how to operationalize our method and compute optimal policy
numerically. Following much of the recent literature on computational methods in heterogeneous-
agent economies, we work with a sequence-space representation of our model. In the interest of
accessibility, we follow the notation and conventions of Auclert et al. (2021) as closely as possible,
extending their work on sequence-space Jacobians to Ramsey problems and welfare analysis. While
they work in discrete time, we show below that continuous-time heterogeneous-agent models
are nested by the same general model representation they propose. To establish this relationship,
we first discretize our model following the same steps that would also be required for numerical

implementation.

Discretization. We first discretize the equations that characterize competitive equilibrium and
optimal policy in both time and space. We use a finite-difference discretization scheme building on
Achdou et al. (2022).%° In particular, we discretize the time dimension over a finite horizon, t € [0, T]
where T can be arbitrarily large, using N discrete time steps, which we denoteby n = 1,..., N. With
a step size dt = 34, we have t, = dt(n — 1). We similarly discretize the idiosyncratic state space
over (a,z) using | grid points. Using bold-faced notation, we denote the discretized consumption
policy function of the household at time ¢, as the | x 1 vector ¢,, where the ith element corresponds

to ¢y, (a;, z;).

D.1 Sequence-Space Representation of Equilibrium

After discretizing our model, the resulting equations satisfy the general model representation of
heterogeneous-agent economies presented in Auclert et al. (2021). To facilitate comparison, we
follow their notation in this Appendix. We consider a general representation of a heterogeneous-
agent problem as a mapping from time paths of aggregate inputs (X, i, Z) to time paths of aggregate
outputs Y. We use bold-faced notation here to indicate time paths, with i = {in}nNzl. It will be
useful to explicitly distinguish between the time paths for policy i and the exogenous shock Z on
the one hand, and the time paths for other aggregate inputs X on the other hand. To simplify the
exposition, we assume that there is only one aggregate input variable other than policy and the
shock, so that X,, € R.

Denoting the discretized cross-sectional distribution by the | x 1 vector g,,, our main focus

will be on outcome variables that take the form Y,, = y,,g,, where y,, is a | x 1 vector that represents

53 For a detailed description of the discretization procedure, see Achdou et al. (2022) or Schaab and Zhang (2022).
We also leverage the adaptive sparse grid method developed by Schaab and Zhang (2022) and Schaab (2020) to solve
dynamic programming problems in continuous time.
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an individual outcome.”* For example, aggregate consumption takes the form C, = ¢/,g. Given an

initial distribution gy, aggregate outcomes Y then solve the system of equations

Vn - V(Vn—H/ Xn;in/ Zn) (67)
8n+1 = A(Vn+1/ Xn/ in/ Zn)gn (68)
Y, = y(Vn+l/ X, in, Zn)/grr (69)

The implementability conditions of our baseline HANK economy can be expressed in terms
of the time paths of macroeconomic aggregates as well as those of aggregate outcomes Y. Using
the above representation, aggregate outcomes Y can in turn be expressed in terms of the time paths
of aggregate allocations and prices X, policy i, and shocks Z. In summary, equilibria given policy

and shocks can be expressed in terms of the equilibrium map H(X,i,Z) = 0.

D.2 Sequence-Space Representation of Ramsey Plans

We now show how to express the Ramsey plan optimality conditions, which characterize the
multipliers and optimal policy, in a general model representation akin to equations (67) through
(69). In general, Ramsey plans in heterogeneous-agent economies feature three types of multipliers:
aggregate multipliers, individual forward-looking multipliers, and individual backward-looking
multipliers. In our baseline environment, the aggregate multipliers are 8; and y;, the individual
forward-looking multiplier is A;(a,z), and the (system of) individual backward-looking multipliers
is ¢¢(a,z) and x:(a, z).

The Ramsey plan representation (52) summarizes the optimality conditions of the timeless
Ramsey plan in sequence-space form. In particular, the Ramsey map R (-) takes the time paths of
aggregate multipliers M as explicit inputs. Our goal now is to show that the optimality conditions
of the timeless Ramsey plan can be written in terms of R = (X, M, i) and Z.

Forward-looking individual multipliers take the form
A1’1 - f(Ai’H-l/ Vn/ Xn/ Mn/ in/ Zn)/ (70)

which is analogous to equation (67), which characterizes individual forward-looking behavior. For
example, it is straightforward to verify that equation (31) satisfies this form: it expresses today’s
multiplier A,(a,z) in terms of today’s aggregate multipliers, individual allocations, aggregate
allocations and prices, as well as the future multiplier A, 41(a, z).

Analogously to equation (67), the recursive structure of forward-looking individual multipliers

54 We normalize the discretized distribution representation so that g, sumsto 1, ie., 1'g, =1, wherelisa ] x 1
vector of 1s.
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allows us to efficiently compute their first-order derivatives. We summarize this observation in the

following Lemma.

Lemma 22. For any k > 1, we have

diy aa’}ﬁ else fors <n
k—s

oA, {0 if n>k

and likewise for first-order partial derivatives in Xy, My, and Z,,.

Lemma 22 represents an extension of Auclert et al. (2021)’s fake-news result to the multipliers that
emerge from Ramsey problems. The unifying insight here is that, just like competitive equilibrium
in heterogeneous-agent economies comprises a forward-backward system of dynamic equations, so
do Ramsey plans. In other words, equation (31), which defines the social lifetime value A¢(a, z) still
satisfies a (Hamilton-Jacobi-) Bellman equation. The “fake-news property” identified by Auclert
et al. (2021) applies to any backward equation, including those satisfied by multipliers.
Backward-looking individual multipliers typically correspond to promises that the Ramsey
planner makes to individuals. They are characterized by a particular kind of Kolmogorov for-
ward equation. In particular, promise-keeping Kolmogorov forward equations feature a forcing
term that captures the “births” and “deaths” of promises, captured by d,x:(a, z) in equation (30).

Consequently, backward-looking multipliers can be represented as

¢n+1 = A(Vn+1/ an in/ Zn)¢n + b(¢ﬂ/ An/ Vn/ 8ns Xn/ Mn/ in/ Zn)- (71)

The same arguments developed by Auclert et al. (2021) for efficiently computing sequence-space
derivatives of the cross-sectional distribution also apply to multipliers that satisfy (Kolmogorov)
forward equations.

The multiplier representations (70) and (71), together with equations (67) through (69) and
the equilibrium map (51), let us conclude that timeless Ramsey plans admit the sequence-space

representation (52).

D.3 Sequence-Space Perturbations in the Primal: Proof of Proposition 11

Denote the Ramsey plan by R = (X, M, i). Using a first-order Taylor expansion around the

stationary Ramsey plan, we have

R(R/ Z) ~ R(RSS/ Zss) + RR(RSSI Zss)dR + RZ(RSSI Zss)dz-
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Notice that we have R(R, Z) = 0 by the definition of R as a Ramsey plan, i.e., as solving R(-) =0
for a given Z as in (52).

We now show that R(Rss, Zss) = 0 as well, assuming, as we do in Proposition 11, that the
Ramsey problem is initialized at (go, ¢, 0) = (gss, Pss, Oss). The Ramsey plan map R(+) is a system
of equations that comprises two sets of conditions, those for competitive equilibrium as well as the
first-order conditions associated with the timeless Ramsey problem in the primal representation. By
definition, the stationary Ramsey plan comprises a feasible competitive equilibrium. Consequently,
when evaluated at (R,Z) = (R, Zss), those conditions in R(-) associated with competitive
equilibrium are 0.

That leaves the first-order conditions associated with the timeless primal Ramsey problem.
It follows from Proposition 6 that the timeless primal Ramsey problem is time-consistent, so that
the planner does not want to deviate from the stationary Ramsey plan when Z = Z. It also
follows from our duality proof for the primal and dual representations that %LTP(BSS, Zs) = 0also
implies that each of the associated first-order conditions of the timeless primal problem are 0 when
evaluated at (Rss, Zss). Putting these observations together implies R (Rss, Zss) = 0.

We are then simply left with

0~ RRr(Rss, Zss)AR + Rz(Rss, Zss)dZ.
Rearranging and inverting R yields the desired result.

D.4 Sequence-Space Perturbations in the Dual

In this section, we develop a sequence-space perturbation approach to solve optimal stabiliza-
tion policy in the dual. We take as our starting point not equation (52) but a sequence-space
representation of the timeless dual Lagrangian, which we now introduce.

The timeless dual Lagrangian defined in Appendix B.6 takes as its inputs (i) the time paths of
allocations and prices, (ii) an initial distribution, and (iii) initial timeless penalties. Unlike in the
primal form, it does not explicitly feature the time paths of multipliers. For a given path of policy i
and shocks Z, we can directly use the equilibrium map (51) to solve out for allocations and prices,

ie, X = X(i,Z). A sequence-space representation of the timeless dual Lagrangian is then given by
L™(X(i,2),i,Z), (72)

where we again leave implicit the dependence of L™P(-) on ¢o(a,z) as well as ¢(a,z) and 6.

The timeless dual Lagrangian (72) implies the local efficiency criterion for optimal policy

F(i,Z) = ;iLTD(X(i, 7),i,Z) =0, (73)
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where F(-) implicitly takes as given an initial distribution as well as initial promises. Equation (73)
represents the planner’s necessary first-order optimality condition in sequence-space form. We can

use it to directly characterize optimal policy in the dual in terms of exogenous shocks, i.e.,
i=1(Z).

Importantly, given policy i, the timeless penalty (¢,6) does not affect competitive equilibrium,

summarized by (51). It only influences the planner’s assessment of optimal policy.

Proposition 23. (Optimal Policy Perturbations in the Dual) Consider the dual Ramsey problem, under
which a locally efficient policy is characterized by F (-) = 0. Suppose we initialize the Ramsey problem at the
stationary Ramsey plan, with go(a,z) = gss(a,z), and with initial timeless penalties ¢(a,z) = ¢ss(a,z)

and 6 = 0. To first order, optimal stabilization policy is then characterized by
di = —F; ' FrdZ, (74)

where dZ = Z — Zs is the exogenous shock, and where F; and Fz denote Hessians of the timeless dual

Lagrangian.

We prove Proposition 23 at the end of this subsection.

In the dual, approximating optimal policy using sequence-space perturbation methods re-
quires computing second-order total derivatives of the timeless dual Lagrangian. These are in turn
given by the Jacobians of the planner’s first-order condition, i.e., F; and Fz. The recent literature on
perturbation methods in heterogeneous-agent economies has shown that sequence-space Jacobians,
i.e., first-order derivatives of model objects in sequence-space representation, are sufficient to
characterize transition dynamics to first order. Similarly, we have shown in Section 5.1.2 that com-
puting optimal policy and Ramsey plans in the primal also only requires sequence-space Jacobians.
Computing optimal policy and welfare in the dual representation of our Ramsey problem requires
a second-order analysis, however.

To that end, we introduce sequence-space Hessians as the natural, second-order generalization
of sequence-space Jacobians. In Appendix D.5, we formally define sequence-space Hessians, and
we show both how to efficiently compute and leverage them to characterize optimal policy in
the dual. We extend the methodology developed by Auclert et al. (2021) to problems that require
second-order derivatives, i.e., sequence-space Hessians. While we focus on their use in the context
of computing Ramsey plans in the dual, we argue that sequence-space Hessians are useful more

broadly whenever a second-order analysis is required.
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Advantages and disadvantages of primal and dual formulations. Our approach allows for a
representation of Ramsey problems in either the primal or the dual form, and we show how to
characterize and compute optimal policy in both cases. We conclude this section with a discussion
of the advantages and disadvantages of both approaches.

The primal form and, in particular, the associated Ramsey plan representation (52) are more
conducive to computing optimal policy non-linearly. Computing the Ramsey plan in the primal
requires solving a system of non-linear equations. Fully optimized quasi-Newton methods and
other non-linear equation solvers can be leveraged for this task.

In the primal approach, however, we have to compute multipliers and their transition dynam-
ics. In the Ramsey plan representation (52), multipliers M enter as an explicit argument. It is not
generically possible to characterize Ramsey plans in the spirit of (52) without multipliers. The dual
approach, on the other hand, takes as its starting point the timeless dual Lagrangian, which does
not explicitly depend on multipliers. Consequently, it is not necessary to compute the time paths of
multipliers to characterize optimal policy in the dual.

The relative disadvantage of the dual approach, however, is that a first-order approximation
of optimal policy requires second-order total derivatives of the timeless dual Lagrangian. Unlike
in the primal approach, which only requires computing sequence-space Jacobians, in the dual we
have to compute sequence-space Hessians. Computationally, this is a more complex task both in
terms of compute time and memory demands. In summary, therefore, the main tradeoff between
the primal and dual approaches is that the former requires computing the time paths of multipliers,
while the latter requires sequence-space Hessians instead of only Jacobians.

Another advantage of the dual representation is that it provides an easily implementable local
efficiency criterion. In particular, assessing whether a policy i is locally efficient in the dual only
requires computing first-order derivatives of the timeless dual Lagrangian, which is possible in
terms of sequence-space Jacobians. Unlike in the primal, however, efficiency assessments in the
dual do not require computing the derivatives of multipliers. In practice, even if optimal policy is
computed in the primal, verifying local efficiency in the dual is a cheap but helpful exercise.

Lastly, sequence-space Hessians and, more broadly, second-order sequence-space perturbation
methods likely have many useful applications beyond computing Ramsey plans in the dual. We

therefore view our treatment of sequence-space Hessians as a standalone contribution of this paper.

Proof of Proposition 23. We proceed as follows. A first-order Taylor approximation of F(-) (in

and Z) around the stationary Ramsey plan yields

F(gSS/ Pss, Oss, 1, Z) :F<gSS/ Pss, Oss, Lss, Zss)

+ Pi (gSS/ ¢ss; 955/ iss: Zss) (1 - iss) + FZ (gss, ¢ss: 955/ iSSI Zss) (Z - Zss)-
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First, we must have
F(gss, $ss,0ss,i,Z) =0

by construction because this is our definition for optimal policy i(Z). Second, we also have

F(gSS/ ¢SSI GSS/ iSS/ Zss) - O,

which is the main result of Section 4.3 and whose proof is in Appendix B.7. Denoting di = i — iss
and dZ = Z — Z,, we thus have
0= Fdi+ FzdZ,

where the Jacobians of F(-) are evaluated at the stationary Ramsey plan.

D.5 Sequence-Space Hessians

To compute optimal policy in the dual using Proposition 23, we effectively need to differentiate
L™(.) twice. In particular, F(-) = £LTP features first-order derivative terms, which can be cast as
sequence-space Jacobians (Auclert et al., 2021). Therefore, computing the total derivatives %F ()
and %F (+), which are used in equation (74) to characterize optimal policy di, we require second-
order derivatives. Consequently, computing optimal stabilization policy using our approach
requires that we compute both first- and second-order total derivatives of all objects that feature in
the timeless dual Lagrangian.

In a sequence-space representation of our model, these objects are all functions of the time
paths of aggregate inputs, i.e., (X, i, Z), where X = X (i, Z). Moreover, the timeless dual Lagrangian
itself can be represented in terms of aggregate outcomes Y, using the general model representation
above. Consequently, computing the matrices %F and %F requires taking total derivatives of
specific aggregate outcomes Y.

We define sequence-space Hessians as the matrices of mixed partial derivatives of model objects
that can be represented as functions of aggregate sequences around the stationary Ramsey plan. We
discuss these mixed partial derivative matrices in detail in Section D.5.1. Subsequently, in Section
D.5.2, we show how to build up the second-order total derivatives of the timeless dual Lagrangian,

ie., %F and %F, from sequence-space Hessians.

D.5.1 A Fake-News Algorithm to Compute Sequence-Space Hessians

We now extend the fake-news algorithm of Auclert et al. (2021) to compute sequence-space Hessians,
i.e., the matrices of mixed partial derivatives %Yn in a sequence-space representation of the
model. The results we present below hold for any mixed partial derivative of Y, (X, 1, Z), but to

ease notation we focus specifically on the mixed derivative %ﬁ,il for some given k,l € {1,...,N}.
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Using equation (69), we can rewrite the mixed derivative of aggregate outcome Y, at time ¢,

as

Yy _ 9 ( 08 ,Oyn)\ _ 8 | 98u'OYn , , Pys , yn'0gx
i o \"" i " 830 ) T Y"aian T dix ai | S"aiai | i i
This derivation underscores that we generally need both the first-order and second-order mixed par-
tial derivatives of individual outcomes y, and the distribution g, to compute aggregate sequence-
space Hessians 9°Y. Our method leverages several useful properties of these first- and second-order
derivatives. In the following, we prove key properties of the second-order mixed derivatives %yn
and ﬁgi, gn, and we refer the reader to Auclert et al. (2021) for the properties of the first-order
partial derivatives.

First, notice that mixed partial derivatives are symmetric, or interchangeable, by the standard

continuity argument. That is

azyn _ 82%1 and azgn _ aZgn
didi;  0i;dix didi;  0i;dix

Second, the recursive structure of the system (67) - (69) gives rise to the following key property

of mixed partial derivatives in sequence space.

Lemma 24. We have
0%y, 0 if n>min{k,1}

alkall - azyn—s
di_s0i1 g

else fors<n

Leveraging these first two properties of mixed derivatives of individual outcomes in sequence
space, we can construct sequence-space Hessian matrices using the following shortcut: Instead of

computing all N> numerical derivatives, we simply compute

a2yn
01 din

for 1 < k < N, which requires only N numerical derivative evaluations.”

Third, we exploit the fact that the transition matrix A, which describes the law of motion of
the cross-sectional distribution in equation (69), has a particular structure in continuous time. In
particular, we have

AVt X, in, Zn) = 1+ dtA(Vii1, X, in, Zn)',

where A is the | x | matrix that discretizes the HJB operator .4, and A/, its transpose, is the analog

2 2. 2
55 For other mixed derivatives, such as %, we require 2N evaluations, i.e., both az‘akaiwaN and %.
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for the adjoint A*. In our baseline HANK model, the discretized transition matrix takes the form
An — 5n . Da + AZ (75)

where A? is given exogenously, and its derivatives with respect to 0y, Xy and Zj are therefore 0. The
matrix D, discretizes the partial derivative d,, and it is also invariant to perturbations in aggregate
inputs as long as the step size used for the numerical derivative is fine enough. In particular,
the key insight here is that taking derivatives of the general transition matrix A in equation (69)
simply amounts to differentiating s, in equation (75).°® We record this observation in the following

Lemma.

Lemma 25. The first- and second-order mixed partial derivatives of the transition matrix N\, in our setting

are given by
oA, | dsy 2\, B d%s,
ai, ~ Mar Do ™ Siai ~ “aien

Fourth, we characterize the properties of the mixed derivatives of the cross-sectional distribu-
tion. We assume for simplicity that the economy is initialized at the cross-sectional distribution
that corresponds to the stationary Ramsey plan, that is, g1 = gss, where we recall that n starts at 1
and t; = 0. The initial distribution is given exogenously and does not adjust on impact. That is,
% = 0. Using equation (69) and Lemma 25, the response of the cross-sectional distribution at

time step n = 2 is thus

82g2 _ 821\1 _ 8251 D
i, onoi >~ T\ G )8
We now exploit the recursive structure of equation (69) to derive two alternative expressions for

2
the mixed derivatives %, for n > 3. We summarize in the next Lemma.

Lemma 26. The mixed partial derivatives of the cross-sectional distribution g, at time steps n > 3 can be

computed recursively using

idi; T 0ikdir | i (n2)9i1(n_2)

ds1 0gn—1 s 0gn—1
+dt<.-D) =S +dt< . -D) 1y
ip_(n oy ) O R Vp_(n o ) 0 2

az 82 B 82
Sn A 8n 1_|_ 82 jlmin{k—(an),l*(”*Z)}Zl

% Notice that equation (75) is specific to our baseline model and consequently breaks with the spirit of gener-
ality otherwise adopted in this section. However, an equation like (75) will generally hold in any continuous-time
heterogeneous-agent model. We think there is some value to highlighting how to leverage this equation when con-
structing sequence-space Jacobians and Hessians, and we therefore use equation (75) in the following while otherwise
maintaining our general notation.
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or non-recursively using

2 Rq 2
a. gn _ Z(Ass)n—r—l a‘ gZ
alkall — alkall

R s 9 R ) 0
n—r—2 1 81+r n—r—2 51 S1+r
RS C R IR P CLIE

where Ry = min{k,l,n — 1}, R, = min{k — 1,n — 2}, and R3 = min{l — 1,n — 2}.

Fifth and finally, we discuss how to efficiently compute a given mixed partial derivative
numerically. The most popular finite-difference stencil to compute second-order mixed derivatives

is given by

Fyn Y Y —Yu Y 76)
alkall 4h?
where yit =y, (..., ik +h,...0+h..),yf " =y (.. i+ =),y =y —
h,...,ii+h,...),andy, ~ =yu(...,ix—h,..., iy —h,...). This stencil requires 4 function evalua-
tions for every mixed derivative and is therefore very costly.

An alternative and, in our case, substantially more efficient stencil is

PYn _ Y Yk —Yi +2n—Yn —Yi Y 77)
90191 212

wherey,” =y, (..., ix+h, ... i, ),y =y ik, it )y =y (e i —h, ),
andy;,” = yu(..., ik, ..., i —h,...). Stencil (77) requires only 2 new function evaluations compared
to stencil (76)’s 4. The additional terms y,, y,;*, and y;," are already available from constructing the
first-order sequence-space Jacobians. And the terms y,,* and y;,” can be computed very cheaply

using the standard fake-news algorithm for first-order derivatives.

Comparison to fake-news algorithm of Auclert et al. (2021). In their seminal contribution,
Auclert et al. (2021) develop a highly efficient algorithm to compute sequence-space Jacobians,
showing that computing a single column of the Jacobian suffices to derive all other columns from
it. For sequence-space Hessians, on the other hand, we need to evaluate one “block” of the Hessian,
which requires N numerical derivatives, and is consequently substantially more expensive than
computing a sequence-space Jacobian.

Why does the Hessian matrix have a higher information requirement? For Jacobians, Auclert
et al. (2021) show that we only require a single piece of information to evaluate the impact of shocks
on household behavior: How far in the future is the shock, i.e., what is the distance from the present
to the shock. For Hessians, on the other hand, we need two pieces of information: How far in the

future is the (later of the two) shock(s), and, in addition, what is the relative distance between the
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two shocks. We therefore cannot obtain all required information with a single numerical derivative
as in the case of the Jacobian.

Nonetheless, our fake-news algorithm for sequence-space Hessians represents a substantial
improvement over computing the Hessian matrices directly, which would require the evaluation of

N? numerical derivatives.

D.5.2 Total Derivatives and General Equilibrium

Our perturbation approach to optimal stabilization policy in the dual requires the two total deriva-
tives %P and diZF . In particular, the [k, I]th entry of the N x N matrix Fy is given by
N 2 2 2w
a-u a-v; dsm
F‘ = —ptn 7ndt ! 1 G 1
(B = X e didi) 't (¢ss) dicdi) TS iy 78)

n=1

where U, = (u(c,) — v(N,) — 5(7%)?)"gy. The first term in equation (78) thus captures the present
discounted sum of future aggregate social welfare flows, and the second and third terms capture
the timeless penalties.

So far, we have discussed how to construct the first- and second-order partial derivatives of
the economic variables that comprise F. To compute total derivatives, we start with a discussion of

general equilibrium.

General equilibrium. General equilibrium considerations in our model can be summarized in
terms of the equilibrium map (51), which is a system of N equation, assuming for now that X,, € R.
Given paths for policy i and the exogenous shock Z, we can solve equation (51) for X = X(i,Z).
To compute the total derivative F;, i.e., the response in the planner’s first-order condition to a
perturbation in the policy path, we must take into account both the direct effect of the policy via its
partial derivative and the indirect general equilibrium effects. We use the first-order derivatives
X;, = —Hy'H, . Likewise, the mixed partial derivatives are given by
X, = —Hy'H,; + Hy'Hx; Hy'H,,. (79)
Total derivatives. We now summarize how total derivatives of Y, relate to the partial derivatives
we have discussed so far. For notational convenience, we drop the n subscript and instead use
subscripts to denote partial derivatives. Recall that Y depends on the time paths of all aggregate

inputs, Y(X,1,Z).
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Lemma 27. The total derivatives of Y are given by
d?Y
M = (YXIXXi, . YXNXXi1> X, + Yxi X, + Yx Xipi, + Vi x X, + Y, (80)

where subscripts denote partial derivatives, and likewise for the total derivatives %.

The total derivatives for Vi and 7}’ take the same form and can be computed via their second-order
partial derivatives together with the general equilibrium maps, i.e., the partial derivatives of X. We
now have all the objects we need to implement our perturbation approach in the dual and compute

optimal stabilization policy numerically.

D.5.3 Algorithm to Compute Optimal Policy in the Dual

We summarize in Algorithm 1 our fake-news algorithm to compute sequence-space Hessians and,
with them, optimal stabilization policy to first order in the dual representation of the timeless

Ramsey problem.

Algorithm 1 Optimal Stabilization Policy using Sequence-Space Hessians

1: Compute stationary Ramsey plan

2: Compute sequence-space Jacobians around the stationary Ramsey plan using fake-news algo-
rithm of Auclert et al. (2021)

3: Compute N numerical mixed partial derivatives, and > use stencil (77)
a: construct policy Hessians > use Lemma 24
b: construct distribution Hessians > use Lemmas 25 and 26

4: Use Hessians to compute mixed derivatives of H and X > use equations (51) and (79)

5: Compute total derivatives for F; and Fz > use equations (78) and (80)

6: Compute optimal stabilization policy as di = —Fi’lFZdZ

D.5.4 Accuracy and Performance

We test the accuracy of our method in Appendix F.3. We show there that the numerical solution
of optimal policy in RANK using our perturbation method based on sequence-space Hessians is
highly accurate. In RANK, we can compute optimal policy analytically. We compare this exact
analytical solution to the first-order approximation of optimal policy given by di = —F; 'FzdZ.
For demand shocks, we show that the difference in optimal CPI inflation, for example, is on the
order of 10°. In the case of TFP shocks, the remaining discrepancy is slightly larger, with the two
optimal interest rate paths differing by about 1 basis point.

OA-53



E RANK with Wage Rigidity

In this Appendix, we present a self-contained treatment of optimal monetary policy in the RANK
limit of our model. The RANK limit obtains when i) households’ idiosyncratic labor productivity
converges to a constant value, that is, z; — z for all ¢, and i7) the economy is initialized with a
cross-sectional distribution of bond holdings and productivities that is degenerate at 4 = 0 and
z = Z, that is, g§*(a,z) = 6(a = 0,z = Z), where §(-) denotes a two-dimensional Dirac delta
function.

It is well known that the Ramsey problem in the standard New Keynesian model can be
represented with a single implementability condition, the Phillips curve. The goal of this Appendix
is to parallel our derivations for HANK and facilitate comparison where possible. We therefore
represent the Ramsey problem in terms of the same set of implementability conditions we use in

the main text. The following Lemma summarizes these for the RANK limit.

Lemma 28. The implementability conditions that a Ramsey planner faces in RANK can be summarized as
. 1/ w A
Ct= ly<1t T + A Pt>ct
Ct - AtNt

-1
i Atu’(Ct) — U/(Nt> Nt.

A = et + 5 (17

€t

E.1 Standard Ramsey Problem

We associate the standard Ramsey problem in primal form with the following Lagrangian, where

we drop time subscripts for convenience,

— —pt 11—y Y w2
L /0 e {1_7C v(N) 2(7'[ )

colL(mw A op)e-d]
+u AN—C]

€

+ 9 pﬂw+5<(l+rL)e

=L awo) - z/(N)> N - ﬁw} }dt
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Crucially, both Cy and 71§ are free from the planner’s perspective.

Proposition 29. The first-order conditions for optimal monetary policy in RANK are given by

1 A , -1
0=C T —ptg_(i—n"+5—p) —pp+¢+0-(1+7)—Au"(C)N
Y A 0 €
1 .
0:—57Tw—¢;c+l9p—pl9+l9

€

o

((1 + TL)%AL!/(C) _ v’(N)> ~ Sy (N)N

0=-—v(N)+uA+19 5

1
0=¢—-C,
? Y
with initial conditions

0=4¢o

0 = bp.

(81)

(82)

(83)

(84)

We see that we must have ¢ = 0 for all t. This allows us to simplify the first-order conditions and arrive at

0=C"—p+05(1+ TL)%ALL”(C)N

0=—o6m"

e/l

0=—0'(N)+uA+ 9%(1 + TL)%AM/(C) - 9%/(1\]) — 650" (N)N

with initial condition 6y = 0. The stationary Ramsey plan satisfies

w o __
Ty =0

iss =p

1
T+

N, = [(1 +TL)€;1]

Css = INgg

1-(1+1hed
(v +m)§Q+th)t

v
= — (N.)7T+
Uss v ( ss) y

955 =

(Css) 7.
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We see that 6ss = 0 if and only if an appropriate employment subsidy is in place, so that (1+ t+)<L = 1.

Proof of Proposition 29. We now integrate by parts and consider a general functional perturbation,
yielding

— pp(C+ahc) + (C+ ahc)p — p0(t° + ahy) + (¥ + thn)é}dt
+ ¢0(C0 + Oéhcro) + 190(71(7)1} + (X”lmg)

Working out the Gateaux derivatives and employing the fundamental lemma of the calculus of

variations, we arrive at the following

0= / e‘pt{C_"th — o' (N)hn — 671%hy
0

1 1/, , A
S R
+“l/l|:AhN—hC:|

€

+9|:Ph7'[+5

<(1 + TL)%AMN(C)hC — Z)H(N)h]\]) N

€

(A A - o) i

— p(])hc + ]’lc(ﬁ — p9hn + hng}dt + ‘POhC,O + 90]’17-[,0
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Grouping terms,

O:/we_Pt
0

c7 _”+¢“1Y (i— "’ + % —P> —P¢+¢+9§(1 +TL)€;1A””(C)N] he

+ —(Snw—<p,1yC+0p—p9+19 /.
[ / € ne—1 / € 1
+ —U(N)-{—,MA—FI?(S((l—FT )?Au (C)—U(N)) —950 (N)N]hN

1
+|¢-C
"

h; }dt + (Pohc/o + 6ol

The fundamental lemma of the calculus of variations yields the desired result. Since Cy and 71 are
both free, it follows that optimality requires ¢g = 6y = 0. Finally, it follows directly from 0 = %@Ct

that we must have ¢; = 0 for all ¢.

E.2 Timeless Ramsey Problem

In the following, we leverage our timeless Ramsey approach to give a novel, non-linear characteri-
zation of optimal monetary policy in RANK. We associate the timeless Ramsey problem in the dual

with the Lagrangian

o 1 - )
LTD(e):/ e ) T (N — S(a)? Nt e
0 1 Y 2 ~——"
Inflation Penalty

Lemma 30. The timeless dual Ramsey problem in RANK is time consistent. In the absence of shocks, the

Ramsey planner has no incentive to deviate from the stationary Ramsey plan. That is,

iLTD(Q)

di =0

Ss

Proof. Suppose we differentiate

0

o0 _d dN, dn® dn?
—pt v RN/ t w t . 0
e {Ct 7 N, i STt} 5 }dt i
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Next, we evaluate at the stationary Ramsey plan. This yields

S e ~1dN dr
— —pt) o= |2t _ t _pl0
/0 e {c [di (1+7h =2 ]}dt =

Next, from C; = A;N;, we have when evaluated at the stationary Ramsey plan that

dcCy dNt

ﬁ_ di

Thus,

dymgy — [T et) o2 8Ct g dNe L, 470
o1 (9)_/0e L TR

_ 00 d
:C‘V[l—(1+rl)€€1}/o e—Pfddftdt ;0.

Next, we use the Phillips curve. With limr_,., 7% = 0, we have in integral form

-1
iy = pry + g {(1 + TL)GTAtu/(Ct) - U/(Nt)} N

Thus, we have

dmf © € e—1 _.dcC dN,
- _ p(s—0) & A yE=s n4ivs
= /Oe 5[(1+r) —(1-)C 2 — (14N dl}ds

__€ el e U /Oo —ptdCt
= 5[(1-{-’() - (1—9)C (1+7])N] . © d.dt

1

ac;

A+t ) [ e

_€
0 i
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Thus, we have

Marginal benefit from time-inconsistent deviations

41 _ |1 - el /Oo oGt
diL 0)=C"|1-(1+71") - ; e didt

_o€ €1~y /OO oGt
651+ 1) ——C7(v+1) N>

Marginal cost of time-inconsistent deviations under timeless penalty

dt
i

Finally, we now have

0=C" [1 ~Q +TL)€;1] - 9%(1 +rﬂ)%cﬂ(v+n>

_ _ Lye-l c_
- [1—(1—|—TL)€€ 1} - (71U§15T+)TL36_15(1+#)61(7+17)
) €
= [1—(1+TL)€;1} - [1—(1+TL)€;1 ,

which concludes the proof.
|

Our constructive proof of Lemma 30 characterizes clearly the marginal benefit from time-inconsistent
deviations from the stationary Ramsey plan. And it also shows clearly how the timeless penalty,
the marginal cost of deviations, exactly offsets the marginal benefit. Importantly, we see here in

closed-form what the economic determinants are of the marginal benefit and the timeless penalty.

E.3 Retracing Classical RANK Results

We are now ready to use our apparatus to retrace the classical analysis of optimal monetary
stabilization policy in RANK. In this subsection, we restate several of the classical results in an
exact, non-linear form. In much of the standard RANK literature, e.g., Clarida et al. (1999), optimal
policy analysis drops the IS equation as an implementability condition and then proceeds to derive
targeting rules for inflation and output (gaps). In the following, our goal is to retrace this classical
analysis in our setting. We leverage the results we derive here in Section 4.6 of the main text to
compare optimal policy and targeting rules across RANK and HANK.

Following Gali (2015), we define the natural level of output, denoted Y}, as the equilibrium level

of output under flexible prices. From the Phillips curve, which is in our setting given by

) —1
Vo= |1+ TL)QTA}—H] . (85)
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Going back to the Phillips curve and using the resource constraint with Y; = A;N; = C;, we have

. €t | ~ _ 1
7ty = pey + gt {Y?W - thﬂ?} Ytl vAt B (86)

which is our sole remaining implementability condition and features all three shocks: Ay, €;, and py.

The planner’s Ramsey problem can now be associated with the Lagrangian

= ~ —fofpsds _ ﬁ _é w\2
L /Oe {u(Yt) U<At> 2(7Tt)

€ e —1 Y, Y, .
a5 (115 () ] o

We now state the main result of this appendix: a non-linear targeting rule for optimal monetary

policy in RANK under demand, TFP, and cost-push shocks.

Proposition 31. (Optimal Policy Targeting Rules / Divine Coincidence in RANK)
a) (Targeting Rule) Optimal monetary policy in RANK is fully characterized by the non-linear targeting rule

1

1

Yt — Yt 147k €t€—tl + %Hf(l - r)/) " (87)
1+ 50:(1+7)

b) (Divine Coincidence) Suppose there are no cost-push shocks, i.e., €; = €, and we implement an employment
subsidy so that (1+ t4)<=1 = 1. We have

1
(1401 -7\
Y, =Yoo T . 88
t t<1+§9t(1+17) (88)

A solution to the non-linear Ramsey plan is then given by Y; = Y, 0, = 0, and 1 = 0.

Proof. Crucially, both Yy and 71y’ are free from the planner’s perspective. We start by integrating by
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parts, yielding

_ Oo—fot sds o Yi é w2
L /Oe f {(Yt) U<At> 5 (1)

+ 0; [Ptﬂw + ?((1 + TL)

a0 =(5))3)

— t9t7'cw + 7Twét dt + Goﬂw
PtUTT t 0

The two first-order conditions are then given by

Y\ 1 e —1 Yi\1]|Y;
! R e e N L " /N el B N e 2
0=u'(Y;) —v (At>At + (59 [(1—I—T ) e A" (V) —v <At)AJ A,

3 b€ =1 iy (X)) L
—|—59t<(1—|—1’> e Atu (Yt) v(At>>At

for output and & = S7¥ for the multiplier.

We now simplify the first condition, which will take the form of a targeting rule, as discussed

in much of the classical optimal policy analysis in RANK. With isoelastic preferences, we have

- —n— € 1 - —n—1
oan—Yﬁa”l+£&<u+r)(l(1—wn7—(LHnﬂAﬂ )

Further rearranging yields

€ e —1 €
0=A;" =Y+ S0+ T — (=)A= L)

or simply

1

e —1 1 (Gl
f Aﬁ"]

1+ 9,01 ﬁy—
[ s t( +77>} a |:<1—|—TL€t—1 ) €

L& @u—w)u+#>

Using the definition of natural output, we therefore have

1+ o,(1 ﬁy 1 0,(1 %W
1+ Saan)] = (st San-n)

which concludes the proof.
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Importantly, the targeting rule of Proposition 31 echoes the result of the standard New Keynesian
framework, that Divine Coincidence obtains unless there are cost-push shocks. In the presence of
only productivity and demand shocks, the planner perceives no tradeoff between inflation and
output.
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Figure 5. Optimal Policy Transition Dynamics: TFP Shock

Note. Transition dynamics after a positive TFP shock in both RANK (red) and HANK (blue) models under optimal
monetary stabilization policy. Initial shock is 1% of steady state TFP and mean-reverts with a half-life of 1 quarter. Panels
(A) through (C) report the dynamics of the output gap, Yf , natural output, and the shock, all in percent deviations
from the stationary Ramsey plan. Panels (D) through (F) report CPI inflation, wage inflation, and the optimal interest
rate, all in percentage point deviations from the stationary Ramsey plan.

F Quantitative Analysis: Additional Results and Robustness

FE1 Productivity Shocks

We next turn to optimal stabilization policy in response to a TFP shock. Figure 5 reports the
transition dynamics of the economy under optimal policy, while Figure 9 in Appendix F.4 reports
those under a Taylor rule for comparison.

In both model benchmarks, natural output increases in response to a positive productivity
shock. Natural output increases less than one-for-one, primarily due to diminishing marginal utility
from consumption and convex disutility from labor. In HANK, natural output increases slightly
less than in RANK as a result of union wage bargaining, which now features a distributional
consideration.

Optimal stabilization policy in HANK follows the same principles as in RANK, with minor
quantitative departures. The planner largely stabilizes both output and (wage) inflation gaps, but

not fully. The planner allows both to become briefly negative on impact, before becoming positive

and overshooting, yielding a hump-shaped response. The wage inflation gap on impact is small,

reaching only —0.02%, and consequently not meaningfully different from 0. Compared to the
response of wage inflation under a Taylor rule, where the wage inflation gap opens up to 0.4%

under the same shock, this deviation from the Divine Coincidence benchmark of RANK should be
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Figure 6. Optimal Policy Transition Dynamics: Cost-Push Shock

Note. Transition dynamics after a positive cost-push shock in both RANK (red) and HANK (blue) models under optimal
monetary stabilization policy. The cost-push shock is modeled as an increase in labor union’s desired wage mark-up.
The shock is initialized at g = 11 and mean-reverts to its steady state value € = 10, with a half-life of 1 quarter. Panels
(A) through (C) report the dynamics of the output gap, Yf , natural output, and the shock, all in percent deviations
from the stationary Ramsey plan. Panels (D) through (F) report CPI inflation, wage inflation, and the optimal interest
rate, all in percentage point deviations from the stationary Ramsey plan.

viewed as minimal. Similarly, while optimal policy stabilizes the output gap substantially relative
to policy under the Taylor rule, the planner allows a small negative output gap to open up. The
on-impact negative output gap under optimal policy is less than 20% of the size of the output gap

under the Taylor rule.

E2 Cost-Push Shocks

Finally, we consider a cost-push shock under which the desired wage mark-up of labor unions
changes and natural output increases by 0.25%. We report the transition dynamics under optimal
policy in Figure 6, and also report the analogous transition dynamics under a Taylor rule in Figure
11 in Appendix F for comparison.

In RANK, Divine Coincidence fails in the presence of cost-push shocks and the planner now
faces a tradeoff between inflation and output. Optimal stabilization policy is accommodative,
lowering the nominal interest rate, but a small negative output gap still opens up.

In HANK, natural output again increase but slightly less due to distributional concerns in
union bargaining. Monetary policy eases substantially less than in RANK, allowing a sizable
negative output gap to open up. However, there is still substantial stabilization relative to the

Taylor rule case. Especially inflation is again stabilized substantially.
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Figure 7. Transition Dynamics with Optimal Policy: Perturbation vs. Exact Solution
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Note. Impulse responses to positive TFP under optimal monetary policy in RANK. The Figure compares the exact
analytical solution of optimal policy (yellow) against our numerical perturbation approach using sequence-space
Hessians (blue).

E3 Accuracy

In this section, we report a series of numerical tests to benchmark the accuracy of our perturbation
method using sequence-space Hessians. In Figure 7, we compute the transition dynamics under
optimal policy in RANK in response to a TFP shock using both our perturbation method and the
exact analytical solution. The Figure underscores that our first-order perturbation method is highly
accurate in the case of the baseline RANK model. The remaining error in the two solutions amounts
to 0.01% in the output gap or, conversely, 1bps in the optimal interest rate response.

Likewise, Figure 8 reports the analogous comparison exercise for optimal policy in response
to a demand shock in RANK. Here, the numerical error is even smaller. The discrepancy in optimal

CPI inflation, for example, is on the order of 10-°.

F4 Transition Dynamics without Optimal Policy

In this section, we present impulse response plots that display the transition dynamics of both
RANK and HANK economies in response to TFP, demand, and cost-push shocks without optimal

policy interventions. We model monetary policy instead as following a Taylor rule, with
it = 1" + Ap7y, (89)

where we calibrate A,; = 1.5.
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Figure 8. Transition Dynamics with Optimal Policy: Perturbation vs. Exact Solution
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Note. Impulse responses to positive demand under optimal monetary policy in RANK. The Figure compares the
exact analytical solution of optimal policy (yellow) against our numerical perturbation approach using sequence-space

Hessians (blue).
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Figure 9. Transition Dynamics under Taylor Rule: TFP Shock

Note. Impulse responses to positive cost-push shock in both RANK (yellow) and HANK (blue) models. The nominal
interest rate follows the Taylor rule (89) and is not set optimally. The cost-push shock is modeled as an increase in labor
union’s desired wage mark-up. The shock is initialized at €y = 11 and mean-reverts to its steady state value € = 10, with

a half-life of 2 quarters.
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Figure 10. Transition Dynamics under Taylor Rule: Demand Shock

Note. Impulse responses to positive cost-push shock in both RANK (yellow) and HANK (blue) models. The nominal
interest rate follows the Taylor rule (89) and is not set optimally. The cost-push shock is modeled as an increase in labor
union’s desired wage mark-up. The shock is initialized at €y = 11 and mean-reverts to its steady state value € = 10, with
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Figure 11. Transition Dynamics under Taylor Rule: Cost-Push Shock

Note. Impulse responses to positive cost-push shock in both RANK (yellow) and HANK (blue) models. The nominal
interest rate follows the Taylor rule (89) and is not set optimally. The cost-push shock is modeled as an increase in labor
union’s desired wage mark-up. The shock is initialized at ¢y = 11 and mean-reverts to its steady state value ¢ = 10, with

a half-life of 2 quarters.
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