INTERNET APPENDIX

A. Experimental Evidence of Model-free Behavior

A number of experimental paradigms allow researchers to isolate the influence of model-
free learning from model-based learning. Among the best known is the “two-step task”
introduced by Daw et al. (2011). In this section, we summarize this task and some key
findings about behavior in the task.

In the first stage of the experiment — see Figure A1 — a participant is given a choice
between two options, A and B. If he chooses A, then, with probability 0.7, he is given a
choice between options C and D, and with probability 0.3, a choice between options E and
F. Conversely, if he chooses B in the first stage, then, with probability 0.7, he is given a
choice between E and F, and with probability 0.3, a choice between C and D. After choosing
between C and D or between E and F, the participant receives the reward associated with the
chosen second-stage option. He repeats this task multiple times with the goal of maximizing
the sum of his rewards.?
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Figure A1l. The diagram shows the structure of an experiment in Daw et al. (2011).
In the first stage, the participant has a choice between two options, A and B; in
the second stage, he chooses either between options C and D or between options E
and F. The arrows indicate the transition probabilities from the first to the second
stage. After making a choice at the second stage, the participant receives the reward
associated with the chosen option.

The model-free and model-based systems make different predictions about behavior in
this setting. Suppose that the individual chooses A in the first stage and is then offered
a choice between E and F'; suppose that he chooses E and then receives a reward. Under
the model-free system, he will be inclined to choose A again in the next trial because this
choice was ultimately rewarded. Under the model-based system, however, he will be inclined
to choose B in the next trial: the model-based system makes use of information about the

'In the standard version of this experiment, participants are informed that each of the first-stage options
is primarily associated with one of the C-D and E-F pairs but are not told which one, nor are they told the
precise transition probabilities.
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structure of the task; since B offers a greater likelihood of ending up with the rewarded
option E, he prefers B.

To evaluate the relative influence of model-free and model-based thinking on people’s
choices, Daw et al. (2011) run a regression of whether a participant repeats his previous
first-stage choice on two variables: an indicator variable that equals one if this previous
choice resulted in a reward; and this indicator interacted with another indicator variable
that equals one if the individual saw the common rather than the rare second-stage options.
For example, following an initial choice of A, the common second-stage options are C and
D while the rare ones are E and F. If behavior is driven purely by the model-free system,
only the coefficient on the first regressor will be significant. If behavior is driven purely
by the model-based system, only the coefficient on the second regressor will be significant.
The authors find that both coefficients are significant, which means that both systems are
playing a role; an estimation exercise indicates that participants are putting approximately
60% weight on the model-free system and 40% on the model-based system.?

The above experiment illustrates a tension between the model-free and model-based
systems. To repeat: if an individual chooses A and then E and is rewarded, the model-free
system wants to repeat action A in the next round, while the model-based system, recognizing
that B is more likely to lead to E, wants to choose B. The same tension is present in the
financial market setting we lay out in Section 2.2 of the paper. If the investor starts with
a low allocation to the stock market and the market then posts a high return, the model-
free system wants to stick with a low allocation because this action was reinforced: it was
followed by a positive reward prediction error. By contrast, the model-based system wants
to increase the investor’s allocation to the stock market: it now perceives a more attractive
distribution of market returns and wants more exposure to it.

The presence of both model-free and model-based influences on behavior is also supported
by neural data. We discuss some of this evidence in Section 2.1 of the main text.

B. Time-varying Weights on the Two Systems

In the main text, we take the weight on the model-based system to be constant over
time. A well-known hypothesis in psychology is that this weight varies over time: at each
moment, the brain puts more weight on the system it deems more reliable at that time
(Daw, Niv, and Dayan, 2005). We now formalize this idea and examine its implications in
our setting. To do this, we borrow a specification from neuroscience in which the reliability of
a system is measured by the absolute magnitude of its past prediction errors (Lee, Shimojo,
and O’Doherty, 2014): if a system’s prediction errors are lower in absolute magnitude, it is
deemed more reliable and given more weight in decision-making.?

Let wy;p be the weight assigned to the model-based system and wy;p = 1 — wyp the

2Feher da Silva et al. (2023) suggest that behavior in the two-step task may be driven by switching
between different model-based systems, rather than by a combination of model-free and model-based learning.
However, they do not offer a concrete alternative to the model-free and model-based learning approach, and
the latter continues to be the dominant framework for thinking about a large body of both behavioral and
neural data.

3For more details, see pages 19 to 22 of the Supplementary Material for Lee, Shimojo, and O’Doherty
(2014).
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weight assigned to the model-free system. The dynamics of wy,p are given by

dw MB
dt
where oy is the transition rate from the model-free system to the model-based system and

By is the transition rate from the model-based system to the model-free system. Since we
have a discrete-time setting, we replace (1) by

= ay(1 —wyp) — Brwus, (1)

WrBt+1 — Wyt = (1 —wype) — Briwmse, (2)

where the weight wy;p is bounded between zero and one.
The transition rates are functions of system reliability:

Aa As

Oé(XMF) = 1+exp(Ba . XMF)’ B(XMB) = 1+€XP(BB . XMB)’ (3)

where ypr and xap are measures of the reliability of the model-free and model-based
systems, respectively; A, and Ag are the maximum transition rates; and B, and Bg are the
sensitivities of the transition rates to the reliability measures.

We construct the reliability measure yr for the model-free system following Lee, Shi-
mojo, and O’Doherty (2014). We classify past reward prediction errors (RPEs) into three
categories: positive RPEs, negative RPEs, and RPEs that are close to zero. Specifically, if
RPE > 4, this RPE is classified as a positive RPE; if RPE < —9, it is a negative RPE; and
if —0 < RPE <, it is a near-zero RPE. Suppose that model-free learning begins operating
at time 0, when all the model-free () values are zero, and that the current time is £. We
count the total number of positive RPEs, the total number of negative RPEs, and the total
number of near-zero RPEs:

t t t
#RPE, = Zi:l 1rpE;>s, #RPE_ = Zizl 1rpE;<-s, #RPEq= Zi:1 1—6§RPE1-S6& |
4
The reliability measure y;r at time ¢ is then defined as
XMF,0 (5)
XMF+ + XMF— + XMFo

XMF =

where
(3+ 2, #RPE;)(4 + >, #RPE;)
(24 2.4 #RPE;) o feth =0k (6)

The intuition of the above measure is that the model-free system is deemed more reliable
if a larger fraction of its past prediction errors are close to zero: it is straightforward to show
that xar is increasing in the fraction of time an investor experiences near-zero RPEs.

We now turn to /g, the reliability measure for the model-based system. In our setting,
the prediction error for this system is always equal to one. As such, the reliability measure
in (5), modified for the model-based system, implies a constant x/5. We therefore set §; to

a constant: f; = B(xmB) = Bus-
To examine the properties of the above framework, we need to set the values of four

XMFi =
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parameters: 6, A,, B, and 8y 5. We set § equal to the sample standard deviation of RPEs,
so that an RPE is “near zero” if it is within one standard deviation of its mean. Using
the benchmark parameter values listed in the caption for Figure 1, we find that the sample
standard deviation of RPEs is 0.14. Accordingly, we set 6 = 0.14.

For the values of A,, B,, and Sy g, we follow Lee, Shimojo, and O’Doherty (2014) and
set (1) = 0.1 and 5(1) = 0.01. We also set B, = 2. The condition «(1) = 0.1 then implies
A, = 0.1(1 + exp(B,)) = 0.839. Given that § decreases in x5, we know that 5(1) = 0.01
is a lower bound for Sy;5. We set Byp = 0.2.

We now simulate data from the above framework and examine its implications. We take
the initial weight on the model-based system at time O to be 0.75. The remaining parameter
values are those listed in the caption for Figure 1; in particular, there are 300,000 investors.

At each date from ¢t = 1 to ¢ = 30, we compute, for each investor i, his estimate of the
reliability of each system and the weight that he assigns to the model-based system, w?, B
at each date, we then calculate the mean reliability measure across investors and the mean
and dispersion of the weights across investors. The left panel in Figure A2 plots the evolution
over time of the mean model-free reliability measure. The solid line in the right panel plots
the evolution over time of the mean weight assigned to the model-based system. As an
indication of the dispersion across investors in the weight on the model-based system, the
dashed lines plot the weights that are one standard deviation away from the mean weight.
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Figure A2. The left graph shows the evolution, over time, of the average investor
measure of the reliability of the model-free system. The solid line in the right graph
shows the mean weight that investors put on the model-based system. The dashed
lines plot the weights on the model-based system that are one standard deviation
away from the mean weight. There are 300,000 investors. We set L = T = 30,
ot =alB =05,8=30,v=0.97, 1 =0.01, 0 = 0.2, w = 0.5, and b = 0, so that
there is no generalization.

The left panel shows that, over time, as the model-free system gains experience, it is

viewed as more reliable. The right panel shows that, consistent with this, investors over
time assign more weight to the model-free system and less to the model-based system.
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We conjecture that, if the volatility of recent stock market returns has been high, this
will lower the measured reliability of the model-free system, xasr. To check this, we run the
following panel regression with 300,000 investors and 30 years of data:

X§\4F,t = o+ [t + Baoy; + e, (7)

where 0y ; is the sample standard deviation of stock market returns computed using 10 years
of past returns experienced by investor i. We obtain #; = 0.004 and By = —0.581. These
results provide support for our conjecture: the reliability of the model-free system decreases
following volatile market returns.

We can also test a related conjecture, which is that the reliability of the model-free system
goes down after an extreme market return. We create an indicator variable that equals one
if the most recent stock market return deviates from its mean by more than two standard
deviations — specifically, if the gross market return exceeds 1.447 or falls below 0.614. We
then run the following panel regression with 300,000 investors and 30 years of data:

X?WF,t =a+ bt + 621R2n,t is extreme T Et,i- (8)

We obtain 8; = 0.004 and 8, = —0.032. The negative coefficient [y confirms that the
reliability of the model-free system goes down following an extreme market return.

C. The Relationship between Model-free Allocations and Past Returns: Com-
parative Statics

The graphs in Figure 3 of the main text show how the relationship between investors’
time T" model-free allocations and past stock market returns changes as we vary one of the
model parameters while keeping the others at their benchmark levels. Across the four graphs,
we vary the degree of generalization, the degree of exploration, the discount factor, and the
number of allocation choices. Changing these parameters would have little effect on model-
based allocations. However, Figure 3 shows that it has significant impact on model-free
allocations. In this section, we explain the intuition for these patterns.

Generalization. The top-left graph in Figure 3 plots the coefficients in a regression
of the time T model-free allocation on past stock market returns for four values of the
generalization parameter b: 0, 0.0577, 0.115, and 0.23. The first of these values corresponds
to no generalization; the other three values give the Gaussian function in equation (14) of
the main text, normalized as a probability distribution, a standard deviation equal to that
of a uniform distribution whose support has a width of 0.2, 0.4, and 0.8, respectively.

The graph shows that, as we raise the degree of generalization, we begin to see an
increasing relationship between allocations and past returns, so that the model-free allocation
puts more relative weight on distant past returns. To see the intuition, suppose that, when
he first enters financial markets, an investor chooses an allocation of 80% and that the stock
market then performs well. For a high degree of generalization, as with b = 0.23, this
immediately creates a cluster of allocations ranging from, say, 60% to 100%, with high @
values. This makes it likely that the investor will keep choosing an allocation in this range
for a long time to come, thereby giving the early returns he encountered an outsized influence
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on his later allocations.

Exploration. The top-right graph in Figure 3 plots the relationship between the model-
free allocation and past market returns for three different values of [, which controls the
degree of exploration, namely 10, 50, and co. Recall that, as [ rises, the investor explores
less: he is more likely to choose the allocation with the highest estimated () value; when
[ = oo, he always chooses this allocation. We find that, for a wide range of values of § —
any (3 below 80 — the model-free allocation puts positive weights on past returns that decline
over most of the time range, as they do for our benchmark case of # = 30. However, when
is higher than 80, the weights on past returns increase for more than half of the time range.
To see why, suppose that, soon after the investor enters financial markets, the stock market
posts a high return, raising the () value of his most recent allocation. If the value of (3 is
high, the investor is likely to stick with this allocation for a substantial period of time. As
such, the early returns he experiences have a large effect on his subsequent allocations.

Discount factor. The bottom-left graph plots the relationship between the model-free
allocation and past market returns for three different values of the discount factor v, namely
0.3, 0.9, and 0.99. As we lower ~, the allocation puts much greater weight on recent past
returns. This is striking in that it links an investor’s expected future investment horizon to
the relative weight he puts on recent as opposed to distant past returns when choosing an
allocation. For the model-based system, by contrast, the discount factor does not affect the
dependence of allocations on past returns.

Number of allocations. In the main text, we allowed investors to select from one of
11 possible allocations. The bottom-right graph in Figure 3 shows how the time 7" model-
free allocation depends on past market returns as we vary the number of allocation options,
ranging from three, namely {0%, 50%, 100%}, up to 21, namely {0%, 5%, ... , 95%, 100%}.
The graph shows that, as we lower the number of possible allocations, the relationship
between the time T allocation and past returns, while initially downward-sloping, becomes
much flatter, thereby giving distant past returns a larger role. This property of the model-free
system again distinguishes it from the model-based system, where the number of possible
allocations has little impact on the relationship between the time T allocation and past
returns.

One way of understanding the bottom-right graph is to note that reducing the number
of allocation options is akin to increasing the degree of generalization: since generalization
leads the investor to treat nearby allocations in a similar way, a large number of allocations
coupled with generalization is like a small number of allocations without generalization. Just
as in the top-left graph we see a flat or increasing relationship between the time T allocation
and returns for higher levels of generalization, so in the lower-right graph we see a flat and,
in places, increasing relationship for a lower number of allocation choices.

In summary, the model-free system has rich implications for the relationship between
allocations and past market returns. While this relationship is typically downward-sloping,
it can sometimes be upward-sloping. Moreover, there is structure to this relationship: we
know the conditions under which it is more likely to be downward- rather than upward-
sloping. Finally, the relationship between model-free allocations and past market returns is
affected by factors that play little to no role for the model-based system.
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D. Analytical Results

While the Q-learning algorithm is simple to state, it is difficult to derive analytical results
about its predictions. Nonetheless, for certain cases, we are able to derive such results —
specifically about how the stock market allocation it recommends depends on past market
returns. In this section, we present these results and their proofs.

We start with the case in which the learning rates a = 1, the discount factor v = 0, and
there are just two possible allocations, namely a = 0 and @ = 1. For model-free and model-
based learning, respectively, Theorems 1 and 2 below present analytical results on how the
allocation recommended by each system depends on past market returns. By comparing
equations (9) and (18), we confirm that the model-free system puts substantially greater
weight on distant past returns.

We then turn to the less restrictive case where the learning rates o can take any value
between 0 and 1; once again, v = 0 and there are two possible allocations. For the model-free
and model-based algorithms, respectively, Theorems 3 and 4 below present analytical results
about the dependence of the recommended allocation on past market returns. Comparing
equations (21) and (34)-(35), we again see that the model-free algorithm puts substantially
greater weight on distant past returns.

We have also been able to prove analytical results for the case where the discount factor
v is greater than zero. However, the resulting expressions are messier and do not provide
much additional insight.

Theorem 1 (Model-free learning): Assume that « =1, 3 >0, v =0, Ry =1, and
that there are two possible allocations {0, 1}. Set Q¢(0) = Qo(1) = 0. Further assume that
R, = R for all periods ¢t > 1.

Given these assumptions, the following result holds:

OE [a,] BR28-1

li =
tggo 8Rm,t—k (Rﬁ + 1)kz+3 (9)

for k£ > 0.
Proof: At any time t > 0,

Q:i(0) = log(Ry) =1,
Qi(1) = log(Rpmv), (10)

where ¢’ is the most recent time such that ay_; = 1 and R,,  is the market return from time
t' — 1 to time t'.

65



Equation (10) allows us to express the expected allocation E[a,] as

E[at] = P(at = 1)
t—1
= ZIP’(at = 17 is the largest index s.t. a; = 1) x P(a; = 1)
=0
+P(a; =1ag=...= a1 =0) xPlag=... =a;_1 = 0)

t—1 R’B 1 t—i—1 1
m,i+1
25 1+1<R5 1+1> <Blai=1) |+ 55 (11)

i=0 m,i+ m,i+

Given the assumption that I, = R for all periods ¢t > 1, we conjecture and then verify
the following result:

(24 — 1R 41

2441 (RP+1)

The verification of (12) is as follows. When ¢t = 0, equation (12) implies that P(ag =
1) = 1, which is clearly true. For ¢ = j > 1, suppose (12) is true for 0 < < j — 1. Then,
from equation (11), we have

Pq, = 1) = vt > 0. (12)

Jj—1 3
Pla; =1) = (Zﬁ x P(a; = 1)) +%

=0

f R @7 -DRI1)
(RP+ 1y~ 2R+ 1) 27+1
RF(1—277) 1 (M -1)R’+1 3

RA4+1 21 HL(RB 1) (13)

That is, (12) is also true for t = j.

Equation (12) allows us to derive %

past returns. We first consider the case with £ = 0. In this case,

, the sensitivity of the expected allocation to

RP
m,t ]P) B — 1
8]E[at] o 8]P(at = 1) B 0 an,ﬁ‘l (at 1 )
8Rm,t N 8Rm7t - aRm,t
ﬁRg;l Rﬁ*l 2t -1 RB +1
- Bl = 1) = gt (1)
(R +1)2 (RF+1)2 20(RP+1)

As t goes to infinity, we obtain

. aE[at] . BR2ﬁ71
Jim ORm, (RP+1)% (15)

which is the same as (9) when k = 0.
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Next, we consider the case with k£ > 0. In this case,

L B
Pzl - ii Ry OP(a;=1) +a&ﬁrﬁsz%%4—U
OB 1k (Rp a1 ORmis OBtk

m,i+

i=t—k

t—1
R? OP(a; =1 RP1 — kBR?*1
- (T _ PBla=1)3 5 R P = 1)
@1 Ry (@ T )

i=t—k
B ’“i R OP(ari =1)
 (RF+ 1) R
BRAY — kBR?P1 (24F —~1)RP + 1

+ (RS 4 1)k+2 ' 2t=k(R8 + 1) : (16)

Suppose (9) is true for 0 < k < j7 — 1. Then

—1

. OP(ay = 1) : R’ . OP(ayiq = 1)
. ORmis 2; (P ORmi—
BRI — jBR¥L R
(RP+1)i*2  RP+1
RS BR2-1 BRA-1 — jBR*-1 RS
(; (RP+ 1)1 (RO 1 1)a'—i+2) R O N SV
jﬁRSﬁ—l 5R2[3—1 _ jﬁRSﬁ_l 5R2ﬂ—1

R+ o Ry @ an)

_|_

That is, (9) holds for k = j. Equation (17) completes an inductive proof of (9). |

Theorem 2 (Model-based learning): Assume that a =1, 5>0,7v=0, Ry =1, and
that there are two possible allocations {0, 1}. Set Qo(0) = Qo(1) = 0.
Given these assumptions, the following result holds:

OEla) _ SR
aRm,t (an,t + 1)27
3E[at]
— = k : 1
Il 0, >0 (18)
Proof: At any time ¢t > 0,
Qt(o) = 07
Q1) = log(Rmy)- (19)
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The softmax rule implies

Bl = Bl = 1) = 22t (20
a)) =Play =1) = —/————.
t t Ry, +1
Taking the derivative of (20) with respect to R,,; leads to (18). [

Theorem 3 (Model-free learning): Assume that o € (0,1}, >0,y =0, Ry =1,
and that there are two possible allocations {0, 1}. Set Qy(0) = Qo(1) = 0. Assume that
R,,; = R for all periods ¢ > 1. Further assume that, when an investor allocates money to
the stock market for the first time, the learning rate in the Q-learning algorithm is 1; all the
subsequent learning rates are set to a.

Given these assumptions, the following result holds:

OE[a;]  aBR¥! <RB +1-— ozRﬁ)k. (1)

li -
5% ORp i (R +1)° RA 11

Proof: Let [t| denote {0,1,...,t} and [j,¢] denote {j,j + 1,...,t}. Then, by definition,

OR[a] Z O [P(a; = 1)a; = b;,Vi € [t — 1])P(a; = b;, Vi € [t — 1])]
ORm ik (boyorsbe—1)€{0,1}t OR:
Z G]P’(at = 1|(ll = bZ,V’L € [t — 1])

OR;_y,

(22)

(bo,-..,bt—1)€{0,1}*
OR

+ P(a; = 1|a; = b;, Vi € [t — 1]).(24)

(boy...,be—1)€{0,1}¢

We analyze the expressions in (23) and (24) separately. First, we derive lim;_,«, (23), the
limit of the expression in (23) as ¢ goes to infinity. We have

g (oW
OP(a; = 1la; = b, Vi € [t —1]) <m> B 1 HeP:(1) (25)
OR_y N OR;_y, N (eﬁQt(l) + 1)2 OR;:_;, .

at=1|a¢=bi,Vi€[t71]) o 0
OR; o

because the () value

Ifb,_r_1 =0, then R, ; is never used to update the Q) values; as such, O
If, on the other hand, b;_,_; = 1, then note that (eﬂQt(ll)H)Q = (Rﬁil)%

for a 100% allocation to the stock market gets updated to log(R) when investors invest in
the stock market for the first time and then stays at log(R) afterwards.

To further derive agﬁRfit) in (25), we let n denote the number of indices i, with ¢ €
{t —k,...,t —1} and b; = 1. We then proceed by considering two cases. The first case
is when by = by = ... = bi_p_o = 0. In this case, Q;(1) can be written as the sum of

(1 — )" log(R:—x) and a term unrelated to R;_g. As such,

BQ+(1) _ A\ ReBR(1)
De (1—a)"fe — (1 - a)"BR5! (26)

ORi_x R
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and (25) can be simplified as

OP(a, = 1]a; = b, Vi€ [t —1]) (1 —a)"BR*! 27
IR, & (R4 0

The second case is when by, ..., b;_;_o are not all equal to zero. In this case, Q;(1) can

be written as the sum of a(l — a)"log(R;—;) and a term unrelated to R;_. As such, (25)
can be simplified as

OP(a; = la; = b, Vi€ [t—1)) _ a(l - a)"R* (28)
OR, - (RP +1)2 .

Substituting (27) and (28) back into (23), we obtain

k - n B—1 )
(23) — Z Z (1 a) BR P(ai:bi,Vze[t—k—l,t—I],)

B 1 1)2 (@g;-,a—k—2)=(0,...,0)
=0 " (b;_p,....bt—1)€(0,1)* (R * )
STk b= b1 =1
k a(l — a)”ﬂRﬁflp a;=b; Vie[t—k—1,t—1], 9
+Z Z (RP +1)2 <(a07-~~7at7k:72)7é(0 ~~~~~ 0))' (29)
n=0 " (by—jyerbr-1)€(0,1)*
STk bi=n,beg =1

Note that

—b Vi 1
a;=b; Vic[t—k—1,t—1],
0 < P(r )20 ) S Pl(an - saie) = (0.0.0)) = 5y (30)

a;=b; Vie[t—k—1,t—1], a;=b; Vie[t—k—1,t—1],

Therefore lim;_, o P((a07---7‘1t—k—2):(0 77777 0)) = 0 and lim;_, ]P’((ao,__,at_k_Q#(o 77777 0)) = limy_,0 P(a; =

Pla; =1) = P(a; = 1|(ag,...,a1)

+
=
—
£
|
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—
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R These limiting results further imply

lim (23)
t—o0
k
ol — Of)nﬁRﬁfl . ai=b; Vic[t—k—1,t—1],
- (Rﬁ + ]_)2 t]i)]:gé) Z ]:P)((ao""vatfk72);é(0 7777 0))

(I?t—ka---vbtfl)e((ll)k

=t—1
Z;’:tfk ijTL, bt,k,1=1

k
1 —a)"BRA!
= Z 04( O-/) ﬁ (hm P(at,k,1 = 1)) thm Z P(ai=bi,Vi€[t7k,t71]\at,k,lzl)
oo —00
(bt_k,....,btfl)e(o,l)k
IR bi=n

G a(l-a)"BRY RS [k R \"/ 1 \'
N Z (RP +1)2 Rﬁ+1<n)(Rﬁ+1> (Rﬂ+1)

n=0

O aBRYPT N (k -
© G o)

261 251 B11_ aRS\"
_ _afR (1+ (1 — )R = afBR R° + aR (32)
(RP + 1)3+F (RP+1)3 RA+1
We now turn to (24). We have
(24) = > 5
(b0, bi—1)€{0,1} OB re
(bo;....b¢—1)#(0,...,0)
+P((a0, ce ,at_l) = (0, ceey O)) ) 1
OR;_j, 2
o B
ooy (0.1)* OR,_, RA+1
+P((a0,...,at_1) = (0,,0)) 1_ R/B
OR; . 2 RP+1
_ 82(190 ,,,,, be_1)€{0,1}t Pla; =b;,Vielt—1]) RP
OR;_i, RS +1
~ 0 (33)
Finally, (32) and (33) together lead to (21). [

Theorem 4 (Model-based learning): Assume that o € (0,1], 5 >0, v =0, Ry =1,
and that there are two possible allocations {0, 1}. Set Qy(0) = Qo(1) = 0. Assume that
R,,; = R for all periods ¢ > 1.
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Given these assumptions,

OE[a,] B afBRPT &
ORmern (R + 1)2(1 — )

for0<k<t—1. Fork=t—-1,

OE[a;] AR -1
ORn. (RP+ 1)2(1 -

Proof: For t > 1, we have

Qi(1) = Q(0) = E{(Rpit1)

= log(R).

For 0 <k <t—-1,
9 (Q(1) — Q:(0)) _ a(l — 0‘>k
aRm,tfk B R 7

and for k=1t —1,

0(Q1) = Qo) _ (1-a)t

aRm,l N R
We can express aifﬁ as follows
m,t—k
PYEECIORIC)
OE|[a] B QD-Q O 4]
ORm i OR ik

Bef(QM)=Qu0) 9 (Qy(1) — Q4(0))

(eﬁ(Qt(l)*Qt(O)) + 1)2 8Rm,t7k
BRP 0(Q:(1) — Q:(0))

(RP+12  ORpys

Substituting (37) and (38) into (39) then gives (34) and (35), respectively.

E. Parameter Estimation

(34)

(36)

(37)

(38)

(39)

In this section, we describe in more detail the procedure that we use in Section 4.7 to
estimate the values of four important parameters in our framework: the mean model-based
learning rate across investors @"?; the mean model-free learning rate &'; the exploration
parameter 3; and the weight w on the model-based system. We do the estimation in two

steps. We first use data on investor beliefs to estimate a™®. We then estimate &

MF7 57

and w by targeting two facts discussed in Section 4 of the paper, namely the sensitivity
of allocations to beliefs in Giglio et al. (2021) and the experience effect in Malmendier
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and Nagel (2011). We keep the remaining parameters at their benchmark values, namely
L=T=30,vy=0.97, A=0.5, 1 =0.01, 0 =0.2, and b = 0.0577.

We estimate the mean model-based learning rate @? by searching for the value of
this parameter that best fits the empirical relationship between investor beliefs and past
market returns. Specifically, as in Greenwood and Shleifer (2014), we take monthly Gallup
data from October 1996 to November 2011 on average investor beliefs about future one-year
stock market returns and regress these beliefs on past annual stock market returns. The
coefficients on the returns one, two, and three years in the past are 0.127, 0.037, and 0.029,
respectively; the ratio of the second coefficient to the first is 0.29 and the ratio of the third
coefficient to the second is 0.77. We search for a value of aj,;p that, in simulated data from
the model-based system, best matches the first coefficient, 0.127, and the two subsequent
rates of decline in the coefficients, 0.29 and 0.77; intuitively, we are trying to match the level
and slope of the relationship between beliefs and returns.

To do this, we take 300,000 investors in six cohorts of 50,000 each; each investor sees a

different sequence of stock market returns from time t = — L to time ¢t = T'. For a given value
of @B, we draw each investor’s model-based learning rates, o/ and o*, from a uniform

distribution centered at aj;p and with width A = 0.5. We then compute investor beliefs
at each time, as determined by the model-based system and in particular by equations (17)
and (18) in the main text. Finally, we regress investors’ beliefs at time 7" on the past 30
years of stock market returns they have been exposed to, and record the coefficients ¢y, cs,
and c3 on the annual returns one, two, and three years in the past, respectively. We repeat
this exercise for many different values of @™ ? and select the value of @*? that minimizes

(c1 — 0.127)% + (2 = 0.20) + (2 — 0.77)% (40)
C1 C2
We find this to be @™? = 0.33.

With this value of @™? in hand, we search for values of @™, 3, and w that best match
two empirical targets. The first is the coefficient in a regression of investor allocations on
investor beliefs, which Giglio et al. (2021) find to be approximately 1. For given values of
aM¥ B, and w, we can compute this coefficient, d, in simulated data from our framework.
Due to computational constraints, these data are now based on 60,000 investors in six cohorts
of 10,000 each.

Our second target is the functional form in (28) in the main text with A = 1.3, which
Malmendier and Nagel (2011) use to capture empirical experience effects. Intuitively, we are
looking for parameter values that minimize the distance between unnormalized versions of
the solid and the dashed lines in the six graphs in Figure 6. For given values of ¥, 3, and
w, and for cohort 1, we run a regression in our simulated data of the time 71" allocations on
the past 30 years of returns. We then compute another vector of 30 coefficients given by

(31— )"
?21(31 - l)l'g ’

0.972

which, according to column (i) in Table IV of Malmendier and Nagel (2011), captures the
empirical relationship between allocations and returns j years in the past for a cohort of age
30. We then compute the L? norm of the difference between the two vectors and call this
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MSE;, the mean-squared error for cohort 1. In a similar way, we compute MSE; for : = 2 to
6, which correspond to cohorts 2 through 6.

We repeat the above exercise for many values of {a™¥, 3, w}. In particular, for many
values of {aMF'| 8, w}, we compute

(d—1)*+ 26: MSE; (41)

=1

and identify the parameter values that minimize this quantity. The first term in (41) targets
the empirical sensitivity of allocations to beliefs, while the second term targets the empirical
experience effect. We find that the parameter values that minimize (41) are a™¥ = 0.26,
£ =20, and w = 0.38.

F. Allowing for State Dependence

In the main text, we focus on the case with no state dependence and find that this
case already delivers a rich set of results. In this section, we show how an explicit state
dependence can be incorporated into our framework. In particular, we consider a setting
introduced in Section 5 of the paper in which, rather than having an i.i.d return distribution,
the risky asset has state-dependent returns that capture long-run mean-reversion.

Specifically, at each point in time ¢, we define the recent trend of asset returns as

t—1

Sg = (L=0)> 0" Rpyi +6"Spm, (42)

=0

where 0 < 6 < 1 is a decay parameter and Sy, is the initial level of the trend at ¢ = 0. We
specify asset returns so that a good past trend is followed, on average, by low returns, and a
bad trend is followed, on average, by high returns. Formally, if S,,; > S, the next period’s
return is governed by

108 Ry i1 = fir + 0€141, (43)

where £, has a low value; we call this the Low state, L. If, on the other hand, S,,; < S, the
next period’s return is governed by

log Ry t41 = porr + €441, (44)

where p;; has a high value; we call this the High state, H. Finally, if S < S,,; < S, the next
period’s return is governed by

log R 11 = pv + 0€¢41, (45)

where 1), takes a moderate value; we call this the Moderate state, M. In each case, €;1; is
drawn from a standard Normal distribution, independently of other shocks.
If an investor fails to recognize the existence of the three market states, L, M, and H,
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then, to update his Q values, QM (a) and QM?B(a), he follows the model-free and model-
based algorithms described in Sections 2.2 and 2.3 of the main text. If the investor is
instead able to recognize and observe the three states, his learning algorithms are different.
For model-free learning, the () values are updated according to

MF

t+1 (5t7 a) - MF(

$10) + 0 log By 1 + 7 max Q7 (s,0,0)) — QP (sea)] (46)
at time t + 1, where s, and s;.; can be L, M, or H. For simplicity, we do not consider
generalization.

For model-based learning, following a market return R,,+y1 = R, the probability esti-

mates are updated according to

per1(Rm = R, 8t) = pi(Rim = R, 5¢) + O‘ﬁB[l — pe(Rm = R, )] (47)

at time t + 1; the learning rate o7, apphes when R > 1 and the learning rate aiw_ B ap-

plies when R < 1. These probablhty estimates allow the investor to perceive three return
distributions, one for each state. We define the model-based () values at time t as follows:

MB(sy=L,a) = EPFlog((1—a)Ry+ aRpe) + vV 4 X HMVM 4y VL),
MB(sy = M,a) = EPMlog((1 —a)Ry + aRmyy1) +yOMEVE 4 MMy M MLy Ly
iV[B(st =H,a) = Ef’Hlog((l —a)Ry+aRy141) +7(XHHVH+XHMVM+XHLVLI,48)

where EP® represents the investor’s perceived return distribution in state s at time ¢, y*152
represents the investor’s perceived transition probability from state s; at time ¢ to state s
at time ¢ + 1, and V*® represents the investor’s perceived optimal valuation of state s.

The hybrid @ values are

{{YB(Sta CL) = (]' - w)inF(Sh (l) + in\/lB<St7 CL). (49)
Finally, the investor chooses her portfolio allocation probabilistically, according to

oy exp|BQIY B (s4,a)]
p( ) ) Z ,exp[ﬂQHYB<3t: )]

Equation (50) shows that the values of x*"*2 and V* do not affect the investor’s allocation
choice: within each state, the part of Q7Y in the numerator of equation (50) that contains
x°*2 and V* is cancelled out by the same term in the denominator.

We now present some numerical analysis. The parameters o, o', o', v, w, and 3
take the baseline values used in Figure 1 of the paper. In addition, we set 8 = 0.8, uy = 6%,
par = 1%, pr, = —4%, S = exp(par+0.502) +3% = 1.0605, and S = eXp(,uM—i-O.5a2)—3% =
1.0005. The simulation setup is the same as in Figure 1; in particular, there are 300,000
investors. We consider two cases: the case where investors do not recognize the existence
of the three states, and the case where they do recognize and observe the three states. In
each case, we study the performance and recommended allocations of the model-free system,
the model-based system, and the hybrid system. To evaluate performance, we look at each

(50)
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investor’s excess portfolio return from ¢ to t 4+ 1, where ¢ goes from 0 to 29; we compute the
mean and standard deviation of these 30 excess returns for each investor; finally, we average
these numbers across the 300,000 investors. To study allocations, we look at each investor’s
portfolio allocation at time 30; we then average these allocations across the investors who
are facing an asset that is in state s at time 30, where s is L, M, or H.

The table below presents the performance measures and allocations for the model-free,
model-based, and hybrid systems in the case where the algorithms do not recognize the
existence of the three states:

‘ mean  stdev ‘ ‘ ar, a Qg
MF | 1.61% 12.99% 60.53% 57.50% 49.79%
MB | 0.96% 12.77% 75.24% 52.54% 29.06%
hybrid | 1.20% 12.67% 67.59% 53.73% 37.18%

The table below presents the performance measures and allocations for the model-free,
model-based, and hybrid systems in the case where the algorithms do recognize the exis-
tence of the three states:

‘ mean  stdev ‘ ‘ ar, anr ap
MF 1.77% 12.98% 49.15% 53.03% 59.41%
MB | 1.94% 13.25% 41.97% 51.99% 61.69%
hybrid | 1.89% 13.05% 43.04% 52.23% 62.77%

We make three observations about these results.

As noted in Section 5.1 of the paper, when investors do not recognize the three market
states, the model-free system significantly outperforms the model-based system: the mean
excess portfolio return is 1.61% for the model-free system but only 0.96% for the model-based
system, while the standard deviation of portfolio returns is similar for the two systems. As
shown in Section 3 of the paper, the model-free system is less extrapolative than the model-
based system, and this is valuable when there is mean-reversion in asset returns.

When investors do recognize the three market states, the two systems have fairly similar
performance: the mean excess portfolio return is 1.94% for the model-based system and
1.77% for the model-free system. On the one hand, the slow learning of the model-free
system means that this system is slower to recognize the lower (higher) returns in the Low
(High) state, which is costly. At the same time, this system also exhibits a less extrapolative
asset demand, which is beneficial.

When the model-based system is able to recognize the three market states but the model-
free system is not, a tension arises between the two systems, as suggested in Section 5.2.
Following a sequence of good returns, the model-free system recommends a high allocation:
when S, ; > S, the average allocation recommended by the state-independent model-free
system is 60.53%, higher than what it recommends in the Moderate state. By contrast,
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the model-based system recognizes that a good trend is often followed by low returns and
hence recommends a low allocation: when S,,; > S, the average allocation recommended by
the state-dependent model-based system is 41.97%, lower than what it recommends in the
Moderate state. One system therefore pulls the investor toward a higher allocation in the
Low state, while the other pulls him toward a lower allocation.

G. SARSA: An Alternative Model-free Framework

The model-free frameworks most widely used by psychologists are Q-learning and SARSA.
In the main text, we focus on Q-learning. In this section, we consider SARSA instead. In
particular, we examine how the stock market allocation recommended by SARSA depends on
past market returns. We find that the results for SARSA are similar to those for Q-learning:
relative to model-based learning, SARSA and Q-learning both put substantially more weight
on distant past market returns.

We first describe how SARSA works. At time 0, all Q values are set to zero: Q3 (a) = 0,
VYa. The investor chooses one of the possible allocations with equal probability; we denote
this initial allocation by ag. At each subsequent time t, the investor observes the portfolio
return I,; generated by the stock market return R,,; and by a,_1, his time ¢ — 1 allocation.
He then chooses his allocation a; probabilistically, according to

exp[BQMT (a)]
> exp[BQME (/)]

and given R,; and a;, he updates the @ value of his previous allocation a;_; from Q¥ (a;_;)
to QM¥ (a;_) according to

P (o) = QY (ar1) + T L [log Ryy + vQ T (ar) — QY (ai-1)] - (52)

play = a) = (51)

Analogous to the analysis in Section 3.2, we examine how investors’ date 1" allocations ar
recommended by each of SARSA, Q-learning, and model-based learning depend on the past
market returns investors have been exposed to. Figure A3 presents the results and leads to
two observations. First, for SARSA and Q-learning, the weights the allocation ar puts on
past stock market returns are quantitatively similar. The only exception is the weight on the
most recent stock market return: in the case of SARSA, the allocation ar is determined by
() values that do not depend on the most recent return R,, r; this allocation therefore puts
zero weight on R,, r. Second, while the allocation recommended by model-based learning
depends primarily on recent past returns, the allocations recommended by both Q-learning
and SARSA depend significantly even on distant past returns.
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Figure A3. We run a regression of investors’ allocations to the stock market ap
at time T on the past 30 years of stock market returns {Ry, 741-;}32, investors
were exposed to and plot the coefficients for three cases: model-based learning;
model-free Q-learning; and model-free SARSA. There are 300,000 investors. We set
L=T=30,al" =o' =05 =30,7v=097, u=0.01, 0 = 0.2, and b = 0, so
that there is no generalization.
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