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Appendix Al: Proof of Existence of the Non-myopic Equilibrium with a
Minimum effort Requirement

Proof. Let e} and e5 be the equilibrium effort level in the absence of the minimum-effort constraint. As
we have shown in Lemma 4, ef > e3. If e] > e5 > e, this is also the equilibrium of the model when the
minimume-effort requirement is imposed. Thus, it is enough to consider two remaining cases, e] > e > e}
and e > ef > e5. In the following, we suppress the dependence of P, on Ny and Ns to keep the notation
concise.

Case 1: Suppose €} > e > e5. Since Pi(e},¢e5) — c)(ef) = 0 and Pj (e}, es) is increasing in e; by Lemma 5,
we have Pj(e},e) — ¢;(ef) > 0. That lemma also implies that Pj(ej,e) — ¢, (e;) is decreasing in e;. Thus,
if Pj(e1,e) — ci(e1) < 0 for some e, continuity then implies that there must be some &, > e} such that
Pi(é1,€) — ¢, (é1) = 0. To see the former, suppose fi(e;) — oo as e; — co. Then f] being bounded above
implies
Puler,e) = vy fi(e1)Nafa(e)
(N1f1(e1) + Nafa(e))?

If fi(e1) 4 oo, then f{(e;) — 0 because f; is increasing. Thus, Pi(ey,e) — 0 either way, and Pj(e1,e) —
¢y (e1) < 0 for some e; since ¢} is bounded below by a positive constant.

— 0 as e; — oc.

Next, since Py(el, e5) —ch(e5) = 0 and Pz(el, ea) — ch(ey) is decreasing in e; by Lemma 5, we have Py (e, e) —

ch(e) < 0. Lemma 5 also 1mp11es that Py(e;, e) is decreasing in e;, which means Py(é1,¢e) — ch(e) < 0. This,
together with Py (é1,e)—c}(é1) = 0 means that (éy, e) is the equilibrium of the model with the minimum-effort
requirement.

Case 2: Suppose e > e} > ej. By the same reasoning as in case 1, there is é; > e} such that P;(é;,e)—c;(é1) =
0 and Py(é1,e) — ch(e) < 0. If é > e, then (é1,€) is the equlhbrlum as in case 1. If e > &, then
Pi(e,e)—c(e) < 0 because Py (e, e)—c (e;) is decreasing in e; by Lemma 5. In addition, Ps(e, ) —ch(e) < 0
since Ps(ey,e) is decreasing in e;. Thus, (e, e) is the equilibrium of the model with the minimum-effort
requirement in this case. O

Appendix A2: Proof of Comparative Statics Results with a Binding Minimum
Effort Requirement for Weak Students

Proof. Let é; = e. If P2(€1,€2,N1,N2) — ch(é2) < 0, the minimum-effort constraint on group 2 students

are binding, which means gﬁf = gﬁi = 0. Suppose Pg(el,eg,Nl,Ng) — ch(é2) = 0 instead. Then, in the
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absence of the minimum-effort constraint, we would have had

< 0 for all ¢ by Theorem . However, the

minimum-effort requirement means éy cannot decrease further since é; = e. Therefore, gf\f = 0 for all 1.
Since é; > e, we have 151(é1, €2, N1, Na) — ¢} (é1) = 0. Differentiating both sides of the equation with respect
to Ny yields,

OP, dé, 0P, déy 0P, ¢, 9é,

9é, ON, | 9éy ON, ' ON, 0é, ON,

8N1 (P](€1,€2,N17N2) (él)) =

662 = 0 and Lemma 5, we obtain

(81?1 C/I(é1)> % — _% = % < 0.

Using 3

861 6N1 6N1 8N1
- 2 S~——
(_) (_)(_)
Similarly, differentiating with respect to No yields,

OPy 061 0Py 9éy 0Py Oc) & _
8é1 8N2 aég 8N2 8N2 861 6N2

0 .
8N2 (P1(617627N17N2) (61)) =



662 = 0 and Lemma 5, we obtain

(8}31 _ C//(é1)> o4 _ o~ — oer > 0.
861

Using 3

Appendix A3: Non-myopic Equilibrium with Swapping

We consider how the equilibrium effort in the non-myopic model changes when the members of the weaker
group are swapped for those of the stronger group. That is, the stronger group’s size (V1) is increased, and
the weaker group’s size (N) is decreased while the population size is kept constant at N. To reduce confusion,
we use é; to denote the equilibrium effort when swapping is being considered: é;(Ny) = ef (N1, N — Ny).
Thus,

dN; ~ ON, ' 9Ny \dN,;) ON; ON,

In both the base and the peer-effect versions of the non-myopic model (Theorems and ), strong students
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dé; ey  Oef (dN2) _Oej  Oej

work harder when faced with an increased competition from the weak students (53~ > 0) but are discouraged

by the increased competition from the fellow strong students (55 861 < 0). Thus, When the swap occur, both

effects work in the same direction and unambiguously reduce the strong students’ effort:
dey _ Oej  Oej

dNy ~ ON; 0N,

——

=) (+)

< 0.

In contrast, weak students are discouraged by an increased competition from anyone, making the effect of a

swap ambiguous:

) dés Oes  Oel b

sign = — = ambiguous.

SU\dN, ) T aN, N, 8
|
(=) =)

That is, an increased competition from having more strong students makes the weak students lower their
effort while reduced competition from having fewer fellow weak students encourages them to raise their effort.

The direction of the combined effect depends on which of the two effects dominate. The following theorem
gives sufficient conditions for the effort to decline.

Proposition 1. In the base non-myopic model and the non-myopic model with direct peer effect, we have
M < 0. Suppose in addition Nifi > Naofo 4+ 2N1fo in the base model and N1 fi > Naofs + 2Ny fo or

dez(Nl <0 if f(ex) >m.

8f2 > f22 in the peer-effect model. Then there exists m > 0 such that

The effect from having more strong students can dominate the effect from having fewer weak students if
the competitive pressures from the strong students is more significant than the pressure from the weak
students. The condition Ny f; > Nafy + 2N;7 fo, which puts a lower bound on the aggregate effort of the
strong students relative to the weak students, captures this condition. Another possibility, captured by the
condition g J{,"‘l > }:, , is that the positive peer effect is significant enough to create an incentive to slack off.
As seen in the formal proof below, either of these conditions ensures that marginal change in N; has a larger
effect than the change in Ny on the marginal benefits of the weak students. To understand the condition
on ¢, recall that btrong students’ efforts are determined by where their marginal benefit, P;, intersects the
marginal cost, ¢j. If ¢] is very steep (¢ is large and positive), then the strong students reaction to changes
in Ny and Ns will be small.! This in turn means that the indirect effect on the weak students that arises

1 As an analogy, consider the demand (marginal benefit) and supply curve (marginal cost) analysis. A steeper supply curve
induces a smaller change in the quantity (effort) when the demand curve shifts as a result of some parameter (group size)
change.



as a reaction to the change in the strong students’ effort will be small and not undo the primary effect that
comes from the change in the weak students’ marginal benefit.

Proof. We have shown that in both the base and the peer-effect versions of the non-myopic model, we have

de;  Oe} Py _ ! P\ _ (P oP, APy _ ! P\ _ (ob OP,
9N, 9N, -1 ey 2 ONy e ON, ey 2 ON» ey ON>
86; 66; DET 6ﬁ1 _ Al 8152 _ Bﬁz 851 8151 _ Al 8}52 _ 652 6131
N1 0N aer — 1) \on; aer ) \ o, aer — ‘1) \on, aer ) \ o,
where DET = (‘gf% — cll/) (31;;2 — 0’2’) — (gg) (gf%“) > 0. In the base model, we showed that
OP; vi2fiN; fifi oP; _ wvififi (Nifi — Njf;)

=—-————""—> <0 and = >0 < N;fi > N, fj.

ON; (Nifi-f—Njfj) aNj (Nifi+Njfj)3
Thus,
P, P L1 (N1 f1 — N 2f4 N
on 0P whh(Mih §f2) S _v22fs 1flfz3 Nufy > Nofa + 2N, fo.
ON1 ~ ON (Nafa + N1f1) (Nafa + Nif1)

In the peer-effect model, we showed

OP, . gj{f;lel (N1 fr + Nofa) = fofs (N1 fr — Nafa) = 2f3N1 frNo 52 0. and
aAr U2 )
ON; (Nifi + Nafo)®
0P, __ w2fsNifif
N, (Nofo + Ny f1)°
Thus,
Py 0P, dfs dfa

Nifi (N1fi 4+ Nafo) + fofi (N1fi — Nafa) + 2f5N1 fiNo > 2 f3 N1 f1fa,

oN, SaN, = Ton, N,

which holds if N1 f > Nafa + 2Ny fo or Nagdz > fo.

In the following, we show that gﬁ"; < gﬁ"; is consistent with g]f,ll < 0 and that jﬁf’l < 0 if in addition ¢/ is

positive and large. First, we have
detr et oP, )\ [ 0P P\ [ OP» oP, )\ [ 0P OP,\ [ 0P,
oN, SN, (ae; 2)\an, oe; | \ony | 7\ o — 2 ) o, oe; ) \ o,

(9P (9B 0B\ _ (o) (0P oP
des 2 ) \ON,  ON, des | \ON;,  ONy |-

—_— ——
(=) (=)—=(+) (+) (%)

(+)

Since (*) < 0 by above, the last inequality is satisfied as required. Therefore, jﬁ}l < 0. Next, we have

os s (0B (9B (R (9B (9B, ) (9F) _(aR) (9P
N, SaN, (ae’; “al\an ae; J\ony | 7 \aer — ) o, oe: | \ on,




der ) \ON; 0N, loN, on der ) \ON;  ON, |’

—— —_——————
(=) (-) (+) (=) (=)=(+)
(+) (+)

If ¢} is positive and sufficiently large, the last inequality will be satisfied and ;1%21 < 0, as desired. O

Appendix A4: Nash equilibrium
We begin by showing that strong students are high achievers as expected.
Proposition 2. At an interior equilibrium (e}, e}, ...,ex), we have

vifi(e;) _ vifi(e})
filel) > filel) — > .
T ci(e;) C;' (ej)

Consequently, if student i is stronger than student j, then e} > €} and filer) > fJ( . O

Proof. Rearranging the first order condition for an interior equilibrium yields,

D) Lk ) ey g oy - ( el )2
Codtepr G 2 > Aul)

LU AGIPRERR/GY —d(ef) =0 v]f/ € ( el )2
(Z fk(ek)) J( j) ] ] ;fk k ka( k:) .

Thus,

) (ka(eZ) —fi(€?)> = vjf (ka (ex) )) ’
k

which means

whle) | Ul S e e < Y fuled) — B(e]) e fled) > (e,
k

ci(er) Cj(ej) &

Therefore, if v; > v;, fi > f}, and ¢; < ¢}, then fi(e]) > f;(e}). Because f1(0) = f2(0) and fi > f3, this

implies that e > €7. O

The following lemma gives the conditions that are sufficient to guarantee that the second order condition
for the individual’s utility maximization problem is satisfied. Note that the condition only requires that the
effective effort is weakly more concave than the cost and does not require the effective effort itself to be
concave or the cost function to be convex.

Lemma 1. The first order condition for the interior solution (e; > 0) to the individual’s utility mazimization
problem is equivalent to

files) _ (S fuler))’

ci(e) i frler)
fil(es)  ¢f(es)

Suppose fi.’(ei) < e Then the second order condition for the utility maximization problem is satisfied at

the solution to the interior first order condition. Thus, any e; > 0 satisfying the interior first order condition
is the optimal effort level. O



Proof. Suppose e; > 0 satisfies the first order condition for utility maximization. Then, we have:

fz-'(ez-)szk(ek)) o files) _ (e fulen)’

(s fulen) Gl =0 = ) = o felen)

api(ela ey eN)
861‘

(%

—ci(e;)) =0 <= v; <
We also have:

P, 1€ (S filen))  2fie i) (Sipa fiulen))

i
2
Oe;

on —¢i(e) <0 <= vy - —¢i(e;) <0

(S frlen))? (o feler))? 1
£10) (S Suler) e | 2ilenfite) (S filen))
(Zi feler))? (i feler))?
e e < e ( (s fi(er) > | 2l fi(e:)

Vi Dok Srlen) > frler)
filei) 2fi(ei) fi(ei) fi'(ei)  cf(ei) 2fi(e:)
<:>fi”ei<c§’ei<l 4+ =t t = = < = + L )
) =ty ) S felen) flle) < e TSy fulen)
—_—
(+)
Thus, the second order condition is satisfied if £ 1{,,(?1') < C%/(e?'). O
fi(ez) Ci(ez)

Since we are interested in a symmetric equilibrium, in which individuals in the same group exert the same
effort, it is enough to investigate the incentives of the representative members of the groups. Therefore, let
¢ index the group in the following, and let e} be the equilibrium effort level of the representative individual
in group 7. Let

Bo(et.eh Ny, Na) = v; oP; _ifi(ed) (Vi = D) filep) + szfj(ep)
0e; l(ez,e3) (N,ﬂ(e:‘) +Njfj(e;))

b

where j # i, denote the marginal benefit of effort at the equilibrium. The following result gives the sign of
the partial derivatives of P;.

Lemma 2. Suppose N; > 2 for all i. Then for all i and j # i, we have:

8Pi(€>{,6;,N1,N2) —c/-/(e*) <0 and 8R(6T’637N17N2) <0
Oe} L de; ’
0P, (e}, €5, N1, N») OP; (e}, €5, N1, N»)
N, <0 and N, < 0.

O

In the proof below and elsewhere we will drop the arguments in the function notation to conserve space
when it does not interfere with clarity.

Proof. First, N; > 2 means we have
(Ni_l)fi+Njfj >1. (1)
szz + Njfj 2

To see this, note that:

(Ni =D fi+N;if; 1
e — 2Nz i_2 i 2N f; ZVz i N.f, < ZVz [ N f: 2 iy
Nifi+N;f; - f, Ji+2N;f; > Nifi + Njfj fi+ Njf; >2f




which is always true. Inequality (1) further implies the following.

N; —1 (2(]\72 _1)f7;+Njfj> N; —1 2N;
1< — < .
N; Nifi+ Njf; (Ne = 1) fi+ Njf; — Nifi+Njfj

Next, we have

0P, _ (N = D fi 4+ Nyfy) + FHNe = D)) (Nifi & Nify)* = L ((Ni = D fs + Nyfy) 2(Nifi + Ny fy) Nof!
der ' (Nifi + N )
_ (f”(( DA NS | N DAL 2N, —1)fz+ij)>.
(Nifi + N f)? (Nifi+ N fy)? (Nofs + Ni )

Thus,

OP;
Oe;

L0 e <f;/<<Ni—1>fi+Njfj> L (Ni-DFF 2N, '—1)fz+ij)) o

2 c; <0

(Nifi + Njf;) (Nifi + N; f;)? (Nifi + N f;)°
vy Ni-OFF N ( (Nifi + N, £,)° )
(Vs

= (Ni =) fi + Njf;  (Nifi+ N;fj) —1)fi + Njf;
" (Nl—l)f{f{ _ 2lez/fz/ ! Ji
= (N; = 1) fi + N f; (NifiJFNjf] “ ( 2) by Lemuna 1
N =1 f 2N, f! o
(Ni =) fi+ N;jf;  (Nifi+N;fj) ¢

(=) by inequality (2) (>0)

<~

SN
*ﬁ.
\

Since N; > 2, the remaining derivatives are also negative:

P _ <f’Nf’<Nfz+Njfj> L((Ni = 1) fi + N3 )2 (Nifi+Njfj>Njf;>
(Nifi + N;fi)'

oe*

J

fifi O 2fifi (N — 1) fi + N f5)
(Nifi + Njf))? (Nifi+ Njf;)? (Nifi + N;fj)

< Nifi f/ — QNjfi,fJ{ ((N: = Dfi + Ny /i) ) < 0 by inequality (1).
Nifi + N;ifi)®  (Nofi + N;f;)° (Nifi + Ni f)
P, FLfi (Nifi + Ni£3)? = FLON: = 1) fi + N f) 2 (Nofs + Ni f) £
aN; — (Nifi+ N ;)"
( ff 2 (N = Dfi+ N ) ) <0 by inequality (1),
Nifi+Nif))? (Nofi+ Nijf;)> (Nifi + Ni f;)
P FLE (Nofi + N ) — FL((N; — 1) fi + N f7) 2 (Nifs + Nif5) £
ON; (Nifi+ N;f;)*

> < 0 by inequality (1).

We are now ready to proceed to the main result. Expanding the interior equilibrium condition yields,

(N1 f1(e)+Nafa(e))’
va fi(es)(N2—1) fa(e3)+Nifi(e3)) L(ed)
(N1 fr(e))+N2 fa(e))?

F(6T7637N17N2) =

ﬁ1(€f,€§,N1,N2) — i (ed) ] |: v fi(eN((N1i=1) f1(eP)+Nafa(es)) e, (et)

132(6T7€§>N1’N2) - cl2(e§)



Thus, letting e* = (e, e3) and N = (N7, N3), we have

Oe] Oe]
* ON: ON: * ok -1 * %
Dne* = e o = —[De=F(e],e5,N1,N2)| " [DNF(e],e3, N1, Ny
e (&
aN.  ONs

by the implicit differentiation theorem. Then,

r ~ ~ —1 ~ ~
_0_ o 9 o 1ol o Jé) o
£ (Rm) & (Pi-a) | [ ok (Bmt) o (P-)
DNe* = —
o) D / o) D / o) D / fe) D /
w(P=a) 5 (R-a) | [ & (R-a) & (R-4)
- A AT —1 ~ ~
oPy _ i oP; P, P,
odey 1 ey ON, ON»
OPs OPs _ C// 8?’2 8?2
L 86{ 86; 2 8N1 6N2

Letting DET = (gff _ c’l’) (

aﬁz _ Ll _ Oﬁl 6]52
D 02) (ae; ) (68; ), we have

5Py i _8§1 oP, oP;
—1 Oe; 2 Oe; ON1  ON:
DNe* = =
DET N 5 5 =
_ 8P2 81:’1 _ C// BPQ 8P2
e Oex 1 ON1  ON;
i 6}32 _ C// 8?1 _ Oﬁl aﬁg 8132 _ C/I 6}31 _ aﬁl aﬁz
1 des 2 ) \ o, oes ) \oN, des 2 ) \ o, des ) \ oN,
DET 0P, P, + aP & P, 0Py P + P, & P,
L 66; 8N1 8ef 1 6N1 86;‘ aNz Be{ 1 6N2
i 8ﬁ2 _ c// Bﬁl _ 8§1 6ﬁ2 aﬁz _ cl/ Bﬁl _ Bﬁl 6ﬁ2
_1 e’ 2 8N1 86; 8N1 88; 2 8N2 66; BNQ
DET 8131 _ CH 8132 _ 6152 8ﬁ1 8131 _ C// 8?2 _ 6~2 8~1
dex 1) \om, oer ) \ om, der 1)\ on, der ) \ O,

Taking the required derivatives and determining the signs yield the following theorem.

Theorem (Theorem 2 in the main text). Suppose N; > 2 for all i. Then we have

e+
('9;[} <0 foralli=1,2 andj=1,2.

Proof. Let g; = vil I ((Ni =D fit N f5) Appealing to Lemma 1 yields,

(Nifi+N; f;)?

v il (Ne = 1) fi + N f5) = ic _ £

/! .
c¢; <0 since

9i— ¢ =
In addition, using the derivat

oP;
s —9i<0 <
Oe’

<~

(Nifi + N, f;)? o

e’ .
77 < by assumption.
; 4

ive obtained in the proof of Lemma 2, we obtain

vi(Ni = D) fifi 02N fifi (Ni — 1) fi + N; f5)
(Nifi + N; f;)? (Nifi + N; f;)°

N; —1 < 2N;
(Ni = 1) fi+ Njfj =~ Nifi+ N;f;’

<0

which holds by inequality (2).



Next, we show that (gi —gz) (E —gj) > (27{5;') (%). This follows because, using the derivatives
3 ;
obtained in the proof of Lemma 2, we have

aP ob;  \_(oP\(ob\ _. 1 (on  \(ob \_ 1 (0B (0P
A 9i Oef viv; \ Oef gi de; 9 v;v; \ O€j Oef

3 * 36”?
¢$< N; — DSt 2fo«-—Uﬁ+NLU<(M—Uﬁf 2; 15 (Y, —UL+Nﬁv
Nfz+N f] (N fz +N f]) (Nifi+Njfj) (N fz+N]fj)
>< NiffL RN (N Uﬂ+%ﬂv< Nifif} 2MﬁﬁWW—Uﬁ+Mﬁv
Nﬁ+NL (Nﬁ+Mﬂf (Nifi + N f;)° (N:fi + N; f;)°
( -1)f; +Njfj)> ((N 1) - 2N; (V; = 1) f; +Nfz))
Nﬂ+Nﬁ) 7 (Nﬁ+Nb)
s — 1) fi + Nifj) 2N; ((Nj — 1) f; + Nifs)
>(M NL+NL)])<M_ RuJ t N7 )
B 2N (N =D i+ Nif) 2N (Y = 1)+ Nifi)
= (N = DG = 1) = (I 1) (Ni f; +N fj) (Vi =1) (Nifi + N, f;)
+(2N<( L+NL>< E+Nﬁ»
(Nﬁ+Nb Nﬁ+Nn>
o 2N (N = D fi 4 N ) 2N; (N; = 1) f; + Nifi)
> Nili = i (Nﬂ+NL N TN TN
+(2N (( fl+Nf] )<2N1 _1f]+Nfl))
(Nfﬁ—Nf] Nfl—ierj)
N.— N, — N, oy 2V (Y )frl-Nf) 2N (N = 1) fi 4+ Nifi)

N ,2N-((Ni—1)fi+N-f-)_ _2N ((N -—1)f-+Nifi)
>Nl = N == (Nifi+Njfj)] coN (Nifi+z\;jfj)

2N;i (Ni =D fi + Nif5) o 2N; (N =D fj + Nafi)
= (Nifi + Njfj) it (Nifi + Njfj) Ni >0

and the last inequality holds by (1). This implies that

opr, )\ (oP, P\ (0P
DET = —d) -
< Oex Cl) ( Oe’ @ Oe’ Oey

(oh N[N (oR) (o,
- < g1 +gl Cl) (665 g2+g2 C2 8@; 3(5{

N——

Oex
_(oP or, \ [oP\ (0P
~\ ex g Oe’ 92 Oe’ oe;

. [ oP. P
tg—) 52— | +(g2—¢) = — g1 |+ (g —) (g2~ ) >0.
Oe Oej

(=)

) This follows because, using the derivatives obtained

Next, we show that (g? gj) (g—ﬁj) > (2715;) (gﬁ
in the proof of Lemma 2, we have
0B, (0P \_ (0B (oP\ _ 1 (0B \(0R\_ 1 (oh) (0P
9i 6N, VU4 86; 9i 6N, VU5 6@3‘ 8Nl

86; ON; 86;

8



¢$< DL A )L+NL»< i _HMKM—Uﬁ+Mbv
(Nifi + Nif;)° (Nifi + N; f;)° (Nifi + Nif;)’ (Nifi + Nify)°
>< N;fif 2fo«-4m+va< fifi U%«M—UE+MM>
Nﬁ+NL (Nifi + Nifp)? (Nifi + Nif;) (Nifi + Nif;)?
( -Dfj+ Nifi)) (1 C2(Vi D) fi+ Njfj))
va + N;f;) (N;fi + N, f;)
><N )fz+ij)> <1_2((Nj_1)fj+Nifi)>
! Nfz+Nf]) (Nifi + Nj f;)
_1y- 2N (N; =D f5 + Nifi) 20N = D fi + Nify) | 2((Ni = Dfi + Nif;)
(N fi + Njfj) 7 (Nifi + Nifj) (Nifi + Njf;)
+ <2N (N; = 1)f; +Nfz)) ( ((N; — 1)fi+Njfj)>
(N fz+ij) (Nifi+Njfj)
oN, = 2N (N = Dfi A Nify) - 20N = DS + Nifi)
! (szz+N fg) ! (Nf1+N f,])
n <2N (Ni = 1) fi + N; f;)) ( (( j_l)fj+Nifi))
(N; fz+ij) (Nifi + N f5)

L 20V =D fi + NG f5)
= o (Nifi + Nj f;)

and the last inequality holds by (1). This implies that

der 1 oP; o or,\ (opP\ (P

N;  DET \\de; 7]\ ON; der | \ ON;
RN Y AN AT
“DET \\de: ~ ¥ TG )\ oN, der | \ aN;
R R AR AN AN ;
~ DET <ae; gﬂ) <8Ni> (ae;> <8N1;>+<gj D\aw )| <
——

=) (+) (=0)

>0,

Next, we show that (gfj gj> (gf,]) > (2713;') (gﬁj) This follows because, using the derivatives obtained
J J
in the proof of Lemma 1, we have

() (%) - (32) (5%

¢:< ff 2N AN )ﬁ+Nm>< fifi _%%«M—Uﬁ+mbv
(Nifi + N;f;)? (Nifi+ Nif;)° (Nifi + Nif;)? (Nifi + Nif;)?
>< Nififp 2N (N Dﬁ+th< fifi _wm«m—nﬁ+wm>
Nﬁ+Nﬁ <Nﬁ+Nmf (Nifi + N, f;)° (Nifi + N, f;)°
( -fi+ Nifq;)) (1 C2(Vi =D fi + Njfg‘))
NfZ+NfJ) (Nifi + N f5)
>(N )ﬂ+Nb»(L2«M—Uﬂ+Mﬂn
! Nf1+ij) (Nifi + N f5)
- 2N; (N; = Df5 + Nifi) 2((Ni = D fi + N f;) 4 2((N; —1)fi + Njf5)
(N fi+N;f;) T (Nifi + Nify) (Nifi + N, f;)

9



n (2Nj ((V; —1)f5 + Nifi)) (2 (N =D fi + Njfj))
(Nifi + Njf;) (Nifi + N f;)
o N 2 =1 f + Nifi)  2N; (Vi = Dfi + Njify)
T (Nifi + Ny ) (Nifi + Njf;)
N (2Nj (Vi =1)fi + Njfj)) (2 (NV; =1 f; + Nz‘fi))
(Nifi + Njfj) (Nifi + Njfj)

>0,

2((Ni = 1) fi + N f5)
(Nifi + Njfj)
and the last inequality holds by (1). This implies that

de; _ 1 ((0F _ ,\ (0B _(0F) (ob
N;  DET \\ 9ex 7 | \ ON; der | \ ON;
_ (o ) (9B (0P (0B
" DET \\oe: ~ P TI %9 )\ BN, der | \ aN,

— ;1 87157 . 67]31 _ @ aﬁ) J + ( L //) aﬁi <0
“DET | \oe: ~ )\ on, oc; ) \on; ) TV T 97\ N, '
——

(=) (+) (=0)

— — 1+

Appendix A5: Non-myopic equilibrium

As in the Nash equilibrium model, we let i and j, i # j, index the two groups and analyze the incentives
of the representative members. We start by showing that the second order condition for the optimal effort
fil(ed) ~ cif(e)
ey S ey
Lemma 3. The first order condition for the interior solution (e; > 0) to the individual’s utility mazimization
problem is equivalent to

which we assume.

problem is satisfied in the non-myopic equilibrium model when

filed) _ (Nifie:) + Nify(es))’ .
ci(ei) vilN; fi(e;)
Il (es) ci (eq)

Suppose e < e Then the second order condition for the utility mazimization problem is satisfied at

the solution to the interior first order condition. Thus, any e; > 0 satisfying the interior first order condition
is the optimal effort level. ]

Proof. Suppose e; > 0 satisfies the first order condition for utility maximization. Then, we have:

_8131'(613 ey 61\[)

filei)N; f(e;) (o) =0 = filei) _ (Nifi(e:) +Njfj(€j))2'

T N e Ve ) uNife)

vi aei
We also have:

0*P,;

Vi~ 5
de?

e <0 ( f(e)N;files) f;<ei>Njfj<ej>2Nif;<ei>> e <0
' \(Nifi(ed) + Nifile;)®  (Nifi(es) + Nifi(e;))’ '
fi'(e)N; f(e5) - ci(e:) n fi(ei)N; fi(ej)2N; fi(ei)

(Nifi(e:) + N;fi(e;))’ Vs (Nifi(e:) + Nifi(e;))’

= fl(e;) < (e;) <(Nifi(ei) * N;/ile)) ) + ( file)2Nifi(e:)

viNjfj(ej) Nifi(ei)+Njfj(€j))
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(€Z)2Nf (ez)
(e >> T Nl £ N f5(e5)

e ces) N f(er)
T e S e T Wifie) + N fi(e)
(+)
i (e:) < ¢/ (eq) O

Thus, the second order condition is satisfied if =5+ Lt
fi(ed) c;(eq)

The next lemma shows that strong students have a higher achievement than weak students both individually
and in the aggregate and enjoy a higher (expected) utility in equilibrium.

Lemma 4. Suppose group 1 is stronger than group 2 in the sense given in Definition 3, and (e}, e3) is the
corresponding interior equilibrium. Then Nyfi(e}) > Nafa(ed), fi(et) > fa(ed), and uqi(e}, es, N1, Na) >
UQ(ST,(i;,Nl,NQ). O

Proof. Rearranging the first order condition for an interior equilibrium yields,

(va ;1ii(TiTlNJiff;iii)g))2 — (€)= 0 = Napfo(e}) = ( /}({e(e))) (NLf1(e}) + Nafo(eh))?
<ijz(>)+Nfo(<)>> ~ehies) =0 = Nieh) = (5 ) D + Nostes)
Thus,
Nifi(er) _ U::{({e(%) — filer) 1?1{:%((66?)
MR A R
Therefore, if vy > vs, 2 > %2, /1 > [}, and &, < &, then Nyfy(¢}) > Nafoles) and fi(e}) > fale3).

We now show that wy (e}, e, N1, Na) > us(ef, €5, N1, No). Suppose ef < e5. Then ci(ef) < c1(e}) < ca(ed).
Therefore,

vifi(ey)
Nifi(er) + Nafa(es)

since v; > ve and by above fi(ef) > fa(es). Next, suppose e} > e5. Then fi(ef) > fi(e}) since fi is
increasing in effort. Mover, because e} is the best response of group 1 individuals to group 2 individuals
choosing €3, group 1 individuals will receive a (weakly) lower utility if they switch their effort to e5. That
is, u (e}, e3, N1, N2) > uy(e3, e3, N1, Na). Thus,

va fa(€3)
Nifi(e}) + Nafa(es)

uy (e}, ez, N1, No) = —ci(e]) > —ca(e3) = ua(e], ez, N1, Na)

v1 fi(e3)
Nifi(e3) + Nafa(e

vy fa(e3)
Ny fi(e]) + Nafa(es)

’UJ1(€1,€2,N17N2)>U1(€2,€2,N17N2) ) —01(63)

- 02(63) = u2(e’{7637N1;N2)-

The last inequality follows because group 1 being stronger than group 2 means vy > ve, f1(e3) > fa(ed), and
c1(eb) < ca(el) by definition, and fi(ef) > fi(e3) by above. O

Let
op;

! 8ei

~uifi(e])N;fi(e})
*oxy * )2’
(eh:e3)  (Nifi(ep) + N;fi(er))
where j # i, denote the marginal benefit of effort at the equilibrium. The following result gives the signs of
the partial derivatives of P;.

P;(e},e3, N1, No) = v
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Lemma 5. Letting i # j, we have the following:

dPi(ef,e5, N1, Na)
ON;

Bi(et, es, Ny, N.
PRI - ey <o,

aﬁi(ei,€§,N1,N2)
Oe;

<0,

32(61‘76;7]\]17]\72)

aN, > 0.

>0 <= Nifi(ej) > N;fi(e]) <=

and

Proof. We have

oF; o (fiNNjfj (Nifi + Nif3)* = 20IN; f (Nufi + Njfj)Nif{> o

(Nif; + N, )"
<0 e FiNG i 2fiN;fiNifi < G
(Nifi + N;f3)? (Nifi+ N;f5)° v

v o ((Nfz+NfJ)>+ 2/{N: S}
(

i Njfj Nifi + Njfj)
a'f 2fIN; f]
= fll< L+ =t by Lemma 3
(Nifi+N;f5)
" /‘/ 2Nf/ f// C//
2o £ - + —————————, which holds since —- < —
f/ (Nifi + N; f]) fi d

P
der

FiN; fi ( NfH'NfJ) —2f{N; f; (Nifi+Njfj)Njf]’->
(Nifi + N, £3)*

>0 < N;fi > N;fj.

foNﬂ+NL)2fMEMﬁ>wwm Njf) fiNifi
(Nifi + N f;)° (Nifi + N f;)°

oP, _ ( %ijNﬁ+anf>__zﬂﬁMﬁﬁ 0
(

ON; (Nifi + N, f;)* Nifi+ N;f;)?

L5 (Nifi+ Nify)* = 20N, £ (Nofi + Nyfy) 5 _ o [ fifi (Nifi + Nifi) = 2fiN; fi
' (Nifi + N, ;)

op;
dN;

(Nifi + N, f3)*

:’Ul‘fi/fj (Nifi — Njf;) 0 N.f. > N f:
(Nifi+Njfj)3 70 M=

O

Given that the second order condition is satisfied, the interior equilibrium condition is given by the first
order condition as in the Nash equilibrium setting:

Pr(ef e, N1, N2) — ¢4 (ef) LR ) g () 0
F(ei,e5, N1, No) = _ | (Maens zfQ(e*z)) =
=2 2th ~ , vaf3(e3) N1 fi(el) — cy(ed)
Py(e1, €3, N1, Na) — cp(e3) (lel(e;‘)+N2f2(e;))2 212 0

Let e* = (e}, e3) and N = (N1, N2). Appealing to the implicit differentiation theorem yields,

oei 0
* oM ON2 ® % -1 * %
DNe = e - = —[De*F(el,eQ,Nl,Ng)] [DNF(€17€2,N1,N2)]
e e
oN: ONs

12



-

b, ! abp\ _ (oP P, abP, ! abp,\ _ (oP P,
1 det 2 ) \av, dez ON, de3, 2 ) \ 9N, des N,
e 9
DET aP, & oP,\ _ (8P, P aP, o oP,\ _ (8P, P
é)e{ 1 8N1 86’{ 8N1 661K 1 8N2 86; 8N2
_ 8ﬁ1 o Bﬁz /A c’)ﬁl 652
where DET = (ae,{ cl> (ae; 02) (ae; ) (ae; )

As in the Nash equilibrium, taking the required derivatives and determining the signs yield the comparative
statics result.

Lemma 6. We have, gzev* <0 foralli. Leti#j. If )}://((:@)) < CCZ((:’)), then gf\g >0 < N;fi > N;f;. If
. £len) _ el (en) bei =
instead Fle) = e then oN; = 0. (]

Proof. By Lemma 5, we have

6ﬁ1 " aﬁ2 Z aﬁl 8ﬁ2
DET=| — — =z _ _
(86’{ Cl) (6‘63 C2 Oe’ Oes >0

(=) (=) (<0)

g e 1 oP; o oP,\ (0P (oF “0
ON;  DET | \ de; 7 ) \ ON; dex | \ ON; '
——— | —————— ——— —

(=) (=) (=) (<0)

7 /,Nl 7 . .
Next, let g; = % Appealing to Lemma 3 yields,
v f//Nf {/Cl- ” "
gj—cf = LY B [N e cj <0 since ]}—, < & by assumption.

(Nifi + N )2 fj

As a preliminary to determining the sign of gﬁj , we first show that (g};ﬁ — gj> (%) = (gﬁi) (g% ) This

follows because, using the derivatives found in the proof of Lemma 5, we have

op;  \(oR\ _[(oFR) (0P
oc; ¥ )\ on; ) T \oe ) \ on;
N (_ 2fNifiNi ) ) (f{fj (N ij) N ((Nifi —Njfj)f{Nij‘) N (_ 2/ Nulif; )
"\ (Nifi + N 1) (Nifi + N; f;)° ' (Nifi + N; f;)° ! (Nifi + N; f;)°
= (=2fiNifiN; ) (fif; (Nifi = Nif3)) = ((Nafi = Nif3) fiN; £7) (=2fiNifif5)

the last line of which is clearly true. Thus,

862‘ -1 8% " 812 8E aﬁ]
=cer |l |3 —9ta—d 5= | 7

ON; ~ DET \ \ de i) \ oN; de; | \ ON;
-1 ((op;  \[oP\ (0B (oP; (=) oP;
~DET \\ e ~ ¥ ) \oN, oe; ) \on; ) TV %)\ BN,

= 557 (9 — ) is T
DET J J 8Nj 0 if fz{ _ iy/ .
—— ———— —— i i
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As seen in Lemma 6, the effect of the change in the group size on the equilibrium effort level depends on
the relative magnitude of the aggregate achievements. Combining this result with Lemma 4 yields our main
result:

Theorem (Theorem 4 in the main text). Suppose 1;5;((:;)) < Ccl,/((:b)) for all i. Suppose in addition that group 1

is stronger than group 2. Then

oe;
0Ny

oe’ oe; Oe’
0 d
< >0,, an N,

aN, = AN, <0

<0,

Proof. Immediate. O
Appendix A6: Non-myopic equilibrium with a direct peer effect

The sole difference between the non-myopic model with peer effect and the base non-myopic model is that the
achievement functions are now fi(e1, N1) = a1(N1)b1(e1) and fa(ea, N1) = aa(N1)ba(e2), where a;(e;) > 0
and a}(N;) > 0. This means that expressions involving differentiation with respect to ej, es, or Na do not
change from the base model. In particular, the first and the second order conditions for the individual’s
optimal effort problem and the equilibrium condition remain the same, aside from the achievement functions
having additional dependence on N;. Thus, the marginal benefits of effort at the equilibrium are:

~ (e*. N;)N- * N - "(ex NN * N
Pulet el Ny, Ny) = v1f1(*€17 1) 2f2(€27* 1) _and Py(e}, e5, Ny, Ny) = szz(*eza 1) 1f1(€1a* 1) .
(N1 fi(ef, N1) + Nafa(es, N1)) (N1 f1(ef, N1) + Nafa(es, N1))

and the equilibrium condition is:

Pi(et, e, Ny, No) — ¢ (e) v1fi(e],N1)Nafa(e3,N1) , — &, (ed) 0
Fle?, el Ny, Ny) = _ | (Mifi(er.Nu)+Nafa(es,N1))
€1, €2, N1, N2) = | , = va f4(e5,N1) Ny f1(et,Ny) — dh(e3) =
Py(e7,e3, N1, No) — c5(e3) (N1 f1(ef Ni)+Nafa(e3,Ni))P 202 0

In addition, Lemma 3 and Lemma 4 from the base model also hold for the peer-effect model because neither
involves differentiation with respect to N;. The partial derivatives of the marginal benefits are given below.

Lemma 7. Suppose Zig%ig ZEE%S

Then, we have the following:

8Pi(€>{7637N1aN2)
Oef

OPy(ef, ¢, N1, No)
oes

aﬁl(eT7e§7Nl7N2)
0N,

8P1(e’1‘,e§,N1,N2)
ON,

8P2(€T7637N1aN2)
0N,

3P2(€T7€;7N1aN2)
ON,

— ¢! <0 for all i,

dPy(et, €3, N1, Ny)
e

>0 <— lel(eT,Nl) >N2f2(€;,N1) <~ <0,

< 0 if Ny fi(el, N1) > Nafa(es, Ny),

>0 <= Nifi(el,N1) > Nafa(ez, N1),

<0 if N1 fi(el, N1) > Nafa(es, N1),

< 0.

and
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Proof. To clarify, in this proof and elsewhere a} denotes differentiation with respect to N7 and b denote
differentiation with respect to e;. The partial derivatives of P; with respect to e, e5, and Ny are as in the
proof of Lemma 5. That is, we have

o°r, _ Ji'N;fi (N1fi + Nafz) — 2f{N; f; N f] "
——C = 3 —-c; <0
Oe; (N1fi + Nafa)
f// // 2le2/ fZ// C,/L/
= ? < =+ m, which holds since ? <
P i (IV; i_N IN; fi
‘9::”( i = NiJa) Ji i L0 e N> Ny
9ej (N1 f1 + Naf)®
o / B
8P1 = Ulf1f2 (lel N§f2) >0 «— N1f1 > Ngfg.
ON, (N1fi + Nafo)
OP, — v2fiNifif

Ny (N1f1 + Nafa)®

The partial derivatives with respect to N are derived below.

op,
ON,

( LNa fo + fiN2 557 0tz ) (Nif1 + Nafo)? — 2f{Nofo (N1 f1 + Nofo) (fl + Nigy 8f1 + Nag 02 )

(N1 f1 + Nofa)!

(S5 po+ FI38) (NP + Nafo) = 261 f (Fu+ N 2B + N2 22 )

= '[}1 3
(N1f1+ Nafa)
— 0N, (a’l llagbg + albllaébg) (N1f1 + Ngfg) — 2a1b3a2b2 (Nla’lbl + Nga/zbg) — Zf{fgfl
(N1 f1 + Nofa)?
N b1ba ( (ahaz + aray) (N1 f1 + Nafa) — 2 (ar1aaN1a) by + a1a2N2G/2b2)) —2fif2f1
= V1iV2 :
(N1 f1 +N2f2)5
N 5352((%@2 +aray) (N1 fi1 + Nafa) — 2 (ajas Ny f1 + a1a§N2f2)) —2f1f2f1
= v Ny
(Nif1+ Naofo)®
N b1ba (ai% (Nafa — Nif1) + aray (N1 fi — N2f2)> —2fifaf1
= v Ny
(N1 f1 + Nofo)?
(+) (=) (+)
bibs (ajaz — a1ay) (Nafa — N1f1) —2f1 fafa a) _ at
=N, [ 22 2 3 ! <0 & >—2andN1f1>N2f2.
(N1fi + Nafa) a a2

Next, we have,

OP,

ONy

:’[]2

:’[}2

:’[)2

(S N+ oy + BN ) (N + Nofo)® = 25N fy (N1 fu+ Nafo) (fu 4+ Vi S + No gt )

8N1 aJ\fl

(gjj:[lelfl + f3f1 +féN1§]{,11> (Nifi + Nafa) —2f3N1 fr (f1 + Nigy afl + N, 3}&1)

(N1 fi + Nafa)*

(N1 fi + Nafs)®

(sz Nifi + foN1 5% o0 ) (Nifi + Nafa) —2f3N1 fi (Nl 31611 +N2881<,21) + f3fi (Nafa — Nif1)

ON1

(N1 fi + Nafs)®
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(N1 f1 +N2f2)3
by N1by ( (aha1 + azal) (N1 fi + Nafa) — 2 (aga1 N1aibi + aza1N2a'2b2)) + fof1 (Nafa — N1 f1)

~ ((a/zbllea1b1 + agbyN1aiby) (N1 f1 + Naf2) — 2a205N1a1b1 (Nya by + Naabbe) + fof1 (Nafo — N1f1)>

= UZ 3
(N1 f1+ Nafa)

b5 N1by ( (aray + ajag) (N1 fi + Nafe) — 2 (ajaa N1 f1 + alaészz)) + f5f1 (Nafa — Nif1)

= vy
(Nyf1 + Nafa)®

by N1by (alaé (N1f1 — Nafa) + ataz (Nafs — lel)) + f5f1 (Nafa — N1 f1)

= ’[]2
(N1f1 + Nafa)®
(=) (+) (=)
. by N1by (arah — ajag) (Nifi — N2f2)3+ faft (Nafz — Nif1) <0 if ay - ay and Ny fy > Nafo.
(N1f1+ Nafa) ar a2

The main comparative statics results for the non-myopic model with peer effect is given below.

Theorem (Theorem 7 in the main text). Suppose J}Z((:LJI\’V;)) < cc’;’((eez)) for all i and Zig%i; > ZEEJ]&; Then,
Oej Oej Oes Oes
<0, > 0, <0, d < 0.
ON, ON, ON, AN,
In addition, the signs of dh (deji,lNﬂ and 22 (dejé,’lNl) are ambiguous. O

Proof. Let e* = (ef,e3) and N = (N, Na). Appealing to the implicit differentiation theorem yields,

e} Oe]
* ONL ON2 % -1 * ok
DNe = e - = —[De*F(61,€2,N17N2)] [DNF(61762,N1,N2)]
e e
oN:  ON

Py ! apP \ _ (9P P, aP; ! opP \ _ (9P
1 Oes 2 ONy ey ON, ey 2 ON» ey
— _ 9
DET 8}51 _ C// f)ﬁz _ 8ﬁ2 8?’1 8?1 _ C// 8132 _ 8?’2 6?’1
Oe; 1 ON1 dey ON; ey 1 ONo dey ONy

oP, 0Py oP\ (0P,
DET = —df —cy | = by L .
(86*1‘ c1> <8e§ 02> (863) <8e’1‘> >0 by Lemma 7

(=) =) (<0)

Combining the above result with Lemma 7, we obtain

o _ 1| (o )\ (oB) _ (0B (om) | _,
ON,  DET |\ des 2]\ 0N dey ) \ ON, ‘
—, | Y—m———— VY

=) (=) (=) (+) (=)

where
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oy _ 1 | (0P )\ (o) (0B (0P ) | _
ONy, DET |\ der 1) \ ON, de; ) \ ON, '
—— | ———— e S N——

=) (=) (=) (=) (+)

Next, let g; = (]\[11’;;17%];;2)2 Appealing to Lemma 3 yields,
vi F'N. £ el % "
gi—cf = lfz—ij2 —c = fl—/z — ! <0 since ’;—, < %+ by assumption.
(N1f1 + Nafo) fi K

In addition, we have

o\ (0P _ (R (P,
oes )\ ony | T\ oes | \on, )

To see this, note that the derivatives found in the proof of Lemma 7 implies that the above equation is

equivalent to:
OPy 0 vififo (Nifi = Nafa) | _ OPL\ [ 20f4Nififo
de; (Nifi + Nofa)® de; (N1 fi + Naf2)®

. _20fiNifiNof (Ulf{fz (N1f1—N2f2)> v1 (N1f1 — Nafa) f1N2 f5 (_ 202 f5N1f1f2 )

(N1 f1 + Nafo)? (N1 f1 + Nafa)? - (Nyf1 + Nafa)® (N1 f1 + Naofsy)®
= foN1fiNofy (fifo (N1 fi = Nafo)) = (N1 f1 — Nafa) fiNofy (foN1f1f2)

which is clearly true. Thus,
ot _ -1 ((op, ,\ (o~ (0P (0P
ONy  DET \\ des 2] \ 0N, des | \ ONo
-1 OP, AW P\ (0P \) -1 [ oP
~ DET ((ae; g2+ 92 cQ) <8N2 e | \an, ) ) = pET 2 ) (an, ) 2
N ——— ——

Next, we have

<3ﬁ1 —91> (UQféfl (N2 f2 —N1f1)> _ (3152) < —2u1Nof{ fafa > (3)
dey (N1 fi + Nofa)® et ) \ (N1fr + Nafo)®

This holds because the equation is equivalent to:

20 fiNafoNuf1 (wv2fofi (Nafo = Nuft) | _ w2 (Nafo = Nufy) 5N f1 ( —201Na f1 f2 /1 )
(N1f1+N2f2)3 (N1f1+N2f2)3 (N1f1+N2f2)3 (N1fa +N2f2)3
> (fiNafaNif1) (fof1) (Nafa — Nif1) = (Nafa — Nif1) foN1f1 (Nafifafr),

which clears holds. Thus,
oc; _ =L (0P _ ) (9P _ (oR:) (o
ON,  DET \\ oez ) \on oet | \ ON,
-1 | o~ on\ (ol (0P (- .\ (0P
“DeT | \oer ) o, ger | \ ON, noalian |
——

() (=) (=)
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Using the expressions for 311\3/21 and 8811\3111 derived in the proof of Lemma 7 and equation (3), we obtain:

Oey (M f1 +N2f2)3
(aE) < (bazn (ahaz — arah) (Nafo = Nifi) - 2f{f2f1>>
- ’l)1N2

() = <3ﬁ1 —g1> <v2 (bIQNlbl (arah — ajaz) (N1f1 — Nafo) + fof1 (Nafo — lel)))

(N1 fi + Naf)®

_ <8ﬁ1 B g1> <U2b/2N1bl (aras —ahaz) (N1 fi — N2f2)> _ <5ﬁ2> <01N25/152 (ahaz —aray) (Nafz — lel)) _
Oei (N1fi + Nafo)? Oei (N1f1 + Nofo)?

In addition,

B 201f{N2f2N1f{> <U25§N1b1 (aray — ayaz) (N1 f1 — N2f2)>
(N1f1 + Nafo)® (N1 fi + Naf)®
S <U2 (Nafa — N1 f1) féle{> <U1N2b/152 (ayas — ayah) (Nafo — N1f1)>
(N1 f1 + Nafa)? (N1f1 + Nafa)®
= —2f1 ol Niby (@10 — djaz) > — (Nafo — Nif1) f3b1bs (alaz — araj)
= 2a1b)asbaby N1by (ahaz — aray) > (N1fi — Naf2) asbsblbs (afaz — aras)
< 2a1N1b; (ajaz — arah) > (N1fi — Nafa) (ajaz — aial)

(%) >0 — <

< (lel +N2f2) (a’lag — (11&/2) >0 <— ; > —=

’ ! *
a; o 92 Oey : . .
Thus when o > o we have 7 ~ <0, as required. Finally, since

N (O (FY By AN (08) (93, 08

dN1 86{ 8N1 8N1 le 863 8N1 8N1 ’
—_—— = —_———— ——— N~~~
® O +) O e (+)
the signs of the two derivatives are ambiguous without further assumption on f; and fs. O
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Density

Figure A1: Distribution of Weekly Homework Hours for 10th-Grade Native-born Strong Students with Normal Density Plot
SOURCE: US Department of Education, National Center for Education Statistics, National Education Longitudinal Study of 1988
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Figure A2: Distribution of Weekly Homework Hours for 12th-Grade Native-born Strong Students with Normal Density Plot
SOURCE: US Department of Education, National Center for Education Statistics, National Education Longitudinal Study of 1988
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