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I Solution of the Stationary Problem

I.1 Solution for a(x) and v(x)

The solution to a is of the form:

0o + 0, N _
a(x) = Z’L + A1e™ + Age™™
p
for n = \/2p/0?, and
0o + 0, N 0o + 0, Nss _
0=—= i +n(A — Ay) = o OnNas + n(Ale"U — Aye "U)
p p

Thus, given 6y + 6, Ny, the constants (Aj, Ay) are the solution of two linear equations.

Moreover, the values of A;, A, are proportional to f,, given by

90 + enNss
p

O, =n(Ay — A)) = n(Aze™" — Ae™)
Let A; = A;/0.,, we can write:
1 =n(Ay — A)) = n(Ase™™ — Aje)
which has solution:

1 (1—eY) 1 (1—em)

ATy T e an)

The solution for ¢ for z € [0, Zs] is of the form
0(x) = B1e™ + Boe "
Given the solution for a, then B, B, T4 solve:

0= U(Bl — BQ)
&x<i-ss) — n(Bleniss _ BQQ_anS)

a(Zss) — ¢ = B1e™ 4 Bye e



Thus, using the first equation By = B; = B and taking the ratio of these equations:

Q

(Tgs) — C 1 eM%ss e NTss

Qg (Zss) 1 (enFss — e~nTss)
Replacing the expressions for a(zss) and @'(Zss), we obtain:

*TSS —+ Alenfss + A26_7757$s _ C/QSS B 1 enjss + e_ni'ss

]_ + 77 (Aleniss — /_126_775355) - 77 (677'@85 _ efn-iss)

Note that this is one equation for Z,, as a function of 8, (recall that Ay, Ay are known

constants). The last expression can be written as

6775255 + e_ni.ss

(677i'ss — e_njss)

(1 +y (Alen:zss _ AQW@S)) _ .

Ss

77‘7_:58 + nAIenfss + 77121267775233 _

which gives equation (19) in the main text.

Letting y = nxss and defining ¢ (y) we can write

_ _ Ve _ _
Wly) = y+ (Are? + Ape ) — ﬁ (147 (Ae? — Aye))
=1
958

We can approximate the left hand side around Z,, = 0, which corresponds to ¢ = 0. Using

that nAy, = nA; + 1, we have the following properties.

1. 9(0)=0,%(y)>0ify >0

2. 9/(y) = S 50 U/(0) = §,¢/(00) = 1, and ¢"(y) > 0,

3. U(y) =4+ % + o(y*) and lim, Y-y —

Now we use ¢ to solve for Ty, = X(1,¢/0s) i.e. 25 = ¥(nx(n,c/0s)). Tss is the unique

0s
% = 7=, which always exists. For fixed 0 < 7 < oo and small ¢ using the first

order approximation:

solution of

Y =NTss = QE Or Tgg = 2§i



since 1 = ‘/%7 the option value for a fixed § is given by:

m X (7, 0/0_88>

—— =2
e=0 x(00, ¢/bss)

For fixed 0 < 7 < oo and small ¢, using the third order approximation y3+12y = & = =

1/3 1/3
-~ 1 1A+ 1A2+123 +1 1. 1A2+123
Tss = — | =K —K e — | =k —\/ =R e
g \2 4 27 n\2 4 27

_1 (1>”3 (s verme) "+ (5 vires) ]

or:

For the case when o is small (i.e., n is large), let S(y) = y — ¥ (y) + 1 and recall that
lim, o S(y) = 0. Then, using the definitions of y and v (y), this implies

V2
lim Y27 X | oo, )L %) =o
o0 0 Oss Oss  V/2p

Alternatively, note that T4, — \/%7) is the derivative of % with respect to o evaluated at

oc=0.

I.2 Solution for m(x)

We can write the solution of the KFE as the sum the two homogeneous and the particular

solution my, given T, i.e.
m(x) = Cr1e™ + Coe™ 7" 4+ my(x)

where v = y/2v/c2. The solution is

o (77 + =)
=—|1- — -
m(iU) U (eyxss + e—'yxss>

for x € [0, 4]



Finally, we want to compute:

Tss Tss 1 Y —YT
1—Nss=/ m(x)da::/ Lo e 1,
0 0 U (e'yivss —+ 6_'71’.33)

This gives another equation for Z,, as function of 6.

J The Dynamics of the Deterministic Model

For each z, let a(z,t) = x a(t) where pa(t) = by + 0, N(t) + au(t). We fix an x and a path
a(t) for t > 0. Let t*(x) be the optimal ¢ that solves the adoption problem:

t*(z) = arg max G(t,z) with G(z,t) = e " (a(t)z — ¢)

The necessary first order conditions if a(¢) is differentiable at ¢t = ¢*(z) < oo are:*

—pla(t)r —¢) + zay(t*) =0 if t*(z) > 0
—p(a(0)z —¢) + zax(0) <0 if t*(x) =0

Furthermore, since not adopting is feasible (i.e., t = oo) and yields a zero payoff, then
a(t*(z))x > c for all .

Given t*(x) we can define Z(t) as the smallest value of x that makes ¢t = t*(x) optimal for

any t > 0.4 We will look for an equilibrium where at any ¢ > 0 someone adopts, so

pla(®)z(t) = c) = z(t)au(?)

t.42

provided « is differentiable at The following two lemmas are useful to characterize the

solution for the deterministic case. The proof of both lemmas can be found in Appendix J.1.

40Tf «(t) is not differentiable at 0 < t = t*(z) < oo:
(0l — ¢) + 07 () < 0 < —plalt*)e — c) + zag (1)

where o (t*) and o (t*) are the left and right derivatives of a(t) at t = t*(x). Note that « is differentiable
at t provided that N(t) does not jump at ¢. If N(¢) jumps at ¢, then « has right and left derivatives.
41Since in equilibrium 0 < N(¢) < 1, then %" < aft) < % and 0 < g65- < 2(t) < 2. Note that we

0o+0r
allow Z(t) > U, but in this case everybody is adopting at ¢. Thus, we assume that w > , otherwise

nobody can ever adopt, and ¢ > 0, so that some type will never adopt.
421f o is not differentiable at ¢, then: Z(t)a, (t) < p(a(t)Z(t) — ¢) < Z(t)ay (t).




LEMMA 7. Assume that for t > 0 there is some x for which 0 < t*(z) < oo, we denote
the smallest of such = as Z(t). Then if the first and second order necessary conditions holds,

then N(t) and «(t) are weakly increasing in time.

The fact that the threshold z(t) is weakly decreasing rules out a solution where the

number of adopters is decreasing through time.

LEMMA 8. Assume that Z(t) is continuously differentiable with respect to time, that N () is
weakly increasing in time, and that the initial condition satisfies My(z) = [} mo(2)dz < F(x)
for all z. Then, Z(¢t) must be decreasing in time, and if in an interval N(t¢) is strictly

decreasing, then Z(¢) must be strictly decreasing. Thus,

(1—e™)F(x)+ e " My(z) for x < z(t)

M(z,t) = /x m(z,t)dz = B ) B ) )
0 (1 —e ™ F(z(t)) + e " My(z(t)) for z > Z(t)

The previous lemmas has the following immediate implication.

LEMMA 9. Consider the initial condition mg(xz) = f(z) holding for all x < z(0). Then:
m(z,t) = f(x) and N(t) =1 — F(z(t)).

The last lemma states that if we start the economy with a threshold z(0) and no agent
below that threshold has adopted, then all agents with z > z(0) will immediately adopt and
the distribution of the non adopters is time invariant. This result is intuitive and it is at the
heart of the lack of dynamics in the equilibrium of the deterministic problem.

Assuming Lemma 9 holds and that mg(z) = f(x), combining the first order conditions
with the law of motion for a(t), pa(t) — ay(t) = 0y + 0,(1 — F(Z(t))), we get

Z(1) [Bo + 0n(1 — F(Z(1)))] — pe = 0 (84)

Note that in equation (84) the solution for Z(¢) does not depend on ¢. Thus, we can construct
equilibrium where z(0) = z(t) for all £ > 0. We summarize this result in the following

proposition

ProposITION 19.  Consider the initial condition mg(z) = f(x) for all + < z(0). Then
the solution implies a time invariant threshold z(t) = Z solving equation (84), immediate

adoption for all agents with x > Z, and a time-invariant fraction of adopters N(t) = N =
1 — F(z).

Note that equation (84) may have multiple solutions. Given that from Lemma 7 we know
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that Z(t) is weakly decreasing and «(t) must be strictly increasing in time, then the lower
root is the stable solution in the sense that, if the economy is at that point it will remain
there forever. We show below that other paths are also possible in the presence of multiple
solutions, with the fraction of adopters N () ratcheting up at discrete moments in time.

Let us consider the case with two possible stationary equilibria, denoted by zy > Z, with
associated adoption rates Ny < Np, and the stationary value function pa(t) = 6y + 6, N(t)
(recall ay = 0) with solution ay = (6 + 0, Ng) /p and ar = (6p + 0,N1) /p, where ay < ay,
since a low threshold yields higher utility due to the larger adoption rate.

We can now check that indeed ¢*(z) are optimal for a stationary equilibrium. Since

a(t) = a; for i = L, H, then the adoption problem becomes:

t*(x) = argmax e (qz — )

>0
and the solution is:

x fz< £

t*({t) — [0 7

0 if x > =

Hence, there are no dynamics in the deterministic case. Nonetheless, an equilibrium can
be constructed where Z(t) is piecewise continuous and jumps from Ty to T at some arbitrary
time T and where the value of N(t) also jumps. For instance, let z(t) = zy for t € [0,T)
and let z(t) = z, for t € [T, 00), where T' > 0 is arbitrary. For t > T, set a(t) = &, and for
t €0,7), solve ay(t) = p(a(t) — ay) with boundary condition «(7T") = &p. This gives

a(t) = ag + (ar — ay) e "7

Note that o/(t) > 0 for ¢t € [0,7) and «(0) > ay. The equilibrium so constructed satisfies
the first and second order condition for t*(x). The following proposition describes such

“ratcheting” equilibria:

PROPOSITION 20.  Assume that mg(z) = f(x) for all # € [0,U]. Let X be the set of

stationary equilibria, i.e.
X={0<%<U:pc=7%0+0,(1—F(z))}
An equilibrium is described by a path Z(t) that at times 0 =ty < t1 < ty < t,,, < 00:
Tt)=z€ Xfort, <t<tforalli=12...,m

and where z; > z;y; foralli =1,2,... m.



In words, an equilibrium is given by a piece-wise constant path for z(t), such that at
each discontinuity point Z(¢) jumps down to a value that is one of the stationary solutions
of equation (84). The set of equilibria thus includes the fully static one where z(0) = z,,, as
well as several other time-varying paths where the elements of X (the stationary solutions)
and the time sequence t; are arbitrarily selected subject to the constraint that the path for

z(t) must be weakly decreasing.

J.1 Proofs of the Deterministic Model

Proof. (of Lemma 7) The necessary second order condition for 0 < t*(z) < oo is:
Gu(t, o)) = € (—pou(t)r + au(t")z)

Differentiating with respect to time the law of motion for v (i.e., pa(t) = 0o+ 0, N (t) + (1))

we have:
pOét(t) = QnNt(t) + Oftt(t)

Evaluating the second order condition at (t,z(t)) and replacing ay(t):

&I

Gu(t, z(t)) = e (—pon(t)Z(t) + Z(t) o (t))
= e " (=pay()T(t) + 2(t) (peu(t) — OnNi(t))) = —e " T(1)0n N, (t)

Thus, if the necessary first order condition holds, i.e if Gy (t,z(t)) < 0, then Ny(¢) > 0 and
hence it is weakly increasing.

Furthermore, using the first order condition at ¢ > 0

pla(t)z(t) = c) = a(t)z(t)

Note that if ay(t) is strictly decreasing then a(t)z(t) — ¢ < 0, which is a contradiction with
a(t)z(t) — ¢ > 0. Thus, for a t where « is differentiable (no jump on N), then «a(t) must be
weakly increasing.

Lastly, notice that



where the second line uses that z(t) is decreasing in time. Taking the derivative of N(t) with

respect to time:

Ni(t) = [mo(@(t))e™" + f(z(t)) (L — ™) ] 2u(t) — ve " [F(2(t)) — Mo(x(t))]

U

Proof. (of Lemma 8) The proof has two parts. The first part establishes that Z is decreasing.
The second one uses that property to obtain the law of motion of M. Differentiating the
definition of N

N(t)=1- /z(t) m(z,t)dx

with respect to ¢, and using that m(-,t) is zero for x > Z(t) is in general strictly positive at
the left limit m(z(t)~,t), we have:

(1)
Nilt) = Ol ocopm(alt) 1) = [ e t)ds
0

Using the law of motion of m we have:

Z(t)

Ni(t) = 24(8)1 <oy (3 (1)t / (me, t) — [(x)) d
Z(t)
= T4(t) Lz, y<oym(T(t V/O (mz,t) — f(x)) dx
— B g ozoym(F () )+ v (M(2,8) — Fz, 1)

But since, M (x,t) < F(z,t) for all x, then if Ny(t) > 0, then z,(t) < 0.
Now, let use that Z(t) is decreasing. In this case if x < Z(t) then it must be that § < z(s)

for all s <t. Then for such = we have:
my(z,s) = —v (m(z,s) — f(x)) forall s <t
We can solve this o.d.e. for each z, using the boundary m(z, s) = mg(z). This gives

(1—e ™) f(x) + e 'mo(x) forall z < z(t)
0 for all = > z(t)

Integrating this density we get the desired result of its CDF M (x,t). O
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