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I Additional Results for Section 2: A Model of Labor Markets with

Inefficient Turnover

This section presents additional results extending the analysis in Section 2.

I.1 Equilibrium Value Functions

The following figure shows the equilibrium values and continuation sets of the worker (blue solid

line) and the firm (red solid line) in our baseline model.

FIGURE I1. EQUILIBRIUM VALUE FUNCTIONS AND CONTINUATION SETS

- W@) = j(®)
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Notes: The figure plots the equilibrium value functions of the firm (i.e., f(#)) and the employed worker (i.e., W(w)) as
a function of @ = w — z. The blue and red solid lines show the value function of the employed worker and the value
function of the firm, respectively. The dotted vertical lines mark the boundaries of the firms’ continuation set (—oo, &™)
and the worker’s continuation set (0, c0).

I.2 Sequential and Recursive Formulation of the Model

Here, we present the sequential formulation of the problem and show the one-to-one equivalence
to our recursive formulation.

Environment. The environment—i.e., preferences, technology, shocks, and frictions—is the
same as in Section 2. To focus on the novel component of the paper and to simplify the notation,

we assume that a recursive representation holds across employment and unemployment spells.
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An unemployed worker’s choice of submarket (z;w) is associated with a job-finding rate
f(z; w), which induces a stochastic job offer arrival time 7. The value of an unemployed worker
with productivity z is

u

T
U(z) = max Eo / e P! Be* dt + e PT H (2, ; wen; T (W, zgu)) | (L1)
0

{wf}trio

That is, an unemployed worker searches for a job in submarket (z;; wy) at time t < 7" until becoming
employed at wage w« and receiving the value of employment H(z+,; wru; T" (Wu, 27« )) at time T*.

Given the (fixed) wage w and current productivity z, a matched worker chooses when to quit,
which induces a stopping time 7". Based on the same (w, z) pair, a matched firm chooses when to
lay off the worker, which induces a stopping time 7/. Given the choices by workers and firms in
addition to the exogenous stopping time 7°, the actual match duration is the minimum stopping

h

time in the vector 7" = (7", 7/, 7°), denoted " = min{‘rh, 7/, 7°}. Given a vector of stopping times

T, the value of a worker employed at wage w with productivity z is
H(z;w, ™) = Ey

T"l
/ e Ple? dt + e PT U(zm) (I.2)
0

That is, an employed worker consumes a constant wage w until time 7" when she either endoge-
nously or exogenously transitions to unemployment. Similarly, given a vector of stopping times

7", the value of a firm matched with a worker with wage w and productivity z is

7
A

That is, the match produces e*, of which ¥ is paid to the worker until it gets dissolved at time 7.

J(z;w,T") = Eg e Pt [e* — "] dt] . (1.3)

Free Entry. In choosing the number of vacancies to post in each submarket, firms trade off
the expected benefit—i.e., the product of the filling rate q(6(z;w)) and the value of a filled job
J(z;w, T"(z; w))—with the flow cost Ke* of posting a vacancy. In each submarket, firms post
vacancies up to the point at which the marginal vacancy posting cost exceeds its expected benefits.

Thus, free entry requires that
min {Ke* — q(0(z;w))](z;w, T"(z;w)),0(z;w)} =0, (1.4)

for all (z; w).
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Equilibrium Definition. We are now ready to define an equilibrium. Let 7 be the set of all

stopping times for a given match. Given the state (z; w), staying in the match is a weakly dominant
strategy for the worker if there exists a stopping time T (z;w) € T such that Pr(t"*(z;w) > 0) = 1
and

H(z;w, Th*(z;w),’rj,'r‘s) > H(z;w,'rh,rj,r‘s), v, o e T,

with strict inequality for some /. Similarly, given (z; w), staying in the match is a weakly dominant
strategy for the firm if there exists a stopping time ©/*(z;w) € T such that Pr(t/*(z;w) > 0) = 1
and

J(z;w, Th,Tj*(Z,‘w),T(S) > ](z;w,rh,rj,r‘s), vt e T,

with strict inequality for some .

Definition 1.2. An equilibrium consists of a set of value functions {H(z;w,T"), J(z;w,T"),U(z)}, a

market tightness function 0(z; w), and policy functions {t"*(z;w), U/*(z; w), w* (z;) } , such that:
1. Given H(z; w, T"*(z;w)), U(z), and 6(z; w), the search strategy {w* (zt)}io solves equation (L.1).
2. Given [(z;w, T"* (z; w)), market tightness 0(z; w) solves the free-entry condition (1.4).
3. Given U(z), (t"*(z; w), T*(z;w)) is a nontrivial Nash equilibrium with stopping times (t", T/) that

satisfy

H(z;w, Th*(z;w),’fj*(z;w),r‘s) > H(z;w, Th,Tj*(Z,'w),T‘S), V(z;w)

](z;w,rh*(z;w),rj*(z;w),T‘s) > ](z;w,’ch*(z;w),fj,r‘s), V(z;w)

and Pr(t"(z;w) > 0) = 1 (resp. Pr(v/*(z;w) > 0) = 1) whenever staying in the match is a

weakly dominant strategy for the worker (resp. the firm) given the state (z; w).

Recursive Equilibrium Conditions. Define the recursive equilibrium conditions:

ulz 2 21/{ Z
0 ai ) | Uzaaz(z ) 4 max f(0(z;w))h(zw) — u(z)], ¥z € R (L5)

0 = min {Ke* — q(0(z;w))j(z;w),0(z;w) }, V(zw) € R?

pu(z) = Be* + v

z€ (Z(w))° = hiz;w) = u(z), (Lo)
ze (ZMw)) = j(z;w) =0, (L7)
0 = max{u(z) — h(z;w), A"h(z;w) 4+ e“}, Vz € Zi(w), h(-;w) € C'(Z(w)) NC(R),(18)
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0 = max{—j(z;w), Aj(z;w) + e — ¥}, ¥z € Z"(w),j(-;w) € C(Z2"(w)) NC(R), (L9)
ZM(w) := int {z €R:h(z;w) > u(z) or AMu(z) +e* > O} , (I.10)

Zi(w) == int{z € R : j(z;w) > 0 ore* — e > 0}, (L11)

where we define the characteristic operator for any function v(z) for the firm and the worker as

A (0(2)) = —pv +6(u(z) —0(2)) + 7

A (0(2)) = —po +6(0~0(z) + 75> + &

Lemma I.1. The policy functions {T"*, t/*,w*(z) } and the value functions {U(z), H(z; w, T"), ] (z; w, T™)}
given by (1.1), (1.2) and (1.3) and the market tightness function 0(z; w) forma BRE iff. {u(z), h(z; w), j(z; w) }
satisfy equations (1.5)—(1.11) and

h(z;w) = H(z; w, Th*(z;w),rf*(z;w),f‘s),

j(zw) = J(zw, ™ (z;w), U (z;w), T°).

To simplify the exposition, we divide the proof into a sequence of steps.
Proposition L.1. Let x := (z;w). If there exist two functions h(z;w) and j(z;w) satisfying (1.6), (1.7),
(1.8) and (1.9) given the continuation sets (1.10) and (1.11), then

O (x) =inf{t>0:2 ¢ Z'(w)},

T*(x) = inf{t >0:z ¢ Zj(w)}
form a nontrivial Nash equilibrium and
h(z;w) = H(x, T (x), 7% (x),7°), j(zw) = J(x, ™" (x), 7*(x),7°).

Moreover, if (T"* (x), T/*(x)) is a nontrivial Nash equilibrium, then h(z;w) and j(z;w) satisfy (1.6) to (L9).

Proof. Variational inequalities as sufficient conditions for Nash Equilibrium. First, we prove that
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if h(z; w) and j(z; w) satisfy (1.6) to (1.9), then

h(z;w) = H(x, 7" (x), T*(x), %) > H(x, ™" (x), 7*(x), %)
for any T € T The proof of the statement

j(zw) = J(x, T (x), 7 (x),7°) 2 ] (x, 7 (x), T (2), T°),

for any v/ € T, follows the same arguments.

Step 1: Here, we show that i(z;w) > H(x, t"(x), 7*(x), t°). Let T" be any stopping time (not
necessarily the optimal). Without loss of generality, we restrict the attention to T/ < T(—c0,a), Where
T(—ooq) = inf{t > 0:z ¢ (—o0,a)}. Intuitively, it is never optimal for the worker to stay in the
job at wage w when productivity is sufficiently large. Let Uy C R be an increasing sequence of
bounded sets s.t. Up? ;Ui = R. Let 7 = inf {t > 0: z; ¢ U }. Since each U is bounded, we do not
need to assume compact support of the function to apply Proposition A.1. Applying Dynkin’s

Lemma to the stopping time T,i’ =t"AT AT AT,

E[e’prl?h(xrl?)\zo =z|=h(z;w)+ E

Th
/ ‘ Alh(zg;w) dt|zg = z] :
0
Using condition (1.8), we have that h(z;w) > u(z) for all z € Z/(w). Moreover, h(z;w) = u(z) for
all z € (Z/(w))°. Therefore, h(z;w) > u(z) for all z € R. Thus, we have that lE[e*PTI?h(zT;;w)\zO =

z] > IE[e*PTI?u(zTI?HzO = z|]. Thus,

IE[E_M’?M(ZT}?)‘ZO =z|—E

Th
/ ‘ Alh(zg; w) dt|zg = z] < h(z;w).
0

From condition (1.8) , we have A"h(z; w) + ¢ < 0 for all z. Thus,

T
E / e Pl dt|zg =z| < —FE
0

T
/ Ah(z;w) dt|zg = z| .
0

Using this result
Th

E Ceptov dt|zg = z] < h(z;w)

e_PTkhu(ZTh) + /
k 0

T

h jk A0
Now, we take the limit k — co. It is easy to see that [; NN g—pttw gt < %ew a.e., so using the
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. . h j* 5 h j* ")
dominated convergence theorem limy_, o, E UOT NENTNT p=pttw qf| 79 = z} =E [ N NN pmpttw Q| zg = z].
As we show below, u(z) « ¢* and since e* < ¢ for all t < 7! < T(—co,a), We have that

0 < e Pu(z;) < e”. Applying the monotone convergence theorem, we have that
; —o(T"ATIFATOA (T AT A0
Jim B [e 0N 2o = 2] = B [T Mz )0 = 2]
Therefore, taking the limit k — oo, we finally obtain

h(z;w) > H(x, T"(x), 7" (x), °).

Step 2: Now, we show that h(z;w) = H(x, T (x), 7 (x), t°). Applying Proposition A.1 to the

stopping time 7/'* = T A T* A 7 A T° we obtain

Ele % h(zg;w) |20 = 2] = h(z;w) + E

Th*
/k A (z;w) dt|zg = z] .
0

For all t < 7/*, we have that u(z) < h(z;w). Therefore, by (1.8), A"h(z;w) + ¢® = 0 for all z. Thus,

Jix

* Tk
B (et hlagiw)+ [ oo drizg = ] — ().
0

Taking the limit k — oo and following similar arguments as above, we obtain

E

b e s AT AT
e P NN (7 e pss W) —|—/ e Ple” dt|zg = z| = h(z;w).
0
which, given Proposition A.2, is equivalent to

E

e i T ATl
e TNz ) +/ e~ T (u(zy) + ¥) dt|zg = z] = h(z;w).
0
Since z i .+ € 0(ZM(w*(z)) N Z/(w*(z))) and h(-;w) is continuous, we have that

E

) T AT a
e @A)y () +/ e~ (Su(z;) 4 V) dt|zo = z] = h(z;w).
0

and h(z;w) = H(x, T (x), 7" (x), T°).

Variational inequalities as sufficient conditions for Nontrivial Nash Equilibrium. This part of
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the proof is constructive. Define WID"(w) = {z € R: 0 < ¥ + A"u(z)} and T (z; w) = inf{t > 0 :
z ¢ WD" (w), zo = z}. Now, we check that this set is where continuation is a weakly dominating
strategy. Applying Dynkin’s Lemma (and using similar arguments as before), for any stopping

time T we obtain

E [e " u(z¢)|zo =z] = u(z) +E

T(z;w)
/ Alu(z;) dt|zg = z] .
0

Using 7(z;w) = min {t*(z;w), ¥/ (z; w), T (z; w) },

u(z) =E [e_PT(Z”")u(zT )|zo = z} —E

(zw)

T(z;w)
/ Alu(z;) dt|zo = z]
0

T(z;w)
/ e PP At|zg = z| .
0

with strict inequality, if Pr(7(z;w) > 0) = 1. Thus, staying in the match weakly dominates

<E [e_pT(Z;w)M(ZT(Z;w)”ZO = z} +E

dissolving the match.

Variational inequalities as necessary conditions. Now, we prove that if 7"*(x) and 7/*(x) is
a nontrivial Nash equilibrium, then h(z; w), j(z; w) satisfy (1.6) to (I.11). Notice that under the
assumption that T/ and 7" are characterized by continuation sets, we can focus on these sets to

prove conditions (1.6) to (I.11). By definition, we have that

h(z;w) = maxE

AT AT b
2 / e PHO AL 4 e PNy (g s w0) dE|zo = 2| 1.12)
T 0

e Condition (1.6): If z € (Z/(w))¢, then T*(x) = 0 and Pr[min{t"*(x), T*(x), T°(x)} <

T*(x)] =1, and h(z;w) = u(z). A similar argument holds for the firm.

¢ Condition (I.8): Observe that this condition is the best response of the worker, given that the
firm continues. See Jksendal (2007) and Brekke and Jksendal (1990) for a discussion of the

necessity of the smooth pasting condition.

* Condition (I.10): For this part, we will assume that u is C? and the set of productivities for
which e¥ + A"u(z) = 0 has measure zero (we show this property in Lemma 1). To show
this, we need to characterize the continuation set in the Nash equilibrium that survives

the iterated elimination of weakly dominated strategies. First, from the problem (1.12), if
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Pr(t/*(x) > 0) = 1, then Pr(7"*(x) > 0) = 1iff.
zeint{ze R:h(z;w) > u(z)}.

Next, we proceed by contradiction. Assume that in the state (z;w) staying in the match

weakly dominates leaving and

0 < e+ Alu(z). (113)

Notice that here we are ignoring the case ¥ + A"u(z) = 0 since it has measure 0. If u(z) € C?,
define an open set U, containing the chosen (z;w), where e” + A"u(z) > 0 and take any
stopping time Ty;. Then, applying Dynkin’s Lemma (and using similar arguments as in Step

1), we obtain
u
E [e "™ u(zq,)|z0 = z] = u(z) +E [/ Au(z;) dt|zg = z} :
0
Using the inequality in (1.13),

u(z) =E [e PYu(ze)|zo =z] — E [/OTU Au(z;) dt|zg = z}

U
> [e P ™Mu(zq,)|zo =z + E {/ e P dt|zg = z] )
0

Thus, staying in the match is dominated for TV, arriving at a contradiction.

Proposition 1.2. Define
w*(z) = argmu?xf(f)(z;w))(h(z;w) —u(z)).

and T = inf{t > 0 : AN{(G(Zt;w*(Zt))) = 1} where N{(Q(Z“w*(zt))) is a Poisson counter with arrival rate

F(0(ze;w*(21))). The function u(z) satisfies u(z) € C*(R) and (1.5) iff.

u

T
u(z) = max E / e_ptB(Zt)dt+€_PT”h(zr”?w)
0

{w: }io

Proof. The proof is the standard optimality conditions in the HJB (see Jksendal, 2007). ]
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Lemma L.1. Assume u(z), h(z;w), j(z;w), 0(z; w) satisfy (1.5)—(1.9) given the continuation sets (1.10)

and (1.11). Then {7, v/*, {w;}T",} constructed with
t =0

™ (x) = inf{t >0:z ¢ Zh(w)}
T*(x) = inf{t >0:z ¢ Zj(w)}

w*(z) = argmgxf(@(z;w))(h(z;w) —u(z)).

is a BRE with

If{H(z;w, "), ] (z;w, "), U(z)}, market tightness 6(z; w), and policy functions { T"* (z;w), T* (z; w), w*(z:) }
is a BRE with

then u(z), h(z;w), j(z;w), 0(z; w) satisfy (1.5)—(1.9) given the continuation sets (1.10) and (1.11).

Proof. The proof is a combination of Propositions I.1 and 1.2. O

1.3 Derivation of Recursive Equilibrium from Discrete Time

This section presents the discrete-time counterpart of the model described in Section 2 in time
intervals At;i.e., t = 0, At,2At,. ... We use the equilibrium concept of a Markov perfect equilibrium.
We follow Stokey (2008) to construct a discrete-time approximation of the worker’s idiosyncratic

productivity:
zp + o0V At with probability %\/ﬁ
Zp = . (I.14)

zp — oV At with probability #\/ﬁ
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Observe that the process is locally consistent with dz; = y dt 4 ¢ dWf (see Kushner and Dupuis,
2001).

Given the discrete-time nature of the problem, the timing within the period is as follows. At
the beginning of the period t, workers’ idiosyncratic productivity shocks are realized. Then, the
labor market opens: exogenous and endogenous separations and new matches are realized. Finally,
production takes place, and agents receive their payoffs. We define all the value functions after the
realization of the idiosyncratic shocks and before the labor market opens.

Value functions. The value of an unemployed worker ux;(z) is

unt(z) = max {e_f(eA‘(Z;w))At [EeZAt + e PME,, [uae(2)] ZH

_|_ [1 — eff(GAr(Z}W))At] |:eZUAt + e*pAt]EZ/ [hAt(Z/; w) ’ Z]] } (115)

Here, Be?At is the flow income from unemployment, 1 — e~/ (?(z)) is the probability of finding
a job with flow income e“At and continuation value [E,s [h;(z; w)| z], e 2! is the discount factor
and z’ is a random variable with law of motion (1.14). We use the notation wj},(z) to denote the
optimal search policy of an unemployed worker.

The vacancy cost for a period At is Ke?At and the expected return is [1 — e~70E®)A)j (z; ).

The free entry condition is given by
min{Ke*At — [1 — e‘q(GAf(Z;w))At} jat(z;w), 0ar(z;w) } = 0. (L16)

Thus, if the cost of posting vacancies is larger than the expected value of finding a worker—i.e.,
Ke*At — [1 - e‘q(eAf(Z;w))At} jat(z; w) > 0—then 0, (z; w) = 0. Similarly, if the submarket (z; w) is
open, then the free entry condition holds with equality Ke?At = [1 —e 1 (QN(“"))N] jar(z;w).

Let I (z;w) € {0,1} be an indicator variable equal to one when the worker chooses to continue
in the match and 0 if the worker chooses to quit. Similarly, based on the (z; w) pair, a matched firm
chooses to lay a worker off when ]IjAt (z;w) = 0 and to continue in the match when I/ (z; w) = 1.

Given firm policy IU(z; w), the value function of a worker with productivity z employed at wage
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PTI L {e*‘w {ewAthe*PAt]EZ/ [h]gt(z’;wﬂzﬂ +(1—6*5At)uAt(z),uAt(z)}, T, (zw) =1
At\=~r -

upt(z), Hgt(z; w) = 0.
(117)

If the firm chooses not to lay the worker off, then the employed worker chooses between quitting
her job or not while consuming the constant wage w. The notation makes it clear that the fixed
point in (I.17) depends on the firm’s policy function. We define hp;(z; w) := hi]{f (z;w), where II]'A*t
denotes the firm’s optimal policy function.

Similarly, given a worker’s policy I%,(z; w), the value of a firm matched with a worker with
wage w and productivity z is

h
o max {e“w [(eZ —eY) At + e PAE, [jiﬁf (z’;w)|z” ,0} if 1, (z;w) =1

jat (zw) = (1.18)

0 if I (z;w) = 0

We define jas(z; w) := h%} (z;w), where I"* denotes the worker’s optimal policy function.

We are ready to define a Markov Perfect equilibrium with the additional refinement that
continuation in the match needs to be a weakly dominant strategy.
Definition 1.3. A Markov Perfect equilibrium is a set {hat(z;w), jar(z; W), uat(z), Oat(z; W)} of value

functions and market tightness together with policy functions {11, ]IjA*t, wi,(z)} such that:

(i) Given ha(z; w) and Oa¢(z; w), uas(z) satisfies the value function (1.15) with optimal policy function

Wi (2).
(ii) Given jai(z; w), the market tightness Oa¢(z; w) satisfies (1.16).

(iii) Given u(z) and II]Xt, ha(z; w) = hHA]A:‘ (z; w) satisfies the value function (1.17) with optimal policy

1% (z; w). Moreover, if for any function H];t, the value function in (1.17) given by hHAjt(z; w) satisfies
e oM [ewm + e PME, [hlgt(z';wnzﬂ (1= e ) up(z) > up(z)

with strict inequality for some ]IQV then 1% (z;w) = 1.

(iv) Given 1%, jat(z;w) = jHAZE (z;w) satisfies the value function (1.18) with optimal policy ]I]:t(z;w).
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Moreover, if for any function 1%, the value function in (1.17) given by jHAI;(z; w) satisfies
h
e OB | (7 — V) At + e PME, [jHAAt‘ (z’;w)]z” >0

with strict inequality for some 11, then ]I]Zt(z; w) =1

A comparison with the main text’s recursive equilibrium is helpful. First, in the main text, we
use the optimal continuation set of each agent to define the equilibrium’s best response. This is the
reason why the value functions were not indexed by the continuation set of the other agent. Second,
unmatched workers and firms internalize the outcome of the nontrivial Nash Equilibrium through
hat(z; w) and ja¢(z; w), respectively. Third, the Nash equilibrium part of the definition imposes that
the worker’s optimal quit strategy is the best response to the firm’s layoff policy and vice versa.
Fourth, the refinement based on weakly dominating continuation strategies is applied in two steps.
In the first step, we solve the decision problem of an agent for a given continuation policy of the
other agent. In the second step, we verify that continuing in the match weakly dominates leaving it
for all continuation policies of the other agent—not necessarily the optimal one.

We now proceed to derive the equilibrium conditions when At | 0. Define the following limits

u(z) = lAitIf(l) upr(z), h(z;w) = lAitIf(l) hat(z; w),

i(z;w) = lim ja(z; w), 0(z; w) = im Ops (2, w).
j(z w) Algg)m(z w), 0(z; w) im, at(zw)

Below, we use the fact that for any function ux;(z) the following two properties hold:

o 2 1)) = ()

= A%u,
At10 At

where A is the characteristic operator of dz; = ydt + o dW¥f, and

lim B [ (2)]2] = u(z).
Hm Iz [uar(7)|2] = u(z)

Similar properties apply to ha¢(z; w) and ja;(z; w). For details regarding the convergence of the
limit when At | 0, see Chapters 9 and 10 of Kushner and Dupuis (2001).

Unemployed worker’s HJB equation. Using the fact that e #* = 1 — pAt +0(At?*) and e~/ (O(zw))at —
1— f(6(z;w))At + o(At?), from (1.15) we have that 0 = Be? + IEZ’[”“(ZXLZ]_”“(Z) — pE, [ua(2')] 2] +
maxg f(0a¢(2;w))Ex [ (hat(2;w) — uar(z'))] 2] +0(At). Using the fact that lim ;o B lar@ el zua®)
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2
’yabg—(zz) + %zagfz(zz), limagjo Bz [uas(2')] 2] = u(z), and limag o Ex [hae(2';w)| z] = h(z;w), we have

o2 9%u(z)

that pu(z) = Be* + ’y% + G 5 T maxy f(0(z;w)) (h(z;w) — u(z)).

Free entry condition. For free entry in (I.16), notice that [1 — e~ 70at(z@))A] — (0, (z; w)) At +

o(At?). Thus, taking the limit, we obtain min {Ke* — q(0(z; w))j(z; w), 6(z;w) } = 0.

. i«
Nontrivial Nash Equilibrium. First, assume that I}, (z; w) = 0. Then, hHAA; (z,w) = hat(z;w) =

uas(z). Taking the limit, I'* (z; w) = 0, then h(z; w) = u(z).

If ]IjA*t(z;w) =1land I};(z;w) = 1, then
hat(z;w) = e % [ewAt e PR, [hAt(Z/,'w)|ZH (1= e up(2)

and ha¢(z; w) > ups(z). Or equivalently,

E. [hat(2';w)| 2] — hae(z; w)

0=e"
e” + Af

— PEy [har(Z;w)| 2] + 6 [(uar(z) — hae(z;w))] + o(At)

and ha¢(z;w) > uas(z). Taking the limit, if I7*(z; w) = 1 and 1"*(z;w) = 1, then

oh(z; w) N 0% 0%h(z;w)

. N /1)
ph(z;w) = e* + 0z 2 922

+6 (u(z) — h(z;w)),

h(z;w) > u(z).
If II]Xt(z;w) = 1and I(z;w) = 0, then
hae(z;w) > e [ewAt + e PME,, [hAt(z';w)|zH + (1 — e 2 ) upy(z)
and
hat(zw) = un(z).
In the limit, I’*(z; w) = 1 and 1" (z; w) = 0,

oh(z;w) N 0? 0%h(z;w)

. > W
ph(ziw) = e+ Jz 2 022

+6 (u(z) — h(z;w)),

h(z;w) = u(z).

Therefore, we can summarize the worker’s optimality condition as

z, 0'2 2 z, W :
o) = ma for 4 2MEL) | FIMEL) g (1) bz pu(a) | i (i) = 1.
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Applying the same argument to the firm’s problem, we have that

(e 232:(.
pi(zs) = max { & — e g L TEIIL 45 (), 0} i1 i) =1

Finally, we characterize agents’ continuation sets. We show that the worker’s continuation set is
Zh(w) = {z: hat(zw) > upi(z) or At + e PME, [up(z') — uae(z)|z] > 0}.

Clearly, the worker will continue in the match if iz (z; w) > ua¢(z). We now derive the equilibrium
condition for continuation to be a weakly dominating strategy at (z;w). Let us start from the
definition of a weakly dominating strategy: Continuing in the match weakly dominates separating

when the state is (z; w) if, for all firm’s policies Hit, we have that
e oAt [ewAt + e PME,, [hHAjt(z’;sz” + (1= e 2 upi(z) > up(z),
with strict inequality for at least one policy ]IjA ;- Operating
e oA [ewAt + e PME,, [hgt(z’;w) — u(z)|z” > 0.

Since this holds for all IIQ .(z;w) at (z;w), it also holds for the infimum of the firm’s policy function.
Thus,
e [ewAt + e PAE, [inthAjt(z’;w) —upi(z) ]zH >0
U

Since worker’s optimality imposes that hHAjt(z; w) > ups(z), with equality when I (z; w) = 0, we

have that infy; hlgt (z;w) = up(z) and
e“At + e PME, [up(z') — uae(z)|z] > 0.
Define the productivity set
WD, (w) = {z €At 4 e PMEy [up(z') — uar(z)|z] > O} :

Observe that if ]I]‘At(z; w) = 1fora given w and all z, it is easy to check that hlgfl (z;w) > up(z) Vz €

WD, (w). Thus, the set WD, (w) characterizes the productivity levels for which continuation is
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a weakly dominating strategy for the worker. Taking the limit, we have that

ou(z) N 0? 0%u(z)

ZMw) = {z : h(z;w) > u(z) or e — pu(z) + 0z 2 022

> 0}.
Applying the same argument to the firm’s problem, we have that

ZMw) = {z:j(z;w) > 0ore* —e¥ > 0}.

II Additional Results for Section 3: Aggregate Shocks in Labor Markets

with Inefficient Turnover

II.1 A Monetary Economy with Exogenous Money Supply

We modify four aspects of the baseline model. First, we introduce preferences over real money

holdings:

Eo Uoo e P! (Cit + plog <M*>> dt] , (IL.1)
t=0 P,
where M; denotes the money holdings of worker i, P; is the relative price of the consumption good
in terms of money, and y is a preference weight on real money holdings.

Second, workers face a budget constraint that reflects ownership of firms and access to complete
financial markets. Given a history of labor market decisions regarding job search, job acceptance,
and job dissolution, Im! := {Imy}!,_,, a worker’s private income is Y;(Im!), which equals the
nominal value of the wage while employed and the nominal value of home production while unem-
ployed. In addition, each worker receives transfers of T;; from the government and fully diversified
claims on firms’ profits. On the spending side, a worker pays for consumption expenditures P;C;;
and the opportunity cost of holding money i¢M;; at a given interest rate iy > 0. Letting Q; denote

the time-0 Arrow-Debreu price under complete markets, the worker’s budget constraint is
IEO |:/ Qt (PtCit -+ itMit — Yt(lmf) — Tit) dt < Ml'(). (HZ)
t

=0

The worker’s problem is to choose a consumption stream {C;; }5° , labor market decisions {Im;; }5°,
and money holdings {M;;}%°; to maximize utility (II.1) subject to the budget constraint (I1.2) at
time 0.

Third, the economy is subject to shocks to the aggregate money supply M;. We assume that the
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log of the aggregate money supply m; follows a Brownian motion with drift 7 and volatility {:
dm; = rdt + AW/,

where W}" is a Wiener process. Fourth and finally, we assume that the vacancy posting cost KZ;
and the value of home production BZ; are both denominated in real terms.
Given these modifications, the market-clearing conditions for goods and money, respectively,

are

1 1
/O (Cit + 6,1 [Eyy = u)RZy) di = /0 (Zi1[Ex = h] + BZy1[Exr = u]) di, (IL3)

1
/ M di = M;, (I1.4)
0

where 1[-] is an indicator function that takes a logical expression as its argument. Equation (I.3)
states that the sum of real consumption and recruiting expenses must equal the total market and
home production of the good. Equation (II.4) states that the total demand of nominal money
holdings across workers equals the aggregate money supply.

The following proposition characterizes the worker’s problem in this monetary economy.
Proposition I1.1. Let Qo = 1 be the numéraire and assume y = p + 7w — C%/2. Then, Py = M; and the

value of a worker at time O is

Vo = max Eg [/oo e’ptM dt} +k
{Ima}e2, 0 Py

where k is a constant independent of the worker’s choices, capturing the present discounted value of financial

wealth.

Proposition II.1 shows that the price level equals the aggregate money supply and that maximiz-
ing (IL.1) subject to (II.2) is equivalent to maximizing expected discounted real income. The result
relies on three assumptions: (i) complete markets, (ii) worker preferences that are quasi-linear in
consumption, and (iii) the log of aggregate money supply following a random walk with drift. The
first two assumptions imply a constant marginal value of nominal wealth, which, combined with
the last assumption, leads to a constant real interest rate and a one-for-one pass-through of money

shocks to inflation.

12



Proof. Let Vj be the present discounted value of the optimal plan. The worker’s value is given by

Vo = max Eo [/ e Pt (Cit + plog <
{Cit, i Imis 132 t=0

A

7))

Eg |:/ Qt (PtCit + itMit — Y(lmf) — Tit) dt:| < MiO- (H5)
t=0

subject to

The first-order conditions for consumption and money holdings, combined with the definition of

the nominal interest rate, are given by

= NiQtD, (IL.6)

e A 1.7
P‘m = NAiQriy, (I1.7)
E[dQ:] = —i;Q; dt. (IL8)

Here, A, is the Lagrange multiplier of (IL.5) for each worker. Equation (I.6) shows that A; = A for
all i. Taking integrals over (I.7), we can replace M;; = M;. With these results, we guess and verify

the following equilibrium outcomes

:Ath/
iy = A, (IL.9)
AQe—rt
Q= —r—
t

given a set of constants A”, A?, and AQ. Using the guess in (I1.6) and (IL.7)

1=AARAP, (11.10)

1= AARA" (I.11)

Equations (I.10) and (I1.11) provide the equilibrium values for AQ and A” given A’. Applying Ito’s

lemma and using the guess over (I1.8)

—pt
_ 40 e”
th =And <elog(M,)> !

—ot
_ a0 " Q Q
= —pA (elog(Mt)> dt— A ( 3 dlog(M;) + A

t
2elo ( )(dlog(Mt))zf
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2
= —th dt — 7TQt dt — CQt th'” + EQ,} dt.

Thus, using the guess (I1.9) and E[dW}"| =0

E[dQ:] = — <p+ m— ) Q:dt.

If we take as numéraire Qg = 1, then we verify the guess with y = p + 7 — %2:

A9 = M,,
) 2
A’:p+7r—%:y,
_ 4 _ 1
- Mo(p+m—2/2) My
2
Ap:p+7ty 5/2:1.

Using the budget constraint (IL.5)

Eo {/ Qt (PCit + My — Y(Im}) — Ty) df] =My <~
0

* Moe P!
]EO |: ;)\/It (MtCit —+ ]/lMt — Y(lﬂ’lf) — Tit) dt:| = MiO <
0

o o Y (Imt o0 T;
MuEg [/ e‘PtCit dt:| = M,y + MpE [/ e—pt(z\/lmz)] + MplE, |:/ e—pti dt:| — %y
0 0 0

t
w © y(im!
]E() |:/ e_ptCit dt:| = IEO I:/ e—pt(mz):| —|—ki,
0 0 M;

where k; is a constant independent of the worker’s policies. Thus,

A

Vo= max Eg [/ e Pt (Cit + ;l/llog <Mit>> dt:| ’
{Cit, My Imy 32 0 by
- Eo| [ e (Cutpl <y>>dt},
[Culma)o 0[/0 ‘ ( TR o2/

= max [y [/ eptC,'tdt],
{Citdmig ¥ 0

© _Y(Imh)
= E e—PfZ} +k;.
B
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I.2 A Monetary Economy with a Taylor Rule and Interest Rate Shocks

We now show that our previous environment is isomorphic to an economy in which the monetary
authority sets the interest rate by following a Taylor rule. As in Gali (2015), we study a cashless
economy in discrete time where t € T = {0,A,2A,3A,... }.

Preferences are the same as in Section 2:

Ey
teT

Y e_ptCitA] ) (IL.12)

where e~ denotes the discount factor. Workers face a budget constraint that reflects ownership of
firms and access to complete financial markets. Given a history of labor market decisions regarding
job search, job acceptance, and job dissolution, Im! := {Im;.}!,_,, a worker’s private income is
Y;(Im!), which equals the nominal value of the wage while employed and the nominal value of
home production while unemployed. In addition, each worker receives transfers of T;; from the
government and fully diversified claims on firms’ profits. On the spending side, a worker pays for
consumption expenditures P;C;;. Letting Q; denote the time-0 Arrow-Debreu price under complete

markets, the worker’s budget constraint is

Eo | Y Q: (PCiy — Yi(Im}) — Ty) A| <0. (IL.13)
teT
The worker’s problem is to choose a consumption stream {Cj };°, and labor market decisions
{Imy }72, to maximize utility (I1.12) subject to the budget constraint (I.13) at time 0.
In this microfoundation, the central bank sets the nominal interest rate following a Taylor rule
given by
it =p+ T+ ¢t — 7T) + 1t

Here, i; is the nominal interest rate, 7 is the inflation target, and ; is a compound Poisson process

—AA —AA

such that with probability e~"# it is equal to zero and with probability 1 — e~ it is equal to €;0;/ A,
where ¢; is an i.i.d. random variable with mean zero and standard deviation of 1.

Finally, we assume that the vacancy posting cost KZ; and the value of home production BZ; are
both denominated in real terms. The market-clearing condition for the goods market is still given

by (IL3).
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The following proposition characterizes the worker’s problem in this monetary economy.

Proposition I1.2. Take the limit A | 0. Then,
_ 0i
dlog(P;) = wdt — —€;dN;,
¢n

where N, is a Poisson process with intensity A. The value of a worker at time 0 is

o l
Vo = max [y {/ e Pt (m)dt] + ki,
0 P

{lmit}fozo t

where k; is a constant independent of the worker’s choices, which captures the present discounted value of

financial wealth.

Proof. Let V be the present discounted value of the optimal plan. The worker’s value is given by

VW= max K e PICyA |,
{Cigdm }52 tgr ! |
subject to )
Z o) (PtCl-t —Y;(Imh) — Tit) Al <0. (I.14)
teT i

The first-order condition for consumption is given by

o= AQ:D;, (IL15)

Here, A, is the Lagrange multiplier of (I1.14) for worker i. Equation (II.15) shows that A; = A for
all i. Evaluating (I1.15) at periods t and t + A and taking their ratio, we have

o—ob _ Ltealiia E, [ B, pA:| _ |:Qt+A:|
Qtpt Pt+A Qt

By definition of the interest rate, the lack of arbitrage opportunities with the nominal bond offered
by the monetary authority E; [Qt* A} = ¢~ "4, and the Taylor rule, we have the following system of

equations:

. P,
1 :e”AePAIEt[ ! } and iy =p+ T+ ¢ (1 — 7T) + 4.

t+A

Since Pyip = P58 from the first equation we have that ePd = (AR, [e_”f+AA]. Making a first
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order Taylor approximation when A | 0, we obtain p = iy — [E; [71;14]. Replacing in the expression

for i; from the Taylor rule,

_ Lt 1 _
=7 — — 4+ —E; [T p — 7T
b e T
Iterating this equation forward, inflation can be expressed as a function of the current and future
shocks: A
[’} 1 ] 1 .
7'({—7:[:—1Et Z() i .
Z\ox) ¢
Since E; [ltﬂ'} =0, we have that 7, — 7 = —ﬁ, and therefore

A i
log(Prin) = log(Pr) + mipaA = log(Pr) + TA — :; = log(P;) + A — ]Bt:;et,

7T 7T

A and zero otherwise. Taking

where By is a random variable equal to one with probability 1 — e~
the limit A | 0, we have a continuous-time compound Poisson process for the aggregate consumer

price index

dlog(P,) = dt — e dN;,
P

where N; is a Poisson process with intensity A. Combining the fact that e ' = AQ,P; with the

worker’s budget constraint:

Eo

) e_PtCitA] =AEg | )] QtPtCitA]
teT [ teT
= AEo | Y Qi(Yi(Im}) + Tiy) A
| teT

= AEg | ) QiYi(Im})A| + AEg ZQtTitA]
| teT i teT
=k;
L Yi(imt) ]
=E pro2 i .
0 tgre P, A+ k;

Taking the limit when A | 0, we have the desired result.
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II.3 Model Extension: Staggered Wage Renegotiations

In this section, we generalize our model to the case of staggered wage renegotiations, which we
assume follow a Nash bargaining protocol with worker weight « and to occur at rate " > 0 ala
Calvo (1983). The generalized model nests as a special case the economy with fully rigid wages
(6" — 0) presented in the main text and also the polar opposite case with fully flexible wages
(6" — 00). By convexifying between these two cases, the generalized model allows for arbitrary
frequencies of wage changes in employment that can be matched to the data. The generalized
model with staggered wage renegotiations yields several results but our main conclusion is that all
of our key insights extend to an environment with 0 < §" < oo subject to minor modifications.

In the baseline model, wages are completely rigid within a worker-firm match. We have chosen
to present and analyze this simplified model to enhance clarity and provide a first theoretical
foundation for analyzing several core aspects of the model. Nevertheless, this assumption is
unrealistic and affects our results. To address this limitation, we follow the approach of Gertler and
Trigari (2009) and extend the baseline model by incorporating staggered wage renegotiations a la
Calvo (1983) in a way consistent with the Hosios (1990) condition. The resulting insight is that all
our key findings can be extended to this more general environment. Importantly, almost all the
proofs can be extended to the model involving wage adjustments within a match with only minor
modifications. Next, we present a summary of how wage renegotiations within a match affect our
results.

Environment.

Here, we modify the baseline setup exclusively to permit wage renegotiations within a match.
The preferences, technology, and search frictions remain the same as those outlined in the main text.
Wage bargaining within a match is modeled by a Poisson process with a rate denoted by 6" > 0. We
assume that these renegotiations entail setting the wage within a worker-firm match according to
Nash bargaining, with the worker’s weight over the prevailing surplus at the time of renegotiation
given by « (i.e., equal to the elasticity of the matching function to satisfy Hosios condition). As
0" — 0, we recover the baseline model with fully rigid wages within a match. As " — oo, the
model transitions to the opposite extreme where wages are flexible and continuously reset.

Recursive Formulation.

Value Functions. The Hamilton-Jacobi-Bellman (HJB) equation of an unemployed worker is
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still given by

2 32
pu(z) = Be* + 'yabéiz) + %a E;lng) +max f(0(z;w))[h(z;w) — u(z)].

The HJB equation of a worker employed at log wage w with log productivity z € Z/(w), for which

the firm prefers to continue, is now

oh(z;w) | o®*h(z;w)
0z 2 922

ph(z; w) = max {ew +9 + 8" [h(z; w* (2)) — h(z;w)] — 8[h(z;w) — u(z)], pu(z)} ,
and for productivities z ¢ Z/(w) (i.e., at productivity for which the firm prefers to dissolve the

match), the HJB is given by
h(z;w) = u(z) Vz € (Z21*(w))°,

with h(-;w) € CY(Z/*(w)) NC(R). The only difference relative to the baseline model is the term
0" [h(z; w*(z)) — h(z; w)], which captures the expected capital gain from wage renegotiation.
Similarly, the HJB equation of a firm employing a worker at log wage w with log productivity

z € Z"(w), for which the worker prefers to continue the match, is now given by

9j(z; w) 2

7
0z 2

250
pi(ziw) = max { — e¥ 4.9 T 1 5 lesn (@) - e - 0izw) 0}
and the HJB equation evaluated at log productivity z ¢ Z"(w), when the worker prefers to dissolve

the match, is given by
j(zzw) =0 vz € (2" (w))F,

with j(-;w) € CY(Z2"(w)) N C(R). Again, the only difference is the term 8" [j(z; w*(z)) — j(z; w)],
which captures the expected capital gain that a firm experiences when renegotiating the wage with
the worker.

Continuation Sets. The firm’s and worker’s optimal continuation sets are

ZI*(w) = int{z € R: j(z;w) > 0ore* — e’ > 0},

232
2 (w) = int {z €R:h(z;w) > u(z)or0 < e’ — pu(z) +78LS(ZZ) Uza;;(zz) } .

Observe the following property: Allowing for wage renegotiation within a match does not
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affect the equilibrium conditions characterizing the continuation sets. We first explain the intuition
behind this result and then we formalize it.

To understand the intuition, we follow the same steps as in Online Appendix 1.3. We do so
by focusing on the continuation set of the worker—a similar logic applies to the continuation set
of the firm. Take a discrete time approximation At of our model. Let Hgt(z; w) denote the firm’s
continuation policy, which is equal to 1 if the firm continues the match and zero if the firm lays the

worker off. Continuing in the match dominates separating from it whenever
har(z;w) = €At + e PME () [har (20" )V (2 0') + upa(2) (1 =V (25 0'))] > un(z),  (1116)

for the firm’s stopping policy I (z/; w'). Here, E,,,[-] denotes the conditional expectation given
wage renegotiations, the law of motion of productivity, and exogenous separations. Since the
worker is optimally choosing to stay or quit, we have h*(z; w) > u®(z) for all z. Since condition

(I1.16) holds for any policy I (z/;w'), it must also hold for IU(z’; w’) = 0 for all (z’;w’). Therefore,

eipAtIE(z;w) [uAt (Z; ZU) (ZI; wl)] - U(Z)

w
0.
e” + AL >
Taking the limit as At | 0, we have
2 az
e — pu(z) +,)/E)u(z) - 0°u(z) -0,

0z 2 922

which is the same condition derived from our baseline model.
The reason why wage renegotiations do not affect the condition for continuation to be a weakly
dominating strategy is that they do not directly affect the worker’s or the firm’s value conditional

on a separation (i.e., #(z) and 0). Formally, define the law motion of the worker’s state variables as

dwt = (’(/D* (Z) — Zf)t—) dNt,
dz; = ydt + cdW;,

where N is a Poisson counter with arrival rate 6" and ©*(z) is the bargained wage (see below).

Given the law of motion of the state and a stopping time 7", the value functions of the worker and
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the firm are

h(w,z) = Ey

TWl
/ e Ple™ dt + emeu(sz)] ,
0

j(w,z) =IEg

-L—Wl
/ e Pt e — eV +e P X Odt] .
0

Let A be the characteristic operator of (w, z;) adjusted by discounting—i.e., A(¢) = —pp(w, z) +

2

I (p(w*(2),z) — ¢(w,z)) + ’ya(g—(') + %% Then, the pairs (w, z) for which the worker and the

Z 0z2 °

firm prefer to continue for every stopping time are given by

e’ + A(u) >0,

1— ¢+ A(0) > 0.

Wage Renegotiations. Let w*(z) be the solution to a Nash bargaining problem with worker’s

bargaining weight given by «, which satisfies the Hosios (1990) condition:

w*(z) = arg max {(h(z;w) - u(z))“j(z;w)l_“} :

w

We conclude this section with a discussion on the wage-renegotiation protocol. Our aim is to
expand our model by incorporating the on-the-job bargaining framework as presented in Gertler
and Trigari (2009), while keeping the economic environment unchanged. However, it is important
to make some comments. First, the opportunity cost for each agent during bargaining is the
corresponding value of separation (u(z) for the worker and 0 for the firm), not the corresponding
value at the current wage. This implies that agents commit to separate from the match in the
off-equilibrium event that bargaining fails—the conventional assumption adopted in the literature
(e.g., Shimer, 2005; Gertler and Trigari, 2009). For a deviation from this assumption, refer to Blanco
and Drenik (2022). Second, we adhere to the Hosios (1990) condition. The consequence of this
assumption is that the entry wage coincides with the bargained wage. While a deviation from the
Hosios (1990) condition would break this equality, the economic mechanisms affecting the entry
and bargained wages remain the same.

Equilibrium Characterization.

Using the change of notation adopted in Lemma 1—® = w —z, § := p — v — 02/2 and
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4 1= v + c*—we define

u(z) j(zzw) h(z;w)—u(z)
ez’ et e*

(0 oo =2, W = 2), (0~ 2)) = ( 0(zw)).

Rewriting the HJB equations using this change of notation, we get

W%wyo}

NS,

@+ﬁﬂﬁw&:nmx%@—pﬁ+ny@Wy—WQM)—ﬁW%w%%
2
(p-+0)](0) =max {1 e 487 (") - 1) = 47 (@) + G " (@), 0}

Here, the terms "W (*) and ¢ J(@*) are constant, since the reset wage @* does not depend on the
current value of @. Therefore, the problem is identical to that in the baseline model with completely
rigid wages (i.e., with 6" = 0), with the exception of three aspects. First, the effective discount rate
for both workers and firms becomes p + 6 + 6" instead of the previous expression p + J. Second,
the worker’s flow value is now given by e? + 6"W (@*) — pU instead of the previous expression
e® — pU. Third, the firm’s flow value is now given by 1 — ¢? + §"J(@*) instead of the previous
expression 1 — e?. It is important to note that these expressions simplify to those from the baseline
model as 6" — 0.

We now extend our key results to the case of on-the-job wage renegotiations.

Equilibrium Policies. We now analyze how on-the-job wage renegotiation affects equilibrium
policies associated with job creation and job destruction. In particular, we extend Proposition
2-Parts 1 to 3, which focus on job creation. We skip Part 4 of that proposition since its extension to a
setting with wage renegotiation is trivial.

Proposition I1.3. With wage renegotiations a la Calvo (1983), the BRE has the following properties:
1. The joint match surplus satisfies

1-pU
T(@*,p+6")

S(b) = 5 T (®,p+ "),

where

T(@,0+0") :=Ey

[ e<ﬁ+f5">tdt]
0
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is the expected discounted duration of current wages and 1 > pU > B. The following properties hold:

lim (@) = (1 — pU) T (d,p) and lim (@) = S—PD)

11.17
5710 500 p+0 ( )

i.e., endogenous separations do not affect the surplus (and thus, the entry wage) when 6" — co. s

2. The competitive entry wage—i.e., * = arg maxy f(0(®))W (@)—exist and is unique. Moreover, it

solves:

W* = arg max {W(z@)“f(z@)lf"‘} = argmax {17(@)“(1 — (@) T (@, p + 5r)} ,

w [

with optimality condition

n(@*) 11— p(@*) T(d*,p+3") -
Share channel Surplus channel

with n(@*) = a as §" — oo.

3. Given n(®*) and T (@*,p + 6"), the equilibrium job finding rate f(0(*)) and the flow opportunity
cost of employment pU are given by
. 1
FO@) = | =10 sy TR

1-pU ¥
oy UG )) .

pU = B+ (R (1= (@) " ()"

Proof. Now, we prove each equilibrium property.
1. The fact that pU > B follows from the same argument as before. Combining the sequence
and recursive formulations of the value functions, we have

T??’l*

/ O (G 4 5T (%) — pUT) dt
0

e~ (P ot 4 57 f(w")) dt]

where 7" is the optimal stopping time that determines match duration. Summing up, we
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have
S(@) = W(d) + (@) = (14 0"S(*) — pU)T (w,p + 67).
Evaluating the expression for match surplus () at @*, we get
S(@*) = (1+88(w*) — pU)T (w*,p + ")
and thus

- 1-pU
10T (W%, p+6)

T(@*,p+9").

Plugging this back into the above expression, we obtain

A

N 1-pU
S@) = =5 T @, p 7 o)

T(@,0+0"),

which is an expression for $() that depends only on U, 7 (@*,p + 6") and T (b, p + 6"), but
not on $(@*). Since W(w), (@) > 0, then S(#) > 0 and thus

T(@,p+)
1— 0T (@, p+0")

>0

0< $(@*) = (1-pU)

= 0<1-pU <= 1>pU.

Therefore, 1 > ,61:[ > B. To go from weak to strict inequalities, we follow the same steps as in

the baseline model.

Observe that, if t"* denotes only the stopping times arising from endogenous separations,

then

T(@,p+0") = {1 _ e—(p+5+5’)f"1*}

E.-
p+o+o6 "

Using these results and the algebra of limits, we obtain

- aa 1—pU
S

2. The proof is analogous. For log-concavity of the value functions, the Ricatti equation continues
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to hold following the redefinition of variables, but now

3. The same equilibrium conditions apply.
O

Discussion of the Effect of Wage Renegotiations on Job Creation and the Entry Wage. Before
discussing Proposition I1.3, it is important to highlight a distinction between the baseline model
and the model with on-the-job bargaining. In the baseline model, 7 (@, p) represented the expected
discounted duration of a match, but now, 7 (@, p + ") denotes the expected discounted duration
of the current wage. While these objects are trivially identical when 6" = 0, as shown in equation
(I1.17), they differ when 6" > 0.

Proposition I1.3 formalizes a simple intuition: As the frequency of bargaining increases, the
economic mechanisms influencing job creation resemble those in existing models of directed search.
To illustrate this, Figure II1 shows the value functions of the worker and the firm, the surplus of
the match, and the objective function J(#)!~*W ()" that the bargained wage @* maximizes. As
we can see in Panel A, when 0" = 0, the surplus function exhibits curvature at @ = @* since the
entry wage affects the likelihood of future separations. Instead, when 6" = 0.2, the surplus function
becomes independent of the wage for @ close to @* since the probability of an inefficient separation
is small (i.e., it is quite likely that the wage will be renegotiated before the match gets endogenously
dissolved). In the limit, as 6" — oo, the surplus function becomes a constant independent of .

Figure II2 plots the worker’s share evaluated at the entry wage and the flow opportunity cost as
a function of the renegotiation rate §”. As proposition II.3 shows, when 6" — oo, the worker’s share
of surplus 77 (@*) — a and the flow opportunity cost 9U* converges to the solution of the following

equation
o -l
Aufb:B—F(Kle].—D(laaaiA ) ,
4 (1-a) 540
i.e., the flow opportunity cost when there are no inefficient separations.
Static and Dynamic Considerations Behind Equilibrium Policies. We now extend Propositions
3, 4, and 5 within the model with wage renegotiations.

Proposition I1.4. The following properties hold:
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FIGURE II1. EQUILIBRIUM VALUES AND CONTINUATION SETS IN @W-SPACE

(A) Value functions with 6" = 0 (B) Value functions with " = 0.2
= W@ = J@)
= S@) = W(@) (@)
..... w*
[ )

Notes: The figure plots the equilibrium value functions of the firm f(@) (red line) and the employed worker W () (blue
line), the surplus of the match () (green line), and the “Nash bargaining” objective function J(@)'~*W (@)* (black
line) as a function of @ = w — z for 8" = 0 and §" = 0.2. The vertical lines mark the boundaries of the firms’ continuation

set (—oo, @) and the worker’s continuation set (@, c0).
FIGURE I12. EQUILIBRIUM POLICIES FOR DIFFERENT VALUES OF "

(A) (@) ®) pl

- -,](w*) s — pa ann ﬁafb

0.6

0.96 |

0 5.102 0.1 0.15 0.2 0 5.102 01 0.15 0.2

(5” 57
Notes: Panels A and B plot the worker’s share evaluated at the entry wage 7(%*) and the flow opportunity cost pU as a

function of the renegotiation rate ¢", respectively. The solid blue lines show the equilibrium values of 17(%*) and pU,
while the dotted red lines show the corresponding values when 6" — 0.

1. If ¥ = 0 = 0, then the optimal policies are given by

& A i o
1-p 1—a)oU,1
ﬁ+5“( pu)’lx_{—( “)pu/ +p+5

(0, 0%, @") = log (pa - (1—a)(1— pﬁ).)
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with §(W*) = aand T (0*,p+0") =1/(p + ).

2. Assume ¢ = 0 and « = 1/2, and a first-order approximation of the flow payoffs around @w*. Then
N p+o+0" 1-pU 540" r
F = D* +h(g, ®, 5) with g = /28— and & = Tt 1" — oo, then h <,/2P+ 2, (;ip) —

) < 1.606107734475270, then for a given @, h(p, P, -) is decreas-

oo. Fix go such that gh ((p, , 5+

ing in 5+ . Furthermore, §(@*) = a and

1 — sech ((ph ((p, o, %)) |

T(@"p+0") = S+ p+6

3. Assume 0> = 0and 4 > 0. Then,

There exists a 8" satisfying ] such that if " 1 &', then

w* Au
T — —oo.

(D +0+NW() = e® — pU + S W(*) — 4W' () + ‘iW”(w), Vi € (b, ")
(p+6+0)](@) = 1=+ J(@") — 4 (@) + LI (@), v € (@, )
(1- )dlog AA(A*) dlogVA\f(zﬁ*),
dd d@
V(@~) = J(@) = W(@") = J(@") =0
W(@™) = J'(@*) =0

whenever § # 0 or 0 > 0. When 4 = ¢ = 0, we have the variation inequality holding without a
smooth pasting condition. We now show the properties of equilibrium policies.

Case v = 0 = 0: When v = ¢ = 0, we have that

(0 + 06+ 8"W(d) = max{e? — pU + 5" W(@*),0} (IL.18)

(0+0+0)]() = max{1 —e® + 5’f(w*), 0} (I1.19)
dlog J(@*) _ ,dlog W(a*)

(1—a)—2 — e (IL.20)
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Evaluating the equilibrium conditions (II.18) and (II.19) at @*

A e —pl 1—e®
W) = —L=, J@*) = :
@1) = 568 Jn = 1
and using the equilibrium conditions again, we obtain
foo et —pl o e —pu L, 1—e® o 1—e™
W) =5 T o7e70 p10 'O =555 s Tatere pro

Next, we compute the reset wage. Given value functions, the equilibrium condition (II.20) yields

7610* eu?*
p+o+0 _ p+o-+0
(1 - 0() 1—e* o 1—e®* - & " ,pl:[ or o ,ﬁa
pro+o T prate p+o R ER N )
o N - o
1 1—a)pl) =€ 1-— 1+ —
( +p+(s>(zx+( w)pl) = e (a+ ( oc))( +ﬁ+5)
¥ =a+ (1-a)pl.
The boundaries of the continuation region @~ and @™ are given by:
W(@™) =0
e —pU N 5 e —pU 0
p+6+6  p+5+6 p+5
ew*_pa+ o a+(1—zx)pa—pU:0
p+o+0" p+o+0" p+o
o N o A
e —pU+ ——a(l—-pU) =0
pU+ 51— o)
e = pU — ol a(1—pl)
p+9
Similarly, @™ is given by
0" .
(NS A
=1 1—a)(1-pU
=1 (- )

The rest of the proof is similar to the proof in the baseline model without renegotiation.

Case ¥ = 0 and &« = 1/2: We follow the same strategy as in Proposition 4. Let us guess and

verify that e®" = %, W~ = ®* —hand @ = ®* + h for a given h. Using a Taylor approximation

of the flow profits around @, we have that
1-pu o?

(OD+5+NW(d) = 5 + e (0 — ) + W (") + =W (), Vb € (@ — h, & + h)




A 7\ 7/ o 1—ﬁa (NN A~k T i % 0—2"// A~ A P Ak
(p+6+0")](0) = 5 e (0 — ")+ 6" (D )—I—7] (W), Vb € (@ —h, D" +h),

with the border conditions given by the value matching and smooth pasting conditions. It is easy to

Joet @)~ 3y

check that when 8" — oo, W(@) — W(@*), so h converges to co. Define J(x) = T and
W(xtat)— 5 1P
W(x) = L e)w*zwm L. Following the same steps as in Proposition 4, we have that J(x) = W(—x)

with

2
@+¢+ﬁ0wu):x+ywmy+%mwuyVxe@mm)

P

W) = W) = 5

W/(=h) = 0.
Notice that an increase in the renegotiation arrival rate ¢, increases the effective discount factor
and, at the same time, it increases the worker’s flow value. It is easy to show that the solution of

the previous differential equation is given by

X 0"
= Ae?* 4 Be™ ¥* A+ B
W(x) e? + Be +p+5+5f+5+p( + B),

oo+

where ¢ = 2

. Writing the value matching conditions and operating, we obtain

5 5 —o—h
@h —¢h =
‘4G +5+p)+B<e +5+p> R

I 5 Dtk
G +5+ﬁ>+ (e T5ip) prero

Solving for A and B,

1 (e ) @4+ (e ) (- @)
R R (6¢h%-aiﬁ)2—-(ef¢h+_ . )2
L ()0 (e

_ )
CpFOH+ (e(ph_i_%)Z_(e—(ph_i_ 5 )2

Thus,

(9455 ) (@+h)+ (e + 255 ) (h—) ox L &
o ey )

W) = proto
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(ewu%ﬁ) (h—®)+ (ﬂ”w%p) (h+®)
(esﬂ’ur%p)z— (e*?’"—s-#rﬁ)z

pro+or

(e*q”‘ + 5%) + x

+

Evaluating the smooth pasting condition, we obtain

(o) @ e (e o) (- @)

N G S
(3"’ +5+p> _(e‘PJﬁHp)
0

pe "

T

(e ) @)+ () (v @)
() (e )

Operating on this expression and defining g = ¢h, we get

Do+ 49" sinh(q) —qcosh(g) _  2sinh(2g) —2q(cosh(2q) + 1)
L +6 cosh(2q)—1 cosh(2g) — 1 '

Thus,
49" sinh(q) —qcosh(q)  2sinh(2q) —2q(cosh(2q) +1)
d+p cosh(2q) —1 cosh(2g) — 1

P2 =

__sinh(g)—q cosh(g)

The following properties hold: cosh(2q)—1

converges to 0 when g | 0, it increases until

sinh(gq)—q cosh(q)

g ~ 1.606 and then decreases to 0 for g > 1.606. Since — cosh(2q)—1

is increasing in g if the
45"

solution g is lower than 1.606, we have that q(P¢2, 5 5

) is decreasing in the second argument.

As in the baseline model, due to symmetry @+ = @* + h(¢p, ®

g
1—sech(ph(9,®,575))
PR

, %ﬁ)’ we have that T, (@*,p) =0

and T (@*,p+6") =

Case 4 > 0 and o = 0: In this case, the stopping time is a deterministic function; hence, it is easier

to work with the sequential formulation:

T
W (@) = max / e~ (15405 (055 4 W (") — pUl) ds,
0
A @ ) »
J(@) = / e~ (0TS (1 4 57 (™) — e~ 7%) ds.
0
In equation (A.28), T () is the worker’s optimal policy. Taking the the FOC with respect to T (®):

eV = U1 — "W (0").
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Solving the previous equation,

_ w—log (pU — 5"W ("))
5 .

Thus, if ® = ©*, we have that = = ©* — 4T (") satisfies

®~ = log(pU — 8" W (0")).

Following similar steps as in the baseline model, it is easy to show how W(z*) depends on 4 and
p + 6. Now, we prove the last property—i.e., there exists a 6" < such that limg_,5 @~ = —oo. That
is, if the bargaining probability is high enough but finite, then the continuation region becomes

" —pﬁ
p+o 7

unbounded. Observe that if 6" 1 6", where & := Wig*)' then @~ — —oo. Since W(#*) <

we have that
v —pl . pu
)

~ SN ~ = €
0=pU0 —FW(@") > pll -5 ——F=, — § > _Ft=_(5+9).
o (@*) > p Fpm ew*—pu(p )

Thus, we have a lower bound for ¢". To find an upper bound, we compute the value function

without on-the-job bargaining. In this case, we have that

(@)

R T(wx) . N R ~ A A~ T h 4 »
W(@*) > / e~ (P05 (2715 — pTT) ds > e (PHOIT(@) / (e —pU) ds
0 0

Thus,
[1e(+6)T(@")

p
Jo ) (e — pir) ds.

o<

O]

Discussion of Static and Dynamic Consideration for Equilibrium Policies. Intuition suggests
that an increase in the frequency of bargaining will lead to a change in the quit and layoff triggers,
ultimately resulting in an extended match duration. Proposition II.4-Part 1 demonstrates that this
intuition holds true whenever there is no drift or shocks in idiosyncratic productivity. Furthermore,
it illustrates how the continuation set of the match changes as a function of the primitives (4", p +
5,a,1 — pU). Importantly, the size of the surplus does not affect the separation thresholds when
0" = 0, but also affects the marginal effect of the frequency of bargaining since both terms appear

multiplicatively. Also, observe that when §" — oo, then &~ — —oco and @ — oo. This property
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also holds for 4 > 0 and o > 0.

Proposition I1.4-Part 2 characterizes the interaction between the option value effect and the
frequency of on-the-job bargaining. The width of the continuation region depends on ﬁ+§715” the
surplus, and the frequency of on-the-job bargaining. The first result, where we fix the value of
02, shows that if the frequency of bargaining increases, then the width of the continuation set
converges to infinity.

In the second result, we construct a specific case that highlights a counter-intuitive finding:

If there is an increase in 6" and ¢ while keeping ¢ = (/28 +§2+ % fixed, then the width of the

continuation region decreases. The intuition behind this result is not straightforward. To understand
it, first recall that in the baseline model, the width of the inaction region does not grow unboundedly
with the volatility of shocks due to lack of commitment. A firm paying a high @ is not willing
to wait before dissolving the match when the volatility of productivity shocks is high because
of the associated high probability of a sufficiently large and positive shock that would make the
worker quit. In this version of the model, this willingness to wait before dissolving the match
decreases when the frequency of bargaining increases. This is because a higher bargaining rate is
associated with a @ that tends to fluctuate well within the boundaries of the continuation region of
the match. Therefore, for the same increase in the volatility of productivity shocks, the probability
of experiencing a shock positive enough that makes the worker quit is much higher; thus, the firm
decides to dissolve the match sooner.

Proposition II1.4-Part 3 characterizes the anticipatory effect of the drift on the quit threshold.
When ¢ = 0, we recover the result presented for the baseline model: The quit threshold is fully
static; i.e., the worker quits when @ < log(ﬁlfl). When 6" > 0, the quit threshold is dynamic and
depends on the value of renegotiating the wage. A novel result arises: If the renegotiation frequency
is large enough, but not necessarily infinitely large, then the worker will never quit her job. The
intuition is that if the incentives to wait offered by wage renegotiation are significantly larger than
the opportunity cost, then the worker will never find it optimal to quit.

We finish this discussion with a joint analysis of equilibrium policies when ¢ = 0 and the
worker’s opportunity cost is kept constant. Figure II3-Panels A and C show the effect of the
drift for different values of the monthly frequency of wage renegotiation. As we can see, the
entry wage is increasing in the drift—as in the main text. In addition, the quit threshold is almost
independent of the value of the drift—as in the main text—and it depends mainly on the probability

of resetting the wage within the match. This is the result of two opposing forces almost balancing
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each other perfectly: i) for a fixed bargained wage, a larger drift and the associated higher quit
probability reduce the value of the worker,and ii) a larger drift results in a higher bargained wage
and, thus, a higher value when evaluated at that wage. Figure II3-Panels B and D show the
effect of the frequency of bargaining for different values of the annual drift. As we can see, for
a frequency large enough, the reset wage decreases—due a weaker anticipatory effect—and it
converges to the static Nash bargaining solution. Once the entry wage converges, the elasticity of
the quit threshold with respect to the renegotiation rate will become unboundedly large (recall that
&~ = log(pU — "W (@*))).

FIGURE I13. COMPARATIVE STATICS WITH RESPECT TO THE DRIFT

A- w* B- w*
0.06 0.04
s No bargaining e 3.6% annual drift
— 3% monthly bargaining rate A 0.03 — 4.8% annual drift
0.04 — 6% monthly bargaining rate |4 \\ — 6% annual drift
P
- -
0.02
-~ -
7 -
0 - 1
s -
> g
-0.02
2 4 6 8 0 20 40 60
4 x 12 x 100 ¢" x 100
C-w~ D- w™
0.05 0
-0.1 1 -0.5

0.2 15
2 4 6 8 0 20 40 60

4 x 12 x 100 6" x 100

Notes: Panels A and C plot the entry wage and the quit threshold as a function of the drift for three values of the monthly
frequency of wage renegotiation, respectively. Panels B and D plot the entry wage and the quit threshold as a function of
the frequency of bargaining for three values of the annual drift, respectively.

The CIR of Employment with Flexible and Sticky Entry Wages.

Before presenting the new results, we define new notation. Let 7" denote the duration of the
current wage spell. Let 7" denote the time elapsed until the arrival of an opportunity to renegotiate
the wage. Observe that, if 7" < 7/, then the match finishes in a separation. Otherwise, if 7" = 7/,
then the current wage is renegotiated. Furthermore, as in the baseline model, let ¢" (Az) and g*(Az)

be the distributions of Az across employed and unemployed workers, respectively. Observe that
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Az now represents the cumulative shocks to revenue productivity z + p that the match experienced
since either its inception or its last wage renegotiation. The support of ¢" (Az) is given by [-A~, A*],
where A™ := @* — @~ and AT := @ — @*. We denote by [E;[-] and E,,[] the expectation operators
under the distributions ¢ (Az) and g#(Az), respectively.

Below, we describe the KFEs characterizing ¢"(Az) and g*(Az):

(646" ¢"(Az) = (v + x)(&") (Az) + Zz(gh)"(Az) forall Az € (—A~,AT)/{0}, (I1.21)
2

fO@))g"(bz) = (v +x)(8")' (bz) + %(g”)”(AZ) forall Az € (—oco,00)/{0}.  (I1.22)

S|

¢"(Az) =0, forall Az ¢ (—A~,A™) (I1.23)
lim g¢"(Az) = lim g"(Az) =0. (I.24)
Az——o00 Nz—r00
00 AT
1= / g"(Az)dAz + / ¢"(Az) dAz, (I1.25)
A (o _ o2 . Byt . hy!
FO@)(1-€) =08 + G | Tim (/(82) ~ Jim (6")(82)] (11.26)

g"(8z) € C,C%((—00,00)/{0}), §"(Az),C,C*((—A7,A%)/{0})

The main difference with our baseline analysis is the additional §” term in the KFE for ¢"(Az).
For this to hold, the renegotiated wage must be the same as the entry wage from unemployment,
which results from the assumption that the worker’s bargaining weight equals the elasticity of the
matching function.

We divide the proof of the extension of Proposition 6 to the case of wage renegotiations into
three propositions. Proposition IL5 relates the CIR to a perturbation of two Bellman equations
describing future employment fluctuations for initially employed and unemployed workers. This
proposition covers both the case with flexible and sticky entry wages. Proposition IL.6 relates steady-
state moments of the perturbed Bellman equations to steady-state moments of the distribution of
Az. Finally, Proposition I1.7 related the steady-state moments of Az to observable moments in the
steady-state.

Taken together, Propositions II.6 and I1.7 extend Proposition 6 for the case with wage changes
within a job. Finally, Proposition I1.8 extends Lemma 2 for the case with wage changes within a job.
Whenever the steps of the proof are the same as those in the baseline model, we omit them.

Proposition IL5. Given steady-state policies (0~ ,®*, ®") and distributions (¢"(Az),g"(Az)), the CIR
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is

(o] [e°]

mglh(Az)gh(Az +{)dAz + / me ,(Az,0)8" (Az + ) dAz,

—00

CIR¢(Q) = /

where the value functions mg ;,(Az) and mg ,,(Az, {) are characterized by:

dmgp(Az) o d*mg (Az
=18ty dA(z | 2 dAz(2 )

+ 8" (mepn(0) — me p(Az)), (IL.27)

d u(Az, 2 42 4 (Az, A
ms,dézz é) _|_0'7 mZA(ZZZ é) +f(9(w —5))(7715,;1(—5)

+ 6(me,u(0,0) —me ,(Az))

0= _855_(’)’""7()

—mgu(Az,0)) (I1.28)
me ,(0,0) = mg ,(Az), VAz & (—A~,AT)
o . dmg,u(AZ/ g) IRT dmg,u(AZ/ g)
0= T aar T AT A (1129)
0= / me y(Az)g" (Az) dAz + / me ,(Az,0)¢" (Az) dAz. (I1.30)

Proof. We define the CIR of aggregate employment to an aggregate TFPR shock as

CIRg ({ / / Az, t) — g"(A z)) dAzdt.

Here, & = [~ ¢"(Az,{,t)dAz is a function of { since aggregate shocks affect net flows into
employment. As in the main proof of Proposition 6, starting from the definition of the CIR, we can

derive

[ee] [ee]

CIR¢ () = / lim mg ;(Az, T)gh(Az +{)dAz + / Tlim mg (82,0, T)g" (Az+ () dAz,
— 00

—00 T —o0 — o0

where we define

T )
me n(Dzo, T) = /0 U (1 £0) 8" (82, 1Az, 1) + (~£5)g" (A2, 20, ) dAzdt]

—o0

T )
mg,(Azo, 0, T) = /0 [/ [(1 — Sss)gh(Az, g, t|Azo, u) + (—E€s)g" (Az, C,t|Azo,u)] dAz dt] )

—o0

Taking the limit as 7 — co, we have that the value functions mg j,(Azp) and mg ,(Azo, () satisfy the

the condition in equation (I1.27) to (I1.30). O

Notice that the main difference between equations (I1.27)-(I1.30) and equations (B.4)—(B.8) is
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the extra term in the HJB characterizing mg j,(Azp), which takes into account staggered wage
renegotiations.

The CIR of Employment with Flexible Entry Wages and Wage Renegotiations.

Proposition I1.6. Assume flexible entry wages. Up to first order, the CIR of employment is given by:

CIRE(C) (&) [(y +X)]Eh([7‘12] + Ex[Az]]

" < 7%
B O'Zf(?(szf)*)) <(’)’+7()gss (1 - Eo [ Iélp{ [Tm]< H) +1Eh[AZ]]'—Aw> +0(0),

where FAV denotes the observed frequency of wage renegotiation within a match in the data.

Proof. The proof proceeds in three steps. Step 1 computes the value function for an unemployed
worker mg ,(Az) (when entry wages are flexible, the job-finding rate and this value function are
independent of the shock {, so we omit this argument). Step 2 computes the value for the employed
worker at Az = 0—i.e., mg ;(0). Step 3 characterizes the CIR as a function of steady-state aggregate
variables and moments.

Step 1. The CIR is given by

CIRg(g) = /0:0 me;(0z)g" (Az + ) dAz + <_f(9§;*)) + me,h(o)) (1—Es),
with
2 2, .
0=1-E&s— (v +X)dmg'Z(ZAZ) Uzdclg;Z(ZAZ) + <_f((;;u7")) +mgp(0) — mS,h(Az)>
+0"(mg (0) — meg y(Az)),
555 —
mg,h(AZ) = —m —|—1’I’lg,h(0), VAz ¢ (—A ,A+)
0= /oo me ,(Az)g" (Az) dAz + <_f(é£(,;;‘)) + Mg,h(0)> (1—Ess). (I1.31)

Proof of Step 1. To show this result, observe that the solution to (II.28) and (I1.29) is

me ,(Az) = mg,(0), VAz.
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Thus,

555

0= —Es+ f(O(@"))(mg,(0) — me,(0)) <= mg,(0) = “ @)

Replacing (I1.32) into the CIR, we have the result.

Step 2. We show that m¢;(0) = f(éf;;*)) <(1 —Ess) + SSSIED[

where I, [a] is the cross-sectional expected age of the match or the worker’s tenure at the current

Tm]l{Tm <T‘57 }]
IED[T”I]

— (1 — &s)Eyal,

match.

Proof of Step 2. Observe that m¢ j,(Az) satisfies the following recursive representation

mg,h(AZ) =E + mS,h(0)>

o m r Ess
/0 (1 — Sss) dt + <—]1{T < T5 }m

Azg = Az] . (I1.33)

Define the following auxiliary function

m

/ e?(1— Eg)dt +e?™ (—]l{T’” < T‘Sr}f £
0

Y(Az[p) = E F@@)

+ m(g’h(O)> Azyg = Az .
(11.34)

and note that ¥(Az|0) = m¢ ;,(Az). Then ¥ (Az|¢) satisfies the following HJB and border conditions:

gS S

— @Y (Az]g) + (6 +6") (Y (Az|p) — mgu(0)) + 5]W

a¥ (Az|e) n ﬁazT(Az|¢)

=(1-&s)— (v+x) Az AR (I1.35)
Y(Az, ) = (_555 +m5h(0)> VAz & (—A,AT)
flo(@*))
Taking the derivative with respect to ¢ in (I1.35), we have that
. oY (Az|e) B Y (Az, p) 0?2 PY(Az|g)
(6+0 (P>T Y(Azlp) = ('Y+X)m 2 9hag
M =0VAz & (—A",AT).
o9
Using Schwarz’s Theorem to exchange partial derivatives, evaluating at ¢ = 0, and using
¥ (Az|0) = mg,(Az), we obtain
- 0¥ (Az|0) B 90 [0¥(Az|0) o2 9% [9¥(Az|0)
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I¥(—A[0) _ a¥(a*|0)

= 0. 11.37
P P 0 (IL37)
Equations (I1.36) and (I1.37) correspond to the HJB and border conditions of the function a‘P%A(PZ‘O) =
E { fOTm mg p(Az) dt‘Azo = Az} . Evaluating %(PZ‘O) at Az = 0, using the occupancy measure and
result (I1.31), we write the previous equation as:
TWI
I¥(010) _ g / g n(Dz;) dt‘Azo -0
o9 0 '
® mep(Az)g"(Az) dAz
_ o e (82)5"(42)
555
gss > (1 - gss)
= Ep[t"] | ——— —me;(0) | —5—, 11.38
o] (s —meal0)) 05 139)

where Ep[1™] is the mean duration of completed wage spells (the subscript highlights that the

moment can be computed from the data).?! From (I.34), we also have that

aT(O|O) _ m Eh[a] m m r _ 555
2p = Ep[™"] [(1 ~ &) —|—mglh(0)} ~E [r 1" < 0} |Azg = 0} Wﬂ.@)
Combining (I1.38) and (I1.39), and solving for m¢ ;(0) we obtain:
& E[t"{t" <" }[Azg =0]\
me(0) = W <(1 — Ess) + Ess Ep [77] > (1 —E&ss)Ey[a].

Observe that E [t"1{t" < 1% }|Azp = 0] is equal to Ep [t"1{t" < 1% }|—i.e., the average dura-
tion of wage spells that ended in a job separation.
Step 3. Up to a first-order approximation, the CIR is given by:
+ x)Ey|a] + E,|Az
CIRg(C) — _(1 _ 555) [(7 X) h(E.z] h[ ”g

- 5)) (w - X)Es (1 _Ep [ <7} ) + JEh[Az]fAW> [+0().

]ED [Tm]

Proof of Step 3. To help the reader, we summarize below the conditions used in this step of the proof.

(e ¢]

CIRg(C) = /

—00

me 1,(Az)g" (Az + ) dAz + <_f(é£('z;)*)) + Mg,h(0)> (1—Ess) (I1.40)

2IA completed wage spell starts when the worker earns a new wage (i.e., finding a new job or renegotiating the wage
with the current employer) and ends either when the match dissolves or the wage is renegotiated.

1128



with

dmg,,(Az) o d*mg(Az)
dAz 2 dAz2

me ,(0) = mg (Az) YAz & (—A~,AT)

((5 + 51’) mE,h<AZ> =1- gss - ('}’ + X) + 5m5,u<0) + 5rm€,h (001141)

0= /OO me 1, (Az)g" (Az) dAz + mg ,(0)(1 — Ess). (I1.42)

—0Q

1. Zeroth Order: If { = 0, condition (I1.42) implies
Oo h gss
CIR¢(0) = / me (Az)g" (Az) dAz + <_fw + mg,h(0)> (1—-E&s)=0.
2. First Order: Taking the derivative of (I1.40) we obtain

CIRy () = [ " e p(82)(8"Y (Az +7) dAz,

which evaluated at { = 0 becomes

A+
CIRL (0) = / g (Az)(8")(82) dAz.

(120 (8" (A2)+ % (8)"(A2)

Using condition (I1.21) to replace (6 + ") = into equation (IL.41), we

§"(Az)
obtain
N (Az a2 ( -
(v +x)(8") ;ﬁ(ig 7 (8")" (A )mg,h(Az)
ST £ (+ 20 (82) + i (82) + (” sl as (B y) e, (0)

+ (5rmg,h (O)

Multiplying both sides by ¢ (Az)Az and integrating between —A~ and A¥,

0= (1-E&s)Ep[Az] — (v +x)Th + U;Tz +megy(0)T3 + 8" (men(0) — me,,(0)) Ej[4H]}43)

T:/NA[’(A)’ZA Az)(g") (Az)] da
1= [ | Az | (82)g (82) + me(82) (") (A2)] diz

A+
T, = /_A Az [mg,h(Az)gh(Az) — mE,h(AZ) (gh)//<AZ)} dAz
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At 2
o
To= [ e ((r 0 (80 + G () (82)) d
Operating on the terms T, T, and T3, we get

Ty = mg,(0)(1 — &), (I1.44)

At AT
T, = —mg . (0) Az(g") (Az) N —l—2/ me n(Az)g' (Az) dAz, (I1.45)

2 +
B=—(r g+ [astgyea)) | (1.46)

Combining (11.43), (I1.44), (IL.45), (I1.46), and the results from Step 2, we obtain

0= (1 — gss)IEh [AZ] — (’)’ + X)T1 + U;Tz +mgy (O)Tg 46" (m&h(O) — mg,u(O)) E;, [AZ]

= (1= &s)Ep[Az] — (7 + x)meu(0)(1 — &)
2

L
2

A+
—me ,(0) Az(g") (Az)

+...

A+
2 | mes(82)(g")'(82) daz

+mg ,(0) [—('y +x)Ess + 022 {Az(gh)/(Az)

AT '3 555
H o)
=(1—- z] — m o’ g me n(Az) (") (Az) dAz—f—(SrA]E [Az]

which implies

AJr
[ mea(a2)(e) (82) daz

o _ Ess Ess . Ep [Tm]l{Tm < Ty}] o o
—(“H-X)( @) +f(é(zi)*)) ((1 Ess) + Ess Ep [] ) (1 Sss)]Eh[a]>

and

AT

/A me ;(8z)(")' (Az) dAz

_ gyt X)Eh([;;] + Ex[Az]]
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T {t" < 7%
gy (0% (1= IR ) s minas)

Finally, since the probability of wage renegotiation is independent of the state of the match,

we have

AT
FA dt = / Pr (bargaining in [t, t 4+ dt)|Az) g(gAZ) dAz = 6" dt
—A~ ss

and, therefore,

}-Aw — 4.

O

Next, we write the CIR as a function of observable moments. Let Awg denote the log wage
change following a wage renegotiation and let I?(Aw) denote its distribution. In addition, let
IEUE (Aw) be the distribution of wage changes following a separation (i.e., wage changes between
two consecutive jobs). Our objective is to recover [ [a] and [E;[Az] from observable micro-data on
wage changes. To simplify the discussion, from now on we focus on the case with y 4+ x = 0. Under
this parametric restriction, we only need to recover one moment: [E;[Az]. The CIR of employment

is given by:

CIRg(C)
4

= (- g PR e (B 7) +o(0)

E,[Az Fhw
= —’10[2] (1—555+555f(é(w*))>.

Two moments are informative of IE; [Az]. The first one is obtained from the distribution of wage

changes within a match A®wg. Under our assumptions that the bargaining process satisfies the
Hosios (1990) condition and the renegotiation hazard is independent of the idiosyncratic state, we

have that
E h [AZ]
ESS

= —IED [AZUB]

In addition, the next proposition provides an alternative expression that remains valid when these
assumptions do not hold. Importantly, it is easy to show that the following proposition still holds
when the hazard rate for renegotiation is state-dependent.

Proposition IL7. Assume that v + x = 0. Up to first order, the CIR¢ () can be expressed in terms of data
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moments as follows:

CIRg(?) 1 (1- L5 ) B [8wdye] + ;T B |Aw])]
¢ 3f(B@)) Fon I —3 +o(0).
[(1 - W) IED [AwEUE] + WIE'D[AZUB]]

Proof. The goal is to express the sulfficient statistics of the CIR, [Ej[Az], in terms of moments of the
distribution of AwEUE, Aw?, and (1%, 7") when (y + x) = 0. Let £ = x/Ep [x] denote random
variable x relative to its mean in the data.

Our starting point is the KFE for the distribution of employed workers:

Aw 02 "
<5+}" )gh(Az) = ?gh (Az),

where we used the result that F2% = §". Since the arrival rate of bargaining opportunities is

independent of the state of the match, we have that F2¥g;,(Az) = FA¥EIB(—Az). Thus,
Aw B o "
6gh(AZ) + ./—" gssl (—AZ) == jgh (AZ).
Multiplying both sides of the equation by Az? and integrating, we
At At
) / AZ*y(Az) dAz + FAVE, / AZ*IB(—Az)dAz = — / 72} (Az) dAz.
—_A- _

Notice that &, ff;_ AZ?1B(—Az) dAz = E4Ep[Aw3]. Integrating ff;_ Az?g]!(Az) dAz by parts, we

have

AT AT
/ | Ag](Az) ddz = A (A7), —2 / | Azg)(Az)daz

AT
:Azzg;l(Az)] A — 2 Azg,(Az)|2 A- 2 gn(Az) dAz

—_— —A-
=0

= gss

Operating, we have that

At
5/ AZ*g(Az) dAz — — Az 2ol (Az )‘jA, + Es FAVEp[Awg] = 02Es <=

sEsEL[AZ?] + Es FAVEp[Awl] = 0%Ess, —
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Aw 2
E,[AZ%] + fT]ED[Awg] - ‘7?

Following Proposition B3 when v+ x = 0, Ep [Aw? ;] = [E, [Az%] + 2E;, [Az] E, [Az] + ), [AZ%]] =

E, [Az?] + E, [Az?] with E, [Az?] = W;*)) Thus,

2
Ep [Aw}, ] = Ej, [AZ%] +

f(O(@*))
Combining the previous two results, we have that
J'_'Aw 0.2 0.2
Ep [Awtyp] + —Ep[Awg] = — + ————,
s s f(O(w*))

or equivalently

2 SEp [Awyg] + FAEp[Awg]

: .
U+ 7

With this expression, we are ready to compute [Ej,[Az]. Repeating the same steps as before but with
Az3, we have that

2
_ o
sEsEL[AZ?] — FAYEEp[Awy] = ~ 6E) [Az]

Following similar steps as in Proposition B.3, we have that
Ej [Az°] = —Ep [Awpy]

Thus,
sEp [Aw}y ] + FAVEp[Awp]

302

IEh [AZ] = _gss

Combining this expression with the one for o2, we have that
sEp [Aw}ye] + F*Ep[Awg]
3(0-2)2

Ess <1+ s )2 sEp [Aw} ;] + FAEp|Aw}] '
FO@*))  [sEp [Awd, ;] + FSEp|Awd]]?

= _gss

Therefore, the CIR for employment is given by

CIRz(g)  Ej[AzZ] Fhw
g —_— 0_2 (1_5ss+5ssf(é(w*)>>+o(g)
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Aw Aw
1 (1 T ) Ep [Mudy] + ZpeEplAu)]

= = — +o(0)
3f(8(w*)) Fhw 2 Fiw 2112 '
[(1 - s+wa> Ep [Awgyp] + WED[AZUB]]

O]

Discussion of Employment Dynamics With Flexible Entry Wages. How do infrequent wage
adjustments within the match affect the business cycle dynamics of employment when entry wages
are flexible? The CIR of employment provides valuable theoretical insight to answer this question.
Intuitively, with all other parameters in the model held constant, a higher frequency of wage
renegotiation decreases the CIR of employment: Some workers will be able to reset their wages
before transitioning into unemployment. The theory presented shows how the CIR of employment

is affected by on-the-job renegotiation, which is now given by

Aw AW =
cre@) 1 (1 ) o [Awju] + Tl lAw)]
g B 3f(é('(;l>*)) Fhw > Fhw 5 2 + 0(@)
[(1 B W) Ep [Awgg] + W]E[AWB]}

Notice that, without wage bargaining (i.e., 6" = F2¥ = (), we recover the expression in Proposition

6 for the baseline case:

CIRe(Q) _ 1 Ep[Awpy] |
4 3f(0(d)) Ep [Aw? ] +eld)

A key result from this analysis is that the relevant micro-moments in the labor market are the
second and third moments of the distributions of wage changes within and across jobs, alongside
the probabilities of wage renegotiation and job-finding. The intuition for the relevance of the
job-finding rate is the same as in the baseline model. The reason the weighted sum of moments of

wage changes within and across jobs appear in the CIR is the simple application of Bayes’ law:

E[Aw?] E[Aw?|EUE]Pr(EUE) + E[Aw?|bargaining| Pr(bargaining)

E[Aw?]2  (E[Aw?|EUE]Pr(EUE) + E[Aw?|bargaining]| Pr(bargaining))?’

where Pr(EUE) + Pr(bargaining) = 1. Thus, the CIR of employment following a TFPR shock is
fully captured by the moments of the distribution of Az, which can be recovered with micro-data
on wage changes workers experience within and across jobs.

The CIR of Employment with Sticky Entry Wages and Wage Renegotiations.

As in the previous subsection, we focus on the case with no drift; i.e., v + x = 0. Furthermore,
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for pedagogical purposes, we consider the case with symmetric separation thresholds A~ = A™.

Proposition I1.8. Assume sticky entry wages. Up to first order, the CIR of employment is given by

CIRs() _ 1 ' (@)

T F(B(@*)) +s n(@*) +o(Z), (I1.47)

where

1. If At — oo, then

dlog(y7(@))

_ p+0  [a+(1—w)pU]
o PTOFNBC w1 —pU)

2. If 6" — oo, then

dlog(()) _0
da W=w* ‘
3. If A" small enough, then
dlog(1()) _ Vs
dw e 200

Proof. We divide the proof into three steps. Step 1 characterizes mg ,(Az, (). Steps 2 uses the
equilibrium conditions to show (I1.47). Step 3 extends proposition B.5 for the case with on-the-job
bargaining.

The starting point is the CIR for employment, which is given by

CIRs(Z) = / me n(D2)g" (Az + ) dAz + / me (D2, )g" (52 +7) dAz, (I1.48)
with
o d®me ,(Az
0=1- 555 + ZdEAhZ(Z) + (5(mg,u(0, O) - mg,h(AZ))
+ 0" (mg,(0) — me 4 (Az)), YAz € (—AT,AT)
o d®me ,(Az, ALk
0= £t TR0 L (0@ — ) mea(-0) ~ mea(82,0)  (1149)
me ,(0,0) = mg ,(Az), VAz & (—AT,AT) (IL.50)
o . dmg,u (AZ/ g) IR T dmg,u (AZ/ g)

0= Azll}rr—loo dAz N Alzlinoo dAz (1151)
0= / me ,(Az)g" (Az) dAz + / me ,(Az)g" (Az) dAz (IL52)
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Step 1. The value function mg ,(Az, () is independent of Az and satisfies

gS S

meu(Az,0) = —m

+mgp(—0).

Proof of Step 1. We guess and verify that mg ,(Az,{) = mg (0, ) for all Az. From the equilibrium
conditions (I1.49) and (I1.51),

0= &+ fO@" = 1)) (mep(—0) — me,u(0,)).

Thus,

SSS
me,(0,0) = me(Az,0) = —m +mep(—0).

Step 2. Up to a first-order approximation, the CIR is given by:

1 n' (@)
F(O(*)) + 5 17(D*)

CIR¢ () = {+0(2%).

Proof of Step 2. From Step 1, we have that

(o)~ [ meston (@ (o) ane+ (~EBEED ) 1),
oo F(O(@))
Since [ me ,(Az)(g")(Az) dAz satisfies the same system of functional equations as the CIR of
employment with flexible entry wages and wage renegotiations characterized in Online Appendix

I1.3,

*° Ej,[Az] FAw
me u(Az)(g") (Az) dAz = — <1 — s+ Es—i— |-
/Oo 0_2 SS SSf w*))
By the symmetry of separation thresholds, we have that
/ me y(Az)(g") (Az) dAz = 0.
and m ;,(0) = 0. Thus,

aIr;(0) = - =H 00 e
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Since under symmetry 7 (@*) = a and T3 (@*,p + ") = 0, from free entry and optimality of @*,

fol0(@)) _ _y'(@")
f(O(@*)) (@)

Thus,

L1 @
RO = F @@ ) v s n@)

Step 3. Define
" —inf{t > 0:T, & (&, d")}

where (@, @) is a Nash equilibrium. Then, the worker’s share 7 () satisfies the Bellman equation

@) =% [

Tend ry
e~ B+ (5 4 6 4+ 67) (f — pg[ (10T (@ p+0"))+ 1) dt

+ e_(ﬁ””rﬁew]l[Asz =At]|ITo =

with

ATy = (p+ 6+ 80> T3, p+ &) At + o\ T(Te, o+ 67) (0 + 6+ 67) AW,
Proof of step 3. The H]B equations for the worker’s value and the surplus of the match are
(0+06+W(d) =e? + 5 W(d*) — pU + —W" (@) Vb € (@, a")
(0+06+6)S(w) =1+8S(@*) — pU +
respectively. Replacing #(@) = W(@)/S(®) in the worker’s value function, we have Vi ¢

(o, t):

(p+0+8")(n(@)S(@)) = € +8"n(@")S(@°) — pU + —- ((@)S" (@) + 29" (W) S (D) + 1" (@) S () -

Using the HJB equation of the surplus to replace (9 + 6)S (@) on the left hand side,

2

A

(1 —pU + 6"S(0*) )y (@) = e? — pU + 8" S(w*) + 11/ (D) oS (D) + 1" (D)
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Since $(@) = %T(w,p + 0"), operating from the left hand side Vi € (&, @), we have

(1—pU +&"5(*))n ()
1-pU , (1= pU)T! (W, + 0"

o > (1-pU)T (@ +5’)
1—5rT(w*,p+5r)+’7(w)‘7 1= 0T (@, p+0)

w0 s
= 1
et 2 1—0T (@ p+0)

+ (@) %

In conclusion, we arrive at

2
14 (@)PT (@, 5+ &) + " (@) T (0,6 + 8.

e —

—_

(@) = (1=0"T(@",p +7"))

(,::>

1-p

Multiplying by (p + 6 + "), we have, Vi € (0, @™):

(p+0+n(@) = (p+0+0") ((1 T (@ o+ 6)) +1>

—_
/\ ‘D)
<

+ 1/ (D)o (p+ 6+ 8T (W, +6") +

Finally, recall the value-matching and smooth-pasting conditions

By L'Hopital’s rule,
N N
lim #(®) = lim I/Y(w) = lim VY (1) =0
Wb Wl S(?,T)) Wb ]/(Zf))
N N
lim 7(®) = lim VY(w) = lim VY (@) _ 1,
OANCan Wit S(ZD) (ONNa W'(Zf))

which are the boundary values for the worker’s share at the separation triggers.
Finally, the equivalence of the combined Dirichlet-Poisson problem (i.e., the mapping from
the corresponding HJB equations and boundary conditions of # (@) to the sequential formulation)

gives us the following Bellman equation

end T

T [ —
n(d) = E [/ e~ PO (54 54 57 (e A }
0 1-pU

(1—8T(@*p+5))+ 1) dt

4o PN Y A7y = AT = B
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where

T = inf{t > 0:T; ¢ (&, ")}

and

ATy = (p+ 6+ 80> T3, p+ &) At + o/ T(Te,p+67) (0 + 6+ 67) AW,
Step 4. The following results hold:

1. If At — oo, then

2. If " — oo, then

dlog (1 ()) _o
dab |y
3. If AT small enough, then
dlog(y(®)) Ve
do Dt 200

Proof of step 4.

Next, we prove the first two results. If AT — oo, then T (@, p) = f0°° o (OH0+0N)E 44 — m and
a0 (W%, p+06") = 0. Similarly, if 6" — oo, then limsr_,q 177(“7’“5’)

5T ) = o thus, T (@70 +07) =
0. Therefore, by the definition of (),

aS(@*)
~ ™ —(p+0" ) t+wy | Ak r/A_/\AT AT Ak A r
@y E e @ =]+ (6 W(@t) —pi) T (@, o+ 67)
& =n(@) = S(w*) 1-p0

T iy | (@A +07)

which gives, for both limits AT — co and §" — oo:

E

Tm
/ o~ (OO |y w*] = (a+ (1 —a)pU) T (@*,p +6")
0

Take the limit AT — oo and following similar steps as in the proof in the baseline model, we
obtain

. X . L IE[fOTme*(ﬁH’)tmfdtmo:w*}
(@) =(@+6+6)(1—=6T @ p+5)) 150 .
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Combining all these results, we finally obtain

Regarding the second limit 6" — oo, it is easy to show that 5’ (@*) = 0.

Following similar steps as in the proof for the baseline model, we have that if A™ is small, then

@) _ 1

n(w*)  2aAt
Since —4x7 = T(0,0") ~ m and letting s = x+yz denote the rate of endogenous
separations,

n'(@) _ Vs

(@) 200
O

Discussion of Employment Dynamics With Sticky Entry Wages. Several insights emerge from
this analysis. From the first part of Proposition I1.8, we learn that the presence of on-the-job wage
renegotiations affects the response of the job-finding rate to the TFPR shock. The intuition is that
the possibility of wage renegotiations reduces the effect of the TFPR shock on job creation: Shocks
stop affecting the real normalized wage following the first wage renegotiation. In the extreme case,
when the frequency of bargaining tends to oo, job creation does not respond to the shock since
wages become renegotiated and reflect the occurrence of the shock immediately after the match is
created. The last part of Proposition I1.8 shows that the possibility of wage renegotiations does not
affect the shape of the sufficient statistic for the elasticity of the worker’s share to the entry wage,
which continues to be determined by the frequency of endogenous separations. However, wage
renegotiations does affect the value of the elasticity of the worker’s share to the entry wage because

a higher frequency of wage renegotiations reduces the frequency of endogenous separations.
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III Additional Results for Section 4: Mapping the Model to Labor Mar-
ket Microdata

III.1 Characterizing ¢" (Az) and ¢*(Az)
Proposition IIL.1. Assume & > 0. Then, g"(Az) and g"(Az) are given by
P10 (Az+AT) _ oo (8) (b2 A7)

)
h — eﬁl (6)a~ 7€’BZ<5>A
g'(Az) 5gh{ 1002 _ghyez—t)
@

(Az
o FLOAT _, pa(0)A

ifAz € (—A7,0]
if Az € [0, A%)

eP2(f(B(@7)))Az if Az € (—o0,0]

u Az)=(1-E& gu A
8"(Az) = ( ) { P fO@))Azif Az € [0, 00)

where
—y — /72 + 202%x -+ /7?4 20%x
,31 (x) - o2 /182( ) o2 ’
. F@(*))
A (A 2 B1(8)—B2(9) B1(8)—B2(9) ’
f(0(@*)) +6+ %SGy { 5)A- 8,522(‘) - —m(l 252() }
eP10)A™ 1 _ef2AT 1_eB1nt _1—e —ppATt -1
G B1(9) B2(9) + B1(9) B2(9)
h eP1O)A _ ppa(0)A~ e—B1O)AT _ p—pa(0)AF | 7

Gu = [~ 0@") " + palf(B@)) ]

Proof. Let us write the KFE and border conditions:

5" (Az) = 7(g")'(Az) + f(gh)”(AZ) VAz € (—A7,A7)/{0} (IIL.1)
g'"(—A7) =g"(at) =0, (I11.2)
fO(@"))g" (Az) = 7(g") (Az) + ‘Tzz(g”)”(AZ) VAz € (—00,00)/{0}, (II1.3)
Jim g¥(Az) = lim g"(Az) =0, (I11.4)
1= / g"(Az) dAz + / T ¢"(Az) dAz, (IIL5)

fO@)(1~ &) =66+ 22 [Azlij_(gh)’(AZ) - Alzi&(gh)’(AZ) : (IIL.6)

¢"(Az),8"(Az) € C.
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We guess and verify the proposed solution. Substituting the guess for ¢"(Az) in (IIL.1) for

Az < 0, we have

0 56 oP1(0)(bz+A7) 5\E oB1(0)(Bz+A7) P o2 52 oB1(0)(Bz+A7)
= 0G0 s moa T P0G s mes TEI S PO e mes

2
0= —0+7B1(0) + 10,

mutatis mutandis, for the terms that include B, (9). Given the definition of 51(¢), the guess satisfies
(IIL.1). A similar argument applies when (III.1) is evaluated at Az > 0. It is easy to verify that the
boundary conditions (II1.2) are satisfied and that ¢"(Az) is continuous at Az = 0. Following the

same steps for g (Az), we verify conditions (IIL.3) and (IIL.4). Next, we verify condition (IIL.5):

) AT
/ ¢"(Az)dAz + ¢"(Az) dAz
—o0 —A~

0 R ) .

0

0 pB1(0)(Az+A7) _ pP2(9)(Az+A7) AT pBr(6)(Bz=AT) _ op2(8)(Az—AT)

+EG;, /A B0 Ra)n dAz+/0 R o RA dAz
_ 1 Baf(0(@*))Az B1(f(0(*))Az _
— (1-£)G. [1 11mAZ_>_of eAZ n limp, o0 € 1A § 1 e
Ba(f(6(2*))) Br(f(6(2%)))
eP10A™ _q _ eP2(9A _q 1-e A" _ 1—e PoA"t

B1(9) B2(9) B1(9) B2(9) 1 _

O | hor —ghon T o hoaT eww] =1-&+E=1

Finally, combining condition (II.6) with the definition of ¢" (Az), the employment rate is

o f(O@")
Al 5)—p2(6 8)—p2 (8
FB(@) + 5+ GGy | LD BB

III.2 Characterizing I (Aw)

Proposition III.2. The distribution of log nominal wage changes satisfies

I (Aw) = Gu [ Ba(F(B(@*)))e U C@NNT, (Aw) + iy (£(B(@*)) e AT (Aaw)]
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with

[e0]

(T1(c),T2(c)) = (/Ce—ﬁl(f(é(w*))))xéh(x) dx,/

e~ PalF O )x Gh () dx) ,
—00 —C
Proof. Fix a date ty and focus on a newly hired worker. Then, the distribution of wage changes

between two new jobs is given by

Pr(Aw < c) = Pr(wpysomipre — Wy, < )

= Pr(wiyomyon — Zigpomprn — (Wiy — Zty) + (Ztgromn — Zty) <€)
:(2) Pr(w* — ?f)* + (Zfo—‘r'l'm—‘r’l’“ — Zto) S C)

=0 pr(—(AZ" + Az") < ¢),

where Az" and Az* denote cumulative productivity shocks during completed employment and
unemployment spells, respectively. Here, step (1) adds and subtracts productivity at the beginning
of both job spells. In step (2), we use the result that ©@* is constant across jobs. Step 3 uses the facts
that 7 and the Brownian motion increments are independent of the filtration F,. Therefore, the
distributions of cumulative productivity shocks for completed employment and unemployment

spells are given by

1 if Az € [AT, 00)
G'(az) =4 L [Ugnmm_y (§")(Az) +6 [%5 g'(x) dx} if Az € [-A~,AT)
0 if Az € (—o0,—A7)
B eP2(fO(@)Dz i A7 (—o0,0]
3" (Az) = Gy -
e.Bl(f(Q(w )))Az if Az € [O, oo)
Thus,
Pr(Aw < ¢)

= Pr(—(Az" + AZ") < ¢)
=1—Pr(Az" + AZ" < —¢)

_ g /_0; G"(—(c + Az))g"(Az) dAz

0 s _ o S _
_2)1_g, U ePFE@NDGH(_ (¢ 1+ Az)) dAz +/ ePUFB@NDGH(_ (¢ 1 A7) dAz

—0 0
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—00

=®1+g, U e P O@) G (x) d + /

[ee] —C

e~ P (F(00°))) () G ) dx]

=®1-g, [eﬁzme‘(w*)))c / " e B2 FO@ )X Gh () dx 4+ ¢~ PrFO@)e / e BIUFE@ ) GR(x) dx|
—c

—0o0

In step (1), we use the independence of Az* and Az". In step (2), we use the definition of §*(Az).
In step (3), we integrate by substituting x = —c — Az, and in step (4), we use the properties of an

integral. The last step involves defining

[ee]

(T1(c), Ta(c)) = ( [ eputaEnnch ax, [

-0 —c

37‘82(f(é(w*)))xéh(x) dx) .

III.3 Characterizing [Ej [Az"]

Let |E;[-] and [E,[-] be the expectation operators under the distributions §"(Az) and g“(Az), respec-
tively.

Proposition IIL.3. Define the weights w"" (Az) = with the property that

A7
[A "]
E;, {whn(Az)} =1

If v+ x =0, then E;,[(Az)"] can be recovered from

2&

E,[(Az)"] = m

[(Az)” hz(Az)} (IIL7)

If v+ x # 0, then E,[(Az)"] can be recovered recursively from

n & = n, hl on n—1
B(82)"] = S Bul(02) " (82)] + T80,
n k
The moments ), [(Az)"w™ (Az)] = ]}E[[ @ )+]] can be recovered from the following linear system of
h

equations:
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B, [(A2)" ] = (n—1i)! ) (ﬁg(nﬂ‘ﬂ) _ (_L»Z)(n—iﬂ)) ’

where

(v +2) +/ (7 + 0% +202£(0(@07))

L= M and L, = = .
—(r 20+ (7 + )2+ 202 (0(@7))

o2

Proof. We divide the proof into 3 steps.
Step 1. We first show that

21’1
Ej[(A2)"] = ——B,[(Az)"w" (Az)] - Z(jwmw)ﬂ

n+1

when (¢ + x) # 0. For the case with (v + x) = 0, see Baley and Blanco (2021).
Let us define Y; = (Az;)". The law of motion for Az; is given by dAz; = —(y + x) dt + o dW;.

Applying It6’s Lemma, we obtain

dY; = n(Az)" 1 dAz + %n(n —1)(Az)"2(dAz)?

= [—(’Y +x)n(Az)" Uzzn(n - 1)(Azt)”2] dt +no(Az)" AW

Thus,

m 2 m m

T T T
(Azen)" = — (7 + x)1 / (A2t + Tonln —1) / (Aze)"2dt + 1 / (Az)" o dWE.
0 0 0

Following the same arguments as in the proof of Proposition C.1 and using the Renewal Principle

to have Ep[t"] = 1/s, we obtain

E,[(82)"] = — (7 + x)nEp[en B8] | o*n(n —1) Ey[(A2)"]

& 2s &
or equivalently
n g ]Eh[(Az)n+1] o*n n—1
Ey[(A =— Ey[(A .
N CEy O B E R e

From Propostion C.1, we have (y + x)Ep[t"] = —E,[(Az)] and % = Eu[(Az)"w (Az)].
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Thus, ,
Eu[(A2)"w (Az)] + Mmhuw-w.

Bul(82)") = ——

Step 2. Here we show that

Ep|Aw’] = (—1>“i} ( " ) B, [A2")E, [52").

Using the independence of cumulative productivity shocks during employment and unemploy-

ment,

Il
1=
~
X

Step 3. Here we show that

E,[(Az)"] = C;H' ((’;;2;21) (Eg(nfiJrl) _ (_52)(n—i+1)> .

Let us depart from the definition of §*(Az), which is given by

R ) R -1 | ePFE@IMAz i Az € (—oo,0]
g'(Az) = [—ﬂl(f((?(w*)))’ + B2(f(0(@"))) ™ } AUOENE it Az € [0,00)

where f (x) = ~CHRVORITT g g () = ey T s

o2

. This step consist of show-

ing that g"(Az) is an asymmetric Laplace distribution with parameters

(v 4+ 20 + 1/ (7 + 202 + 202 £(B("))
—(r 20+ (7 + )2+ 202 (D7)

‘Cl = Zf(eogﬂ )) and £2 =
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The ratio between £ and £, is

El A [ A%
7= Bl @).

The negative of the product between £; and £ is
—L1L2 = pr(f(6("))).

Therefore, we can write §*(Az)

g(82) =

iAz .
L4 etz if Az € (—00,0]
Ly+ L1 | olifadz ifpz e [0, 0),

which is the probability distribution function of an asymmetric Laplace distribution. It is a standard

result that the n-th moment for an asymmetric Laplace distribution is given by

IE”[(AZ)”] _ E? (E:—!’_ Ez_l) (Ez—(n+1) _ (_LZ)(n+1)) .
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