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Appendix A Additional Empirical Results

In this appendix we expand our empirical analysis. We first estimate latent factor models
of portfolio returns, outlined in Section 4.3, under various alternative estimation windows
and numbers of factors. The estimation is conducted for both the original portfolios and the
ones adjusted for publication effects. We report the results in Table A1, which include the
cross-sectional in-sample explanatory power (R?) of expected returns of the factor models,
the infeasible Sharpe ratios (S*) corresponding to the portfolio alphas, and the distributions

of portfolio alphas’ t-statistics.

# of R? S* [t-stat|  |t-stat] R? S*  |t-stat| >  [t-stat]
T Factors > 2 >3 > 2 >3
‘ Original Portfolios Adjusted for Publication Effects
3 yrs 5 0.41 27.58 12.17 2.63 0.48 13.47 9.93 1.67
10 0.46 33.04 17.90 5.19 0.58 16.31 15.53 3.91
15 0.50 39.69 24.44 8.98 0.63 19.77 21.78 7.29
5 yrs 5 0.41 20.60 11.54 2.37 0.47 10.05 9.11 1.37
10 0.47 23.11 14.78 3.68 0.59 11.25 12.06 2.45
15 0.51 25.53 17.73 5.07 0.66 12.46 14.94 3.55
7 yrs 5 0.38 17.62 12.49 2.76 0.43 8.56 9.57 1.45
10 0.46 19.01 14.15 3.45 0.59 9.14 11.12 1.99
15 0.50 20.44 16.02 4.39 0.65 9.93 13.27 2.81

Table Al: Latent Factor Models of Portfolio Returns

Note: The left panel displays the results of estimating latent factor models with the original portfolio returns
as test assets. Across estimation windows and numbers of factors, the panel reports the cross-sectional R?,
the infeasible Sharpe ratios (S*), and the percentages of portfolio alphas with large ¢-statistics. Similarly, the
right panel details the result when the test assets are portfolio returns adjusted for publication effects.

The cross-sectional R?s by these models are similar across estimation windows, and mod-
erately increase with more factors included and publication effects adjusted for. Indeed, in
both cases, a larger proportion of cross-sectional variation of expected returns will be at-
tributed to risk premia. Considering that these R?s are in-sample ones, we choose to focus
on the 10-factor model in Section 4. Regarding the strength and rareness of alphas, both
the percentage of portfolio alphas with large t-statistics and the infeasible Sharpe ratio (S*)
increase with the number of factors. It suggests that, when we control for more factors, the
removal of factor risks is perhaps more prominent than the attribution of expected returns to
risk premia (thereby less to alphas), which ultimately allows alphas to stand out and to be
profited from more easily. On the other hand, with longer estimation window, we see both

the infeasible Sharpe ratio and the percentage of large t-statistics reduce. This result could



originate from that many alphas are only moderately persistent and is behind our choice of
5-year window in Section 4. Lastly, since fewer alphas are left after the publication effects
are adjusted for, we observe increased cross-section R?, and both the infeasible Sharpe ratios
and the proportion of strong alpha signals shrink.

With the portfolio alphas obtained from the factor models, we show in Table A2 the
investment performance of the four different trading strategies: OPT method, CSR, BH, and
Lasso, measured by the average Sharpe ratios between January 1970 and December 2020.
It complements the analysis of Section 4.3, which focuses on 5-year estimation window and
10-factor specification. As a robustness check for the analysis on individual equity returns
by Section 4.2, we also report in Table A2 the average Sharpe ratios generated by applying

the four trading strategies to individual equity alphas.

# of 5 10 15 5 10 15
T Factors
‘ Individual Equities Original Portfolios Adjusted for Publication Effects
3yrs OPT 0.71 1.23 1.33 1.25 0.54 0.59 0.54
CSR 0.65 1.22 1.30 1.27 0.52 0.57 0.56
BH 0.49 1.06 1.22 1.25 0.25 0.43 0.57
Lasso 0.56 0.87 1.08 1.09 0.45 0.56 0.47
5yrs OPT 0.71 1.50 1.71 1.71 0.51 0.66 0.67
CSR 0.70 1.47 1.67 1.70 0.55 0.61 0.66
BH 0.65 1.52 1.49 1.67 0.25 0.35 0.48
Lasso 0.62 0.95 1.18 1.23 0.48 0.45 0.47
7yrs OPT 0.81 1.71 1.95 2.01 0.72 0.73 0.79
CSR 0.90 1.64 1.93 1.98 0.77 0.74 0.76
BH 0.38 1.68 1.75 1.87 0.42 0.60 0.48
Lasso 0.83 1.10 1.32 1.54 0.66 0.60 0.74

Table A2: Sharpe Ratios of Arbitrage Portfiolios

Note: The table reports the average Sharpe ratios generated by arbitrage portfolios constructed using OPT
method, CSR, BH, and Lasso, with estimation windows set as 3, 5, and 7 years. The left panel displays the
results when we invest in individual equity alphas. The center panel provides the Sharpe ratios generated
when the investment universe is composed of portfolio alphas. The right panel displays the results when the
publication effects are adjusted for when using portfolio alphas. The center and right panels include outputs
under various numbers of factors in the latent factor model estimation.

Consistent with the evidence on the strength and rareness of alphas from Table Al, the
investment gains from trading portfolio alphas significantly decline after the adjustment for
publication effects. OPT method and CSR yield leading performance under most model

specifications and for both individual equity alphas and portfolio alphas. Lasso generates

IThe Sharpe ratio is the average between January 1972 and December 2020 under the 7-year estimation
window, since our return data start from at January 1965.



second-tier outputs, due to the challenge of locating the optimal tuning parameter based on
highly noisy return data. Notably, for portfolio alphas, we generally capture smaller Sharpe
ratios when we control for fewer factors, which echoes the suggestive evidence from Table A1

on the impact of factor risks.

Appendix B Additional Theoretical Results

Proposition B1. Suppose the same assumptions and information set G as in Theorem 2.
Moreover, we assume that (a) ||B|lmax Sp 1 and Auin(B75) Zp N; (b) v is i.i.d. across t,
E(v;) = 0, and its covariance matriz ¥, satisfies 1 < Amin(Xy) < Amax(Xo) S 1. Then it holds

that, for any strategy w that is G-measurable,
S(w) < (S(G)* + 17,2 + op(1+ 5(G)).

Proposition B2. Suppose that r; follows (1), Assumption 1 holds, u;; ~ N(0,0%), and «
following (5) as in Example 1. We also assume p < N~ N¢<T <N and N~ < p <
N~ for some fized d > d > 0. We denote the Sharpe ratio of the arbitrage portfolio given
by (23), as SR, Then it satisfies SOSR — SR = op(1), where

GOSR _ N'2ppPo?
(T-1 + pp2o—2)1/2°

Suppose further that SOYT does not vanish. It follows that SR = SOFT(1 + o(1)), if and
only if there exists cxy — 0, such that ﬁu/c <cy orv/pTujo > cy' holds for all large N.

Proposition B3. Suppose the same assumptions as in Proposition B2 hold. For any given T,
the Sharpe ratio of the arbitrage portfolio with weights given by (24) denoted by @H, satisfies
§§H =SB 4 op(1 + SOFT), where?

s _ NVVPE(isil s >s)) NY2pp 7 w1l qjaizey bryr(@ — po")da

T oVEGELsee) o[ a8 ey (1= p)yr(@) + pur( — po))d

9

3; = (o + 1;) /0y, and s* is the smallest positive solution of the equation
2(1 = 7)®(=T"%s) = 7p®(TY? ()0 — 5)).° (B.1)

Suppose further that SOTT does not vanish. Then there exists, for any fized € > 0, some T > 0

2If @BH = 0, i.e., no asset is selected, we set SBH — by convention.
3®(-) is the standard normal cumulative distribution function.



such that, as N,T — oo, SPH > (1 — €)SOPT | if and only if VTu/o > /—2Tog p(1 + o(1)).

Proposition B4. Suppose the same assumptions as in Proposition B2 hold. The Sharpe ratio
of the arbitrage portfolio with weights given by W,(\), denoted as ,SA”(M for q = 1,2, satisfies
§17,\ — Shasso = op (1 + SOFT) and §27,\ — SOR = op(1 4+ SOFT), where

Lasso _ NY2E(authn (5:,)) _ Nl/%uf sgn() (2] = N+ dyyr(po™" — w)da
Y VRGN o [ (] N~ poue(a) + porruo ! — o)ds
(B.2)
and SO% s defined in Proposition B2.

Furthermore, if SOYT does not vanish, then S¥° = SOPT(1 + o(1)), under some de-
terministic non-negative sequence of X\, if and only if, for some cy — 0, either \/Tu/a <
ey or VTujo —/—2logp > ¢y holds for all large N.

Moreover, when /Tujo < cy, S¥*% approaches SOFT if and only if X satisfies T*/?\ — 0.
When Ty —+/—2Tlogp > cx', S¥% approaches ST if and only if \ satisfies /T (/o —

d(VTN)
A) = 00 and ST T(a /e E 0.

Appendix C Mathematical Proofs

C.1 Proof of Theorem 1

Since 3 is G-measurable, we can write, for all w satisfying w75 = 0,
wTrypy = wT (@ + uggq).

Because E(usy1]|F;) = 0 according to the specification of (1) and G is a subset of F;, we
have E(u;41|G) = 0. Moreover, since « is F-measurable, it holds that E(u;1a7|G) =
E(E(ui1a"|F)|G) = 0, ie., w,y; and a are G-conditionally uncorrelated. Therefore,
Var(a + ug41|G) = Var(a|G) + Var(ug,1|G). On the other hand, since E(us1|G) = 0, we
have Var(ui41|G) = E(wi1ul1]9) = E(E(wsiul 4] F)|G) = E(2,]G). Finally, we obtain
Var(a + u;11|G) = .. Then, it holds that, for all w € G satisfying w8 = 0,

U(w) = E(w'ry1]G) — gVar(Tt+1|g) =w'a — ngiuw. (C.3)

We first find w that maximize wTa — ngiuw only under the constraint w7 = 0. Next,
we will verify that the solution is unique and is indeed G-measurable, which would prove the

theorem. The first step is equivalent with maximizing



wla — ngiuw + Aw'g,

where A is the Lagrange multiplier such that the solution w satisfies w75 = 0. As the objective
function is clearly strictly concave, we only need to look at the first-order condition, which

reads .
w==S"(a+\3).
K

We can pin down A\ by requiring BTEJI(& + AB) = 0, which gives A = (,BTile)*lﬁTi:l&
and thereby

1~ ~ ~ 1~ _
w= =S Iy + B(BTS,"B) 7 BTE, ) = =5, P Mg T
KR K ”

C.2 Proof of Theorem 2

To simplify the notation, we omit the dependence of 5, ¥ on N, and w on N and T'. All
limits are taken as N — oco. The derivation applies to either fixed T or T' — oo together
with V.

We first note that, given (1), conditioning on G is equivalent to conditioning on the

information set generated by
{(ai+ui,876i7vsuai) : t_T+ 1 S S S 7(;72 S N}

According to Assumption 1, conditionally on X, {(a,a; +w;s) : t =T +1 < s < t}
is independent of {(a; + ujs, By, vs) 1t =T +1 < s < t,5,j/ < N,j # i}. Therefore,
the G-conditional distribution of «; is the same as the distribution of «; conditional on
{ai+us:t—T+1<s <t} and X,. Because o, is independent with («;,u;) for j # i,
the G-conditional distribution of «; is the same as the the G;-conditional distribution of «y,
where G, is the information set generated by {(o; + u;s,0;) : t =T +1 < s < t}. Since G;
is independent across i by Assumption 1, we conclude that, conditionally on G, a; remains

independent across i.
Now define €& = E(wTry1|F) — E(wTri1]|G). By the definition of S(w), we have

S(w) = E(wTrtH]g)/Var(wTrt+1|.E)l/2 + E/Var(wTrt+1|]:t)l/2. (C4)

Since w is G-measurable, it follows that & = wT(a — E(a|G)) and that E(£?|G) =

wTVar(«a|G)w. Then, using Chebyshev’s inequality, we have, for all positive fixed e,

P(IE]/|lwll > €) < E(E*/[[w]*)/e* = E(wVar(a|G)w/||wl]|*)/e*. (C.5)



Because conditionally on G, «; is independent across i, we have Var(«|G);; = d;;Var(a;|G).
It thereby follows that

E(w™Var(a|G)w/||w||?) < E(I%%(Var(ozi|g)) < E(maxaj) = o(1), (C.6)

i<N
where the last step comes from condition (a) of Assumption 1. Combining (C.5) and (C.6),
and using Var(wTry 1| F;) = wTSw > Apin(Z4) [|w]]? Zp Jw]]?, we obtain
€1/ Var(wre | F)V? Sp €]/ [w]| = op(1). (C.7)
(C.7) and (C.4) lead to

S(w) = wE(r141]G) (wTSw) "Y2 4 op(1). (C.8)

Furthermore, if w78 = 0, then it follows that wr, = wT(a 4+ w;) and WEw = WTE,w.

Equation (C.8) then becomes
S(w) = wTa(wTS,w) Y2 + op(1). (C.9)
Applying Cauchy-Schwarz inequality, we obtain
|wT&|2(wTZuw)_1 < &TZ;16 = S(g)Q,

which, combined with (C.9), proves the inequality in (11).
We move on to the remaining results: the equality in (11), (12), and the optimal utility.
They all hinge on the property of w. As a first step, we introduce short-hand notation

1
W= =5, 7P

Yo2a, W= 11@52—1&.
K K v

;1/25 m

Given the specification of G, we have iu = %, and thereby

1 - ~ 1 ~
w=-N"ta—w w--Mg¥,'a=1u —. (C.10)
K K

To establish the equality in (11), (12), and the optimal utility, we now prove that both |||
and [[w']| are op(1), which will then quickly leads to those results.
To this end, we start by analyzing E(a|8, X,,) and Cov(a|X,, 5). We note that

E(@|3, %) = E(a]8, 2,) = E(a|S,) = 0. (C.11)



The first equality comes from that & := E(«a|G) and that S and X, are G-measurable. The
second equality comes from Assumption 1 (b). The last equality comes from Assumption 1 (a).
Moreover, from the analysis above (C.4), a; is a function of {(a;+u;s,0;) : t—T+1 < s < t}.
According to Assumption 1 (b), {(o; +u;s,04) :t =T +1<s <t} and J are, conditionally

on Y,, independent. Therefore,
Cov(&i, &j]Zu, 6) = COV(&Z', &J]Zu) = 5l,JVar(54Z]Zu) (ClQ)

The second equality comes from Cov(a;,a;|X,) = 0 for i # j, which is because (a;,u;) is

i.i.d. across i per Assumption 1 (a). Therefore, it holds that
Cov (@[S, B) < E([lal}ax|Zu)Iy (C.13)
It hence holds that

E(|@0]P[Su, 8) = Tr(S,? P15, Cov(@[Su, B)5, PPy 12, 5, ?)
E(llalRiax|Za) Tr(E, PPy o1 B0 P2, 5y 1/2). (C.14)

IN

The equality comes from (C.11). The inequality comes from (C.12), (C.13), and the well-
known result on Loewner order (see, e.g., Theorem 7.7.2 at Horn and Johnson (2012)). On
the other hand, it holds that

Tr(S, PPy, 50y P12 B0 %) S Te(S PPy Pyiye, 502

= TI‘(]P 1/2 Z ]P’ 1/2 ) PTr(szl/%B) :rank(ﬁ) =K. (C.15)

Both inequalities come from ¥, 2p Iy by Assumption 1 (a). Substituting (C.15) into (C.14),

we obtain

E([@]*I54, 8) Sp B(llalRux[Su) = op(1), (C.16)

where the last bound comes from Assumption 1 (a). Symmetrically, we have

E(|0'1*[5,8) = Te(PsX, Cov(d]Xy, 8)5, ' Ps) < E([lalRax] ) Tr(PsE, *Ps)
e E(llolRax|Za) Tr(Ps) = E([lol}ax]E0) K = op(1). (C.17)

Applying Chebyshev’s inequality to (C.16) and (C.17), we obtain

[l + [l']] = op(1). (C.18)



Combining (C.18) with the second part of (C.10), we establish (12) using the triangle in-
equality.
To prove the equality in (11), we note that, using the first part of (C.10),

1 - e e~ 1 - 2
wla=-a'sla—o', 'S0 =—=a'S,'d+ a8, — —d'a. (C.19)
K K K

On the other hand, applying that ¥, <p Iy by Assumption 1 (a) and (C.18), we obtain
WD Sp o] = op(1),  |uTal < VuTEanS(G) Sellw]|S(G) = op(S(G)).  (C.20)

Substituting (C.19) into (C.20), we establish

@ = %5(9)2 Fop(S(G)), FTEuT = —S(G) + op(1+ S(G)). (C.21)

12
Suppose S(G) Zp 1. Then, if w = w, the equality in (11) indeed follows from (C.21).
Suppose S(G) = op(1). Then S(w) < op(1) and —S(w) = S(—w) < op(1) according to (the
inequality part of) (11) as w is both G-measurable and factor-neutral. In other words, we
have S(w) = op(1) and that the equality in (11) also holds. Applying the classic subsequence
argument, we establish that the equality in (11) holds if w = w.
Finally, substituting (C.21) into (C.3), we obtain (recall &, = %, here)
K 1

U (W) = @76 — S0, = §S(g)2 +op(1+ S(G)).

Taking square root, we establish the optimal utility result.

C.3 Proof of Theorem 3, Corollary 2, and Corollary 3

Proof of Theorem 5. We have established in the beginning of the proof of Theorem 2 that
the G-conditional distribution of «; is the same as the G;-conditional distribution of «;, where
G; is the information set generated by {(o; + w;s) : t — T 4+ 1 < s < t} and ;. Note
that w;, is centered normal, we have that the conditional probability density of {r} =

a; +ups, t — T +1<s <t} given s; and oy, denoted by p(rf|s;, 0;), is

p(rilsio) = T]  oi'olo7 i = si) = S(T'2(3: = 50) f () (C.22)

t—T+1<s<t

Here f(r}) is a function of r; and o; that does not depend on s;. Hence, applying Bayes’

theorem, we have



a; = E()G:) = 0:E(s41Gi) = oy /xp(si = z|rf, 0;)dx
B / rfls; = x,0:)p(s; = x|oy) i
B fp Hsi = !, 07)p(s; = '|o;)da’
_ / r¥|si = x,0:)ps(x) Jr
fp s =, 03)ps(a’)da!

O(TV2(5 — 2))py(2)
f¢ TW EETIIITE

dﬂ? = O'lE(SZ|§Z),

The second line comes from the Bayes’ theorem. In the third line, ps(-) is the marginal density
of s; that is invariant across i, and we use the fact that s; and o; are independent, given by
condition (a) of Assumption 2. The first equality in the last line comes from (C.22). The
second equality in the last line comes from the Bayes’ theorem and that ¢(T%/2(3; —x)) is, up
to a constant, the density of §; conditional on s; = x. We hence establish the first statement
in the theorem.

Next, we note that ¢(a) = E(s;|$; = a) and, conditional on s; = a, §; ~ N(a,T~'). The
marginal density of 5; is then indeed E(¢q/r(a —s;)). Therefore, (18) directly comes from the
Tweedie’s formula, see, e.g., Robbins (1956) . The proof ends. 1

Proof of Corollary 2. Apparently, §; = s; + o; "4, is i.i.d. across i. By direction calculation
and the definition of SOFT in the statement of the corollary, we have

(@T5-1d) ZE (5i10)2) N/z/} (a)da = (SOPT)2. (C.23)

Now we study S(G) = a™,'a = >, E(s;|G)?. Using the fact that a®—b* = (a—b)?+2b(a—0),

we have

B(E(5:1(js 1<) |G)? — B(s:1G)?))

B(E(5:1 s, 150,)|G)) + 2E(E(5:]G)E(5:1 10500} |9)])

B2 (o) + 20/ BE(5:]G)2)B(E(5:1 1150, |G)2)

B2 (aen) + 20/ BE(5:]G)2) (521 50r)

enN7'+ /E(E(s4|G)2)en N1, (C.24)

IN

IN

IN

IN

where the last step holds by the assumption E(s71ys,>cx}) = 0(N ™). Then we have
<| ZE sil{jsii<ent|G)” ZE $i|G)? )

10



< ZE(\E(Siﬂﬂsi\ScN}!g)z — E(siG)])

< en+ \/Z E(E(s4G)?)en = o(1 4 SOFT), (C.25)

where the second inequality is a direct result of (C.24), and the last estimate is given by
(C.23). From (C.25) and (C.23), it follows, respectively, using Markov’s inequality and tri-
angle inequality that

ZE $il{js;1<en}|G)? ZE si|G)? + op(1 4 SOFT), (C.26)

E (Z E(siﬂ{|si|<cN}|G)2) = (SOPT)2 4 o(1 + SOFT). (C.27)

Further, we have

ar (Z E(Si]lﬂsz'SCN]”g)z) = Z Var(B(s;1L{js, e} |9))

< C%ZE(E(SJH%CN}IQ)% =o(1+(s777)%).  (C.28)

For the first line, we use that E(s;1,<cy1|G) is independent across i. The second line is
obvious as |s;|L{js,<cy} < cn. The last line comes from (C.27). Combining (C.27) and (C.28),

we obtain

D Elsilgsiceny|G)? = (SO7)? + o(1 4+ SOT) 4 op(1 + (SO7)?) /2,

Along with (C.26), we obtain

ZE SZ’g SOPT) <1+SOPT).

In light of the definition of S(G), and the fact that
((SOPT)2 + Op(l + SOPT))l/Q _ SOPT —l—OP(l),

we conclude the proof.

Proof of Corollary 3. Because of the tail condition E(s71s,>cy}) < cn N~ for some sequence

cy — 0 and that o; is constant across i, we have

11



E

aTa =Y a7l fjaj<en)| = o(1),

2
E’ > O azeny| =

which, by Markov’s inequality and triangle inequality, respectively, leads to

oaTa = Z s ]1{\az|<CN} + Op (Za Il{|al<cN}> 0 pN

On the other hand, it holds that

ar ( > a?ﬂ{|ai|<w}) < 2B gag<eny) < ok Y E(a]) = chu’pN.
Combining (C.29) and (C.30), we obtain
aTa = p’pN + op(1 + py/pN).
As a result, it holds that
S* = o Wata = o u(pN)V? 4 op(1).

Further, in light of the explicit distribution of a in Example 1, we have

ba) = upcb(a T'2ujo) — ppdla + T"%u/o)
(2 —2p)¢(a) + p<b(a —T'V2pfo) + ppla+ T /o)’
(s97) = H2% [wt@ota—T"ufa) 6l + T/ o)da

Suppose that TY2uc~' — /=2Tog p < C < co. Then we have

pp(a)
b dla — T 1))

1
exp (logp + T2 ot (2T1/2,u0 — C’>

(C.29)

(C.30)

(C.31)

(C.32)

(C.33)

< exp(logﬁ (V=2logp+C) (v/~2log - C))§10.34)

On the other hand, in light of (C.32) and (C.33), we have

(SOPT)2 _ MPN/w T1/2,u/0)da
pN upcb (a =T"?p/o) ey
: / (2= 3p)0(@) + poa— T Pfo) " T HI o)
_ pd(a)
- 5 <2—2p>¢<a—T1/2u/a>+p¢<a>¢(“)da‘

12



We hence obtain from (C.34) that, for N sufficiently large,

(SOPT)zs“ZN(/a>C3_2 da+/ é(a ) ‘”’N(1—%q>( C’)).

This proves the “if” part, given (C.31) and that u?pN/o? does not vanish. Now suppose
TY2307" — \/=2log p — co. Then, for all fixed z > 0, we have, for sufficiently large N,

TY? 1
s|u|p ¢(a +p¢(a),u/0) — exp (—logp o T1/2u0_1 <§T1/2,u0_1 _ $>)
a:la|<x

< exp (—logp—— v/ —2logp —|—CN> <\/—210gp+c]_\,1>)
< exp(—cy/2) =0, (C.35)
/
sup ol +;€; /o) = exp ( — 2TV o N (TP o™t — x)) — 0. (C.36)
a:la|<z

Given (C.32), it holds that

1_ ¢(a+2¢T(1/)2u/0)
1/2 _ a4
1/;((1 +T ,u/a) = Ml N (272p)¢(a?7)11/2u/a) + ¢>(a+27£1/)2p/0) .
pd(a ¢(a

Substituting (C.36) into the numerator, and (C.35) and (C.36) into the denominator, we
obtain that, for all fixed = > 0,

sup
a:lal<z

p i (a+ T2 /o) — 1‘ 0. (C.37)

Since the integrand of (C.33) is always positive and even in a, it holds that, for all fixed

x>0,
N
(SOPT)2 > Kp w(a)(p(a — TI/Z/L/U) — ¢la+ TI/ZM/U))da
02 St/ <a
N
> B b(a)p(a—T"p/o)(1 ~ ex)da
g |a_T1/2p,/0'|§J)
N
> H- ud(a — Tu/0)(1 — ex)da
g la—TY2p/o|<z
2
N
> “J’; (1—cy — 20(—x)).

Here the second inequality comes from (C.36), the third inequality is a result of (C.37), and
the last inequality is obvious. Because this result holds for all fixed x > 0, the “only if” part
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is proved. 1

C.4 Proof of Theorem 4

Given the length of the proof, a briefly explanation is warranted to clarify the key ideas and
structure.

The whole proof is organized into 5 steps. Steps 1 - 4 demonstrate that the distance
between the conditional expectation vector ¢ := Z;l/QE(odg) = (¥(%1),...,¥(3n))T, and the
estimate {ﬁ = (1Z(§1), . ,&(?N))T, measured by L2 norm, is small compared to S°FT. Based
on the result, step 5 shows the gap between monotonicity-preserving estimate QA/J and 1) in
L2 norm is also small compared to S°FT. This leads to that the Sharpe ratio generated by
wOrT = I\\/Jlgifl/z@z converges to SOPT, proved in the last step.

We note that, because of the rare and weak nature of alphas, E(«a;|G) converges to zero in
probability for each individual i, despite their large collective contribution to Sharpe ratio.

Therefore, we need instead the L2 norm of errors involved in v to converge to zero.

Step 1. Throughout the proof, we use the following notation, introduced in the main text

of the paper,

5 =T" Z(SZ +eis), Si=0a;/0;, pla) =E(oyr(a—s;)), v(a)=E(s]s =a). (C.38)
seT

As in that statement, p(a) is the density of §;, and ¥ (a) is the expectation of s;, conditional
on s; = a.

Intuitively, for assets with large §;, §; is a relatively precisely estimate the true s;. In
contrast, for assets with small §;, more likely §; is driven by noise. As a result, we introduce
B={i <N :|5| <kyT Y2} to scparate the two cases, where ky = ky®. Moreover, we set
1Z and v as the N-dimensional vectors with entries ipz = 12(?9}) and 1; == 1(3;). It holds that

Il =l <D (@ — i)+ > (W — ). (C.39)

i€B i€B°

The majority of the proof (steps 2 - 4) is to establish that @ constructed by us estimates

conditional expectation vector v sufficiently precisely in the following sense:
19 = II* = op(1 + (SOFT)?). (C.40)

The last two steps prove optimality of our portfolio strategy based on the above result. We

end this step by noting that Corollary 2 states
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l]l = S(G) = SO + op(1). (C.41)

Step 2. This step control the magnitude of ZieB(fbi — 4p;)? of (C.39). Tt does so by

showing

D o(Wi—5) =op(1+(S"T)) and Y (= 5) =op(1+(SOT)).  (C42)
i€ Be i€ Be
Since ; == 9(8;), to bound ", 5. (¥; — §;)?, we show that |¢)(a) — a] is small. On the other

hand, Tweedie’s formula reads

W(a) —a= T—”;/ ((5)) (C.43)

Moreover, we have, for all positive sequence by and all a,

@l < 7 [l aloyr(a - p(a)do

< MT/ bur(a—)py(@)de + sup  Tle — alpyrla — z)
lz—a|<by

z:|lz—al|>bn

< byTp(a) + sup T*2|y|exp(—Ty?/2). (C.44)

y:ly|>bn

The second inequality comes from the ps(x), as a density, integrates to one. Then, choosing
by that satisfies by > T~/2(log N)* with d > 1/2 and by = o(T~2ky), which is always

Y

possible, we obtain, for all a,

P/ (a)| < exTY?kypla) + exTN 2. (C.45)
It hence holds that
/(% /
i a 7
HlZaX ’];)((5))’ Sp sup ’];((a))‘ ﬂ{p(a)ZTl/QN*?’/z} S CNTl/zk’N. (046)

The first inequality comes from (D.13) of Lemma D3. The second directly follows from (C.45).
Combining (C.46) and (C.43), we obtain

P((3; — 1(5))? < exT k%, Vi < N) > 1 — cy. (C.47)
As a result,
D (5 —w(5:))? SpenT R IB < en Y5 Spen D (5 (C.48)
ieBe¢ ieBe¢ ieB¢
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Here the first inequality is simply (C.47), the second holds since §7 > T*IE]QV for all © € B¢
by definition, and the last inequality is a direct implication of the first two. Given (C.48), we
obtain the first part of (C.42) by noting Y, . ¥(8:)? Sp (SOT)? + 1 due to (C.41).

Now we establish the second part of (C.42). By construction we have

271(@) —a = 1 —2]4312\[ ﬁ(a) with p k Z ¢1/T <Sz > . (C49)

=)
—~
&

Similar to (C.44), we have, for all positive sequence by and all a,

T \@—a! §i—a
~
<
Ol < o (1)

T |5; — a (/S\i_a) T |5; — a (/S\i_a)
< + — su
Nk 5 % e R oz kn k%, i:|§i—a|/l§N>bN kn by kn
8, —a NSON
Ton - T
< = sup  [y| exp(=Ty?/2).

pla) +
kn kN y:ly|>bn

Choosing by that satisfies by > T—Y/2(log N)* with d > 1/2 and by = o(T~*2kyky), which

is always possible, we obtain, for all a,

7' (a)| < enTY*knpla) + exnTV2N2. (C.50)
Therefore, it holds that
/\/ A. ~
max 2O g (C.51)
¢ p(Si)

which comes from (C.50) and that p(s;) > N+€N¢1 /1(0) 2 ~5— for all i. As a result, we obtain

~ Nk
the second part of (C.42):
Z(TZ@ — §)% < enT 7 BY|k, + | B°| max 8 — 5i* < exT B[k Sp en(SO7T) + e
i€Be =

Here the first inequality is simply substituting (C.51) into (C.49), the second inequality comes
from max;<y |8 — &| < exT~?ky by Lemma D2, the last inequality holds by (C.41) and
(the last two inequalities of) (C.48).

Step 3. To analyze ZieB@i —1p;)? of (C.39), we introduce an auxiliary function:

J2¢u2/r(a — x)p(x)de
[ é2yr(a—z)ps(z)de’

Y(a) = with v :=4/1+ k3. (C.52)
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Y(a) is essentially the expectation of s;, conditional on 5 = a, where &, ~ N (s;,v?), i.e., 3

has slightly more noisy than ;. The goal is to establish

D (= 9(3)* = op(1+ (SO1)?) and Y (¢ —9(5))F = op(1+ (SO7T)?). (C.53)

i€B i€B

Then the triangle inequality would give us the desired bound on ), B(ipi —1);)%. The current
step proves the first part, whereas the next step will be devoted to show the second part.
We use p(a) and 7(a) to denote the denominator and numerator of 1)(a) as in (C.52), and
use 7(a) to denote [ x¢y,r(a— x)ps(x)dx so that ) (a) = m(a)/p(a). The goal is to show that
p(a) and 7(a) are, respectively, close to p(a) and m(a). We first note that ¢,2(y) and ¢(y) are

close in that, for all y,

[02(y) — oY) < sup [u2(y) — o)+ sup [du2(y) + o(y)]

yily|<ky' yilyl>ky!
< enky'o(y) sup  |y/v—y|+enN72 < end(y) + ex N2 (C.54)
yilyl<ky!

Here we use (D.17) of Lemma D4 (choose j = 0) and that |v™! — 1] =~ k%. We note
b1 yr(y) = VT (ﬁy) (and symmetrically for ¢,2,7(y)). Hence, using (C.54), we directly
obtain that, for all a,

p(a) — pla)] < / (a2 yr(a— ) — dyyp(a — 2)|ps(x)da

< con / ¢1/r(a — 2)ps(z)dr + enVTN? = eypla) + ex VI N2(C.55)

Now we bound the difference |r(a) — 7(a)|. Because ps(x) is a even function, we note that,
for all a > 0,

m(a) = /000 x¢(lal, z)ps(x)dr, and 7(a) = /000 xo(a/v, z/v)ps(z)dz, (C.56)

where
&(CIM $> = ¢1/T(a — l’) — ¢1/T(& —+ :L‘) == ¢1/T(a _ I’)(l _ efZTxa).

Since |(1 —e™¥) — (1 — e ¥/*")| < en(1 —€¥) for all y > 0, it follows from (C.54) and direct

calculations that, for all @ > 0 and x > 0,
|§$(CL/U,CL‘/U) - &(a,x)| < CN&(GVIE) +CNﬁN_2' (057)
Substituting (C.57) into (C.56), we obtain, for all a > 0,
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17(a) — m(a)| < en|m(a)| + en VTN 2 /000 xps(s)da < |w(a)| + enVTN 2. (C.58)

Here the last inequality holds by E(|s|) < \/E(s2) < cx due to condition (a) of Assumption
2. Because 7(a) and 7(a) are both odd functions in a due to that ps(z) is a even function of
x, (C.58) apparently holds for all a.

To establish from (C.55) and (C.58) that 1(a) and v (a) are close, we set A = {a : |a| <
knT~Y2,p(a) > VTN~32}. Then we obtain that, for all a € A,

o E) w5 ()
Wle) =vll = 15 " @ | T 5 ~ p@
7(0) — (@) | |n(a) -2
< (1+4cn) ) +cn ) < CNp(a) + centp(a).  (C.59)

Here the first equality is obvious, the first inequality comes from the lower bound of p(a) (by
the definition of A) and (C.55), the second inequality is a result of (C.58). From (C.59), it
follows that, for all a satisfying a € A,

-2

Y 2 < on N L evi(a)?
[(a) —¢(a)]” < N @) +entp(a)”. (C.60)

where we use Cauchy-Schwarz inequality and the lower bound of p(a). Therefore, we arrive

at
N/ |¢p(a) a)’pla)da < ey + cNN/ Y(a)’p(a)da < ey + en(SOFT)?, (C.61)

which comes from (C.60) and that [ 4 da < 2kn. Therefore, using Chebyshev’s inequality

and comparing the definitions of sets A and B, we obtain

Z(Ibz —i}(éi))zﬂ{ (3;)>VTN—3/2} Sp EZ (Sl))Ql{p(éi)ZﬁN_3/2}

1€EB i€EB

- N/W@—MM%@@Sw+mw“W,
A

where the last inequality holds by (C.61). Given (D.13) of Lemma D3, we obtain the first
part of (C.53).

Step 4. This step proves the second part of (C.53), i.e., we bound ZleB(i/} ¥(5))%. We
introduce p(a) and ¥(a) that mimick p(a) and ¥(a) by replacing the data input § with ;:
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S

- 1
pla) = N—MZ¢1/T ( k

—a
N

) . and ¢(a) =a+ v;ﬁ(a). (C.62)

Then we can decompose the quantity of interest:

Z(fm —(5:))? <) (0(5) — 0(5))* + Z(%i(@) —¥(5))>. (C.63)

We first show that ZieB(@E(éi) —1(5;))? is small. Since we have p(5;) > N+W¢1/T(0) 2 N—\/ki

for all ¢, symmetric to the derivation of (C.51), we have

max ﬁ(gz)
i p(%)

On the other hand, symmetric to the derivation of (C.46), we obtain

ﬁl(éz) < ﬁ/(a) 1/27
Loz S Tk C.65
m?X ]5(5‘1) ~P m?x ﬁ(a) {p(a)>N—3/2} S CN N ( )

§ CNTl/Q’/;N. (064)

where for the second inequality we note p(a) 2 p(a) for all a due to 1 < v < 1. Substituting
a

(C.64) and (C.65) into the definitions of ¥ (a) and ¥(a) ((C.62) and (C.52)), we obtain
max [(5;) — (3:)| Sp exhyT /2 (C.66)

According to Lemma 3 of Brown and Greenshtein (2009), with the additional condition that
max;<y VT|s;| = o(N¥) for every d’ > 0, we have (in our notation) that, for every d > 0,

o (S ridta) - it6)) 5
A scrutiny of their proof of the lemma reveals that this additional condition is only indispens-
able (a) to derive three equalities: (48), (59), and (62) (the way it is used is similar across the

three), and (b) to guarantee that max;<y vVT19(3;) = o(N?) for every d > 0. In the absence

of this additional condition, a weaker result holds: for every d > d’ > 0,
. (Z min{7(5(5) = D(5)* Nd’}ﬂ{ﬁ@KNdf,p(g»mw-l}) SRR

C.67) turns out sufficient for establishing a desired bound on » . @N/J ;) —1(8;))?, which
( ) g 1€B

we demonstrate now. Then we have, for every d > d' > 0,
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ZT(TZ(&) —¥(3))* Sp Z min{T($(5;) — 1(5:))*, N}
<p N%+ Z min{T(P(5;) — ¥(5:))%, Nz s vve-1y S N7 (C.68)

Here the first inequality comes from (C.66), the second inequality comes from that
E <Zi€B ﬂ{p(éi)<\/TNd/71}) < knN? (by the definition of set B), and the last is simply (C.67).

Next, we show that >, 5(1(3;) — 1(8;))? is small. Lemma D2 states that

max 15: — 3] <p xnv = N"Y?(en + E(s?)l/z), with ey = kX (C.69)
1€

Since 1(5;) and ¥ (5;) depends on {s;} and {5,} in the exactly same way, we can obtain the
desired result by exploiting that such dependence is sufficiently “continuous”. Concretely, we

write, uniformly over i € B,

Ip(5:) — p(34)]
1 5 — 5 5 — 3 o o
Ny 2 ¢”T< T ) _¢1/T( T )’ Se VIwky*p(s:) + VINT k!, (C.70)
J

T R S;— 5 L 55— 8
< ST &= soue (T ) = - s (90

<p Txnky'D(Z) + TN kN (C.71)

IN

Here the first inequalities for both results hold by definition (note ¢ ,7(a) = VT$(v/Ta) and
¢'(a) = —a¢p(a)). The second inequalities for both results comes from substituting (C.69)
into (D.17) of Lemma D4. Since p(s;) > N#kNgbl/T(O) 2 N—\/ki by definition, we obtain from
(C.70) and (C.71) that

; < -2 -1 < -2
max 56 <p ﬁXNkN +N < \/TXNk‘N , (C.72)
TN (s,
max P <S’)~(v§) (51 <p Txnky' +VTN™' < Txnkyt (C.73)
1€ PLS;

Then we have

WE PG T )
p(3:) [P (5:) — P (5)] p(5:) 7' (3:) [P(53:) — p(5:)] ”
< max G 56 + max 5G) 75 ) <p T'xnky . (C.74)
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The first inequality is direct algebra. Substituting (C.64), (C.72), and (C.73) into the right-
hand-side of the first inequality, we obtain the second inequality. Combining (C.69) and
(C.74) with the definitions of ¥ and ¥ ((C.49) and (C.62)), we obtain

psi)  p5)
p(E)  p(&)

L~ N
Y _ah(E3))2 < R L
> ($(5) ()" < Nmax|[§i—5;|"+ 7 max

The goal is to show 32, 5((5;) — ¥(5:))? = op(1 + (SOPT)?), which is apparently true from
(C.75) if E(s7) < €3. For the case E(s7) > €3, we observe

E(s7) = B(s7 ey j2<psi1<13) FE( L s, 12en /2y FE(85 L 1y151) < Pl|si] > en/2)+ex/44+en N,

where the last step comes from condition (a) of Assumption 2. We hence obtain P(|s;| >
en/2) 2 €%, which futher indicates Y, Ljjs,j>cn /21 2p Nejy (the sum follows binomial distri-

bution with its standard deviation dominated by its mean). As a result, we write

Nex Sp D exljsizensay Sp D 5 sz S D5 Sp 1+ (SO0 (C.76)

% i i€B¢

Here the second inequality comes from §; — s; = &; and max; |&;] < \/W by the
uniform bound on i.i.d normal variables. The thrid inequality holds by the definition of B,
and the last inequality can be established from holds by (C.41) and (the last two inequalities
of) (C.48). Since E(s7) <14 E(s71y,>13) < 1 by condition (a) of Assumption 2, it follows
from (C.76) that k3 E(s?) = op(1+(SOFT)?). Given (C.75), we prove 3, 5(¢(5;) —(5))% =
op(1 + (SOPT)2). Substituting this result and (C.68) into (C.63), we obtain ZieB({b(’s}) —
0(%:))2 = op(1 + (SOPT)?), i.c., the second part of (C.53). Substituting (C.42) and (C.53)
into (C.39), we finally establish (C.40).

Step 5. The goal of this step is to establish

|4 =9l = op(1 + 5°). (C.77)
We start by defining

Suppose §;, > 5, and 5; < 5; for some (3, j). According to (C.78), we have |5, —5;| < |5, — 5]
and |5, —5;| < |5, —5;|. The former would lead to 5, + 3;, < 25;, and the latter would lead
to 5, + 5, > 25;. They together contradict 5; < 5;. Hence we have 5, < §;, if 5; < 5; for

all (7,7). Since ¥(a) is increasing in a (see, e.g., Efron (2011)), letting ¥F = ¥(§;,), we have
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Y <of it 5 <5 for all (i, 7). As a result, we have

19 = Pl < 07 =l < Il = ]| + op(1 + SO°T). (C.79)

The first inequality comes from the definition of @//; and that ¢ < o7 if 5; <5; for all (4, )
established above. The second inequality comes from (C.40) proved in steps 2 - 4.

Given (C.40) and (C.79), to obtain (C.77) we only need to bound ||* — ¢||. For this
purpose, we note that (C.78) leads to |§, — 5;| < |§; — §;| for all i. Applying Lemma D2, we
obtain

11;1%)](\[ |51, — 3| <p enkyT V2, I?Z%E}BX 151, — 8| Sp xwvs (C.80)

where xy = N™V2(ey + B(s2)"/2) with ey := k% Similar to (C.48), we have
D (B —=(5)) +(5,—5:)%) Se enT 'Ry BY < ex D 6(5:)* Sp op(14(S977)?). (C.81)
icBe ieBe

Here the first inequality comes from (C.47) and the first part of (C.80). The second inequality
is already shown in (C.48). The last inequality is established right below (C.48). Combining
(C.81) and the first part of (C.42), and applying the triangle inequality, we obtain

> @W(E,) = v(5)* = op(1 + (S°7T)?). (C.82)

i€ B¢

Next, it holds that, uniformly over i € B,

=3
—~
¢
N
|
g~
—
¢
<
-
IN

/ |17 (31, — ) — dryr(8; — x) |ps(x)ds
< (Tlog N)'Y?|5, — &lp(5:) + ex VTN
Sp (Tlog N)2xxp(5:) + en VTN 2. (C.83)

p(3,) —p(5)] < T/ (8, — ) P1yr (81, — @) — (i — 2)d1yr(8 — ) |ps(x)ds
< (Tlog N)|3;, — 5i|p(3:) + cNT N2
S (Tlog N)xnp(3:) + enTN 2. (C.84)

For both (C.83) and (C.84), the first inequalities holds by definition of p(a), the second
inequalities come from (D.17) of Lemma D4 (choose j = 0 and j = 1 respectively), and the

last inequalities come from the second part of (C.80). Then we have, uniformly over i for
which $; € A (A is defined above (C.59)),
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V() — 0 < a8l 'p<§li;(;l§’<5i>’| G L
X~ p(3:) ~ )
Seoxrb + SRS S (B + VT (C.85)

The first inequality is obvious. The second inequality comes from the second part of (C.80),
(C.83), (C.84), that p(5;) > VT N~3/2 by the definition of A, and that 1/v/NT < yn as
T > N for fixed d > 1/2 by assumption. The last inequality comes from (C.43) and

15| < %N as 3; € A. Therefore, we have

Z(w(gll) - ¢(§i))2ﬂ{p(§,‘)zﬁj\/73/2}

= __Z (W(5,) — ¥(5:)* Sp Nk + Tk Z ¥(Z)?
<p (e + E(s2)k} +op(1+ (SOPT)?) = op(1 + (SOPT)?). (C.86)

The equality is obvious and the first inequality comes from (C.85). The second inequality
comes from (C.41) and that T'x% = o(1) due to E(s?) = o(1) and T < N¥ for fixed d’ < 1.
The last inequality is established in the analysis after (C.75). Combining (C.86), Lemma D3,
and (C.82), we establish [[¢* — || = op(1 + SOFT). Substituting this into (C.79) and using
(C.40) lead to (C.77).

Step 6. This step combines (C.77) with (C.41) to prove the theorem, i.e., that the Sharpe

OFT we construct achieves (S°FT)? asymptotically. Since Sharpe ratio

is invariant to scaling of weights, we can treat @W°FT as WOFT = Mg, where w = 2_1/2¢

ratio of the strategy w

Using condition (a) of Assumption 1 and (D.1) of Lemma D1, we have max;<x |0;/0; —
1| <p cn. As a result, we obtain ||S1/2® — || <p cx||¥||. Then, it follows from (C.77) and
(C.41) that

IS0 — || < |82 — Pl + 19 — ¥l Sp enllbll + [ — v]| = op(1 + SOFT).  (C.87)

Hence we have

(@752 = 9Ty <[220 — ¢l[[¢]l = op(1+ (SOFT)?), (C.88)
[OTS — T < (|20 — |+ 2)|S0 2w — ¥f||[¢] = op(1 + (SOTT)?). (C.89)

Here for both (C.88) and (C.89), the first inequalities come from Cauchy-Schwarz, whereas
the last equalities come from (C.87) and (C.41). Further, substituting (C.41) into (C.88) and
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(C.89), we obtain
szi/Zw — (SOPT>2 + 0P<1 + (SOPT)2)7 ?I)Tzuuvj — (SOPT>2 + 0P<1 + (SOPT)2). (C.QO)
Next, we note that

Pyl < [P, *0ll + | Ps(w — S, *0)]
= |IPsX; all + (@ — T,20) Py (w0 — 5,1 2)
< |IPX, ] + o — 2,20 = op (L + SOTT). (C.91)

To obtain the last equality, we note that the first term can be bounded using (C.18) as
W' = 1PsX1a and that the second term can be bounded using (C.87) and 1 Sp Apin ().

Tk

As a result, we obtain
WM, Mgth = T80 + 0P, et — 20078, Path = T8, + op(1 + (SOFT)?). (C.92)

For the last equality, we use (C.89), (C.91), and Apax(Xy) Sp 1 by condition (a) of Assumption

1. Similarly, we write

WTMa = wTa — TP = wTa + op(1 + (SOFT)?), (C.93)
where for the last equality, we use (C.91) and ||a|* <p aX;ta = (SOFT)2,
We now conclude that, when S°FT does not vanish,
§OPT _ ('L/ﬁOPT)Ta _ wTMga _ wTMga + Op(l)
V(@OPT)TE@OPT \ JiTMEMgw  /w0TM g3, Mgw
vT~
= & 4 op(1+ SOPT) = SOPT 4 o (1 4 SOPT), (C.94)

VWTE, 0

The first two equalities hold by definition. The third one comes (C.9) and that Mgw is G-
measurable and factor-neutral. The fourth one comes from (C.92), (C.93), and the second
part of (C.90). The last equality comes from (C.90) (a = 211/2@/)). Because w°FT is G-
measurable and STw°FT = 0, Theorem 2 and Corollary 2 apply. We hence have GOPT <
S(G) + op(1) = SOPT 4 op(1). Because —SOFT is the Sharpe ratio generated by —@°PT, we
also have —SOPT < SOPT 4 55(1). As a result, when SOPT does vanish, we have SOPT = op(1).
Therefore, given (C.94) and using the subsequence argument (see, e.g., Andrews and Cheng
(2012)), we have
GoOPT _ gOPT +op(1 + SOPT>.
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In other words, we have, for all P € P,

lim P(|SOPT — SOPT| > ¢5OPT 4 ¢) = 0. (C.95)

N, T—o0

Suppose the theorem does not hold, then there is a sequence of data-generating processes Py
with Py € P for each k € {1,2,...} such that

limsup lim P,(|SOPT — SOPT| > €5OPT 4 ¢) > 0.

N,T—o00 k—o0

This contradicts (C.95), and the theorem is proved.

C.5 Proof of Proposition 1

By definition we have
(5%)2 = ™M, Mg + 20TMgS, "My 4+ @M, "Miga — T7'N.
We start with the analysis of aTMBE 'Mga. From (D.1) of Lemma D1, it follows

HE — Z HMAX ~P \/T 1IOg]\[ (CQG)

As a result, noting P(0 < Mz < Iy) — 1 and P(3, = Ix) — 1 by the assumption || 5|l max Sp
1 and Apin(878) Zp N, and recalling (5*)? = o™X, 'a, we have

™M S, Mg — a™ME, "Mga| <p /T log N(5%)2. (C.97)

On the other hand, it holds that

ATMY Mg — ™S ol < aTPsX 'Psa + 24/ (a7 1) (aTPs N 1Psa
B~y B8 u B~y LB u B~y LB

Sp a'Pga+ \/(aTEgla)(aTPBQ)
e N7 B + VN oS a)llat B2
Sp E(s}) + S*E(s])V2. (C.98)

Here the first inequality comes from Cauchy-Schwarz inequality. The second comes from
P(X, =~ Iy) — land ]P’% = IP5. We obtain the third line by using A,in (875) 2 N. The last line
holds because of Chebyshev’s inequality and that E(||aT8]?|3,2.) S N||B|3axE(?]3,) <
N||B12iax Amax(Zw)E(s?) by condition (a) of Assumption 1 and condition (b) of Assumption
2.
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On the other hand, because of the assumption E(s?1{js,>cy) < enN71, we have

=B = o(1),

E oﬂE;la — Z 822]1{|5i|<CN}

ZS?BUSHZCN}

which, by Markov’s inequality, leads to

TS = Z 5?1{\8i|<01\r} + op(1).

1

Moreover, it holds that

ZS?]]'{|51'|<CN}

(2

Var

< Z E(s{L{s;j<ent) < Cx Z E(57 Ljsi|<en))-
Using Chebyshev’s inequality, we obtain

(5)? =a™s > Zsfﬂﬂsikw} 2P ZE(S?H{\S,-KCN}) > NE(s7) + o(1).
Combining this result with (C.98) and (C.97), we have

aTMS - Mpa = (S*)?2 + op <\/T—1 log N ((S*)? + 1)) . (C.99)

~

Next, we study aTMgX, *Mgu. It holds that

a™ME;, "My < oM MS; "Mgav/ara < a’avara = Op(((S*)? + 1)T~2). (C.100)

The first inequality comes from Cauchy-Schwarz. The second inequality holds because
P(Mg =~ Iy) — 1, M% = M, and P(iu ~1Iy) — 1 due to P(X, =Iy) — 1 and (C.96). The

third inequality holds by P(3, =~ Iy) — 1 as well.
Now we analyze aTMS; ‘Mg — T-'N. We write

N=uE'S) = > (N (le(Mﬂus)? - (Mﬁﬂ)?>

i<N seT
= T ulME,  Mau, — @™, S, "Mt

seT

= T ulM;sS, Msu, + Op(N/T). (C.101)

seT
The last line comes from ﬂTMﬁﬁglMﬁﬂ <Sp "4 because of M3 = Mz and P(iu ~Iy)— 1.
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Furthermore, I have

UTMS Mgt — 0SS 'a < 2aTS, 'Pair] + aTPsE, ' Pau
<p Varu\/uTPgu + uPgu <p N'/?/T.

A~

(C.102)

Here we obtain the second inequality using P(3, =~ Iy) — 1 and the last inequality using

P(Ps < Iy) — 1. Similarly, it holds that

T2 Z(ugMﬁiglMBut — Ul )

teT
= T Z (2\/ulut\/ W PSPy, + ungigngut)
teT
N1/2
<p Tﬂz (wuluﬂ/uﬂ[”gut +uZPgut> <p i (C.103)
teT
From (C.101), (C.102), and (C.103), it directly follows
AME, ' Mpi — TN = @', e — T2 ulS;  u, + Op(NY2/T + N/T?).  (C.104)
seT
On the other hand, we have
S = —N2(E, - 28) + 5280 (S, — )2
It then follows from (C.96) and P(¥, =~ Iy) — 1 that
TS = —aTE A8, — 25,)t + Op(T ' (log N)u'a)
= —WTY XS, — 28,4 + Op(T 2N log N). (C.105)
Similarly, we have
T2 S uy = —T72) ul 525, — 25,)us + Op(T 2N log N). (C.106)
teT teT
Substituting (C.105) and (C.106) into (C.104), we have
ATME, Mg — TN = —a™s, 25, — 28,)a+ T2 uf S, 2(5, — 25,)u,
teT
+O0p(T'NY2 4+ T~2Nlog N). (C.107)
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Now we analyze EA]u We write

(§u>z,1 = (T’luuT)i’i—i—(MrgﬂﬂTM[g)i,i
+(Pe T uuT); i + (T uuPg)i i + (PeT  uuTPg), ;. (C.108)

From the uniform bound on i.i.d. random variables and ||Pg|yax < N ™! by the assumption
18llmax Sp 1 and Apin(575) Zp N, it follows

[Mpuu™™g|max Sp ||etT||max = HUHMAX <71 log N.

Using P(X, =~ Iy) — 1, this gives

> |aF (2, (Mgua™p);i| Sp T~ (log N) Y i Sp T->Nlog N, (C.109)
<N <N
and
T2 3 3 (50T, | S T (108 M) 3 Y 0y S TN log V. (C.110)
teT i<N teT i<N

Further, we obtain

S E((T w81, 5,)

i<N,ji<K
< 3 BT ) [ S)E(T fruatf) 518, 5.)
i<N,j<K
- Z \/ u 1,0 ﬁTzuﬁ < N3/2K||ﬁ”MAX)\max<Eu> §P N3/2' (Cll]-)
i<N,j<K

The first inequality comes from Cauchy-Schwarz. The last inequality directly follows from

condition (a) of Assumption 1. Similarly,

S E((T BuuT8);4]18,2.)

J<K k<K

< > R )18, S BT S 5),06.8.)
J<K k<K

= Y szu@)j,j(mzuﬁ)k,kSKNHBHMAXAW(EU) Se N (C112)
J<K k<K

From (C.111) and (C.112), it directly follows
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ST udB)igl Sp NP2 YT (T BunB) k] Sp N (C.113)

<N <K J<K k<K

Using (C.113), and noting max;<y |u;| Sp /7T 'log N from the uniform bound on i.i.d.

random variables and [|(878) 7 8|lmax < N ™! by assumption, we obtain

> ja (T uuPy) |

i<N
< D 1T e B)il(878) T Bllmax

<N <K
<p N 'T'logN Z (T~ uuTB); ;] <p NY*T 'log N, (C.114)

i<N,j<K

and

> (Po(T uu™)Py)i|

i<N
< > @(T BuuTB)l1(878) 7 BllRax
i<N, <K<K

Sp NT'T7'og N Y (T Buu™B)jul Sp T log N. (C.115)

JSKESK

Symmetric reasoning leads to

1
T2 DD Ul (T uu™Py)ig| Se NPT (C.116)
seT i<N
1
73 0 D N (Pa(T M uu)Ps)is| S T (C.117)
seT i<N

Substituting (C.100), (C.110), (C.114), (C.116), (C.115), and (C.117) into (C.107) and
(C.108), we obtain

ATMS, Mgt — T7'N = —T2 > A;+ Op(T"'N'?log N + T"2Nlog N).  (C.118)

119N

Here and only here we use short-hand notation

A Z Z w Zl T uuT — 2% )Z iU Uit -

teT ¢ eT:t'#t

Since A; is i.i.d. across ¢, we only need to analyze it for a single i. It obviously holds that
E(4;]2,) = 0. We also note E(((T~ uuT —2%,,);.:)*u; sui 4yt sui ¢ |5,) = 0 unless two elements
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of {t,t',s,s'} are the same, and E(((T~ uuT — 23,);:) % st gt st o | X0) S T*QE(uﬁt@u)

unless elements of {t,, s, s’} only take two different values. Then we obtain

E(A71E0) S THEL B (g, 3)-

u

It hence follows that

T2 A Se TTINYPE@WS, (S, )) S TN, (C.119)

u
i<N

where the last inequality comes from that ¢;; has finite eighth moment by condition (a) of
Assumption 2. Subsituting (C.119) into (C.118), we obtain

M3 "Myt — TN = Op(T"'N'?log N + TN log N). (C.120)

Combining (C.99), (C.100), and (C.120), and noting N'/?T < ¢y and T' < N by assumption,

we obtain
(82 = (5% + op (T*l/%/log N((S*)? +1) + T"INV21og N)
= (") + op(T'NY?1og N((5%)* + 1)).
Therefore, we obtain, under S* > C,

(G2 = (S2(1 + op(T'N2log N)), —> 2 ;*S — op(T'N210g ).

And, under S* < ¢y, we have

(§*)2 _ (S*)Q + OP(T_1N1/2 log N)7 —_— S'\* —S* = op (\/T_1N1/2 log N) )

We note by construction (5*)% = (§*)2 + N/T. Then, under S* > C, it holds that

(§*)2 _ (S*)2+¥+<S*)20p(

V/'Nlog N S*— /(52 + N/T VNlog N
T - S M\ T )

Similarly, under S* < ¢y, we have

(82 = (S")2 + ¥ 4 op (M)

~ &~ (ST N/T=op <M>

T

The proof concludes.
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C.6 Proof of Proposition B1

We note that all the assumptions in Theorem 2, other than the factor-neutrality, are assumed
here as well. Therefore, equation (C.8) in the proof of Theorem 2 stays valid, since factor-
neutrality is used only after the derivation of (C.8). Applying Cauchy-Schwarz inequality to
(C.8), we obtain

[S(w)] < VE(ren|G)TE1E(r44]G) + op(1). (C.121)

On the other hand, it implies by Woodbury matrix identity and from the fact that ¥ =
B, LT + By,
Y= -2 B8t + 8781 B) TS (C.122)

By direct calculations, we have
BTETIB = ((BTZ )7+ 2) 7

Let H; = (8727'8)~! and Hy = %, and using the fact that (H; + Hy)™' — Hy' = —(H; +
Hy)"'H,H,', we have

BIETIB =5, = (72, 8) " +Xu) (TR, B) IR,

Therefore, using the fact that Ay (578) Zp N and that Apax(Z.) Sp 1 by assumption, we

have

Anax (87251 8)71) = Ain(B7E5B) < A (B78) Amax(B0) Sp N7 (C.123)
Also, note that Apayx(X51) = A1 (3,) < 1, and that

Amax (((BTE,18) 71+ 20) 1) = A (B8, 18) 1+ 5,) < Ai(B) S1,
we have
16788 =S Sp N7,

which in turn leads to
FTBTE By = 4TSty + op(1). (C.124)
Next, we show

E(]G)TE "8y = op(1). (C.125)

Notice that E(E(«|G)|%, 5) = E(«|X, 8) = E(«|X) = 0 (by conditions (a) and (b) of Assump-
tion 1), and that, conditionally on (X, ), E(a;|G) is independent across ¢ as demonstrated

in the beginning of the proof of Theorem 2. Therefore,
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B((B(a|G)TS757)*[%, 8) < 3 B(E(a|G) [, ) max(y7 7%, (C.126)

i<N

On the other hand, from (C.122), we obtain
VBT = TSNS 4 BT, 8) AT

Because of /\min(zv) 2, 17 ||6HMAX SP 17 HZUHMAX S ||EUH SP 17 )\min(Eu) ,?_,P 17 Eu Is
diagonal, and (C.123), we have

BT ax SIHES + 8727 8) IS vax Sp Amax((B72718)7) Sp N7V

Hence, we have, for all positive fixed e,
P(IB(alG)TS 59| = |%, 8) < E((E(alG) S )%, 8)/e = op(1), (C.127)

where the last equality comes from (C.126) and that E (3, E(E(x]G)YE,8)) <
> i<y E(af) = o(N) by condition (a) of Assumption 1. Since P(|E(oz|_g)TE*167| > el 5) <1
are uniformly bounded for all N (by definition), we obtain by taking expectations on both
sides of (C.127) that, for all positive fixed e,

P(|E(e|G)TS7'87] > €) = o(1),

which is equivalent to (C.125).

Finally, we derive
E(a|G)"S'E(a|G) = E(a|G)TS, 'E(a|G) + op(1). (C.128)
Following the same derivation for (C.126), we obtain

E(E(G)TE,'BRIZ, 8) < ) E(E(ailG)*[%, B) m?X(EllﬂﬁTEf)m

i<N
Because [|5]|max Sp 1 and Apin () Zp 1, we have
m]aX(EJIﬁBTZu )id S 1ﬁHMAX Se L.

Then given the above result that E(ZigN E(E(a;|G)*2,8)) = o(N), we obtain that
E(|E(a|G)T218I212, 8) = op(N). Therefore, similar to the derivation of (C.125), we ob-
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tain

E(a]G)TE,BlE = op(N).

On the other hand, using (C.123), we obtain

1S, 48751 8) 7 = Anh (S0 + 875, "8) < Amax(B75,'8)" ) Sp N7 (C.129)

Then, using (C.129), we have

E(alG)TS, ' B(3, + 8T, 8) 1678, 'E(a|G)
<|E(alG)"S, ' BlEN(E + 875, 8) 7| = op(1),

and hence, in light of (C.122), we obtain (C.128).
Given that E(r,11|G) = E(«|G) + 57, it follows from (C.124), (C.125), and (C.128) that

E(rea|G) ST E(ri]G) = B(e]G)TE, ' E(alG) + 978, + op(1).
In light of (C.121), we conclude the proof.

C.7 Proof of Propositions B2, B3, and B4

We present the notation that is used throughout Section C.7 and Appendix E to facilitate

the exposition of our proofs. We write
(= \/T;L/U, 5 =VTs, 2 =VTs.

( represents the signal strengh of our alphas. Zz; is simply the ¢-statistic and Z; is hypothetically
what the t-statistic would be in the absence of risk factors. Next, we introduce soft- and hard-

thresholding functions:

Ui(a,\) = sgn(a)(la] — A),  Uy(a,A) = algazyy.

Then, for ¢ € {1,2} and i € {1,..., N},

Ui = 0,0 N), DN =0, (3 ).

Further, qu()\) and LAZJq(/\) to represent, repectively, the vectors (;/;q(i'l, Ay ,;Dq(ZN, A))T and
(@%1()\), . ,@%N(A))T. Based on zzq()\), we introduce w;(A) = f);l/z@q()\). The purpose of
doing so is that @, (A), with appropriate choice of ), incorporates the weights of Lasso, CSR,
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and BH methods all as special cases. Lastly, we define

) DMz  NY2E(, (M)
T oM (VT T B, ()22

§(’1()\) is the Sharpe ratio generated by the strategy wy,(\). S¢()), again with appropriate
choice of ), incorporates as special cases SF, SBH and SVASSO (the probability limits of

Sharpe ratios) all as special cases.

C.7.1 Proof of Proposition B2

By definition it holds that 3@ = w;(\) under A = 0. Hence we have SR = §;()), choosing
A = 0. In other words, CSR is a special case of Lasso. On the other hand, by definition we

have, choosing A = 0,

Shasso — N2 (5,6, )E(5%) 712, (C.130)
Moreover, we can write
VT x E(3si) = % a(¢(a—C) — dla+ ¢))da = pg—c, (C.131)

T xE(5) = /a2(¢(a) +pdla—C))da=1+p(1+¢*) = (1+0(1))(1+ p¢?). (C.132)

For both lines, the first equalities come from the distribution of «; imposed by Example 1,
s; = a;o~ ! by definition, and VT (8; — s;) is standard normal. The second equalities hold
by direct calculations. The last equality of the second line comes from p — 0. Therefore, it
holds that, choosing A = 0,

S«\CSR _ 3«\1()\) _ S}I\,asso +0P(1 + SOPT) _ GOSR + Op(l + SOPT)‘ (0133)

Here the second equality comes from Sj(\) = SLasso 4 op(1 4+ SOPT) as in Proposition B4.
The third equality comes from (C.130), (C.131), (C.132), ¢ = v/Tu/o by definition, and that
|SCSR| < SOPT 4 0p(1) by Theorem 2 and Corollary 2.

Now we verify the sufficient and necessary condition. We utilize the last equality of
(C.133), i.e., that CSR is a special case of Lasso, and the optimality conditions for Lasso
provided in Proposition B4. We start with the “if” part. Invoking the classic subsequence
argument, we only need to consider the two cases v T /o — 0 and v/pT /o — oo separately.
The former case is obvious since A = 0 certainly satisfies 7"/?A — 0 condition required by
Proposition B4. For the latter case, noting that v/pT /o — oo always leads to /T /o —
Vv—2logp — oo due to —log p =~ log N by assumption, we only need to verify that, under

34



A = 0, we have both VT(u/o — \) — oo and p(HTﬁg;/TT(i;U_/\)Q — 0 as in Proposition B4.

Both are obviously true.

Next we show the “only if” part. As \/Tu/a — 0 is violated, we only need to show that,

if /pTu/o — oo is violated, we would not have p(Hqu\ggi;Uﬂ\)Q — 0 under A = 0. This is

also obvious. The proof ends.

C.7.2 Proof of Proposition B3

Proof of Proposition B3, Part 1. In this part we prove §71_3H = SBH 4 op(1 + SOFT). By
assumption there exists fixed d > 0 such that g < N~¢. Then there exists fixed (dy, do, d3)
such that 0 < d; < dy < d3 < min{d, 1}. We also set ¢, = \/2(1 — z)log N.

We let 2 = —(Dfl(p@)/Q) and z' = —q)*l(p(gﬂ)/Z), where we recall ® is the standard

normal cdf. In other words, Z and Z’ are the t-statistics whose p-values, calculated based on

standard normal distribution, are P and PGy We further define, for j € {0, +, —},

my(a) =Y Lyzzas my(a) = ) Lgzizap

1€H; 1€H;
where Hy ={i < N :a; =0}, Hy ={i < N:a; =(}, H. = {i < N : a; = —(}, and

2, = TY?3, is the t-statistic of stock i. From the definitions of ¥ and ¥, we obtain

2NP(—2 2NO (-7
(=2) — <7, (=) >, Z m;(%') = Z m;(2) + 1.
Zj€{0,+,—} m] (Z> Z]E{O,—l—,—} m.] (Z ) j€{0,+,—} j€{07+,—}

(C.134)
Given (E.74) and the monotonicity of m;(z) in z, there exists a positive sequence by =
0 (1/+/log N) such that, with high probability, uniformly over z, and for j € {0, +, —},

Further, noting %, is i.i.d. across i, we obtain from equation (13) of Liu and Shao (2014) that,

for all deterministic sequences (ay, a’y) satisfying N®(—ay) — oo and pN®({ — ay) — oo,

o (z)

IND(—2) 1 =oelt)

sup
0<z<ayn

- 24 (2)
- 1' = op(1), OSSZHSIZN pNO(( — z) + pNO(—C — 2)
(C.136)

Using (E.15) and —®~'(N™') = /log N, we note that, for by = o(1/v/IogN), ®(—z +
bn) = ®(—2)(1 + o(1)) uniformly over |z| < —®~'(N~'). Hence we obtain from (C.135)
and (C.136) that, for all deterministic sequences (ay,a’y) satisfying N®(—ay) — oo and
pN®(C — a)y) — oo,
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mo(z) 2my (2)
su ——— — 1| = op(1), su — 1] =op(1).
O§Z§I()1N 2NO(-2) ) P(1) ogzgligv pNO(C —2) + pNO(—( — 2) P
(C.137)
In addition, it follows from (E.15) and the second part of (E.1) that, uniformly over z > 0,
———~ < h(z), with h(z) = ————€¥ %5, C.138
o= " Do (G139

Here a* is introduced in the statement of Lemma FE1, so is (* which appears below. We now
establish that, for all fixed (z,2’) satisfying 0 < 2" < x < 2, if supy.., h(2) 2 1, then
i>nf h(z) — 0. (C.139)

Since h(z) < e8+(==2)C by definition, it holds that, if supy<.<., h(z) 2 1, there exists
0 < ay < ¢, such that h(ay) 2 1 and thereby

elog an+(any—a*)¢ Z 1.

Because a*( — logay = log N by the first part of (E.1), (* 2 v/log N due to our assumption
on p, and ay = o(log N), we have ( > ay'log N > /log N. For all z satisfying z — ay >
co — Cz 2 V/Iog N, it holds that h(z) 2 h(ay)z 'e®*= )¢ — oo as ¢ > /log N. We hence
establish (C.139).

We first suppose z* > ¢g4,. From (C.138) and the definition of z* (B.1) we have h(z*) = 1.
Then, since dy < d3, it follows from (C.139) (by contradiction) that

sup p®(¢ — 2)

— 0. C.140
0<z<eq, P(—2) ( )

Using (C.140), and applying (C.137) and the monotonicity of m;(z) and ®(—z) in z, it holds

that, for all (random) sequence z satisfying 0 < z < ¢y,
mo(z) = 2N®(—2)(1 +op(1)), m+(2) = op(NP(—2)). (C.141)

Here we also use p®(—( — z) < ®&(—z). Comparing (C.141) with (C.134), we have that
P(z < cq,) — 0. We hence have, with high probability,

EpNO(C — 2) < 2pND(C — cay) < pNB(—cq,) = op(p*N?) = op(1). (C.142)

Here the second inequality comes from (C.140), the first equality comes from d3 < d, and the

last equality comes from p < N~%. (The situation where ¥ does not exists is equivalent with
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Z being so large that sup; |z;| < Z and is hence a special case.) Given (C.142), Lemma E7
applies and we obtain B?H = 55(%) = op(1).
On the other hand, we have

GBH _ N1/2E<¢2,i(2*)5i) <NNl/QE(Wu(Z*Nl{a#&\éilzz*})

E(y,(29)?)2 TE (g (2%)2)1/2
< g\/NE(:H‘{Oéi7é0,|2i|ZZ*}) < g\/QpN@(C — 29) < pu/NO(—2) = o(1).

The second inequality comes from Cauchy-Schwarz inequality, the last inequality comes from
(B.1), and the last equality comes z* > ¢4, and N®(—cg,) = op(N?) as dy < d. Hence we
prove SBH — SBH — 40(1) under 2* > cg,.

Now suppose z* < ¢g4,. Then it follows from (C.138), (B.1) and (C.139) that, as d; < da,

g p®(¢ — 2)

. 14
Yy — 00 (C.143)

Since d; > 0, we have N®(—cy,) — 00. Given (C.143), we further have pN®({ — ¢q4,) — 0.
Applying (C.137), and using (C.143), it holds that

mo(ca,) = op(p@(C = cay));  ma(ca,) = p®(C = ca)(1 + op(1)). (C.144)

Let h(z) = 2N®(—2)/ 3 ici0.4+,—y Mi(2). From (C.144), we know that h(cg,) = op(1). Since
h(0) = 1, we know that with high probability Z exists and satisfy 0 < zZ < ¢4,. Since ®(—z)
is decreasing in z, we have N®(—Z2) — oo and pN®({ — Z) — oo in probability. Therefore,
we obtain from (C.137) that

mo(2) = 2N®(=2)(1 +0p(1)), m=(%) = gN(CP(C —2) +0(=C—2))(1 +o0p(1)). (C.145)

Since 2’ < z, (C.145) would still hold if all Z are replaced by Z’. Hence, substituting (C.145)
back into (C.134), and noting ®(—( — z) < &(—=z), we have

2(1 = 7)P(—2)

g =L, (C.146)

Next, using (B.1) and (E.15), we note that z* < ¢4, leads to that ¢ 2 v/log N (see a few lines
after (C.139)). As a result, using (E.15), and comparing (B.1) and (C.146), we have

15— 2*| = op (1/@). (C.147)
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We finally obtain

SBH _ W, (T~22)"Mga
T o|Mpwg(T2Z)|

= So(2%) + 0p(SOFT 4 1) = SBH 4 0p(SOPT 4+ 1).

where the first equality holds by definition, the second comes from (C.147), pN®({ — z*) >
pN®(C — c4,) — o0 (see after (C.143)), and Lemma E6 (choose ¢ = 2 and (N, \) = (2, 2%))),
and the last holds by Sy(z*) = SBH due to ¢; = E(s;|G) and that &qﬂ-(z*) is G-measurable.
We hence prove SBH — §BH — 4, (GOPT 4 1) under 2* < cq,. I

Proof of Proposition B3, Part 2. In this part we prove that the sufficient and necessary con-

dition is correct. By definition it holds that

SP Sa(zf) E@’ A(2)) _ ~
SoPT SQOPT - E(@Zz,i(Z*;)l/zE(?ﬂ?)l/z = Corr(i, ¥5,,(27)). (C.148)

The first equality holds by Sy(z*) = SPH due to ¢; = E(s;|G) and that 171(171(2*) is G-
measurable. Since p — 0 by assumption, we know that z* — 0 does not hold as it con-
tradicts its definition (B.1). Moreover, we have that, using the first part of (E.1) and that
—log p = log N by assumption, ( —a* > —cn+v/log N and ( —(* > —cy+/log N are equivalent.
Hence, according to (E.23) and (E.24) of Lemma E3 (choose ¢ = 2), using (C.148) and the
subsequence argument, and recalling ¢ = v/T u/o and ¢* = v/—2Tlog p, we readily obtain the
“only if” part. Then we study the “if” part, according to (E.25), we only need to show that,
for all fixed € > 0, there exists a fixed 7 > 0 such that, for large IV,

O(—2z*)

B S €. (C.149)

The rest of the proof is to show (C.149). Rewritting the definition of z*, and noting 7 is

fixed, we have
pP((—2") 1-7
20(—2z*) T

~ 1. (C.150)

Using (E.15) and the second part of (E.1) (recall x(a) and a* are introduced in the statement
of Lemma E1), noting x(a) := 5¢(a — ¢)/é(a), we obtain from (C.150) that

h(z*) : &

_ (z*—a*)¢ —
= —¢ ~ 1. C.151
1+ (2" = () ( )

Here we also introduce h(z*) as short-hand notation. Suppose z* > a* + 1. Then h(z*) >

el*=1¢ — co. Suppose a* < z* < a*+1. Then h(z*) > ZJF(IJ—CLCH — 00. Suppose 2" < a*—1.
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Then h(z*) < a*e™¢ — 0. Hence we conclude a* — 1 < z* < a* for large N. Therefore, it
follows from (C.151) that

e S C.152
e ~ . .
1+ (a* = Q)+ ( )

It then holds that, when { — (* > —cy+/log N,

" 1 a*
CoF S R,
1 1+((l*—<)+ a* 1
5 14+ (CL* _ C)+ pe log 11 (a* — <)+ <o (m) . (C.153)

The first inequality follows from (C.152). The second inequality comes from a* =~ ¢ due
to the first part of (E.1) and (* = /log N by the assumption on p. To obtain the last
inequality, we utilize that (a* — ()4 = o(a*), again due to the first part of (E.1), and that

lim, .o 7' logz = 0. We hence obtain

b= =9 . . R T N
N g (=) ola— 0 =o (=0 ) = of0tc -0

(C.154)
The first inequality is obvious given that z* < a* for large N. The first equality comes from

(C.153) and that sup,.,i<qtj.p-1 ¢(* +y) S ¢(z) uniformly over z. The last equality is a
result of (E.15). It follows from (C.154) that (¢ — a*) = ®(¢ — 2*)(1 + o(1)). Combining
this result with (C.150), we further have 2®(—2*)/(p®(¢ — a*)) = (L +o(1))7/(1 — 7). We
hence prove (C.149) and the proof concludes. B

C.7.3 Proof of Proposition B4

By definition, we have 1 ;(\) = 7; " ¢1(5i, \) = T~V2G; 41 (Z, TV2N) = T~12@, (T/?)) and
U1 (8, \) = T4, (TY/2)). Hence, it holds that

~ D1 (\)TM
Sin w; (A) Mg

a Nl/zE 7 VZ‘ /\
_ i(Tl/Q)\), S}:asso _ (¢ U (8 ) ))

~ oM (M) = o1 1/2 .
0||M51T11()\)|| E(¢1(§i, )\)2) S (T /\)7 (C 155)

where the first equality in the second part comes from v¢; = E(s;|G) and that (8, \) is
G-measurable.
Suppose A satisfies pN®(¢ — T"/?2)\) — co. Then we have

Sia = SH(TY2N) = Sy (TY2N) + 0p(SOPT + 1) = SE%° 4 0p(SOPT 4 1). (C.156)

Here the first and last equality comes from (C.155) and the second equality comes from
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Lemma E6 as pN®(¢ — TY/2)\) — oo (replace both A and A with T/2) and choose ¢ = 1).
Now suppose pN®(¢ — T'/2)\) < 1. It holds that

NYZE (i, ,(TY?N)s;) _H \/

1/2
SITA) = (1/11 (T1/2)\ 1/2

(Lgj5,120,05220}) \/ZpN(P —T12)) = o(1).

(C.157)
Here the first equality comes from ¢; = E(s;|G) and that iu()\) is G-measurable. The first
inequality holds by |s;| = 214,20y and Cauchy-Schwarz inequality. The second inequality is
obvious. The last equality comes from p = o(1) by assumption. Since pN®({ — TV/2)) < 1
leads to p2pN®(¢ —T'2)\) — 0, Lemma E7 applies and hence S}(T%/2)) = op(1). Combining
with (C.157), we obtain S| (TY2)\) = S1(TY2X) + op(1). Given (C.155), we obtain 5;(\) =
SLasso 4 on(1) under pN®(¢ — T2)) < 1. Hence we establish S;(\) = U0 4 op(1) with
the classic subsequence argument.

Finally, it holds that

Sk S\(TY2)) B, (T2\)¢h) -
sorT =~ ot :E@u(crm)?)l/m(w%)mZCOHWM,AT”QA», (C.158)

where the first equality comes from (C.155) and the second comes from the definition of S}
and SOPT = N'/2E(¢)2)1/2. On the other hand, we have that, using the first part of (E.1) and
that —logp = log N by assumption, ( — a* — oo and ( — (* — oo are equivalent. Hence,
according to (I£.23) and (.24) of Lemma E3 (replace A with 7/2)\ and choose ¢ = 2), using
(C.158), and recalling ¢ = v/Tju/o and ¢* = /—21og p, we obtain the remaining statements
of Proposition B4.

Appendix D Lemmas supporting Section C.4

Lemma D1. We define u; = T! Y eet Wis- Suppose Assumptions 1 and 2 hold and that
18llmax Sp 1 and Auin(B878) Zp N. Also suppose log N < T < N¢ with fized d < 1. Then it
holds that, as N, T — oo,

11211%}]{\[|J —ol| = Op( (logN)/T), (D.1)
max [(Bsa)| = Op (1/VIN), (D.2)
max [(Pga)i| = Op(NT'ZE(s)"/?). (D.3)

Proof. We start with (D.1). First of all, we write
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~2 _ _
max 67— of| < [M(T uu — @My — Tllvax

< [[MgE,Mp — 3, |l max + ||M5(T_1uuT —uu’ — X,)Mpg|jmax. (D.4)

Now we establish the upper bounds of the two terms in the second line. We write

IN

M3, Mg — X [lnax [PsXuPslmax + 2[[PsXy||max

(NIPsllmax + 2)IPsllmax [ Sullmax Sp N7 (D.5)

IN

The last inequality comes from [|Ps||max < C|lB13ax/l(878) lmax Sp N1, which is true

by assumption. On the other hand, we have

Mg (T un’ — aa™ — 3, ) M| max
< T ' uu — au’ — By [laax (14 2N||Psllaax + N?[[Psllvax) Sp v/ (log N)/T',(D.6)

where the last inequality comes from the uniform bound on i.i.d. normal variables, log N < T
by assumption, and that Apax(2,) Sp 1 by condition (a) of Assumption 1. Substituting (D.5)
and (D.6) into (D.4), and noting N~ < C'y/(log N)/T by assumption, we obtain (D.1).

We obtain (D.2) by writing

max [(Pg)i| < C||Blmax[|(B76) ' lmax max |(8Ta)i| Sp max N7H(6Ta)x| Sp 1/VTN.

1<i<N 1<k<K 1<k<K

Here the last inequality comes from that K is fixed, E(u,u;|3,X,) < 0;
(a) and (b) of Assumption 1, and Apax(2,) Sp 1.

Finally, we write

02T~ by conditions

max_|(Psa);| < C|18]lmax||(B78) " lmax 12}2%(&(}%\ < ON7!' max |(BTa)|. (D.7)

1<i<N 1<k<K

On the other hand, from condition (a) and (b) of Assumption 1 and condition (a) of Assump-
tion 2, we have E(o;a;|8,2,) = 0; j07E(s?). Therefore, as K is fixed and Apax(X.) Sp 1, we
have

max (B7)i| Sp en N2 Bllmax Sp NYV2E(s?)'/2, (D.8)

Substituting (D.8) into (D.7), we obtain (D.3). &

Lemma D2. Suppose Assumptions 1 and 2 hold and that ||B||3ax Sp 1 and Auin(B76) 2p N.
Also assume N < T < N¥ with fized d > 0 and d' < 1. Then it holds that, as N, T — oo,

max ‘:9\1 — §Z‘ SP CNTil/Z,l\C/N. (Dg)
1<i<N
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If we additionally have T = N® with fized d > 1/2, then it holds that, as N,T — oo,

gl <
IZI?BXLSZ S <p xn- (D.10)

Here xn = w/l/N(k:;r’V+E(s§)1/2), and set B is B = {i € N : TV2|5| < ky}, with ky = kN2

Proof. By definition we have

Psa); Psu); i 5
@—gi:J 50); _ (Ppt)i | (§—1> e (D.11)

@ o)

Since T' > N? with d > 0 by assumption, (D.1) of Lemma D1 leads to max <<y |0, — 02| =
op(1). Then, noting min; o; Zp 1 by condition (d) of Assumption 1, we obtain min; o; 2p 1.
Applying (D.1) again, we have max; ‘g— - 1) <p \/W. Using these two results, and
substituting (D.2) and (D.3) of Lemma D1 into (D.11), we obtain
max, |5i— 8| <p xn++/ (logN)/T max 5], max [5i— 38| <p xn++/ (log N)/Tr?ean |5].
(D.12)
Since P(|s;] > 1) < BE(slgs,>13) < exN~! by condition (a) of Assumption 2, we have
P(max; |s;| > 1) < cy. Combining this result with max; |5;| <p \/(log N)/T by the uniform
bound on i.i.d. normal variables, we obtain max;<;<y |3;| <p 1 (again noting T > N? with
d > 0 by assumption). Then we have /(log N')/T max;<;<y |5;| <p T~/?/log N. Also, we
have xny < exyT7'? since T = o(N) by assumption and E(s?) < 1+ E(s?1y,,513) S 1 by
condition (a) of Assumption 2. Substituting the two bounds into the first part of (D.12), we
achieve (D.9).
On the other hand, the definition of set B leads to max;ep |5 < T~V 2kn. Then, noting

T > N% with d > 1/2 by assumption, we have /(log N)/T maxep |%| < /1/Nk3¥ < xw.
Given the second part of (D.12), we obtain (D.10). §

Lemma D3. Suppose Assumptions 1 and 2 hold and that ||B||3ax Sp 1 and Auin(B76) 2p N.
N <T < N with fived d > 1/2 and d’ < 1. Then it holds that, as N, T — oo,

P(p(3) > TY2N"32 Vi < N)>1—cy. (D.13)

Proof. Note that when |z| < 1, we can find C' > 1 such that a > C implies |a — x| > C' — 1.

Therefore, for |z| < 1, we have

/ ¢1/7(x — a)da < VT exp(=Ta?/2)da < exp(=T) < ex N7 (D.14)
e

laj>C—1
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The last step comes from T > N¢ for some d > 1/2 by assumption. Then we can bound

/|al>cp(a)da < /|a:|>1ps(:c)dx+/x|<l /|a>c é1 7z — a)dap,(z)dx

< / ps(x)dx + sup / ¢1r(z — a)da < cyN~'. (D.15)
|z[>1 la|>C

x:|z|<1

Here the last inequality comes from (D.14) and ﬁz‘ZIps(x)dx < E(silgss1y) <
E(s?1js;>eny) < cnN~! by condition (a) of Assumption 2. It follows from (D.15) that

P(p(él) < T1/2N73/2> = /ﬂ{p(a)<T1/2N3/2}p(a)da

S CN]V_1 —|—/ Il{p(a)<T1/2N_3/z}p(a)da S CNN_I. (D16)
la|<C
The last inequality also uses T' = o(N) by assumption. (D.16) proves the lemma by Bonferroni
inequalities. &
Lemma D4. It holds that, for j € {0,1} and for all (a,a) satisfying |a — a| < 1/4/6log N,

as N — oo,

[ (a) —ad(a)] < (log N)I/2|a — a|g(a) + ey N2, (D.17)
o(@) < (log N)IHI2(1+ |a)"UF (g(a) + exN72). (D.18)

Ql

Proof. We first write that, for all a and for 5 € {0, 1},

@/ ¢(a) — @(a)] < |a@ — allp(a) + (|a’ — a’| + |al?)|é(a) — ¢(a)l
< |a—alé(a) + (@ — a| + |af)d(a)|e=* "2 —1].

On the other hand, for all sequence by satisfying by > 1, and for all (a, a) satisfying |a| < by

752)

and |a— a| < by, we have |e=(@*~2)/2 1| < |a—alby. As a result, for all such by and (a, a),

it holds that, for j € {0, 1},
@’ ¢(a) — @ p(a)| S bY ' |a — alé(a). (D.19)
Moreover, it holds that, for j € {0, 1,2} and for all by that satisfies &'y > /5log N,

sup |a’¢(a)] < eyN~2 (D.20)

a:|a|>b)y

Then, choosing by = +/6log N, which ensures by > +/dlog N and by — b]_\,1 > y/blog N for
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large N, we obtain (D.17) by combining (D.19) and (D.20). Further, (D.18) would directly
come from (D.17) by choosing 7 = 0 when |a| < /61log N, which guarantees (log N)(1 +
la])™2 = 1. For |a| > +/6log N, we obtain (D.18) from (D.20) by choosing j = 2, because in
this case we have |a| > v/5log N for large N, and 1 + |a| ~ 1 + |a|. The proof ends. §

Appendix E Lemmas supporting Section C.7

Lemma E1. Suppose that ry follows (1), Assumption 1 holds, u;; ~ N(0,0?), and a following
(5) as in Ezample 1. Also assume N~¢ < p < N~ with fized d > d > 0. Recall we

define p(a) and (a) in Corollary 2 and ®(x) is the standard normal cumulative distribution

function. Then it holds that (i) when ( — (* < —+/log N,
[ vtartada = (1A Cpdia — 20
(11) when ¢ — (* > —cn/log N,

/w(a)2p(a)da ~ 12 p®(¢ — a”).

Here v == /276" ¢+ and x(a) are defined by ¢* = \/—2log(p/2) and x(a) =

¢)/¢(a), and a* is the solution of x(a) = 1.

Proof. Tt follows from definition that

and  x(a) = exp((a — a”)().
By definition we have

T712p(17%a) = (1= p)é(a) + Eo(lal = )+ So(lal + ).
Because ¢(|a] + () < ¢(a) and p — 0 we have, uniformly over a > 0,

T2p(171%a) = (14 o(1)) §la — ) (1 +x(a) ™).

We also note ¢(a + () = exp(—2a()é(a — (). Therefore, uniformly over a > 0,

1 — exp(—2a()
L+ x(a)™!

(T 2a) = (1+ o(1))u
As a result of (E.2) and (E.3), it holds that
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/w(a)Qp(a)da = (1+0o(1)p*pB*, with B*:= /000(1 — exp(—Qa())Q%gb(a —()da.
(E.4)

Then the goal becomes characterization of B* across different cases. For this purpose, we
introduce two set sequences A; = (0,a*) and Ay = (a*,00). Based on these sets, we define,
for j € {1,2},

= —exp(—2a :_x(a) a—()da L= —exp(—2a())?¢(a—2¢)da
&—A@ p(~200)* 5 s 0la—C)e, %-/ﬁ p(~2a0))?6(a—2()da. (E.5)

It apparently holds that B* = By + By. Furthermore, from the first part of (E.1), we note
(a* — oo and thereby sup,s,- exp(—2a¢) — 0. From the second part of (E.1), x(a) < 1 for
all a < a* and y(a) > 1 for all @ > a*. Hence, it follows from (E.5) that

&z[h—mw%ma@whom7&z/fwhom. (E.6)

We note x(a)p(a — ) = tp(a — 2¢). Applying this relation to the two parts of (E.G), we
obtain, respectively,
By =B}, By < (B, (E.7)

where, for the second result, we use that inf,>.(1 — exp(—2a¢))*x(a) =2 1 due to
inf,>q+ x(a) > 1 and inf,>,.+ a{ — oo by the first part of (E.1).

Now we gauge the magnitude of B; and B, for cases (i) and (ii). We further separate case
(i) into two subcases: case (ia) where ¢ < 1 (under which ¢ — ¢* < —y/log N always holds,
as (* 2 v/log N by the assumption p < N~¢ with fixed d > 0), and case (ib) where { — oo
and ¢ — ¢* < —/log N. We start with case (ia) where ¢ < 1. We note

¢(a — 2¢) exp(—2a() = d(a) exp(—2¢*),  d(a — 2¢) exp(—4aC) = ¢(a + 20). (E.8)
Using (E.8), we obtain
B+ B}, = /(1 — exp(—2a¢))?¢(a — 2¢)da = 1 — exp(—2¢?). (E.9)
Moreover, it apparently holds
Bl < ) é(a — 2¢)da = (2¢ — a*). (E.10)

On the other hand, when ¢ < 1, we have a* — 2¢ > (*?/(3¢) for N sufficiently large. Then,
when ¢ <1

45



L el /186 0 o

where the last convergence comes from (* — oo (by the assumption p < N~¢ with fixed
d>0), (**/¢ — oo (as ¢ £ 1), and lim, 4 zexp(—2?) = 0. Since 1 — exp(—2¢?) =~ ¢* under
¢ <1, combining (£.9), (E.10), and (E.11), we obtain that, when ¢ < 1,

(TPR(2¢ —a") S

By =¢*  By=o(*). (E.12)
Substituting (E.12) into (E.7), we obtain (recall B* = By + Bs) that, when ¢ < 1,
B* = (%™, (E.13)
(E.4) and (E.13) together lead to [4(a)?*p(a)da =~ p*¢*pe=". Given ¢ =~ e ¢* and ®(a* —
2¢) = 1 (by the first part of (E.1)) when ¢ < 1, we prove the lemma for case (ia).

Next, we study cases (ib) and (ii). We note in both cases we have ( — oco. Using (E.8)
and ®(z) = 1 — ®(—x), we obtain by direct calculation

B, = / " p(a—20)da = B(a*—20)—28(—20)+B(—a®—20) —exp(—2C)(2B(a*)—1). (E.14)

We note that, uniformly over =,

P(z+), (E.15)

Where r, = max{z,0}. Using (E.15), we obtain ®(a* — 2() > ®(—3(/2) ~ 1+C¢(3C/2> ~
1+C exp(—9¢?/8). Then we have, ®(—2() = o(®(a* — 2¢)) and exp(—2¢?) = o(®(a* — 2())
when ¢ — oo. Since ¢(—a* —2¢) < ¢(—2¢) and 0 < $(a*) < 1, we obtain from (E.14) that,
when ( — oo,

Bl = (14 0(1))®(a* — 20¢). (E.16)

Substituting (E.16) into the first part of (E.7), and noting the second part of (E.6), we obtain
that, when { — oo,
By = 1®(a" —2(), By~ ®d(—a"). (E.17)

We first investigate case (ib), in which it holds that a* — ( 2 +/log N according to the first
part of (E.1) and (* = /log N by the assumption on p. Then from (E.17) and (E.15), it

follows that, in case (ib),

1 . _ 1 «
p(a” = Q), 32~m¢(a —¢)- (E.18)

B, >
P20 —aY),

46



Here the first part comes from ¢(z,) > ¢(x) for all z, and ¢(2¢ — a*)e3* /20" = ¢(a* — ().
The second part comes from a* — ¢ 2 y/log N. Since 1+ (2¢ —a*)y < (a* — () according to
the first part of (E.1) and ¢* = y/log N by the assumption on p, we obtain from (E.18) that,
in case (ib),

B, < B,. (E.19)

~Y

Now we study case (ii), in which it holds that a* — { < c¢y+/log N by the first part of (E.1)
and (* = v/log N. Hence, we have 2¢ — a* 2 1. Therefore, from (E.17) and (E.15), it follows

that, in case (ii),

| . 1
e, T PR,

By = o(a* — ). (E.20)
Here the first part comes from 2¢ — a* 2 1 and ¢(2¢ — a*)e342/2*€a* = ¢(a* — (). The second
part comes from ¢(z4) > ¢(x) for all x. Since 1+ (a* — )+ = o((2¢ — a*)+), we obtain from
(E.20) that, in case (ii),

Bl = 0(B2>. (E21>

Combining (E.19) and (E.21) with (E.17), we prove the lemma for cases (ib) and (ii). The

proof concludes. 1

Lemma E2. Suppose a real-valued function sequence hy : R — R, a sequnce ay, and a
positive sequence Ay satisfy AJ_Vl/Z(ILAN — hy) = 0 in L? with Ay = (an,an + Ay). Then

there exists a set sequence Ay such that

/ da =o(Ay) and sup |hy(a) — 1] =o(1).

ANf.AN (ZEAGV

Proof. We define hy(a) = hy(aAy') and Ay = (anAy', anyAN' 4 1). Then clearly (Lay —
hYy) — 0 in L% This further leads to hy — 14s in measure (see, e.g., Theorem 2.15.a of
Folland (2009)), i.e., for every € > 0, fA}‘v L{j1-ns,(a)|>yda — 0. This is equivalent to that, for
every € > 0,

ANl/ L{ji-hy(@)2eda — 0. (E.22)
AN
We hence prove the lemma.

Lemma E3. Suppose the same assumptions as in Lemma E1 and let a* be as defined therein.

Then there exists a deterministic sequence A > 0 such that Corr (s, v, ;(N)) — 1 if and only

if, for some cy — 0,
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{ (1:p) € {(1p) : ¢ < ewor ¢ —a* > ¢!} Jorq=1, (E.23)

(1, p) € {(p,p) : ¢ < enor ¢ —a* > —cy/log N} for g = 2.

Moreover, if sequence X\ > 0 is determmistic, COFF(?/JZ‘,Z’E(”-(A)) — 1 if and only if

{ A — 0, when ¢ — Oand q € {1, 2}, (B.24)

o) s — 0, when ( —a* — occand q = 1.

C A%ooandm

Further, when ( —a* > —cy+/log N, it holds that

Corr(@bi,{/;q,i()\)) >1+40(1)+0 (%) : (E.25)

Proof. Step 1. As aresult of (E.2) and (E.3), it holds that, by the symmetry of ¢(a), &q(a, A),
and p(a),

[ vtarnada = @ owys [ T exp<—2ac>>2%

7 2 _ of 1+X<a) a— Oda
[ Ptaaptada = (o) [0 b - O (B.27)
[ v, (o Nptaia = (1 o()up [, 001~ exp(=20)o(a — )da. (B29

¢(a — ()da,(E.26)

To facilitate the exposition, we introduce short-hand notation

fa) = \/ﬂgb(a—oﬂ{azo}, 9(a) = (1= ) f(a),  Gyla) = By, )XY t (ﬁg‘”

1+ x(a) f(a).

Comparing the definitions of f and g with the right-hand sides of (E.26), (E.27), and (E.28),
we obtain, for ¢ € {1,2},

" g?Zi
Corr(t, TyaN) = (14 o)), 0,(3) = 10l (5:29)
lgll11gall
where (g,9,) = [ g(a)g,(a)da and ||g|| = /{9, g) stand for the L*-inner product and L*-
2
norm. Moreover, we note that 1 — 6,(\) = %H;HQ HH;HII X gq| - Let d* be the scalar that

minimizes ||g — d x g,||. It obviously holds that, for ¢ € {1, 2},

1
L= 0,(N) > 55 llg — d* x g™ (E.30)
! 2||gl* !
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Moreover, we have that, if §,(\) > 0 and for ¢ € {1, 2},
1 o
1= 0,(\) < 1—0,(\)* = wllg —d" < gy*. (E.31)

Given (E.29), (E.30), and (E.31), the proof will focus on evaluating ||g —d* x g,||. In addition,
given the definition of {L(a, A), we can write, for g € {1, 2},

o= Gl = [(1= €™ ' x byfa))*aPda, with hyfa) = (€ + )7 0, ).
(E.32)
Further, to characterize the magnitude of ||g||, we consider, resepectively, case (ia) where
¢ — 0 (under which ¢ — ¢* < —/log N always holds, as ¢* 2 \/log N by the assumption
p < N~4 with fixed d > 0), case (ib) where ¢ > 1 and ¢ — (* < —/log N, and case (ii) where
¢ —(* > —cny/log N. Here and below we adopt the notation introduced in the statement of

Lemma E1. Since B* is simply ||g||* here, it follows from Lemma E1 that

loll? = { (LA C?)®(a* —2¢), cases (ia) and (ib); (£.33)

O(¢ —a*), case (ii).

By the classic subsequence argument, we can establish the lemma as long as we prove it under
each of cases (ia), (ib), and (ii).

Step 2. We start with demonstrating that, for each ¢ € {0,1}, ,(A\) — 1 holds in case
(ia) if and only if we choose A — 0. Suppose A — 0 and let d* = 2(e~*"¢. We obtain that,
for each ¢ € {1,2} and for all a > 0,

1~ 7% —d* x hy(a)| |1 — 72 — 20ty (a, N)(e™* + ™)
11— e 2% —2Ca| + 2¢A 4+ 2¢a(|1 — e | + e~ )
< 4% 4 20N+ 2e7 7 Ca. (E.34)

IN

The second inequality comes from that [¢,(a, A)| < a and [¢,(a, ) —a| < A for all a > 0.
The last inequality comes from that —%xz <l—-e®—x<0and 0<1—¢e* <z for all
x > 0. As a result, we have, for each ¢ € {1, 2},

lg—d* x Gl < llg—d <Gl S / (Ctat + N 4 e 7220 6(a — 2()da
0

< u(CHHCAN ) = o(ulP). (E.35)

Here the first inequality holds by the definition of d*. The second inequality comes from
(E.32), (E.34), and f(a)? < x(a)¢(a— ) = t¢(a—2¢). The third inequality comes from that
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Jadla—20)da = [(a+ 2¢)Yd(a)da S [(a? + (P)p(a)da S 1 for j € {2,4} as ¢ — 0. The
last inequality comes from ( — 0, a*¢( — oo, and A — 0.
Now suppose A 2 1. Then it holds that, for each ¢ € {1,2},

AN1L ANL
lg —d* x Gl> > / (1— e 22 f(a)2da 2 (2 / Poa—2) 2% (E.36)

The first inequality comes from g,(a) = 0 for all @ € (0, A). The second inequality comes from
inf,<; f(a)? > $x(a)¢(a — ¢). According to (E.33), we have ||g|? =~ :(* as ®(a* — 2() ~ 1
(by the first part of (E.1)) when ¢ — 0. Given (E.29), we prove that for each ¢ € {1,2},
Corr (i, 1,,:(\)) — 1if (by (E.31) and (E.35)) and only if (by (E.30) and (E.36)) A — 0 when
we are in case (ia), i.e., when we have ¢ — 0. We hence establish the first part of (E.24).

Step 3. Next, we show that, for each g € {1, 2}, 6,(\) — 1 does not hold for any A sequence
in case (ib). Note that we always have ¢ 2 1 and (—a* < 1in case (ib), due to ( —a* < (—(*
by the first part of (E.1). We introduce a set sequence A = ((2¢) A a* — 4A, (2¢) A a*), with
A= m A (¢/2). Because ¢(x) = —x¢(z), it holds that, for any real sequence x and
any fixed positive constant C,

o) s inf ¢gla) < sup  P(a) S (). (E.37)

o c
ala xlgl-&-l-r\ “3|a*1|§%‘z|

As a result, we have inf,cq f(a)? 2 t¢((2¢) A a* — 2¢) (by (E.37), the relation right after
(E.6), the definition of f, and A C (0,00)), we have from (E.32) that, for ¢ € {1, 2},

o=@ %Gl 2 10((2) A e =20) [ (1= = xhyfa)da. (E39)

According to (E.33) and (E.15), |lg||* = t¢((2¢) A a* — 2¢)A in case (ib). Then, combining
(E.30) and (E.38), we obtain that, if (A) — 1, then, for ¢ € {1,2},

/ (1= =2 — @ x hy(a))2da = o(A). (F.39)
A

It follows from Lemma E2 and (E.39) that, for each ¢ € {1, 2}, if 6,(\) — 1, there exists a

set sequence A such that,

/A o= o(8) and sl xhya) = (1= ) = of1), (E.40)

acA

It is almost obvious that (E.40) can not hold for any ¢ € {1,2} and for any A, given the

—2a§‘

drastic difference between the definition of h,(a) and 1 — e To see this more clearly,
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we first consider the situation where ( =~ 1. We note that, under ( ~ 1 and uniformly over
a € A (which becomes (2¢ — 4A,2¢) for large N), hy(a) = (1 + o(1))e* %4, (a, A). Apply
the triangular inequality to (E.40) leads to sup,e 4 |d*e® ¢ x iq(a, A) — (1 — e 29)| = o(1),
which can not hold for any ¢ € {1,2} and for any A sequence, because of the nonlinearity of
l—e2€Cinagas(~l.

Then we consider the situation where ( — oco. It is trivial from (E.39) and that ;Z)q(a, A) =
0 for a < A that A < (2¢) A a* — TA/2 for large N if 6,(\) — 1, for each ¢ € {1,2}. As a
direct result, we have, by the definition of h,(a), that, for each ¢ € {1,2}, if 6,(\) — 1 and

¢ — o0,
inf,ca+ hy(a)

SUPgea- Ng(a)
where AT = ((20) A a* — 3A,(2¢) Aa* —2A) and A~ = ((20) Aa* — A, (20) A a*). (E.AL)
and (E.40) clearly contradict as, for large N, any A satisfying the first part of (E.40) would

2 exp(CA) — oo, (E.41)

overlap with both A and A, and hence would violate the second part of (E.40) according to
(E.41). In other words, 6,(\) — 1 does not hold under any A sequence and for any ¢ € {1, 2}
if we are in case (ib).

Step 4. Now we demonstrate that, for each ¢ € {1,2}, 6,(A) — 1 does not hold for
any \ sequence if we are in case (ii) and A7'(a* — \) — oo. We introduce a set sequences
A" = (a*V(+A, "V +2A) with A = =——. We note that infes ¢(a—() 2 o((a*—()+)
by (E.37). Then, from (E.32) it follows that, for ¢ € {1, 2},

lo =& TP 2 6l ~C) [ (- - x ) da. (B2

*

According to (E.33) and (E.15), ||lg||* = ¢((a* — )+ )A. Then, combining (E.30) and (E.42),
we obtain that, for ¢ € {1,2}, if ,(\) — 1,

/ (1= 2% _ g x hy(a))2da = o(A). (E.43)

Moreover, it follows from Lemma E2 and (E.43) that, for ¢ € {1, 2}, if 6,()\) — 1, there exists

a set sequence A such that

/A*—A da =o0(A) and sup|d® x hy(a) — 1| = o(1). (E.44)

a€A

Here we also use e ¢ — 0 (by the first part of (E.1) and ¢* = v/log N — oo due to the
assumption on p). Now we prove by contradiction that, for each g € {1, 2}, 6,(\) — 1 can not
hold if A™!(a*—\) — oo. For this purpose, we introduce a set sequence A’ := (a*—2A, a*—A).
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Suppose A~!(a* — A) — oo holds. Then we obtain that, for ¢ € {1,2}, if §,(\) — 1 and for
all a € A* and a' € A,

exp((a* —ad)() +1

halal) = (1 +0(1) T8

% hyfa) = (1+o())x(@) ™ x hy(a).  (E45)

The first equality comes from A~!(a* — \) — oo and the definition of zzq. The last equality
comes from the definitions of A* and A’ and that exp((A) — oo, which in turn is a result of
that in case (ii) we have (a) ¢ > ¢* — eyv/log N 2 /log N and (b) A™! < cyy/log N due to
a* — (= (* — (> —cyv/log N. Combining the second part of (E.44) and (E.45), we obtain
that, for ¢ € {1,2}, if 6,(\) — 1 and for all a € A’,

d* x hy(a) = (1 + o(1))x(a)™". (E.46)

Since inf,e 4 x(a)™r — oo due to exp(CA) — oo, it follows from (E.46) that, for ¢ € {1,2},

lg—d* x Gl zt/uf«*%—thmm%mfm

2 [ M@l Odaz A fnt 6l ) 2 P

where we note that inf,c 4 x(a)™' — oo ( by x(a*) = 1 and exp(CA) — o00) and infear d(a —
() 2 ¢((a* —¢)y), and we recall ||g||? = ¢((a* — ¢)4)A. This contradicts (E.30) and proves
that, for ¢ € {1,2}, 6,(\) = 1 can not hold if we are in case (ii) and A~ (a* — X) — occ.

Step 5. This step completes the proof regarding condition (E.23) for ¢ = 1, and prove the
second part of (E.24). Given (E.29) and the privious analysis for cases (ia) and (ib), to show
condition (E.23) for ¢ = 1 we only need to demonstrate that, in case (ii), there exists some
sequence A such that 6;(\) — 1 if and only if ( — a* — 0.

We first show the “only if”. By definition of A* (see above (E.42)), it holds that
SUPgea- €xp((a* — a)() < exp(—CA) — 0. Substituting this result into the definition of
hq given in (E.32) and that ¢ (a,\) = (a — \); for a > 0, we obtain from the second part of
(E.44) that sup,c5(a — A)+ = (1 + o(1)) inf,c 1(a — A)4+. This results, given the first part of
(E.44) and the definition of A*, translates into (a*V{+2A—X); = (1+o0(1))(a*V{+A—N),.
Also, it is trivial from (E.43) that A < a* VvV ( + 3A/2 for large N. Therefore, we have that,
if 6:(\) — 1,

A~ a* V(- )\) — oo. (E.47)

However, according to Step 4 and the subsequence argument, 6;(\) — 1 also leads to A™!(a* —
A) S 1. This bound and (E.47) can simultaneously hold only if ( —a* — oc.
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Now we show the “if” part. We note
£ =9l < [ el da=0(~0) 0 (.48)
0

where the first inequality comes from f(a)? < ¢(a — ¢). Moreover, letting d* = (¢ — \) ™!

obtain

If = d* =l

- /Af(a)2da+/oo<1—((“‘“)<+1) g_i)zf(a)Qda
< /f ala+2/A (g_i)Qf( )Qda+2/me2<a*“’C(Z:i)Qf(a)Qda
< - Q)+ C_ap o A /fb (a—A (E.49)

Here the equality comes from (E.32) and the first inequality is obvious. For the second
inequality we use f(a)? < ¢(a—(), [(z—()?¢(z —¢) =1, and ¥~ f(a)? < x(a)Ld(a —
() = %gb(a). We also note (A — () — 0if A < a*, as ( — a* — oo. Hence, given (E.49),
and noting [~ ¢(a)(a — A)*da =~ 5z ¢()), we have that ||f —d* x gi|| = 0, when X satisfies
the second part of (E.24). (Such A always exists, because A = a* satisfy the condition as
¢ —a* — oo and plo(a*) = ¢(a* — ()/2 — 0.) Given (E.48), and noting ||g|*> = 1 from
(E.33) (note ¢ — a* — oo can only occur in case (ii) by the first part of (E.1)), we obtain
lg —d* x G| = o(||g|]). Since ||g — d* x g1]| < |lg — d* x g1|| by definition of d*, the “if” part
follows from (E.31). We hence establish condition (E.23) for ¢ = 1.

Now we prove the second part of (F.24). The paragraph after (E.49) already proves the
“if” part of the second part of (E.24).

We now demonstrate the “only if” part. When ¢ — A < 1, it holds that, for all d,

A
If = dx Gl > [ fidax

The first inequality comes from A > a* as ( — a* — 00, the second inequality comes from
that f(a)? > %(;S(a — () for all @ > a*, and the last inequality comes from ¢ — A < 1 and
¢ —a* — oo. Combining (E.48) and (E.50), and recalling (E.31) and that ||g]|* ~ 1 from
(E.33) under ¢ — a* — 00, we obtain that the condition { — A — 0o is necessary.

Now suppose ¢ — X — oo holds but p~1¢(A\) = (14 A?)(¢ — X)2. This indicates p~to(\) —
0o. Since p~lp(a*) — 0 (see after (E.49)), we have (a* — \)/(1+ \) — oco. Therefore, letting

l(a) = I{r<q<a*}, We have, for all d,

(PA=¢) -2 -() 2L (E.50)

l\DI»—t
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* *

15 x |2 = A (@ =9 4 12(a — A)2f(a)2da > %/A (a—N2o(a)da > -2 > (a2

p(1+A2) ~
(E.51)
The second inequality comes from (e~ 4+ 1)2f(a)? = (1 + x(a) " )é(a — ¢) and x(a) =
L¢(a — ¢)/d(a) by definition. The third inequality comes from (a* — X)/(1 + X) — co. The
last inequality comes from p~tp(N\) 2 (1 + A?)(¢ — A\)? that we suppose. Since |f x [||? =
f/\ a)?da < ®(a* — ) — 0, given (E.48) and (E.51), we obtain that, for all d,

lg —dx gl = lf =d>x gl +0o(1) = [|(f —d xg1) x| +0(1) 2 dx (¢ =A)+0o(1). (E.52)

Given (E.52), and recalling ||g||* = 1 from (E.33), ||g —d x ¢1|| = o(1) can hold only if
d = o((¢ —A)~"). However, for all d < $(¢ — X)™', it holds that

IF—axall 2 [ 0max @ @ ez | [ faraaz Lo -0 21
“ “ (E.53)
The second inequality comes from that @ ~?¢ +1 <2and a — A < ¢ — A for all a € (a*,(),
the third inequality comes from that f(a)? > é(a— ) for all @ > a*, and the last inequality
comes from ( — a* — oco. Given (E.48), (E.53) contradicts ||g — d x g1|| = o(1). Therefore,
recalling (E.31), we conclude that p~'¢(\) = o((1 + A?)(¢ — A)?) is indeed necessary. The
second part of (E.24) has been proved.
Step 6. In this step we finish the proof regarding condition (E.23) for ¢ = 2. Given (1.29)
and the privious analysis for cases (ia) and (ib), we only need to show that, in case (ii),

2(\) — 1 for some sequence A. Under A = a* and d* = (~!, we obtain
N a* oo a 2
If —d" xg|* = / f(a)2da+/ (1 — (1) x Z) f(a)*da
0 a*

a* o0 2 00
< / f(a)?da +2 / (“gc) f(a)*da +2 / e<a—a><‘52f< a)’da

< —a)+ 5 [ dowdas 2 [k ot o

CQ
< B2 —a*) + 52<1+<a — O )PB(C — o)
+é(1 + (a* + 0))%* D (—a* — (). (E.54)

Here the equality comes from (E.32) and the first inequality is obvious. For the second

inequality we use (a)? < x(a)é(a - ¢) = tg(a — 20), f(a)? < é(a— C), and e 2g(a — C)
¢(a + ¢). The last inequality comes from that [ a*¢(a)da ~ (1 + 4 )*®(—x) uniformly
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over . Moreover, we note (1 + (a* + ())e** ¢®(—a* — () = > ¢¢p(a* + () = ¢(a* — () =
(1+ (a* — ¢)4+)P(¢ — a*) using (E.15). Furthermore, since we are in case (ii), it holds that
1®(2¢ — a*) = o(P(¢ — a*)) according to (E.17) and (E.21), and that 1+ (a* — {)+ = 0o(()
(by the first part of (E.1) and ¢* = /log N due to the assumption on p). Substituting these
results into (F.54), we have that, under A\ = a* and d* = (71,

If = d" x Gf|* = o(®(¢ — a”)). (E.55)

On the other hand, we note ||f — g||* < ®(—() (see below (E.49)) and ®(—¢) = o(®({ — a*))
due to 1+ (a* — ()4 = o({) (see above (E.55)). Combining these results with (E.55), and
noting ||g||? = ®(¢ — a*) in case (ii) according to (E.33), we finally obtain that, under A = a*
and d* = (7,

lg —d* x ol = o(]lgl])- (E.56)

Since ||g — d* x 1| < |lg — d* x G1|| by definition of d*, we prove #,()\) — 1 in case (ii) for
some sequence \. (E.23) is completely established.
Next, it follows that, under A\ < a* and letting d* = ¢,

lg — d* x G| (E.57)
- o (Y L1+ x(a
< llg—& xBlP < ofllgl) +2¢* | LR (O PV
A X(a)
8a*2

¢p

*

8 a
< ollal)+ 35 [ aotada < oflol?) +

®(=2) < o([lgll*) + O(p~ ®(=N)). (E.58)

The second inequality comes from (E.56), the triangle inequality, the definition of gy(a) given
after (E.28), and that ¥,(a, \) — y(a, a*) = al{r<a<q+y for all @ > 0. The third inequality
comes from H%a()“%(a—C) < X(Qa)gb(a—g“) = ﬁ (a) for a < a*. The fourth inequality is obvious
and the last comes from ¢* < ¢ as we are in case (ii). (E.58), (E.29), and (E.31) together

proves (E.25). 1

Lemma E4. Suppose the same assumptions as in Lemma E1. Then, for any deterministic

positive X sequence satisfying pN®(( — \) — oo, it holds that, for q € {1,2},

19, (N2 = (1 + op(1)) NE(d,,(V)?).

Here 1~bq()\) stands for the N-dimensional vector whose components are 1~/)q7i(/\).

Proof. Throughout the proof A is an arbitrary sequence as described in the statement of the

lemma. The strategy is to calculate the magnitude of E(¢, ;(A)?) and E(¢,;(A\)*), and then
establish the probability limit using Chebyshev’s inequality. It holds by the definition of @Nqu’i
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and (E.2) (the condition p — 0 it relies on is assumed here too) that, for g € {1,2},
By () =201+ 0o(1)) [ D@ nf (6fa) + Gota =) da. (£
0
On the other hand, we can calculate, for j € {2,4},
/000 Jl(a, N ¢(a)da = /000 ¢\ + a)da = L{J(I)(—)\), (E.60)
| h@ayota=gde = [ @o—cradm dupc-n, (€6

where we use short-hand notation ¢, = (1 + A)~! and L1 = ﬂgf\:gi Similarly, we have,
for j € {2,4},
| Barvsada = [0 0o+ ayda s d,0(-), (E.62)
A 0

/)\00 @Q(CL, N o(a—)da = /OOO()\ +aY o\ — (¢ +a)da = Lg,zfl)(g —)). (E.63)

where 157 = A+ (1 +A)"' and 19 = A + }Ig:gi Then it holds that, for ¢ € {1, 2},

E(z/)q,i()\yl) < L;l,lq)(_A) + L3,2Pq)(§ —A) < 2 Lf,,l@(—A) + Lg,QP(I)(C —A)
E(1,;(\)2)2 7 g ®(=A)? g op®®(C = A)? P2 1P(=N)2 1P P(C — M)
) 2 _ 2

P2L0(=N) +2,00(C = A) T pB(C—N)

L

Here we obtain the first inequality by substituting (E.60), (E.61), (E.62), and (E.63) into
(E.59). The second inequality comes from that ¢,; < ¢, for ¢ € {1,2}. Since pN®({ — ) —

oo by assumption, we have, for g € {1, 2},

Var(lg?) _ E(@y) 1
(B 12) ~ NE@,)2 ~ Ne2(( =)

— 0. (E.64)

Here we suppress the argument \ of @NZqui for simplicity and the first inequality comes from
that iqﬂ. is i.i.d. across i. The current lemma directly follows from (E.64) and Chebyshev’s

inequality.

Lemma E5. Suppose the same assumptions as in Lemma F1. Let a1(a, A, b) = blyjq—r>—p}
and Paz(a, A\, b) = Ayjq-r<p}- Also suppose that Ay and by are two deterministic positive
sequences satisfying pN®(( — Ay) — oo and by = o (1/\/10g N). Then it holds that, for
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q€{1,2},

E(|ha,q(2, Av, by)[2) = o(B(8, (%, An)?))-
Proof. Throughout the proof Ay and by are two arbitrary sequences as described in the
statement of the lemma. For simplicity, we omit the subscript NV of Ay and by and also omit
the last two arguments of ¢a 4. Using (E.2) (the condition p — 0 it relies on is assumed here
too), we have, for ¢ € {1,2},

Bwaa(5)) = 201+ 0(1) [ vaaa) (060) + Sola =) da. (E.65)

To evaluate the right-hand side of (E.65), we write

/¢A71(a)2¢(a)da = b :C; p(a)da = b*®(b — \), (E.66)
/1/1A71(a)2gb(a —Qda = V¥ :C; d(a — ¢)da = b*®(C +b— N), (E.67)
/ vas(af'olada = X [ o(a)da < NG((N~D).) (E.68)

A+b
/ Yap(a)’dla—)da = N (a—C)da < 20X2p(A—b—C)y).  (E.69)

A—=b

On the other hand, it holds that, for all sequence (a, a) satisfying |a — a| < b,

PO(-8) < e < ex(l+a) P ola) + enN

< en(l+ay) 3(®(—a) +exnN7h). (E.70)

The first inequality comes from b = o(1/y/logN) and (E.15). The second comes from
(D.18) of Lemma D4. For the last inequality we use (E.15), too. Further, we note that
1+X) 7 <ug<uzand (1+(AN—¢)4)" <z (introduced after (E.61)). Then, using
(E.70) (choose (a,a) = (A, A —b) and (a,a) = (A — {, A — { — b) respectively), and noting
p—0,111 <t and p®(¢ — \) = N~! by assumption, we obtain

D*O(b— A) + *p®(C+b— A) = 0(t] (=) + 1] 2pP(C — V). (E.71)

Given (E.65), (E.66), (E.67), (E.59), (E.60), and (E.61), we obtain from (E.71) that
E(¥a1(%)?) = O(E(Q,ZLZ-(/\)Q)), which proves the lemma for ¢ = 1.
Next, it holds that, for all sequence (a,a) satisfying |a — a| < b,

CN

W¢(a+) <en(l+ay) ' (ay) +enN! < en®(—a) +exN~H (ET2)

bo(as) <
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We recall z; = max{xz,0}. The first inequality comes from b = o (1/y/log N). The second
comes from (D.18) of Lemma D4. For the last inequality we use (E.15), too. Further,
we note that A < 197 and A < 195 (introduced after (E.G1)). Then, using (E.72) (choose
(a,a) = (A, A —b) and (a,a) = (A — (, A — ( — b) respectively), and noting p — 0, 121 < ta2,
and p®(¢ — \) 2 N~! by assumption, we obtain

DA’ D(b — A) + bA%p®( + b — A) = 0(17 1 P(—A) + 1] ,pP(¢ — N)). (E.73)

Given (E.65), (E.68), (E.69), (E.59), (E.62), and (E.63), we obtain from (E.73) that
E(¢a2(%)%) = o(E (wh( )?)), which proves the lemma for ¢ = 2. 1

Lemma E6. Suppose the same assumptions as in Proposition B2. Suppose X is a positive
deterministic sequence satisfying pN®(u — A) — oo. Also suppose X' is a G-measurable
sequence X' that satisfies [N — A| = op (1/3/log N). Then it holds that :9\;()\’) = S,(\) +
op(SOFT +1) for ¢ = {1,2}.

Proof. Throughout the proof A and )\ are arbitrary sequences as described in the statement
of the lemma. Every result holds for ¢ € {1, 2}.

We first provide a bound on ||1A/)q(/\’) - @q(/\)HQ. Since % = VT(s; + &) and we have
max; |&;] <p \/(log N)/T by uniform bound on ii.d. normal variables and |s;| < N~¢
by assumption, we obtain +/(log N)/T max;|%| = op (1/vIogN) as (logN)*/T — 0 by
assumption. Combining this result with the first part of (D.12) of Lemma D2, and noting
T = o(N) by assumption, we obtain

sup |z; — Zi| = op <1/\/logN). (E.74)

i<N

Further, by definition it holds that, for all a, b > 0, and A > 0,

sup W (', N) — D (a, N)| < ag(a, A\ b) + Ligmny¥oar(a,\,b),  (E.75)

(a/,N):|a’ —al+| N —=A|<b

where 1a , is introduced in the statement of Lemma E5. Substituting (E.74) and [N — A| =
op (1/\/log N) (by assumption) into (E.75) (choose (d’,a) = (Z;, %)), applying Lemma E5,
noting [t (a, \)| < [hy(a, A)| by definition, and using Chebyshev’s inequality, we obtain

194 (N) = dg(WI* = o(NE(,:(N)?)). (E.76)

Using max;<y [0;/0; — 1| Sp ey by (D.1) of Lemma D1 and the triangular inequality, we

further have
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lo@,(N') = @M = o(NE(¥,,:(1)*): (E.77)

Next, we write

@\ )= TN < @ (X)T—d, W[ = op ( NE(D,,(V)?)(1+ sOPT>) (E78)

The first inequality comes from Cauchy-Schwarz inequality. For the last equality we utilize
vl <p 1+ SOFT by Corollary 2 and (E.77). On the other hand, we have

Var(i,(\)T9) < NE(¥,;(\)*97) < NE(¥,,:(A)’af) = o(NE($,;(\)?)). (E.79)

(2

The first inequality comes from that both 17)(1,2‘(/\) and 1; are i.i.d. across i. The second
inequality comes from v; = E(«;|G) and that qu’i()\) is G-measurable. The last equality
comes from |o;| < = 0(1). As a result of (E.79) and Chebyshev’s inequality, we have

B0 = NE@, (i) + op ( NE(zZq,xA)?)) | (E80)

Combining (E.78) and (E.80), we obtain

o, (X)) = NE(W,;(\)y) + op ( NE(4h,;,(A)?)(1 + SOPT)> : (E.81)
Moreover, it holds that

Pla MNP = [[dgWIP + OUlo@y(X) = ¥y + 19N Hllo@,(X) = &, ()]
= (L4 0p(1)NE(¥,,(N)). (E.82)

The first inequality comes from Cauchy-Schwarz inequality. The second equality is a direct
result of Lemma E4 and (E.77).
Next, we note that E(zzq,i(A)) = 0 by symmetry of 1(a, \) in a. Because zzq,i(A) is i.i.d.

across ¢ and independent of f3, it follows

(1870, (NIP18) S By AN I8IRax Se NE($,;(\)?)- (E.83)

Then we have

o7, (N) | < 187N + 18T (0@ (X) = (M) Se \/ NE@:(N)?) + en Ny E(@y:(V)?2).
(E.84)

E.84
where the last inequality comes from (E.83) and (E.77). Therefore, we obtain
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M@ (\)I[F = (&N = @(N) TP (V) = o [[ag(N)|I* + o (NE(¥,, ;(N)?)), (E.85)

q

Wo(N) Mgty = W, (X)) + @, (N) Py = wy (X)) + op ( NE(z/zq’i()\)Q)) : (E.86)

The last equalities of both results come from (E.84) and A\ (878) Zp N. For the last
equality of (E.86), we also use ||8T¢| <p NY?E(a?)'/? <p exN'/2. We now conclude that

Wy MM (14 op ()TN

Mg, (X[ NE(TZq,i()\)z) P(1)

= (14 0p(1))S,(\) 4+ 0p(1+ SOFT) = S,(\) + 0p(S°FT 4+ 1). (E.87)

The first equality comes from (E.85), (E.86), and (E.82). The second comes from (E.81).
The last equality comes from S,(\) < NY2E(y2)/2 = SOPT in which the inequality is just
Cauchy-Schwarz and the equality holds by definition.
Finally, (C.5) and (C.6) establishes that, under Assumption 1 and for all G-measurable
w, w(a — E(a|G))/||w|| = op(1). Choosing w = @, (X')"M, and noting ¢ = o~ 'E(a|G), we
obtain S S
Wi (N) Mo Wy (N')TMigep

S (N) = - — 2 + op(1). E.88
) = Sipa )~ e W (E.88)

Given (E.87) and (E.88), we prove the lemma. §

Lemma E7. Suppose the same assumptions as in Proposition B2. Then it holds that §;()\) =
op(1), for all G-measurable positive sequence \ satisfying p>pN®({ — \) = op(1) and for
q € {1,2}.

Proof. Throughout the proof X is an arbitrary sequence as described in the statement of the
lemma. Every result holds for ¢ € {1,2}. We let \* be a deterministic sequence such that
A > \* in probability and p?pN®(¢ — A\*) — 0, which is apparently always feasible.

When ®(¢ — \*) 2 1, we have u?pN — 0 and thereby (SOFT)?2 = NE(¢?) < NE(s?) <
pNp? — 0. Since §(’1(/\) is the Sharpe ratio generated by i, (A)TMp, which is G-measurable
and satisfy @, (A)"TMsS3 = 0. Then we obtain §;(A) < SOPT 4 0p(1) = op(1) from the second
part of Theorem 2 and Corollary 2 (the assumptions of the lemma obviously guarantee the
prerequisites of both). Since —§(’1()\) is the Sharpe ratio generated by —uy (\)™Mlg, we obtain
—SI(A) < op(1), too.

When ®(¢ — \*) — 0, we have &(—\*) < &(( — A*) — 0. Moreover, it holds that, for all
sequence (a, @) satisfying |a — a| = o (1/v/log N),

1 1
a) <
1+a+¢(a+) S 1Y a,

(—a) (é(a) + exN %) S B(—a) + ey N2 (E.89)
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The first inequality comes from |a — a| = o (1/y/log N) and (E.15). The second comes from
(D.18) of Lemma D4. For the last inequality we use (E.15), too. Then, using (E.89) (choose
a = A" and a = \* — ( respectively), we have that, for all by = o (1/\/10g N),

{ N®(by — A) S NO(=A") + ex N~ = o(N), (E.90)

pPNO(C+by = A) S pNO(C — A) + enpN ™1 S o(u™?).

Here the last inequality comes from p?pN®(¢ — A*) = o(1) and u = o(1) by assumption.
Hence, it holds that, for some by = o (1/\/log N),

D Ty SPY L Tnaby

i<N i<N

<p NO(by — X*) + pNO(( + by — X*) = o(N), (E.91)

> e e P Lz —bvazoy Sp ANO(C + by =A%) S o(u™?). (E.92)
i<N i<N

For both results, the first inequality comes from (E.74), the second inequality comes from the
density of Z; and Chebyshev’s inequality, the last inequality comes from (E.90). As a result,

we have

1872, < W lheaxli@ N, (3 Ly oy = o0 (VI (E.93)

i<N

Here the first inequality comes from Cauchy-Schwarz inequality, and the last equality comes
from (E.91). Then we obtain

M@y (MI* = [l@5 (M1 — @5 (A)TPaig(A) = (1+ op(L) @M (E.94)

For the last equality, we use (E.93) and Apnin(578) Zp N. Similarly, using (E.93),
Amin(B76) 2p N and ||B7a| <p NY2E(a?)/? <p cxN'/2, we obtain

()\)TMﬁa =W ()\)Ta + W ()\)TIP’ﬁa =W ()\)Ta + 0p(||w M])- (E.95)

Combining (E.85) and (E.86), we now conclude that

. Wy, (A)TMgax W (A)Ta

S0 = gz ~ W)y el (190)

On the other hand, it holds that
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[w,(M)Tal > ey 104 (M) L ia, (0 £0,0:20)
e I ] <1 [ Ly wrvaior = 0p(L). (B9
q q

i<N

The first inequality holds by [s;| = £14,0}, the second by Cauchy-Schwarz inequality, and
the last equality holds by (E.92). The lemma follows from (E.96) and (E.97). n
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