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Appendix A Additional Empirical Results

In this appendix we expand our empirical analysis. We first estimate latent factor models

of portfolio returns, outlined in Section 4.3, under various alternative estimation windows

and numbers of factors. The estimation is conducted for both the original portfolios and the

ones adjusted for publication effects. We report the results in Table A1, which include the

cross-sectional in-sample explanatory power (R2) of expected returns of the factor models,

the infeasible Sharpe ratios (S?) corresponding to the portfolio alphas, and the distributions

of portfolio alphas’ t-statistics.

# of R2 S? |t-stat| |t-stat| R2 S? |t-stat| > |t-stat|
T Factors > 2 > 3 > 2 > 3

Original Portfolios Adjusted for Publication Effects

3 yrs 5 0.41 27.58 12.17 2.63 0.48 13.47 9.93 1.67
10 0.46 33.04 17.90 5.19 0.58 16.31 15.53 3.91
15 0.50 39.69 24.44 8.98 0.63 19.77 21.78 7.29

5 yrs 5 0.41 20.60 11.54 2.37 0.47 10.05 9.11 1.37
10 0.47 23.11 14.78 3.68 0.59 11.25 12.06 2.45
15 0.51 25.53 17.73 5.07 0.66 12.46 14.94 3.55

7 yrs 5 0.38 17.62 12.49 2.76 0.43 8.56 9.57 1.45
10 0.46 19.01 14.15 3.45 0.59 9.14 11.12 1.99
15 0.50 20.44 16.02 4.39 0.65 9.93 13.27 2.81

Table A1: Latent Factor Models of Portfolio Returns

Note: The left panel displays the results of estimating latent factor models with the original portfolio returns
as test assets. Across estimation windows and numbers of factors, the panel reports the cross-sectional R2,
the infeasible Sharpe ratios (S?), and the percentages of portfolio alphas with large t-statistics. Similarly, the
right panel details the result when the test assets are portfolio returns adjusted for publication effects.

The cross-sectional R2s by these models are similar across estimation windows, and mod-

erately increase with more factors included and publication effects adjusted for. Indeed, in

both cases, a larger proportion of cross-sectional variation of expected returns will be at-

tributed to risk premia. Considering that these R2s are in-sample ones, we choose to focus

on the 10-factor model in Section 4. Regarding the strength and rareness of alphas, both

the percentage of portfolio alphas with large t-statistics and the infeasible Sharpe ratio (S?)

increase with the number of factors. It suggests that, when we control for more factors, the

removal of factor risks is perhaps more prominent than the attribution of expected returns to

risk premia (thereby less to alphas), which ultimately allows alphas to stand out and to be

profited from more easily. On the other hand, with longer estimation window, we see both

the infeasible Sharpe ratio and the percentage of large t-statistics reduce. This result could
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originate from that many alphas are only moderately persistent and is behind our choice of

5-year window in Section 4. Lastly, since fewer alphas are left after the publication effects

are adjusted for, we observe increased cross-section R2, and both the infeasible Sharpe ratios

and the proportion of strong alpha signals shrink.

With the portfolio alphas obtained from the factor models, we show in Table A2 the

investment performance of the four different trading strategies: OPT method, CSR, BH, and

Lasso, measured by the average Sharpe ratios between January 1970 and December 2020.1

It complements the analysis of Section 4.3, which focuses on 5-year estimation window and

10-factor specification. As a robustness check for the analysis on individual equity returns

by Section 4.2, we also report in Table A2 the average Sharpe ratios generated by applying

the four trading strategies to individual equity alphas.

# of 5 10 15 5 10 15
T Factors

Individual Equities Original Portfolios Adjusted for Publication Effects

3 yrs OPT 0.71 1.23 1.33 1.25 0.54 0.59 0.54
CSR 0.65 1.22 1.30 1.27 0.52 0.57 0.56
BH 0.49 1.06 1.22 1.25 0.25 0.43 0.57
Lasso 0.56 0.87 1.08 1.09 0.45 0.56 0.47

5 yrs OPT 0.71 1.50 1.71 1.71 0.51 0.66 0.67
CSR 0.70 1.47 1.67 1.70 0.55 0.61 0.66
BH 0.65 1.52 1.49 1.67 0.25 0.35 0.48
Lasso 0.62 0.95 1.18 1.23 0.48 0.45 0.47

7 yrs OPT 0.81 1.71 1.95 2.01 0.72 0.73 0.79
CSR 0.90 1.64 1.93 1.98 0.77 0.74 0.76
BH 0.38 1.68 1.75 1.87 0.42 0.60 0.48
Lasso 0.83 1.10 1.32 1.54 0.66 0.60 0.74

Table A2: Sharpe Ratios of Arbitrage Portfiolios

Note: The table reports the average Sharpe ratios generated by arbitrage portfolios constructed using OPT
method, CSR, BH, and Lasso, with estimation windows set as 3, 5, and 7 years. The left panel displays the
results when we invest in individual equity alphas. The center panel provides the Sharpe ratios generated
when the investment universe is composed of portfolio alphas. The right panel displays the results when the
publication effects are adjusted for when using portfolio alphas. The center and right panels include outputs
under various numbers of factors in the latent factor model estimation.

Consistent with the evidence on the strength and rareness of alphas from Table A1, the

investment gains from trading portfolio alphas significantly decline after the adjustment for

publication effects. OPT method and CSR yield leading performance under most model

specifications and for both individual equity alphas and portfolio alphas. Lasso generates

1The Sharpe ratio is the average between January 1972 and December 2020 under the 7-year estimation
window, since our return data start from at January 1965.
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second-tier outputs, due to the challenge of locating the optimal tuning parameter based on

highly noisy return data. Notably, for portfolio alphas, we generally capture smaller Sharpe

ratios when we control for fewer factors, which echoes the suggestive evidence from Table A1

on the impact of factor risks.

Appendix B Additional Theoretical Results

Proposition B1. Suppose the same assumptions and information set G as in Theorem 2.

Moreover, we assume that (a) ‖β‖MAX .P 1 and λmin(βᵀβ) &P N ; (b) vt is i.i.d. across t,

E(vt) = 0, and its covariance matrix Σv satisfies 1 . λmin(Σv) ≤ λmax(Σv) . 1. Then it holds

that, for any strategy w that is G-measurable,

S(w) ≤ (S(G)2 + γᵀΣ−1
v γ)1/2 + oP(1 + S(G)).

Proposition B2. Suppose that rt follows (1), Assumption 1 holds, ui,t ∼ N (0, σ2), and α

following (5) as in Example 1. We also assume µ . N−d, Nd . T . N1−d, and N−d
′
. ρ .

N−d for some fixed d′ > d > 0. We denote the Sharpe ratio of the arbitrage portfolio given

by (23), as ŜCSR. Then it satisfies ŜCSR − SCSR = oP(1), where

SCSR =
N1/2ρµ2σ−2

(T−1 + ρµ2σ−2)1/2
.

Suppose further that SOPT does not vanish. It follows that SCSR = SOPT(1 + o(1)), if and

only if there exists cN → 0, such that
√
Tµ/σ ≤ cN or

√
ρTµ/σ ≥ c−1

N holds for all large N .

Proposition B3. Suppose the same assumptions as in Proposition B2 hold. For any given τ ,

the Sharpe ratio of the arbitrage portfolio with weights given by (24) denoted by ŜBH
τ , satisfies

ŜBH
τ = SBH

τ + oP(1 + SOPT), where2

SBH
τ =

N1/2E(αiši1{|ši|≥s∗})

σ
√

E(š2
i1{|ši|≥s∗})

=
N1/2ρµ

∫∞
−∞ x1{|x|≥s∗}φ1/T (x− µσ−1)dx

σ
√∫∞

−∞ x
21{|x|≥s∗}((1− ρ)φ1/T (x) + ρφ1/T (x− µσ−1))dx

,

ši = (αi + ūi)/σi, and s∗ is the smallest positive solution of the equation

2(1− τ)Φ(−T 1/2s) = τρΦ(T 1/2(µ/σ − s)).3 (B.1)

Suppose further that SOPT does not vanish. Then there exists, for any fixed ε > 0, some τ > 0

2If ŵBH = 0, i.e., no asset is selected, we set ŜBH = 0 by convention.
3Φ(·) is the standard normal cumulative distribution function.
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such that, as N, T →∞, SBH
τ > (1− ε)SOPT, if and only if

√
Tµ/σ ≥

√
−2 log ρ(1 + o(1)).

Proposition B4. Suppose the same assumptions as in Proposition B2 hold. The Sharpe ratio

of the arbitrage portfolio with weights given by ŵq(λ), denoted as Ŝq,λ for q = 1, 2, satisfies

Ŝ1,λ − SLasso
λ = oP(1 + SOPT) and Ŝ2,λ − SCSR = oP(1 + SOPT), where

SLasso
λ =

N1/2E(αiψ1(ši, λ))

σ
√

E(ψ1(ši, λ)2)
=

N1/2ρµ
∫∞
−∞ sgn(x)(|x| − λ)+φ1/T (µσ−1 − x)dx

σ
√∫∞

−∞((|x| − λ)+)2((1− ρ)φ1/T (x) + ρφ1/T (µσ−1 − x))dx
,

(B.2)

and SCSR is defined in Proposition B2.

Furthermore, if SOPT does not vanish, then SLasso
λ = SOPT(1 + o(1)), under some de-

terministic non-negative sequence of λ, if and only if, for some cN → 0, either
√
Tµ/σ ≤

cN or
√
Tµ/σ −

√
−2 log ρ ≥ c−1

N holds for all large N .

Moreover, when
√
Tµ/σ ≤ cN , SLasso

λ approaches SOPT if and only if λ satisfies T 1/2λ→ 0.

When
√
Tµ/σ−

√
−2 log ρ ≥ c−1

N , SLasso
λ approaches SOPT if and only if λ satisfies

√
T (µ/σ−

λ)→∞ and φ(
√
Tλ)

ρ(1+Tλ2)T (µ/σ−λ)2
→ 0.

Appendix C Mathematical Proofs

C.1 Proof of Theorem 1

Since β is G-measurable, we can write, for all w satisfying wᵀβ = 0,

wᵀrt+1 = wᵀ(α + ut+1).

Because E(ut+1|Ft) = 0 according to the specification of (1) and G is a subset of Ft, we

have E(ut+1|G) = 0. Moreover, since α is F -measurable, it holds that E(ut+1α
ᵀ|G) =

E(E(ut+1α
ᵀ|F)|G) = 0, i.e., ut+1 and α are G-conditionally uncorrelated. Therefore,

Var(α + ut+1|G) = Var(α|G) + Var(ut+1|G). On the other hand, since E(ut+1|G) = 0, we

have Var(ut+1|G) = E(ut+1u
ᵀ
t+1|G) = E(E(ut+1u

ᵀ
t+1|F)|G) = E(Σu|G). Finally, we obtain

Var(α + ut+1|G) = Σ̃u. Then, it holds that, for all w ∈ G satisfying wᵀβ = 0,

U(w) = E(wᵀrt+1|G)− κ

2
Var(rt+1|G) = wᵀα̃− κ

2
wᵀΣ̃uw. (C.3)

We first find w that maximize wᵀα̃ − κ
2
wᵀΣ̃uw only under the constraint wᵀβ = 0. Next,

we will verify that the solution is unique and is indeed G-measurable, which would prove the

theorem. The first step is equivalent with maximizing

5



wᵀα̃− κ

2
wᵀΣ̃uw + λwᵀβ,

where λ is the Lagrange multiplier such that the solution w satisfies wᵀβ = 0. As the objective

function is clearly strictly concave, we only need to look at the first-order condition, which

reads

w =
1

κ
Σ̃−1
u (α̃ + λβ).

We can pin down λ by requiring βᵀΣ̃−1
u (α̃ + λβ) = 0, which gives λ = (βᵀΣ̃−1

u β)−1βᵀΣ̃−1
u α̃

and thereby

w =
1

κ
Σ̃−1
u (IN + β(βᵀΣ̃−1

u β)−1βᵀΣ̃−1
u )α̃ =

1

κ
Σ̃−1/2
u M

Σ̃
−1/2
u β

Σ̃−1/2
u α̃.

C.2 Proof of Theorem 2

To simplify the notation, we omit the dependence of β, Σ on N , and w on N and T . All

limits are taken as N → ∞. The derivation applies to either fixed T or T → ∞ together

with N .

We first note that, given (1), conditioning on G is equivalent to conditioning on the

information set generated by

{(αi + ui,s, βi, vs, σi) : t− T + 1 ≤ s ≤ t, i ≤ N}.

According to Assumption 1, conditionally on Σu, {(αi, αi + ui,s) : t − T + 1 ≤ s ≤ t}
is independent of {(αj + uj,s, βj′ , vs) : t − T + 1 ≤ s ≤ t, j, j′ ≤ N, j 6= i}. Therefore,

the G-conditional distribution of αi is the same as the distribution of αi conditional on

{αi + ui,s : t − T + 1 ≤ s ≤ t} and Σu. Because σj is independent with (αi, ui) for j 6= i,

the G-conditional distribution of αi is the same as the the Gi-conditional distribution of αi,

where Gi is the information set generated by {(αi + ui,s, σi) : t − T + 1 ≤ s ≤ t}. Since Gi
is independent across i by Assumption 1, we conclude that, conditionally on G, αi remains

independent across i.

Now define E = E(wᵀrt+1|Ft)− E(wᵀrt+1|G). By the definition of S(ŵ), we have

S(ŵ) = E(wᵀrt+1|G)/Var(wᵀrt+1|Ft)1/2 + E/Var(wᵀrt+1|Ft)1/2. (C.4)

Since w is G-measurable, it follows that E = wᵀ(α − E(α|G)) and that E(E2|G) =

wᵀVar(α|G)w. Then, using Chebyshev’s inequality, we have, for all positive fixed ε,

P(|E|/‖w‖ ≥ ε) ≤ E(E2/‖w‖2)/ε2 = E(wᵀVar(α|G)w/‖w‖2)/ε2. (C.5)
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Because conditionally on G, αi is independent across i, we have Var(α|G)i,j = δi,jVar(αi|G).

It thereby follows that

E(wᵀVar(α|G)w/‖w‖2) ≤ E(max
i≤N

Var(αi|G)) ≤ E(max
i≤N

α2
i ) = o(1), (C.6)

where the last step comes from condition (a) of Assumption 1. Combining (C.5) and (C.6),

and using Var(wᵀrt+1|Ft) = wᵀΣw ≥ λmin(Σu)‖w‖2 &P ‖w‖2, we obtain

|E|/Var(wᵀrt+1|Ft)1/2 .P |E|/‖w‖ = oP(1). (C.7)

(C.7) and (C.4) lead to

S(w) = wᵀE(rt+1|G)(wᵀΣw)−1/2 + oP(1). (C.8)

Furthermore, if wᵀβ = 0, then it follows that wᵀrt = wᵀ(α + ut) and wᵀΣw = wᵀΣuw.

Equation (C.8) then becomes

S(w) = wᵀα̃(wᵀΣuw)−1/2 + oP(1). (C.9)

Applying Cauchy-Schwarz inequality, we obtain

|wᵀα̃|2(wᵀΣuw)−1 ≤ α̃ᵀΣ−1
u α̃ = S(G)2,

which, combined with (C.9), proves the inequality in (11).

We move on to the remaining results: the equality in (11), (12), and the optimal utility.

They all hinge on the property of w̃. As a first step, we introduce short-hand notation

w̌ :=
1

κ
Σ−1/2
u P

Σ
−1/2
u β

Σ−1/2
u α̃, w̌′ :=

1

κ
PβΣ−1

u α̃.

Given the specification of G, we have Σ̃u = Σu and thereby

w̃ =
1

κ
Σ−1
u α̃− w̌, w̃ − 1

κ
MβΣ−1

u α̃ = w̌′ − w̌. (C.10)

To establish the equality in (11), (12), and the optimal utility, we now prove that both ‖w̌‖
and ‖w̌′‖ are oP(1), which will then quickly leads to those results.

To this end, we start by analyzing E(α̃|β,Σu) and Cov(α̃|Σu, β). We note that

E(α̃|β,Σu) = E(α|β,Σu) = E(α|Σu) = 0. (C.11)
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The first equality comes from that α̃ := E(α|G) and that β and Σu are G-measurable. The

second equality comes from Assumption 1 (b). The last equality comes from Assumption 1 (a).

Moreover, from the analysis above (C.4), α̃i is a function of {(αi+ui,s, σi) : t−T+1 ≤ s ≤ t}.
According to Assumption 1 (b), {(αi + ui,s, σi) : t− T + 1 ≤ s ≤ t} and β are, conditionally

on Σu, independent. Therefore,

Cov(α̃i, α̃j|Σu, β) = Cov(α̃i, α̃j|Σu) = δi,jVar(α̃i|Σu). (C.12)

The second equality comes from Cov(α̃i, α̃j|Σu) = 0 for i 6= j, which is because (αi, ui) is

i.i.d. across i per Assumption 1 (a). Therefore, it holds that

Cov(α̃|Σu, β) ≤ E(‖α‖2
MAX|Σu)IN (C.13)

It hence holds that

E(‖w̌‖2|Σu, β) = Tr(Σ−1/2
u P

Σ
−1/2
u β

Σ−1/2
u Cov(α̃|Σu, β)Σ−1/2

u P
Σ
−1/2
u β

Σ−1/2
u )

≤ E(‖α‖2
MAX|Σu)Tr(Σ−1/2

u P
Σ
−1/2
u β

Σ−1
u P

Σ
−1/2
u β

Σ−1/2
u ). (C.14)

The equality comes from (C.11). The inequality comes from (C.12), (C.13), and the well-

known result on Loewner order (see, e.g., Theorem 7.7.2 at Horn and Johnson (2012)). On

the other hand, it holds that

Tr(Σ−1/2
u P

Σ
−1/2
u β

Σ−1
u P

Σ
−1/2
u β

Σ−1/2
u ) .P Tr(Σ−1/2

u P
Σ
−1/2
u β

P
Σ
−1/2
u β

Σ−1/2
u )

= Tr(P
Σ
−1/2
u β

Σ−1
u P

Σ
−1/2
u β

) .P Tr(P
Σ
−1/2
u β

) = rank(β) = K. (C.15)

Both inequalities come from Σu &P IN by Assumption 1 (a). Substituting (C.15) into (C.14),

we obtain

E(‖w̌‖2|Σu, β) .P E(‖α‖2
MAX|Σu) = oP(1), (C.16)

where the last bound comes from Assumption 1 (a). Symmetrically, we have

E(‖w̌′‖2|Σu, β) = Tr(PβΣ−1
u Cov(α̃|Σu, β)Σ−1

u Pβ) ≤ E(‖α‖2
MAX|Σu)Tr(PβΣ−2

u Pβ)

.P E(‖α‖2
MAX|Σu)Tr(Pβ) = E(‖α‖2

MAX|Σu)K = oP(1). (C.17)

Applying Chebyshev’s inequality to (C.16) and (C.17), we obtain

‖w̌‖+ ‖w̌′‖ = oP(1). (C.18)
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Combining (C.18) with the second part of (C.10), we establish (12) using the triangle in-

equality.

To prove the equality in (11), we note that, using the first part of (C.10),

w̃ᵀα̃ =
1

κ
α̃ᵀΣ−1

u α̃− w̌ᵀα̃, w̃ᵀΣuw̃ =
1

κ2
α̃ᵀΣ−1

u α̃ + w̌ᵀΣuw̌ −
2

κ
w̌ᵀα̃. (C.19)

On the other hand, applying that Σu .P IN by Assumption 1 (a) and (C.18), we obtain

w̌ᵀΣuw̌ .P ‖w̌‖ = oP(1), |w̌ᵀα̃| ≤
√
w̌ᵀΣuw̌S(G) .P ‖w̌‖S(G) = oP(S(G)). (C.20)

Substituting (C.19) into (C.20), we establish

w̃ᵀα̃ =
1

κ
S(G)2 + oP(S(G)), w̃ᵀΣuw̃ =

1

κ2
S(G)2 + oP(1 + S(G)). (C.21)

Suppose S(G) &P 1. Then, if w = w̃, the equality in (11) indeed follows from (C.21).

Suppose S(G) = oP(1). Then S(w̃) ≤ oP(1) and −S(w̃) = S(−w̃) ≤ oP(1) according to (the

inequality part of) (11) as w̃ is both G-measurable and factor-neutral. In other words, we

have S(w̃) = oP(1) and that the equality in (11) also holds. Applying the classic subsequence

argument, we establish that the equality in (11) holds if w = w̃.

Finally, substituting (C.21) into (C.3), we obtain (recall Σ̃u = Σu here)

U(w̃) = w̃ᵀα̃− κ

2
w̃ᵀΣuw̃ =

1

2κ
S(G)2 + oP(1 + S(G)).

Taking square root, we establish the optimal utility result.

C.3 Proof of Theorem 3, Corollary 2, and Corollary 3

Proof of Theorem 3. We have established in the beginning of the proof of Theorem 2 that

the G-conditional distribution of αi is the same as the Gi-conditional distribution of αi, where

Gi is the information set generated by {(αi + ui,s) : t − T + 1 ≤ s ≤ t} and σi. Note

that ui,s is centered normal, we have that the conditional probability density of {r∗i,s :=

αi + ui,s, t− T + 1 ≤ s ≤ t} given si and σi, denoted by p(r∗i |si, σi), is

p(r∗i |si, σi) =
∏

t−T+1≤s≤t

σ−1
i φ(σ−1

i r∗i,s − si) = φ(T 1/2(ši − si))f(r∗i ). (C.22)

Here f(r∗i ) is a function of r∗i and σi that does not depend on si. Hence, applying Bayes’

theorem, we have
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α̃i = E(αi|Gi) = σiE(si|Gi) = σi

∫
xp(si = x|r∗i , σi)dx

= σi

∫
x

p(r∗i |si = x, σi)p(si = x|σi)∫
p(r∗i |si = x′, σi)p(si = x′|σi)dx′

dx

= σi

∫
x

p(r∗i |si = x, σi)ps(x)∫
p(r∗i |si = x′, σi)ps(x′)dx′

dx

= σi

∫
x

φ(T 1/2(ši − x))ps(x)∫
φ(T 1/2(ši − x′))ps(x′)dx′

dx = σiE(si|ši),

The second line comes from the Bayes’ theorem. In the third line, ps(·) is the marginal density

of si that is invariant across i, and we use the fact that si and σi are independent, given by

condition (a) of Assumption 2. The first equality in the last line comes from (C.22). The

second equality in the last line comes from the Bayes’ theorem and that φ(T 1/2(ši−x)) is, up

to a constant, the density of ši conditional on si = x. We hence establish the first statement

in the theorem.

Next, we note that ψ(a) = E(si|ši = a) and, conditional on si = a, ši h N (a, T−1). The

marginal density of ši is then indeed E(φ1/T (a− si)). Therefore, (18) directly comes from the

Tweedie’s formula, see, e.g., Robbins (1956) . The proof ends.

Proof of Corollary 2. Apparently, ši = si + σ−1
i ūi is i.i.d. across i. By direction calculation

and the definition of SOPT in the statement of the corollary, we have

E(α̃ᵀΣ−1
u α̃) =

∑
i

E(E(si|G)2) = N

∫
ψ(a)2p(a)da = (SOPT)2. (C.23)

Now we study S(G) = α̃ᵀΣ−1
u α̃ =

∑
i E(si|G)2. Using the fact that a2−b2 = (a−b)2+2b(a−b),

we have

E(|E(si1{|si|≤cN}|G)2 − E(si|G)2|)

≤ E(E(si1{|si|>cN}|G)2) + 2E(|E(si|G)E(si1{|si|>cN}|G)|)

≤ E(s2
i1{|si|>cN}) + 2

√
E(E(si|G)2)E(E(si1{|si|>cN}|G)2)

≤ E(s2
i1{|si|>cN}) + 2

√
E(E(si|G)2)E(s2

i1{|si|>cN})

≤ cNN
−1 +

√
E(E(si|G)2)cNN−1, (C.24)

where the last step holds by the assumption E(s2
i1{|si|≥cN}) = o(N−1). Then we have

E

(
|
∑
i

E(si1{|si|≤cN}|G)2 −
∑
i

E(si|G)2|

)

10



≤
∑
i

E(|E(si1{|si|≤cN}|G)2 − E(si|G)2|)

≤ cN +

√∑
i

E(E(si|G)2)cN = o(1 + SOPT), (C.25)

where the second inequality is a direct result of (C.24), and the last estimate is given by

(C.23). From (C.25) and (C.23), it follows, respectively, using Markov’s inequality and tri-

angle inequality that∑
i

E(si1{|si|≤cN}|G)2 =
∑
i

E(si|G)2 + oP(1 + SOPT), (C.26)

E

(∑
i

E(si1{|si|≤cN}|G)2

)
= (SOPT)2 + o(1 + SOPT). (C.27)

Further, we have

Var

(∑
i

E(si1{|si|≤cN}|G)2

)
=

∑
i

Var(E(si1{|si|≤cN}|G)2)

≤ c2
N

∑
i

E(E(si1{|si|≤cN}|G)2) = o(1 + (SOPT)2). (C.28)

For the first line, we use that E(si1{|si|≤cN}|G) is independent across i. The second line is

obvious as |si|1{|si|≤cN} ≤ cN . The last line comes from (C.27). Combining (C.27) and (C.28),

we obtain ∑
i

E(si1{|si|≤cN}|G)2 = (SOPT)2 + o(1 + SOPT) + oP(1 + (SOPT)2)1/2.

Along with (C.26), we obtain∑
i

E(si|G)2 = (SOPT)2 + oP(1 + SOPT).

In light of the definition of S(G), and the fact that

((SOPT)2 + oP(1 + SOPT))1/2 = SOPT + oP(1),

we conclude the proof.

Proof of Corollary 3. Because of the tail condition E(s2
i1{|si|≥cN}) ≤ cNN

−1 for some sequence

cN → 0 and that σi is constant across i, we have

11



E

∣∣∣∣αᵀα−
∑
i

α2
i1{|αi|<cN}

∣∣∣∣ = E

∣∣∣∣∑
i

α2
i1{|αi|≥cN}

∣∣∣∣ = o(1),

which, by Markov’s inequality and triangle inequality, respectively, leads to

αᵀα =
∑
i

α2
i1{|αi|<cN} + oP(1), E

(∑
i

α2
i1{|αi|<cN}

)
= µ2ρN. (C.29)

On the other hand, it holds that

Var

(∑
i

α2
i1{|αi|<cN}

)
≤
∑
i

E(α4
i1{|αi|<cN}) ≤ c2

N

∑
i

E(α2
i ) = c2

Nµ
2ρN. (C.30)

Combining (C.29) and (C.30), we obtain

αᵀα = µ2ρN + oP(1 + µ
√
ρN).

As a result, it holds that

S? = σ−1
√
αᵀα = σ−1µ(ρN)1/2 + oP(1). (C.31)

Further, in light of the explicit distribution of α in Example 1, we have

ψ(a) =
µρφ(a− T 1/2µ/σ)− µρφ(a+ T 1/2µ/σ)

(2− 2ρ)φ(a) + ρφ(a− T 1/2µ/σ) + ρφ(a+ T 1/2µ/σ)
, (C.32)(

SOPT
)2

=
µρN

2σ2

∫
ψ(a)(φ(a− T 1/2µ/σ)− φ(a+ T 1/2µ/σ))da. (C.33)

Suppose that T 1/2µσ−1 −
√
−2 log ρ ≤ C <∞. Then we have

sup
a≥C

ρφ(a)

φ(a− T 1/2µ/σ)
= exp

(
log ρ+ T 1/2µσ−1

(
1

2
T 1/2µσ−1 − C

))
≤ exp

(
log ρ+

1

2

(√
−2 log ρ+ C

)(√
−2 log ρ− C

))
≤ 1.(C.34)

On the other hand, in light of (C.32) and (C.33), we have

(
SOPT

)2
=

µρN

σ2

∫
ψ(a)φ(a− T 1/2µ/σ)da

≤ µρN

σ2

∫
µρφ(a− T 1/2µ/σ)

(2− 2ρ)φ(a) + ρφ(a− T 1/2µ/σ)
φ(a− T 1/2µ/σ)da

=
µ2ρN

σ2

∫
ρφ(a)

(2− 2ρ)φ(a− T 1/2µ/σ) + ρφ(a)
φ(a)da.

12



We hence obtain from (C.34) that, for N sufficiently large,

(
SOPT

)2 ≤ µ2ρN

σ2

(∫
a≥C

1

3− 2ρ
φ(a)da+

∫
a≤C

φ(a)da

)
≤ µ2ρN

σ2

(
1− 1

2
Φ(−C)

)
.

This proves the “if” part, given (C.31) and that µ2ρN/σ2 does not vanish. Now suppose

T 1/2µσ−1 −
√
−2 log ρ→∞. Then, for all fixed x > 0, we have, for sufficiently large N ,

sup
a:|a|≤x

φ(a+ T 1/2µ/σ)

ρφ(a)
= exp

(
− log ρ− T 1/2µσ−1

(
1

2
T 1/2µσ−1 − x

))
≤ exp

(
− log ρ− 1

2

(√
−2 log ρ+ c−1

N

)(√
−2 log ρ+ c−1

N

))
≤ exp

(
− c−2

N /2
)
→ 0, (C.35)

sup
a:|a|≤x

φ(a+ 2T 1/2µ/σ)

φ(a)
= exp

(
− 2T 1/2µσ−1(T 1/2µσ−1 − x)

)
→ 0. (C.36)

Given (C.32), it holds that

ψ
(
a+ T 1/2µ/σ

)
= µ

1− φ(a+2T 1/2µ/σ)
φ(a)

1 + (2−2ρ)φ(a+T 1/2µ/σ)
ρφ(a)

+ φ(a+2T 1/2µ/σ)
φ(a)

.

Substituting (C.36) into the numerator, and (C.35) and (C.36) into the denominator, we

obtain that, for all fixed x > 0,

sup
a:|a|≤x

∣∣∣µ−1ψ
(
a+ T 1/2µ/σ

)
− 1
∣∣∣→ 0. (C.37)

Since the integrand of (C.33) is always positive and even in a, it holds that, for all fixed

x > 0,

(
SOPT

)2 ≥ µρN

σ2

∫
|a−T 1/2µ/σ|≤x

ψ(a)(φ(a− T 1/2µ/σ)− φ(a+ T 1/2µ/σ))da

≥ µρN

σ2

∫
|a−T 1/2µ/σ|≤x

ψ(a)φ(a− T 1/2µ/σ)(1− cN)da

≥ µρN

σ2

∫
|a−T 1/2µ/σ|≤x

µφ(a− T 1/2µ/σ)(1− cN)da

≥ µ2ρN

σ2
(1− cN − 2Φ(−x)).

Here the second inequality comes from (C.36), the third inequality is a result of (C.37), and

the last inequality is obvious. Because this result holds for all fixed x > 0, the “only if” part
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is proved.

C.4 Proof of Theorem 4

Given the length of the proof, a briefly explanation is warranted to clarify the key ideas and

structure.

The whole proof is organized into 5 steps. Steps 1 - 4 demonstrate that the distance

between the conditional expectation vector ψ := Σ
−1/2
u E(α|G) = (ψ(š1), . . . , ψ(šN))ᵀ, and the

estimate ψ̆ := (ψ̆(ŝ1), . . . , ψ̆(ŝN))ᵀ, measured by L2 norm, is small compared to SOPT. Based

on the result, step 5 shows the gap between monotonicity-preserving estimate ψ̂ and ψ in

L2 norm is also small compared to SOPT. This leads to that the Sharpe ratio generated by

ŵOPT = MβΣ̂
−1/2
u ψ̂ converges to SOPT, proved in the last step.

We note that, because of the rare and weak nature of alphas, E(αi|G) converges to zero in

probability for each individual i, despite their large collective contribution to Sharpe ratio.

Therefore, we need instead the L2 norm of errors involved in ψ̂ to converge to zero.

Step 1. Throughout the proof, we use the following notation, introduced in the main text

of the paper,

ši = T−1
∑
s∈T

(si+ εi,s), ŝi = α̂i/σ̂i, p(a) = E(φ1/T (a− si)), ψ(a) = E(si|ši = a). (C.38)

As in that statement, p(a) is the density of ši, and ψ(a) is the expectation of si, conditional

on ši = a.

Intuitively, for assets with large ši, ši is a relatively precisely estimate the true si. In

contrast, for assets with small ši, more likely ši is driven by noise. As a result, we introduce

B = {i ≤ N : |ši| ≤ k̃NT
−1/2} to separate the two cases, where k̃N = k−2

N . Moreover, we set

ψ̆ and ψ as the N -dimensional vectors with entries ψ̆i := ψ̆(ŝi) and ψi := ψ(ši). It holds that

‖ψ̆ − ψ‖2 ≤
∑
i∈B

(ψ̆i − ψi)2 +
∑
i∈Bc

(ψ̆i − ψi)2. (C.39)

The majority of the proof (steps 2 - 4) is to establish that ψ̂ constructed by us estimates

conditional expectation vector ψ sufficiently precisely in the following sense:

‖ψ̆ − ψ‖2 = oP(1 + (SOPT)2). (C.40)

The last two steps prove optimality of our portfolio strategy based on the above result. We

end this step by noting that Corollary 2 states
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‖ψ‖ = S(G) = SOPT + oP(1). (C.41)

Step 2. This step control the magnitude of
∑

i∈B(ψ̆i − ψi)
2 of (C.39). It does so by

showing∑
i∈Bc

(ψi − ši)2 = oP(1 + (SOPT)2) and
∑
i∈Bc

(ψ̆i − ši)2 = oP(1 + (SOPT)2). (C.42)

Since ψi := ψ(ši), to bound
∑

i∈Bc(ψi − ši)2, we show that |ψ(a)− a| is small. On the other

hand, Tweedie’s formula reads

ψ(a)− a = T−1p
′(a)

p(a)
. (C.43)

Moreover, we have, for all positive sequence bN and all a,

|p′(a)| ≤ T

∫
|x− a|φ1/T (a− x)ps(x)dx

≤ bNT

∫
|x−a|≤bN

φ1/T (a− x)ps(x)dx+ sup
x:|x−a|>bN

T |x− a|φ1/T (a− x)

≤ bNTp(a) + sup
y:|y|>bN

T 3/2|y| exp(−Ty2/2). (C.44)

The second inequality comes from the ps(x), as a density, integrates to one. Then, choosing

bN that satisfies bN & T−1/2(logN)d with d > 1/2 and bN = o(T−1/2k̃N), which is always

possible, we obtain, for all a,

|p′(a)| ≤ cNT
1/2k̃Np(a) + cNTN

−2. (C.45)

It hence holds that

max
i

|p′(ši)|
p(ši)

.P sup
a

|p′(a)|
p(a)

1{p(a)≥T 1/2N−3/2} ≤ cNT
1/2k̃N . (C.46)

The first inequality comes from (D.13) of Lemma D3. The second directly follows from (C.45).

Combining (C.46) and (C.43), we obtain

P((ši − ψ(ši))
2 ≤ cNT

−1k̃2
N ,∀i ≤ N) ≥ 1− cN . (C.47)

As a result, ∑
i∈Bc

(ši − ψ(ši))
2 .P cNT

−1k̃2
N |Bc| ≤ cN

∑
i∈Bc

š2
i .P cN

∑
i∈Bc

ψ(ši)
2. (C.48)
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Here the first inequality is simply (C.47), the second holds since š2
i ≥ T−1k̃2

N for all i ∈ Bc

by definition, and the last inequality is a direct implication of the first two. Given (C.48), we

obtain the first part of (C.42) by noting
∑

i∈Bc ψ(ši)
2 .P (SOPT)2 + 1 due to (C.41).

Now we establish the second part of (C.42). By construction we have

ψ̆(a)− a =
1 + k2

N

T

p̂′(a)

p̂(a)
, with p̂(a) =

1

NkN

∑
i

φ1/T

(
ŝi − a
kN

)
. (C.49)

Similar to (C.44), we have, for all positive sequence bN and all a,

|p̂′(a)| ≤ T

Nk2
N

∑
i

|ŝi − a|
kN

φ1/T

(
ŝi − a
kN

)
≤ T

Nk2
N

∑
i:|ŝi−a|/kN≤bN

|ŝi − a|
kN

φ1/T

(
ŝi − a
kN

)
+

T

k2
N

sup
i:|ŝi−a|/kN>bN

|ŝi − a|
kN

φ1/T

(
ŝi − a
kN

)
≤ TbN

kN
p̂(a) +

T

k2
N

sup
y:|y|>bN

|y| exp(−Ty2/2).

Choosing bN that satisfies bN & T−1/2(logN)d with d > 1/2 and bN = o(T−1/2k̃NkN), which

is always possible, we obtain, for all a,

|p̂′(a)| ≤ cNT
1/2k̃N p̂(a) + cNT

1/2N−2. (C.50)

Therefore, it holds that

max
i

|p̂′(ŝi)|
p̂(ŝi)

≤ cNT
1/2k̃N , (C.51)

which comes from (C.50) and that p̂(ŝi) ≥ 1
NkN

φ1/T (0) &
√
T

NkN
for all i. As a result, we obtain

the second part of (C.42):∑
i∈Bc

(ψ̆i − ši)2 ≤ cNT
−1|Bc|k̃2

N + |Bc|max
i≤N
|ŝi − ši|2 ≤ cNT

−1|Bc|k̃2
N .P cN(SOPT)2 + cN .

Here the first inequality is simply substituting (C.51) into (C.49), the second inequality comes

from maxi≤N |ŝi − ši| ≤ cNT
−1/2k̃N by Lemma D2, the last inequality holds by (C.41) and

(the last two inequalities of) (C.48).

Step 3. To analyze
∑

i∈B(ψ̂i − ψi)2 of (C.39), we introduce an auxiliary function:

ψ̄(a) =

∫
xφv2/T (a− x)ps(x)dx∫
φv2/T (a− x)ps(x)dx

, with v :=
√

1 + k2
N . (C.52)
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ψ̄(a) is essentially the expectation of si, conditional on š′i = a, where š′i h N (si, v
2), i.e., š′i

has slightly more noisy than ši. The goal is to establish∑
i∈B

(ψi − ψ̄(ši))
2 = oP(1 + (SOPT)2) and

∑
i∈B

(ψ̆i − ψ̄(ši))
2 = oP(1 + (SOPT)2). (C.53)

Then the triangle inequality would give us the desired bound on
∑

i∈B(ψ̆i−ψi)2. The current

step proves the first part, whereas the next step will be devoted to show the second part.

We use p̄(a) and π̄(a) to denote the denominator and numerator of ψ̄(a) as in (C.52), and

use π(a) to denote
∫
xφ1/T (a−x)ps(x)dx so that ψ(a) = π(a)/p(a). The goal is to show that

p̄(a) and π̄(a) are, respectively, close to p(a) and π(a). We first note that φv2(y) and φ(y) are

close in that, for all y,

|φv2(y)− φ(y)| ≤ sup
y:|y|≤k−1

N

|φv2(y)− φ(y)|+ sup
y:|y|>k−1

N

|φv2(y) + φ(y)|

≤ cNk
−1
N φ(y) sup

y:|y|≤k−1
N

|y/v − y|+ cNN
−2 ≤ cNφ(y) + cNN

−2. (C.54)

Here we use (D.17) of Lemma D4 (choose j = 0) and that |v−1 − 1| h k2
N . We note

φ1/T (y) =
√
Tφ
(√

Ty
)

(and symmetrically for φv2/T (y)). Hence, using (C.54), we directly

obtain that, for all a,

|p̄(a)− p(a)| ≤
∫
|φv2/T (a− x)− φ1/T (a− x)|ps(x)dx

≤ cN

∫
φ1/T (a− x)ps(x)dx+ cN

√
TN−2 = cNp(a) + cN

√
TN−2.(C.55)

Now we bound the difference |π(a) − π̄(a)|. Because ps(x) is a even function, we note that,

for all a ≥ 0,

π(a) =

∫ ∞
0

xφ̄(|a|, x)ps(x)dx, and π̄(a) =

∫ ∞
0

xφ̄(a/v, x/v)ps(x)dx, (C.56)

where

φ̄(a, x) := φ1/T (a− x)− φ1/T (a+ x) = φ1/T (a− x)(1− e−2Txa).

Since |(1 − e−y) − (1 − e−y/v2)| ≤ cN(1 − ey) for all y ≥ 0, it follows from (C.54) and direct

calculations that, for all a ≥ 0 and x ≥ 0,

|φ̄(a/v, x/v)− φ̄(a, x)| ≤ cN φ̄(a, x) + cN
√
TN−2. (C.57)

Substituting (C.57) into (C.56), we obtain, for all a ≥ 0,

17



|π̄(a)− π(a)| ≤ cN |π(a)|+ cN
√
TN−2

∫ ∞
0

xps(s)dx ≤ |π(a)|+ cN
√
TN−2. (C.58)

Here the last inequality holds by E(|s|) ≤
√

E(s2) ≤ cN due to condition (a) of Assumption

2. Because π(a) and π̄(a) are both odd functions in a due to that ps(x) is a even function of

x, (C.58) apparently holds for all a.

To establish from (C.55) and (C.58) that ψ̄(a) and ψ(a) are close, we set A := {a : |a| ≤
k̃NT

−1/2, p(a) ≥
√
TN−3/2}. Then we obtain that, for all a ∈ A,

|ψ̄(a)− ψ(a)| =

∣∣∣∣ π̄(a)

p̄(a)
− π(a)

p̄(a)

∣∣∣∣+

∣∣∣∣π(a)

p̄(a)
− π(a)

p(a)

∣∣∣∣
≤ (1 + cN)

|π̄(a)− π(a)|
p(a)

+ cN
|π(a)|
p(a)

≤ cN
N−2

p(a)
+ cNψ(a). (C.59)

Here the first equality is obvious, the first inequality comes from the lower bound of p(a) (by

the definition of A) and (C.55), the second inequality is a result of (C.58). From (C.59), it

follows that, for all a satisfying a ∈ A,

|ψ̄(a)− ψ(a)|2 ≤ cN
N−2

p(a)
+ cNψ(a)2. (C.60)

where we use Cauchy-Schwarz inequality and the lower bound of p(a). Therefore, we arrive

at

N

∫
A

|ψ̄(a)− ψ(a)|2p(a)da ≤ cN + cNN

∫ ∞
−∞

ψ(a)2p(a)da ≤ cN + cN(SOPT)2, (C.61)

which comes from (C.60) and that
∫
A
da ≤ 2k̃N . Therefore, using Chebyshev’s inequality

and comparing the definitions of sets A and B, we obtain∑
i∈B

(ψi − ψ̄(ši))
2
1{p(ši)≥

√
TN−3/2} .P E

∑
i∈B

(ψi − ψ̄(ši))
2
1{p(ši)≥

√
TN−3/2}

= N

∫
A

|ψ̄(a)− ψ(a)|2p(a)da ≤ cN + cN(SOPT)2,

where the last inequality holds by (C.61). Given (D.13) of Lemma D3, we obtain the first

part of (C.53).

Step 4. This step proves the second part of (C.53), i.e., we bound
∑

i∈B(ψ̆i− ψ̄(ši))
2. We

introduce p̃(a) and ψ̃(a) that mimick p̂(a) and ψ̂(a) by replacing the data input ši with ŝi:
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p̃(a) =
1

NkN

∑
i

φ1/T

(
ši − a
kN

)
, and ψ̃(a) = a+

v2

T

p̃′(a)

p̃(a)
. (C.62)

Then we can decompose the quantity of interest:∑
i∈B

(ψ̆i − ψ̄(ši))
2 ≤

∑
i∈B

(ψ̃(ši)− ψ̄(ši))
2 +

∑
i∈B

(ψ̆i(ŝi)− ψ̃(ši))
2. (C.63)

We first show that
∑

i∈B(ψ̃(ši)− ψ̄(ši))
2 is small. Since we have p̃(ši) ≥ 1

NkN
φ1/T (0) &

√
T

NkN

for all i, symmetric to the derivation of (C.51), we have

max
i

p̃′(ši)

p̃(ši)
≤ cNT

1/2k̃N . (C.64)

On the other hand, symmetric to the derivation of (C.46), we obtain

max
i

p̄′(ši)

p̄(ši)
.P max

i

p̄′(a)

p̄(a)
1{p(a)≥N−3/2} . cNT

1/2k̃N . (C.65)

where for the second inequality we note p̄(a) & p(a) for all a due to 1 ≤ v . 1. Substituting

(C.64) and (C.65) into the definitions of ψ̃(a) and ψ̄(a) ((C.62) and (C.52)), we obtain

max
i
|ψ̃(ši)− ψ̄(ši)| .P cN k̃NT

−1/2. (C.66)

According to Lemma 3 of Brown and Greenshtein (2009), with the additional condition that

maxi≤N
√
T |si| = o(Nd′) for every d′ > 0, we have (in our notation) that, for every d > 0,

E

(∑
i

T (ψ̃(ši)− ψ̄(ši))
2

)
. Nd.

A scrutiny of their proof of the lemma reveals that this additional condition is only indispens-

able (a) to derive three equalities: (48), (59), and (62) (the way it is used is similar across the

three), and (b) to guarantee that maxi≤N
√
T ψ̄(ši) = o(Nd) for every d > 0. In the absence

of this additional condition, a weaker result holds: for every d > d′ > 0,

E

(∑
i

min{T (ψ̃(ši)− ψ̄(ši))
2, Nd′}1{√T |ši|≤Nd′ ,p(ši)≥

√
TNd′−1}

)
. Nd. (C.67)

(C.67) turns out sufficient for establishing a desired bound on
∑

i∈B(ψ̃(ši) − ψ̄(ši))
2, which

we demonstrate now. Then we have, for every d > d′ > 0,
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∑
i∈B

T (ψ̃(ši)− ψ̄(ši))
2 .P

∑
i∈B

min{T (ψ̃(ši)− ψ̄(ši))
2, Nd′}

.P Nd +
∑
i∈B

min{T (ψ̃(ši)− ψ̄(ši))
2, Nd′}1{p(z̃i)≥√TNd′−1} . Nd. (C.68)

Here the first inequality comes from (C.66), the second inequality comes from that

E
(∑

i∈B 1{p(ši)<
√
TNd′−1}

)
. k̃NN

d′ (by the definition of set B), and the last is simply (C.67).

Next, we show that
∑

i∈B(ψ̃(ši)− ψ̄(ši))
2 is small. Lemma D2 states that

max
i∈B
|ŝi − ši| .P χN := N−1/2(εN + E(s2

j)
1/2), with εN := k5

N . (C.69)

Since ψ̆(ŝi) and ψ̃(ši) depends on {ŝj} and {šj} in the exactly same way, we can obtain the

desired result by exploiting that such dependence is sufficiently “continuous”. Concretely, we

write, uniformly over i ∈ B,

|p̂(ŝi)− p̃(ši)|

≤ 1

NkN

∑
j

∣∣∣∣φ1/T

(
ŝj − ŝi
kN

)
− φ1/T

(
šj − ši
kN

)∣∣∣∣ .P

√
TχNk

−2
N p̃(ši) +

√
TN−2k−1

N , (C.70)

|p̂′(ŝi)− p̃′(ši)|

≤ T

Nk3
N

∑
j

∣∣∣∣(ŝj − ŝi)φ1/T

(
ŝj − ŝi
kN

)
− (šj − ši)φ1/T

(
šj − ši
kN

)∣∣∣∣
.P TχNk

−4
N p̃(z̃i) + TN−2k−1

N . (C.71)

Here the first inequalities for both results hold by definition (note φ1/T (a) =
√
Tφ(
√
Ta) and

φ′(a) = −aφ(a)). The second inequalities for both results comes from substituting (C.69)

into (D.17) of Lemma D4. Since p̃(ši) ≥ 1
NkN

φ1/T (0) &
√
T

NkN
by definition, we obtain from

(C.70) and (C.71) that

max
i∈B

|p̂(ŝi)− p̃(ši)|
p̃(ši)

.P

√
TχNk

−2
N +N−1 .

√
TχNk

−2
N , (C.72)

max
i∈B

|p̂′(ŝi)− p̃′(ši)|
p̃(ši)

.P TχNk
−4
N +

√
TN−1 . TχNk

−4
N . (C.73)

Then we have

max
i∈B

∣∣∣∣ p̂′(ŝi)p̂(ŝi)
− p̃′(ši)

p̃(ši)

∣∣∣∣
≤ max

i∈B

p̃(ši)

p̂(ŝi)

|p̂′(ŝi)− p̃′(ši)|
p̃(ši)

+ max
i∈B

p̃(ši)

p̂(ŝi)

p̃′(ši)

p̃(ši)

|p̂(ŝi)− p̃(ši)|
p̃(ši)

.P TχNk
−4
N . (C.74)
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The first inequality is direct algebra. Substituting (C.64), (C.72), and (C.73) into the right-

hand-side of the first inequality, we obtain the second inequality. Combining (C.69) and

(C.74) with the definitions of ψ̂ and ψ̃ ((C.49) and (C.62)), we obtain

∑
i∈B

(ψ̆(ŝi)−ψ̃(ši))
2 ≤ N max

i∈B
|ŝi−ši|2+

N

T 2
max
i∈B

∣∣∣∣ p̂′(ŝi)p̂(ŝi)
− p̃′(ši)

p̃(ši)

∣∣∣∣2 .P k
−8
N (ε2N+E(s2

j)). (C.75)

The goal is to show
∑

i∈B(ψ̆(ŝi)− ψ̃(ši))
2 = oP(1 + (SOPT)2), which is apparently true from

(C.75) if E(s2
j) ≤ ε2N . For the case E(s2

j) > ε2N , we observe

E(s2
j) = E(s2

j1{εN/2<|si|≤1})+E(s2
j1{|si|≤εN/2})+E(s2

j1{|si|>1}) ≤ P(|si| > εN/2)+ε2N/4+cNN
−1,

where the last step comes from condition (a) of Assumption 2. We hence obtain P(|si| >
εN/2) & ε2N , which futher indicates

∑
i 1{|si|≥εN/2} &P Nε

2
N (the sum follows binomial distri-

bution with its standard deviation dominated by its mean). As a result, we write

Nε4N .P

∑
i

ε2N1{|si|≥εN/2} .P

∑
i

š2
i1{|ši|≥εN/4} .

∑
i∈Bc

š2
i .P 1 + (SOPT)2. (C.76)

Here the second inequality comes from ši − si = ε̄i and maxi |ε̄i| .
√

(logN)/T by the

uniform bound on i.i.d normal variables. The thrid inequality holds by the definition of B,

and the last inequality can be established from holds by (C.41) and (the last two inequalities

of) (C.48). Since E(s2
j) ≤ 1 + E(s2

j1{|si|>1}) . 1 by condition (a) of Assumption 2, it follows

from (C.76) that k−8
N E(s2

j) = oP(1+(SOPT)2). Given (C.75), we prove
∑

i∈B(ψ̆(ŝi)−ψ̃(ši))
2 =

oP(1 + (SOPT)2). Substituting this result and (C.68) into (C.63), we obtain
∑

i∈B(ψ̆(ŝi) −
ψ̃(ši))

2 = oP(1 + (SOPT)2), i.e., the second part of (C.53). Substituting (C.42) and (C.53)

into (C.39), we finally establish (C.40).

Step 5. The goal of this step is to establish

‖ψ̂ − ψ‖ = oP(1 + SOPT). (C.77)

We start by defining

lj = arg min
i≤N
|ši − ŝj|. (C.78)

Suppose šli > šlj and ŝi ≤ ŝj for some (i, j). According to (C.78), we have |šli− ŝi| ≤ |šlj− ŝi|
and |šlj − ŝj| ≤ |šli − ŝj|. The former would lead to šli + šlj < 2ŝi, and the latter would lead

to šli + šlj > 2ŝj. They together contradict ŝi ≤ ŝj. Hence we have šli ≤ šlj if ŝi ≤ ŝj for

all (i, j). Since ψ(a) is increasing in a (see, e.g., Efron (2011)), letting ψ∗i = ψ(šli), we have
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ψ∗i ≤ ψ∗j if ŝi ≤ ŝj for all (i, j). As a result, we have

‖ψ̂ − ψ̆‖ ≤ ‖ψ∗ − ψ̆‖ ≤ ‖ψ∗ − ψ‖+ oP(1 + SOPT). (C.79)

The first inequality comes from the definition of ψ̂ and that ψ∗i ≤ ψ∗j if ŝi ≤ ŝj for all (i, j)

established above. The second inequality comes from (C.40) proved in steps 2 - 4.

Given (C.40) and (C.79), to obtain (C.77) we only need to bound ‖ψ∗ − ψ‖. For this

purpose, we note that (C.78) leads to |šli − ŝi| ≤ |ši − ŝi| for all i. Applying Lemma D2, we

obtain

max
1≤i≤N

|šli − ši| .P cN k̃NT
−1/2, max

i∈B
|šli − ši| .P χN , (C.80)

where χN = N−1/2(εN + E(s2
j)

1/2) with εN := k5
N . Similar to (C.48), we have∑

i∈Bc

((šli−ψ(šli))
2+(šli−ši)2) .P cNT

−1k̃2
N |Bc| ≤ cN

∑
i∈Bc

ψ(ši)
2 .P oP(1+(SOPT)2). (C.81)

Here the first inequality comes from (C.47) and the first part of (C.80). The second inequality

is already shown in (C.48). The last inequality is established right below (C.48). Combining

(C.81) and the first part of (C.42), and applying the triangle inequality, we obtain∑
i∈Bc

(ψ(šli)− ψ(ši))
2 = oP(1 + (SOPT)2). (C.82)

Next, it holds that, uniformly over i ∈ B,

|p(šli)− p(ši)| ≤
∫
|φ1/T (šli − x)− φ1/T (ši − x)|ps(x)ds

. (T logN)1/2|šli − ši|p(ši) + cN
√
TN−2

.P (T logN)1/2χNp(ši) + cN
√
TN−2. (C.83)

|p(šli)′ − p(ši)′| ≤ T

∫
|(šli − x)φ1/T (šli − x)− (ši − x)φ1/T (ši − x)|ps(x)ds

. (T logN)|šli − ši|p(ši) + cNTN
−2

.P (T logN)χNp(ši) + cNTN
−2. (C.84)

For both (C.83) and (C.84), the first inequalities holds by definition of p(a), the second

inequalities come from (D.17) of Lemma D4 (choose j = 0 and j = 1 respectively), and the

last inequalities come from the second part of (C.80). Then we have, uniformly over i for

which ši ∈ A (A is defined above (C.59)),
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|ψ(šli)− ψ(ši)| ≤ |šli − ši|+
1

T

|p(šli)′ − p(ši)′|
p(šli)

+
|p(ši)′|
T

∣∣∣∣ 1

p(šli)
− 1

p(ši)

∣∣∣∣
.P χN + χN +

χN√
T

p(ši)
′

p(ši)
. χN

(
k̃N +

√
T |ψ(ši)|

)
. (C.85)

The first inequality is obvious. The second inequality comes from the second part of (C.80),

(C.83), (C.84), that p(ši) ≥
√
TN−3/2 by the definition of A, and that 1/

√
NT . χN as

T & Nd for fixed d > 1/2 by assumption. The last inequality comes from (C.43) and

|ši| ≤ k̃N as ši ∈ A. Therefore, we have∑
i∈B

(ψ(šli)− ψ(ši))
2
1{p(ši)≥

√
TN−3/2}

=
∑
i:ši∈A

(ψ(šli)− ψ(ši))
2 .P Nχ

2
N k̃

2
N + Tχ2

N

∑
i∈B

ψ(z̃i)
2

.P (ε2N + E(s2
j))k̃

2
N + oP(1 + (SOPT)2) = oP(1 + (SOPT)2). (C.86)

The equality is obvious and the first inequality comes from (C.85). The second inequality

comes from (C.41) and that Tχ2
N = o(1) due to E(s2

j) = o(1) and T . Nd′ for fixed d′ < 1.

The last inequality is established in the analysis after (C.75). Combining (C.86), Lemma D3,

and (C.82), we establish ‖ψ∗ − ψ‖ = oP(1 + SOPT). Substituting this into (C.79) and using

(C.40) lead to (C.77).

Step 6. This step combines (C.77) with (C.41) to prove the theorem, i.e., that the Sharpe

ratio of the strategy ŵOPT we construct achieves (SOPT)2 asymptotically. Since Sharpe ratio

is invariant to scaling of weights, we can treat ŵOPT as ŵOPT = Mβw̆, where w̆ := Σ̂
−1/2
u ψ̂.

Using condition (a) of Assumption 1 and (D.1) of Lemma D1, we have maxi≤N |σ̂i/σi −
1| .P cN . As a result, we obtain ‖Σ1/2w̆ − ψ̂‖ .P cN‖ψ̂‖. Then, it follows from (C.77) and

(C.41) that

‖Σ1/2
u w̆ − ψ‖ ≤ ‖Σ1/2w̆ − ψ̂‖+ ‖ψ̂ − ψ‖ .P cN‖ψ‖+ ‖ψ̂ − ψ‖ = oP(1 + SOPT). (C.87)

Hence we have

|(w̆ᵀΣ1/2
u − ψᵀ)ψ| ≤ ‖Σ1/2

u w̆ − ψ‖‖ψ‖ = oP(1 + (SOPT)2), (C.88)

|w̆ᵀΣuw̆ − ψᵀψ| ≤ ‖Σ1/2
u w̆ − ψ‖2 + 2‖Σ1/2

u w̆ − ψ‖‖ψ‖ = oP(1 + (SOPT)2). (C.89)

Here for both (C.88) and (C.89), the first inequalities come from Cauchy-Schwarz, whereas

the last equalities come from (C.87) and (C.41). Further, substituting (C.41) into (C.88) and
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(C.89), we obtain

w̆ᵀΣ1/2
u ψ = (SOPT)2 + oP(1 + (SOPT)2), w̆ᵀΣuw̆ = (SOPT)2 + oP(1 + (SOPT)2). (C.90)

Next, we note that

‖Pβw̆‖ ≤ ‖PβΣ−1/2
u ψ‖+ ‖Pβ(w̆ − Σ−1/2

u ψ)‖

= ‖PβΣ−1
u α̃‖+ (w̆ − Σ−1/2

u ψ)ᵀPβ(w̆ − Σ−1/2
u ψ)

≤ ‖PβΣ−1
u α̃‖+ ‖w̆ − Σ−1/2

u ψ‖ = oP(1 + SOPT). (C.91)

To obtain the last equality, we note that the first term can be bounded using (C.18) as

w̌′ := 1
κ
PβΣ−1

u α̃ and that the second term can be bounded using (C.87) and 1 .P λmin(Σu).

As a result, we obtain

w̆ᵀMβΣuMβw̆ = w̆ᵀΣuw̆ + w̆ᵀPβΣuPβw̆ − 2w̆ᵀΣuPβw̆ = w̆ᵀΣuw̆ + oP(1 + (SOPT)2). (C.92)

For the last equality, we use (C.89), (C.91), and λmax(Σu) .P 1 by condition (a) of Assumption

1. Similarly, we write

w̆ᵀMβα̃ = w̆ᵀα̃− w̆ᵀPβα̃ = w̆ᵀα̃ + oP(1 + (SOPT)2), (C.93)

where for the last equality, we use (C.91) and ‖α̃‖2 .P α̃Σ−1
u α̃ = (SOPT)2.

We now conclude that, when SOPT does not vanish,

ŜOPT =
(ŵOPT)ᵀα√

(ŵOPT)ᵀΣŵOPT
=

w̆ᵀMβα√
w̆ᵀMβΣMβw̆

=
w̆ᵀMβα̃√

w̆ᵀMβΣuMβw̆
+ oP(1)

=
w̆ᵀα̃√
w̆ᵀΣuw̆

+ oP(1 + SOPT) = SOPT + oP(1 + SOPT). (C.94)

The first two equalities hold by definition. The third one comes (C.9) and that Mβw̆ is G-

measurable and factor-neutral. The fourth one comes from (C.92), (C.93), and the second

part of (C.90). The last equality comes from (C.90) (α̃ = Σ
1/2
u ψ). Because ŵOPT is G-

measurable and βᵀŵOPT = 0, Theorem 2 and Corollary 2 apply. We hence have ŜOPT ≤
S(G) + oP(1) = SOPT + oP(1). Because −ŜOPT is the Sharpe ratio generated by −ŵOPT, we

also have −ŜOPT ≤ SOPT+oP(1). As a result, when SOPT does vanish, we have ŜOPT = oP(1).

Therefore, given (C.94) and using the subsequence argument (see, e.g., Andrews and Cheng

(2012)), we have

ŜOPT = SOPT + oP(1 + SOPT).
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In other words, we have, for all P ∈ P,

lim
N,T→∞

P(|ŜOPT − SOPT| ≥ εSOPT + ε) = 0. (C.95)

Suppose the theorem does not hold, then there is a sequence of data-generating processes Pk

with Pk ∈ P for each k ∈ {1, 2, ...} such that

lim sup
N,T→∞

lim
k→∞

Pk(|ŜOPT − SOPT| ≥ εSOPT + ε) > 0.

This contradicts (C.95), and the theorem is proved.

C.5 Proof of Proposition 1

By definition we have

(Ŝ?)2 = αᵀMβΣ̂−1
u Mβα + 2αᵀMβΣ̂−1

u Mβū+ ūᵀMβΣ̂−1
u Mβū− T−1N.

We start with the analysis of αᵀMβΣ̂−1
u Mβα. From (D.1) of Lemma D1, it follows

‖Σ̂u − Σu‖MAX .P

√
T−1 logN. (C.96)

As a result, noting P(0 ≤Mβ ≤ IN)→ 1 and P(Σu h IN)→ 1 by the assumption ‖β‖MAX .P

1 and λmin(βᵀβ) &P N , and recalling (S?)2 = αᵀΣ−1
u α, we have

|αᵀMβΣ̂−1
u Mβα− αᵀMβΣ−1

u Mβα| .P

√
T−1 logN(S?)2. (C.97)

On the other hand, it holds that

|αᵀMβΣ−1
u Mβα− αᵀΣ−1

u α| ≤ αᵀPβΣ−1
u Pβα + 2

√
(αᵀΣ−1

u α)(αᵀPβΣ−1
u Pβα)

.P αᵀPβα +
√

(αᵀΣ−1
u α)(αᵀPβα)

.P N−1‖αᵀβ‖2 +
√
N−1(αᵀΣ−1

u α)‖αᵀβ‖2

.P E(s2
i ) + S?E(s2

i )
1/2. (C.98)

Here the first inequality comes from Cauchy-Schwarz inequality. The second comes from

P(Σu h IN)→ 1 and P2
β = Pβ. We obtain the third line by using λmin(βᵀβ) & N . The last line

holds because of Chebyshev’s inequality and that E(‖αᵀβ‖2|β,Σu) . N‖β‖2
MAXE(α2

i |Σu) ≤
N‖β‖2

MAXλmax(Σu)E(s2
i ) by condition (a) of Assumption 1 and condition (b) of Assumption

2.
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On the other hand, because of the assumption E(s2
i1{|si|≥cN}) ≤ cNN

−1, we have

E

∣∣∣∣∣αᵀΣ−1
u α−

∑
i

s2
i1{|si|<cN}

∣∣∣∣∣ = E

∣∣∣∣∣∑
i

s2
i1{|si|≥cN}

∣∣∣∣∣ = o(1),

which, by Markov’s inequality, leads to

αᵀΣ−1
u α =

∑
i

s2
i1{|si|<cN} + oP(1).

Moreover, it holds that

Var

∣∣∣∣∣∑
i

s2
i1{|si|<cN}

∣∣∣∣∣ ≤∑
i

E(s4
i1{|si|<cN}) ≤ c2

N

∑
i

E(s2
i1{|si|<cN}).

Using Chebyshev’s inequality, we obtain

(S?)2 = αᵀΣ−1
u α ≥

∑
i

s2
i1{|si|<cN} &P

∑
i

E(s2
i1{|si|<cN}) ≥ NE(s2

i ) + o(1).

Combining this result with (C.98) and (C.97), we have

αᵀMβΣ̂−1
u Mβα = (S?)2 + oP

(√
T−1 logN((S?)2 + 1)

)
. (C.99)

Next, we study αᵀMβΣ̂−1
u Mβū. It holds that

αᵀMβΣ̂−1
u Mβū . αᵀMβΣ̂−1

u MβΣ̂−1
u Mβα

√
ūᵀū . αᵀα

√
ūᵀū = OP(((S?)2 + 1)T−1/2). (C.100)

The first inequality comes from Cauchy-Schwarz. The second inequality holds because

P(Mβ h IN)→ 1, M2
β = Mβ, and P(Σ̂u h IN)→ 1 due to P(Σu h IN)→ 1 and (C.96). The

third inequality holds by P(Σ̂u h IN)→ 1 as well.

Now we analyze ūᵀMβΣ̂−1
u Mβū− T−1N . We write

N = tr(Σ̂−1
u Σ̂u) =

∑
i≤N

(Σ̂−1
u )i,i

(
T−1

∑
s∈T

(Mβus)
2
i − (Mβū)2

i

)
= T−1

∑
s∈T

uᵀsMβΣ̂−1
u Mβus − ūᵀMβΣ̂−1

u Mβū

= T−1
∑
s∈T

uᵀsMβΣ̂−1
u Mβus +OP(N/T ). (C.101)

The last line comes from ūᵀMβΣ̂−1
u Mβū .P ū

ᵀū because of M2
β = Mβ and P(Σ̂u h IN) → 1.
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Furthermore, I have

ūᵀMβΣ̂−1
u Mβū− ūᵀΣ̂−1

u ū ≤ 2|ūᵀΣ̂−1
u Pβū|+ ūᵀPβΣ̂−1

u Pβū

.P

√
ūᵀū
√
ūᵀPβū+ ūᵀPβū .P N

1/2/T. (C.102)

Here we obtain the second inequality using P(Σ̂u h IN) → 1 and the last inequality using

P(Pβ . IN)→ 1. Similarly, it holds that

T−2
∑
t∈T

(uᵀtMβΣ̂−1
u Mβut − uᵀt Σ̂−1

u ut)

= T−2
∑
t∈T

(
2
√
uᵀtut

√
uᵀtPβΣ̂−1

u Pβut + uᵀtPβΣ̂−1
u Pβut

)
.P T−2

∑
t∈T

(√
uᵀtut

√
uᵀtPβut + uᵀtPβut

)
.P

N1/2

T
. (C.103)

From (C.101), (C.102), and (C.103), it directly follows

ūᵀMβΣ̂−1
u Mβū− T−1N = ūᵀΣ̂−1

u ū− T−2
∑
s∈T

uᵀsΣ̂
−1
u us +OP(N1/2/T +N/T 2). (C.104)

On the other hand, we have

Σ̂−1
u = −Σ−2

u (Σ̂u − 2Σu) + Σ−2
u Σ̂−1

u (Σ̂u − Σu)
2.

It then follows from (C.96) and P(Σu h IN)→ 1 that

ūᵀΣ̂−1
u ū = −ūᵀΣ−2

u (Σ̂u − 2Σu)ū+OP(T−1(logN)ūᵀū)

= −ūᵀΣ−2
u (Σ̂u − 2Σu)ū+OP(T−2N logN). (C.105)

Similarly, we have

T−2
∑
t∈T

uᵀt Σ̂
−1
u ut = −T−2

∑
t∈T

uᵀtΣ
−2
u (Σ̂u − 2Σu)ut +OP(T−2N logN). (C.106)

Substituting (C.105) and (C.106) into (C.104), we have

ūᵀMβΣ̂−1
u Mβū− T−1N = −ūᵀΣ−2

u (Σ̂u − 2Σu)ū+ T−2
∑
t∈T

uᵀtΣ
−2
u (Σ̂u − 2Σu)ut

+OP(T−1N1/2 + T−2N logN). (C.107)
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Now we analyze Σ̂u. We write

(Σ̂u)i,i = (T−1uuᵀ)i,i + (Mβūū
ᵀMβ)i,i

+(PβT−1uuᵀ)i,i + (T−1uuᵀPβ)i,i + (PβT−1uuᵀPβ)i,i. (C.108)

From the uniform bound on i.i.d. random variables and ‖Pβ‖MAX . N−1 by the assumption

‖β‖MAX .P 1 and λmin(βᵀβ) &P N , it follows

‖Mβūū
ᵀMβ‖MAX .P ‖ūūᵀ‖MAX = ‖ū‖2

MAX . T−1 logN.

Using P(Σu h IN)→ 1, this gives∑
i≤N

|ū2
i (Σ

−2
u )i,i(Mβūū

ᵀMβ)i,i| .P T
−1(logN)

∑
i≤N

ū2
i .P T

−2N logN, (C.109)

and

T−2
∑
t∈T

∑
i≤N

|u2
i,t(Σ

−2
u )i,i(Mβūū

ᵀMβ)i,i| .P T
−3(logN)

∑
t∈T

∑
i≤N

u2
i,t .P T

−2N logN. (C.110)

Further, we obtain ∑
i≤N,j≤K

E(|(T−1uuᵀβ)i,j||β,Σu)

≤
∑

i≤N,j≤K

√
E((T−1uuᵀ)i,i|Σu)E((T−1βᵀuuᵀβ)j,j|β,Σu)

=
∑

i≤N,j≤K

√
(Σu)i,i(βᵀΣuβ)j,j ≤ N3/2K‖β‖MAXλmax(Σu) .P N

3/2. (C.111)

The first inequality comes from Cauchy-Schwarz. The last inequality directly follows from

condition (a) of Assumption 1. Similarly,∑
j≤K,k≤K

E(|(T−1βuuᵀβ)j,k||β,Σu)

≤
∑

j≤K,k≤K

√
E((T−1βᵀuuᵀβ)j,j|β,Σu)E((T−1βᵀuuᵀβ)j,j|β,Σu)

=
∑

j≤K,k≤K

√
(βᵀΣuβ)j,j(βᵀΣuβ)k,k ≤ KN‖β‖MAXλmax(Σu) .P N. (C.112)

From (C.111) and (C.112), it directly follows
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∑
i≤N,j≤K

|(T−1uuᵀβ)i,j| .P N
3/2,

∑
j≤K,k≤K

|(T−1βuuᵀβ)j,k| .P N. (C.113)

Using (C.113), and noting maxi≤N |ūi| .P

√
T−1 logN from the uniform bound on i.i.d.

random variables and ‖(βᵀβ)−1β‖MAX . N−1 by assumption, we obtain∑
i≤N

|ū2
i (T

−1uuᵀPβ)i,i|

≤
∑

i≤N,j≤K

|ū2
i (T

−1uuᵀβ)i,j|‖(βᵀβ)−1β‖MAX

.P N−1T−1 logN
∑

i≤N,j≤K

|(T−1uuᵀβ)i,j| .P N
1/2T−1 logN, (C.114)

and ∑
i≤N

|ū2
i (Pβ(T−1uuᵀ)Pβ)i,i|

≤
∑

i≤N,j≤K,k≤K

ū2
i |(T−1βuuᵀβ)j,k|‖(βᵀβ)−1β‖2

MAX

.P N−1T−1 logN
∑

j≤K,k≤K

|(T−1βuuᵀβ)j,k| .P T
−1 logN. (C.115)

Symmetric reasoning leads to

1

T 2

∑
s∈T

∑
i≤N

|u2
i,s(T

−1uuᵀPβ)i,i| .P N1/2T−1, (C.116)

1

T 2

∑
s∈T

∑
i≤N

|u2
i,s(Pβ(T−1uuᵀ)Pβ)i,i| .P T−1. (C.117)

Substituting (C.109), (C.110), (C.114), (C.116), (C.115), and (C.117) into (C.107) and

(C.108), we obtain

ūᵀMβΣ̂−1
u Mβū− T−1N = −T−2

∑
i:i≤N

Ai +OP(T−1N1/2 logN + T−2N logN). (C.118)

Here and only here we use short-hand notation

Ai =
∑
t∈T

∑
t′∈T :t′ 6=t

(Σ−2
u )i,i(T

−1uuᵀ − 2Σu)i,iui,tui,t′ .

Since Ai is i.i.d. across i, we only need to analyze it for a single i. It obviously holds that

E(Ai|Σu) = 0. We also note E(((T−1uuᵀ−2Σu)i,i)
2ui,tui,t′ui,sui,s′|Σu) = 0 unless two elements
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of {t, t′, s, s′} are the same, and E(((T−1uuᵀ − 2Σu)i,i)
2ui,tui,t′ui,sui,s′|Σu) . T−2E(u8

i,t|Σu)

unless elements of {t, t′, s, s′} only take two different values. Then we obtain

E(A2
i |Σu) . T 2(Σ−4

u )i,iE(u8
i,t|Σu).

It hence follows that

T−2
∑
i:i≤N

Ai .P T
−1N1/2E(u8

i,t(Σ
−4
u )i,i) . T−1N1/2, (C.119)

where the last inequality comes from that εi,t has finite eighth moment by condition (a) of

Assumption 2. Subsituting (C.119) into (C.118), we obtain

ūᵀMβΣ̂−1
u Mβū− T−1N = OP(T−1N1/2 logN + T−2N logN). (C.120)

Combining (C.99), (C.100), and (C.120), and noting N1/2T ≤ cN and T . N by assumption,

we obtain

(Ŝ?)2 = (S?)2 + oP

(
T−1/2

√
logN((S?)2 + 1) + T−1N1/2 logN

)
= (S?)2 + oP(T−1N1/2 logN((S?)2 + 1)).

Therefore, we obtain, under S? ≥ C,

(Ŝ?)2 = (S?)2(1 + oP(T−1N1/2 logN)), =⇒ Ŝ? − S?

S?
= oP(T−1N1/2 logN).

And, under S∗ ≤ cN , we have

(Ŝ?)2 = (S?)2 + oP(T−1N1/2 logN), =⇒ Ŝ? − S? = oP

(√
T−1N1/2 logN

)
.

We note by construction (S̃?)2 = (Ŝ?)2 +N/T . Then, under S? ≥ C, it holds that

(Ŝ?)2 = (S?)2+
N

T
+(S?)2oP

(√
N logN

T

)
=⇒

Ŝ? −
√

(S?)2 +N/T

S?
= oP

(√
N logN

T

)
.

Similarly, under S∗ ≤ cN , we have

(Ŝ?)2 = (S?)2 +
N

T
+ oP

(√
N logN

T

)
=⇒ Ŝ? −

√
(S?)2 +N/T = oP

(√
N logN

T

)
.

The proof concludes.
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C.6 Proof of Proposition B1

We note that all the assumptions in Theorem 2, other than the factor-neutrality, are assumed

here as well. Therefore, equation (C.8) in the proof of Theorem 2 stays valid, since factor-

neutrality is used only after the derivation of (C.8). Applying Cauchy-Schwarz inequality to

(C.8), we obtain

|S(w)| ≤
√

E(rt+1|G)ᵀΣ−1E(rt+1|G) + oP(1). (C.121)

On the other hand, it implies by Woodbury matrix identity and from the fact that Σ =

βΣvβ
ᵀ + Σu,

Σ−1 = Σ−1
u − Σ−1

u β(Σ−1
v + βᵀΣ−1

u β)−1βᵀΣ−1
u . (C.122)

By direct calculations, we have

βᵀΣ−1β = ((βᵀΣ−1
u β)−1 + Σv)

−1.

Let H1 = (βᵀΣ−1
u β)−1 and H2 = Σv, and using the fact that (H1 + H2)−1 −H−1

2 = −(H1 +

H2)−1H1H
−1
2 , we have

βᵀΣ−1β − Σ−1
v = −((βᵀΣ−1

u β)−1 + Σv)
−1(βᵀΣ−1

u β)−1Σ−1
v .

Therefore, using the fact that λmin(βᵀβ) &P N and that λmax(Σu) .P 1 by assumption, we

have

λmax((βᵀΣ−1
u β)−1) = λ−1

min(βᵀΣ−1
u β) ≤ λ−1

min(βᵀβ)λmax(Σu) .P N
−1. (C.123)

Also, note that λmax(Σ−1
v ) = λ−1

min(Σv) . 1, and that

λmax(((βᵀΣ−1
u β)−1 + Σv)

−1) = λ−1
min((βᵀΣ−1

u β)−1 + Σv) ≤ λ−1
min(Σv) . 1,

we have

‖βᵀΣ−1β − Σ−1
v ‖ .P N

−1,

which in turn leads to

γᵀβᵀΣ−1βγ = γᵀΣ−1
v γ + oP(1). (C.124)

Next, we show

E(α|G)ᵀΣ−1βγ = oP(1). (C.125)

Notice that E(E(α|G)|Σ, β) = E(α|Σ, β) = E(α|Σ) = 0 (by conditions (a) and (b) of Assump-

tion 1), and that, conditionally on (Σ, β), E(αi|G) is independent across i as demonstrated

in the beginning of the proof of Theorem 2. Therefore,
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E((E(α|G)ᵀΣ−1βγ)2|Σ, β) ≤
∑
i≤N

E(E(αi|G)2|Σ, β) max
j≤N

(γᵀβᵀΣ−1)2
j . (C.126)

On the other hand, from (C.122), we obtain

γᵀβᵀΣ−1 = γᵀΣ−1
v (Σ−1

v + βᵀΣ−1
u β)−1βᵀΣ−1

u .

Because of λmin(Σv) & 1, ‖β‖MAX .P 1, ‖Σu‖MAX ≤ ‖Σu‖ .P 1, λmin(Σu) &P 1, Σu is

diagonal, and (C.123), we have

‖γᵀβᵀΣ−1‖MAX .‖(Σ−1
v + βᵀΣ−1

u β)−1‖‖βᵀΣ−1
u ‖MAX .P λmax((βᵀΣ−1

u β)−1) .P N
−1.

Hence, we have, for all positive fixed ε,

P(|E(α|G)ᵀΣ−1βγ| ≥ ε|Σ, β) ≤ E((E(α|G)ᵀΣ−1βγ)2|Σ, β)/ε2 = oP(1), (C.127)

where the last equality comes from (C.126) and that E
(∑

i≤N E(E(αi|G)2|Σ, β)
)
≤∑

i≤N E(α2
i ) = o(N) by condition (a) of Assumption 1. Since P(|E(α|G)ᵀΣ−1βγ| ≥ ε|Σ, β) ≤ 1

are uniformly bounded for all N (by definition), we obtain by taking expectations on both

sides of (C.127) that, for all positive fixed ε,

P(|E(α|G)ᵀΣ−1βγ| ≥ ε) = o(1),

which is equivalent to (C.125).

Finally, we derive

E(α|G)ᵀΣ−1E(α|G) = E(α|G)ᵀΣ−1
u E(α|G) + oP(1). (C.128)

Following the same derivation for (C.126), we obtain

E(|E(α|G)ᵀΣ−1
u β|2F|Σ, β) ≤

∑
i≤N

E(E(αi|G)2|Σ, β) max
j

(Σ−1
u ββᵀΣ−1

u )j,j.

Because ‖β‖MAX .P 1 and λmin(Σu) &P 1, we have

max
j

(Σ−1
u ββᵀΣ−1

u )j,j . ‖Σ−1
u β‖2

MAX .P 1.

Then given the above result that E
(∑

i≤N E(E(αi|G)2|Σ, β)
)

= o(N), we obtain that

E(|E(α|G)ᵀΣ−1
u β|2F|Σ, β) = oP(N). Therefore, similar to the derivation of (C.125), we ob-
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tain

|E(α|G)ᵀΣ−1
u β|2F = oP(N).

On the other hand, using (C.123), we obtain

‖(Σ−1
v + βᵀΣ−1

u β)−1‖ = λ−1
min(Σ−1

v + βᵀΣ−1
u β) ≤ λmax((βᵀΣ−1

u β)−1) .P N
−1. (C.129)

Then, using (C.129), we have

E(α|G)ᵀΣ−1
u β(Σ−1

v + βᵀΣ−1
u β)−1βᵀΣ−1

u E(α|G)

≤|E(α|G)ᵀΣ−1
u β|2F‖(Σ−1

v + βᵀΣ−1
u β)−1‖ = oP(1),

and hence, in light of (C.122), we obtain (C.128).

Given that E(rt+1|G) = E(α|G) + βγ, it follows from (C.124), (C.125), and (C.128) that

E(rt+1|G)ᵀΣ−1E(rt+1|G) = E(α|G)ᵀΣ−1
u E(α|G) + γᵀΣ−1

v γ + oP(1).

In light of (C.121), we conclude the proof.

C.7 Proof of Propositions B2, B3, and B4

We present the notation that is used throughout Section C.7 and Appendix E to facilitate

the exposition of our proofs. We write

ζ :=
√
Tµ/σ, ži :=

√
T ši, ẑi :=

√
T ŝi.

ζ represents the signal strengh of our alphas. ẑi is simply the t-statistic and ži is hypothetically

what the t-statistic would be in the absence of risk factors. Next, we introduce soft- and hard-

thresholding functions:

ψ̃1(a, λ) := sgn(a)(|a| − λ), ψ̃2(a, λ) := a1{|a|≥λ}.

Then, for q ∈ {1, 2} and i ∈ {1, . . . , N},

ψ̃q,i(λ) := ψ̃q(ž1, λ), ψ̂q,i(λ) := ψ̃q(ẑi, λ).

Further, ψ̃q(λ) and ψ̂q(λ) to represent, repectively, the vectors (ψ̃q(ž1, λ), . . . , ψ̃q(žN , λ))ᵀ and

(ψ̂q,1(λ), . . . , ψ̂q,N(λ))ᵀ. Based on ψ̂q(λ), we introduce ŵ′q(λ) := Σ̂
−1/2
u ψ̂q(λ). The purpose of

doing so is that ŵ′q(λ), with appropriate choice of λ, incorporates the weights of Lasso, CSR,
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and BH methods all as special cases. Lastly, we define

Ŝ ′q(λ) :=
ŵ′q(λ)Mβα

σ‖Mβŵ′q(λ)‖
, Sq(λ) :=

N1/2E(ψ̃q,i(λ)ψi)

E(ψ̃q,i(λ)2)1/2
.

Ŝ ′q(λ) is the Sharpe ratio generated by the strategy ŵ′q(λ). Sq(λ), again with appropriate

choice of λ, incorporates as special cases SCSR, SBH, and SLASSO (the probability limits of

Sharpe ratios) all as special cases.

C.7.1 Proof of Proposition B2

By definition it holds that Σ̂−1
u α̂ = w̆1(λ) under λ = 0. Hence we have ŜCSR = Ŝ1(λ), choosing

λ = 0. In other words, CSR is a special case of Lasso. On the other hand, by definition we

have, choosing λ = 0,

SLasso
λ = N1/2E(šisi)E(š2

i )
−1/2. (C.130)

Moreover, we can write

√
T × E(šisi) =

ρµ

2σ

∫
a(φ(a− ζ)− φ(a+ ζ))da =

ρµζ

σ
, (C.131)

T × E(š2
i ) =

∫
a2(φ(a) + ρφ(a− ζ))da = 1 + ρ(1 + ζ2) = (1 + o(1))(1 + ρζ2). (C.132)

For both lines, the first equalities come from the distribution of αi imposed by Example 1,

si = αiσ
−1 by definition, and

√
T (ši − si) is standard normal. The second equalities hold

by direct calculations. The last equality of the second line comes from ρ → 0. Therefore, it

holds that, choosing λ = 0,

ŜCSR = Ŝ1(λ) = SLasso
λ + oP(1 + SOPT) = SCSR + oP(1 + SOPT). (C.133)

Here the second equality comes from Ŝ1(λ) = SLasso
λ + oP(1 + SOPT) as in Proposition B4.

The third equality comes from (C.130), (C.131), (C.132), ζ =
√
Tµ/σ by definition, and that

|SCSR| ≤ SOPT + oP(1) by Theorem 2 and Corollary 2.

Now we verify the sufficient and necessary condition. We utilize the last equality of

(C.133), i.e., that CSR is a special case of Lasso, and the optimality conditions for Lasso

provided in Proposition B4. We start with the “if” part. Invoking the classic subsequence

argument, we only need to consider the two cases
√
Tµ/σ → 0 and

√
ρTµ/σ →∞ separately.

The former case is obvious since λ = 0 certainly satisfies T 1/2λ → 0 condition required by

Proposition B4. For the latter case, noting that
√
ρTµ/σ → ∞ always leads to

√
Tµ/σ −

√
−2 log ρ → ∞ due to − log ρ h logN by assumption, we only need to verify that, under
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λ = 0, we have both
√
T (µ/σ − λ) → ∞ and

φ(
√
Tλ)

ρ(1+Tλ2)T (µ/σ−λ)2
→ 0 as in Proposition B4.

Both are obviously true.

Next we show the “only if” part. As
√
Tµ/σ → 0 is violated, we only need to show that,

if
√
ρTµ/σ → ∞ is violated, we would not have

φ(
√
Tλ)

ρ(1+Tλ2)T (µ/σ−λ)2
→ 0 under λ = 0. This is

also obvious. The proof ends.

C.7.2 Proof of Proposition B3

Proof of Proposition B3, Part 1. In this part we prove ŜBH
τ = SBH

τ + oP(1 + SOPT). By

assumption there exists fixed d > 0 such that µ ≤ N−d. Then there exists fixed (d1, d2, d3)

such that 0 < d1 < d2 < d3 < min{d, 1}. We also set cx =
√

2(1− x) logN .

We let z̆ = −Φ−1(p(k̂)/2) and z̆′ = −Φ−1(p(k̂+1)/2), where we recall Φ is the standard

normal cdf. In other words, z̆ and z̆′ are the t-statistics whose p-values, calculated based on

standard normal distribution, are p(k̂) and p(k̂+1). We further define, for j ∈ {0,+,−},

mj(a) =
∑
i∈Hj

1{|ẑi|≥a}, m̌j(a) =
∑
i∈Hj

1{|ži|≥a},

where H0 = {i ≤ N : αi = 0}, H+ = {i ≤ N : αi = ζ}, H− = {i ≤ N : αi = −ζ}, and

ẑi = T 1/2ŝi is the t-statistic of stock i. From the definitions of z̆ and z̆′, we obtain

2NΦ(−z̆)∑
j∈{0,+,−}mj(z̆)

≤ τ,
2NΦ(−z̆′)∑
j∈{0,+,−}mj(z̆′)

> τ,
∑

j∈{0,+,−}

mj(z̆
′) =

∑
j∈{0,+,−}

mj(z̆) + 1.

(C.134)

Given (E.74) and the monotonicity of mj(z) in z, there exists a positive sequence bN =

o
(
1/
√

logN
)

such that, with high probability, uniformly over x, and for j ∈ {0,+,−},

m̌j(x+ bN) ≤ mj(x) ≤ m̌j(x− bN). (C.135)

Further, noting ži is i.i.d. across i, we obtain from equation (13) of Liu and Shao (2014) that,

for all deterministic sequences (aN , a
′
N) satisfying NΦ(−aN)→∞ and ρNΦ(ζ − a′N)→∞,

sup
0≤z≤aN

∣∣∣∣ m̌0(z)

2NΦ(−z)
− 1

∣∣∣∣ = oP(1), sup
0≤z≤a′N

∣∣∣∣ 2m̌±(z)

ρNΦ(ζ − z) + ρNΦ(−ζ − z)
− 1

∣∣∣∣ = oP(1).

(C.136)

Using (E.15) and −Φ−1(N−1) h
√

logN , we note that, for bN = o
(
1/
√

logN
)
, Φ(−z ±

bN) = Φ(−z)(1 + o(1)) uniformly over |z| ≤ −Φ−1(N−1). Hence we obtain from (C.135)

and (C.136) that, for all deterministic sequences (aN , a
′
N) satisfying NΦ(−aN) → ∞ and

ρNΦ(ζ − a′N)→∞,

35



sup
0≤z≤aN

∣∣∣∣ m0(z)

2NΦ(−z)
− 1

∣∣∣∣ = oP(1), sup
0≤z≤a′N

∣∣∣∣ 2m±(z)

ρNΦ(ζ − z) + ρNΦ(−ζ − z)
− 1

∣∣∣∣ = oP(1).

(C.137)

In addition, it follows from (E.15) and the second part of (E.1) that, uniformly over z ≥ 0,

ρΦ(ζ − z)

Φ(−z)
h h(z), with h(z) :=

z

1 + (z − ζ)+

e(z−a∗)ζ . (C.138)

Here a∗ is introduced in the statement of Lemma E1, so is ζ∗ which appears below. We now

establish that, for all fixed (x, x′) satisfying 0 < x′ < x ≤ 2, if sup0≤z≤cx h(z) & 1, then

inf
z≥cx′

h(z)→∞. (C.139)

Since h(z) . elog z+(z−a∗)ζ by definition, it holds that, if sup0≤z≤cx h(z) & 1, there exists

0 ≤ aN ≤ cx such that h(aN) & 1 and thereby

elog aN+(aN−a∗)ζ & 1.

Because a∗ζ − log aN & logN by the first part of (E.1), ζ∗ &
√

logN due to our assumption

on ρ, and aN = o(logN), we have ζ & a−1
N logN &

√
logN . For all z satisfying z − aN ≥

cx′ − cx &
√

logN , it holds that h(z) & h(aN)z−1e(z−aN )ζ → ∞ as ζ &
√

logN . We hence

establish (C.139).

We first suppose z∗ ≥ cd2 . From (C.138) and the definition of z∗ (B.1) we have h(z∗) h 1.

Then, since d2 < d3, it follows from (C.139) (by contradiction) that

sup
0≤z≤cd3

ρΦ(ζ − z)

Φ(−z)
→ 0. (C.140)

Using (C.140), and applying (C.137) and the monotonicity of mj(z) and Φ(−z) in z, it holds

that, for all (random) sequence z satisfying 0 ≤ z ≤ cd3 ,

m0(z) = 2NΦ(−z)(1 + oP(1)), m±(z) = oP(NΦ(−z)). (C.141)

Here we also use ρΦ(−ζ − z) ≤ Φ(−z). Comparing (C.141) with (C.134), we have that

P(z̆ ≤ cd3)→ 0. We hence have, with high probability,

µ2ρNΦ(ζ − z̆) ≤ µ2ρNΦ(ζ − cd3) ≤ µ2NΦ(−cd3) = oP(µ2Nd) = oP(1). (C.142)

Here the second inequality comes from (C.140), the first equality comes from d3 < d, and the

last equality comes from µ ≤ N−d. (The situation where z̆ does not exists is equivalent with
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z̆ being so large that supi |ẑi| < z̆ and is hence a special case.) Given (C.142), Lemma E7

applies and we obtain ŜBH
τ = S̃2(z̆) = oP(1).

On the other hand, we have

SBH
τ =

N1/2E(ψ̃2,i(z
∗)si)

E(ψ̃2,i(z
∗)2)1/2

≤
µN1/2E(|ψ̃2,i(z

∗)|1{αi 6=0,|ži|≥z∗})

σE(ψ̃2,i(z
∗)2)1/2

≤ µ

σ

√
NE(1{αi 6=0,|ži|≥z∗}) ≤

µ

σ

√
2ρNΦ(ζ − z∗) . µ

√
NΦ(−z∗) = o(1).

The second inequality comes from Cauchy-Schwarz inequality, the last inequality comes from

(B.1), and the last equality comes z∗ ≥ cd2 and NΦ(−cd2) = oP(Nd) as d2 < d. Hence we

prove ŜBH
τ − SBH

τ = oP(1) under z∗ ≥ cd2 .

Now suppose z∗ ≤ cd2 . Then it follows from (C.138), (B.1) and (C.139) that, as d1 < d2,

inf
z≥cd1

ρΦ(ζ − z)

Φ(−z)
→∞. (C.143)

Since d1 > 0, we have NΦ(−cd1)→∞. Given (C.143), we further have ρNΦ(ζ − cd1)→∞.

Applying (C.137), and using (C.143), it holds that

m0(cd1) = oP(ρΦ(ζ − cd1)), m±(cd1) = ρΦ(ζ − cd1)(1 + oP(1)). (C.144)

Let h̃(z) := 2NΦ(−z)/
∑

j∈{0,+,−}mj(z). From (C.144), we know that h(cd1) = oP(1). Since

h̃(0) = 1, we know that with high probability z̆ exists and satisfy 0 ≤ z̆ ≤ cd1 . Since Φ(−z)

is decreasing in z, we have NΦ(−z̆)→∞ and ρNΦ(ζ − z̆)→∞ in probability. Therefore,

we obtain from (C.137) that

m0(z̆) = 2NΦ(−z̆)(1 + oP(1)), m±(z̆) =
ρ

2
N(Φ(ζ − z̆) + Φ(−ζ − z̆))(1 + oP(1)). (C.145)

Since z̆′ ≤ z̆, (C.145) would still hold if all z̆ are replaced by z̆′. Hence, substituting (C.145)

back into (C.134), and noting Φ(−ζ − z) ≤ Φ(−z), we have

2(1− τ)Φ(−z̆)

τρΦ(ζ − z̆)
= 1 + oP(1). (C.146)

Next, using (B.1) and (E.15), we note that z∗ ≤ cd2 leads to that ζ &
√

logN (see a few lines

after (C.139)). As a result, using (E.15), and comparing (B.1) and (C.146), we have

|z̆ − z∗| = oP

(
1/
√

logN
)
. (C.147)
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We finally obtain

ŜBH
τ =

ŵ′q(T
−1/2z̆)ᵀMβα

σ‖Mβŵ′q(T
−1/2z̆)‖

= S2(z∗) + oP(SOPT + 1) = SBH
τ + oP(SOPT + 1).

where the first equality holds by definition, the second comes from (C.147), ρNΦ(ζ − z∗) ≥
ρNΦ(ζ − cd1)→∞ (see after (C.143)), and Lemma E6 (choose q = 2 and (λ′, λ) = (z̆, z∗))),

and the last holds by S2(z∗) = SBH
τ due to ψi = E(si|G) and that ψ̃q,i(z

∗) is G-measurable.

We hence prove ŜBH
τ − SBH

τ = oP(SOPT + 1) under z∗ ≤ cd2 .

Proof of Proposition B3, Part 2. In this part we prove that the sufficient and necessary con-

dition is correct. By definition it holds that

SBH
τ

SOPT
=
S2(z∗)

SOPT
=

E(ψ̃2,i(z
∗)ψi)

E(ψ̃2,i(z
∗)2)1/2E(ψ2

i )
1/2

= Corr(ψi, ψ̃2,i(z
∗)). (C.148)

The first equality holds by S2(z∗) = SBH
τ due to ψi = E(si|G) and that ψ̃q,i(z

∗) is G-

measurable. Since ρ → 0 by assumption, we know that z∗ → 0 does not hold as it con-

tradicts its definition (B.1). Moreover, we have that, using the first part of (E.1) and that

− log ρ h logN by assumption, ζ−a∗ ≥ −cN
√

logN and ζ−ζ∗ ≥ −cN
√

logN are equivalent.

Hence, according to (E.23) and (E.24) of Lemma E3 (choose q = 2), using (C.148) and the

subsequence argument, and recalling ζ =
√
Tµ/σ and ζ∗ =

√
−2 log ρ, we readily obtain the

“only if” part. Then we study the “if” part, according to (E.25), we only need to show that,

for all fixed ε > 0, there exists a fixed τ > 0 such that, for large N ,

Φ(−z∗)
ρΦ(ζ − a∗)

≤ ε. (C.149)

The rest of the proof is to show (C.149). Rewritting the definition of z∗, and noting τ is

fixed, we have
ρΦ(ζ − z∗)
2Φ(−z∗)

=
1− τ
τ

h 1. (C.150)

Using (E.15) and the second part of (E.1) (recall χ(a) and a∗ are introduced in the statement

of Lemma E1), noting χ(a) := ρ
2
φ(a− ζ)/φ(a), we obtain from (C.150) that

h(z∗) :=
z∗

1 + (z∗ − ζ)+

e(z∗−a∗)ζ h 1. (C.151)

Here we also introduce h(z∗) as short-hand notation. Suppose z∗ ≥ a∗ + 1. Then h(z∗) ≥
e(z∗−a∗)ζ →∞. Suppose a∗ ≤ z∗ ≤ a∗+1. Then h(z∗) ≥ 1+a∗

2+(a∗−ζ)+ →∞. Suppose z∗ ≤ a∗−1.
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Then h(z∗) ≤ a∗e−ζ → 0. Hence we conclude a∗ − 1 ≤ z∗ ≤ a∗ for large N . Therefore, it

follows from (C.151) that

e(a∗−z∗)ζ h
a∗

1 + (a∗ − ζ)+

. (C.152)

It then holds that, when ζ − ζ∗ ≥ −cN
√

logN ,

a∗ − z∗ .
1

ζ
log

a∗

1 + (a∗ − ζ)+

.
1

1 + (a∗ − ζ)+

1 + (a∗ − ζ)+

a∗
log

a∗

1 + (a∗ − ζ)+

≤ o

(
1

1 + (a∗ − ζ)+

)
. (C.153)

The first inequality follows from (C.152). The second inequality comes from a∗ h ζ due

to the first part of (E.1) and ζ∗ h
√

logN by the assumption on ρ. To obtain the last

inequality, we utilize that (a∗ − ζ)+ = o(a∗), again due to the first part of (E.1), and that

limx→∞ x
−1 log x = 0. We hence obtain

|Φ(ζ − z∗)− Φ(ζ − a∗)|
Φ(ζ − a∗)

. (a∗ − z∗) max
z∗≤a≤a∗

φ(a− ζ) = o

(
φ(a∗ − ζ)

1 + (a∗ − ζ)+

)
= o(Φ(ζ − a∗)).

(C.154)

The first inequality is obvious given that z∗ ≤ a∗ for large N . The first equality comes from

(C.153) and that supy:|y|.(1+|x|)−1 φ(x + y) . φ(x) uniformly over x. The last equality is a

result of (E.15). It follows from (C.154) that Φ(ζ − a∗) = Φ(ζ − z∗)(1 + o(1)). Combining

this result with (C.150), we further have 2Φ(−z∗)/(ρΦ(ζ − a∗)) = (1 + o(1))τ/(1 − τ). We

hence prove (C.149) and the proof concludes.

C.7.3 Proof of Proposition B4

By definition, we have w̆1,i(λ) = σ̂−1
i ψ1(ŝi, λ) = T−1/2σ̂−1

i ψ1(ẑi, T
1/2λ) = T−1/2w̃′1(T 1/2λ) and

ψ1(ši, λ) = T−1/2ψ̃1(T 1/2λ). Hence, it holds that

Ŝ1,λ =
w̆1(λ)ᵀMβα

σ‖Mβw̆1(λ)‖
= Ŝ ′1(T 1/2λ), SLasso

λ =
N1/2E(ψiψ1(ši, λ))√

E(ψ1(ši, λ)2)
= S1(T 1/2λ), (C.155)

where the first equality in the second part comes from ψi = E(si|G) and that ψ1(ši, λ) is

G-measurable.

Suppose λ satisfies ρNΦ(ζ − T 1/2λ)→∞. Then we have

Ŝ1,λ = Ŝ ′1(T 1/2λ) = S1(T 1/2λ) + oP(SOPT + 1) = SLasso
λ + oP(SOPT + 1). (C.156)

Here the first and last equality comes from (C.155) and the second equality comes from
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Lemma E6 as ρNΦ(ζ − T 1/2λ)→∞ (replace both λ′ and λ with T 1/2λ and choose q = 1).

Now suppose ρNΦ(ζ − T 1/2λ) . 1. It holds that

S1(T 1/2λ) =
N1/2E(ψ̃1,i(T

1/2λ)si)

E(ψ̃1,i(T
1/2λ)2)1/2

≤ µ

σ

√
NE(1{|ši|≥0,αi 6=0}) ≤

µ

σ

√
2ρNΦ(ζ − T 1/2λ) = o(1).

(C.157)

Here the first equality comes from ψi = E(si|G) and that ψ̃1,i(λ) is G-measurable. The first

inequality holds by |si| = µ
σ
1{αi 6=0} and Cauchy-Schwarz inequality. The second inequality is

obvious. The last equality comes from µ = o(1) by assumption. Since ρNΦ(ζ − T 1/2λ) . 1

leads to µ2ρNΦ(ζ−T 1/2λ)→ 0, Lemma E7 applies and hence Ŝ ′1(T 1/2λ) = oP(1). Combining

with (C.157), we obtain Ŝ ′1(T 1/2λ) = S1(T 1/2λ) + oP(1). Given (C.155), we obtain Ŝ1(λ) =

SLasso
λ + oP(1) under ρNΦ(ζ − T 1/2λ) . 1. Hence we establish Ŝ1(λ) = SLasso

λ + oP(1) with

the classic subsequence argument.

Finally, it holds that

SLasso
λ

SOPT
=
S1(T 1/2λ)

SOPT
=

E(ψ̃1,i(T
1/2λ)ψi)

E(ψ̃1,i(T
1/2λ)2)1/2E(ψ2

i )
1/2

= Corr(ψi, ψ̃1,i(T
1/2λ)), (C.158)

where the first equality comes from (C.155) and the second comes from the definition of S1

and SOPT = N1/2E(ψ2
i )

1/2. On the other hand, we have that, using the first part of (E.1) and

that − log ρ h logN by assumption, ζ − a∗ → ∞ and ζ − ζ∗ → ∞ are equivalent. Hence,

according to (E.23) and (E.24) of Lemma E3 (replace λ with T 1/2λ and choose q = 2), using

(C.158), and recalling ζ =
√
Tµ/σ and ζ∗ =

√
−2 log ρ, we obtain the remaining statements

of Proposition B4.

Appendix D Lemmas supporting Section C.4

Lemma D1. We define ūi = T−1
∑

s∈T ui,s. Suppose Assumptions 1 and 2 hold and that

‖β‖MAX .P 1 and λmin(βᵀβ) &P N . Also suppose logN . T . Nd with fixed d < 1. Then it

holds that, as N, T →∞,

max
1≤i≤N

|σ̂2
i − σ2

i | = OP

(√
(logN)/T

)
, (D.1)

max
1≤i≤N

|(Pβū)i| = OP

(
1/
√
TN

)
, (D.2)

max
1≤i≤N

|(Pβα)i| = OP(N−1/2E(s2
i )

1/2). (D.3)

Proof. We start with (D.1). First of all, we write
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max
1≤i≤N

|σ̂2
i − σ2

i | ≤ ‖Mβ(T−1uuᵀ − ūūᵀ)Mβ − Σu‖MAX

≤ ‖MβΣuMβ − Σu‖MAX + ‖Mβ(T−1uuᵀ − ūūᵀ − Σu)Mβ‖MAX. (D.4)

Now we establish the upper bounds of the two terms in the second line. We write

‖MβΣuMβ − Σu‖MAX ≤ ‖PβΣuPβ‖MAX + 2‖PβΣu‖MAX

≤ (N‖Pβ‖MAX + 2)‖Pβ‖MAX‖Σu‖MAX .P N
−1. (D.5)

The last inequality comes from ‖Pβ‖MAX ≤ C‖β‖2
MAX‖(βᵀβ)−1‖MAX .P N−1, which is true

by assumption. On the other hand, we have

‖Mβ(T−1uuᵀ − ūūᵀ − Σu)Mβ‖MAX

≤ ‖T−1uuᵀ − ūūᵀ − Σu‖MAX(1 + 2N‖Pβ‖MAX +N2‖Pβ‖MAX) .P

√
(logN)/T ,(D.6)

where the last inequality comes from the uniform bound on i.i.d. normal variables, logN . T

by assumption, and that λmax(Σu) .P 1 by condition (a) of Assumption 1. Substituting (D.5)

and (D.6) into (D.4), and noting N−1 ≤ C
√

(logN)/T by assumption, we obtain (D.1).

We obtain (D.2) by writing

max
1≤i≤N

|(Pβū)k| ≤ C‖β‖MAX‖(βᵀβ)−1‖MAX max
1≤k≤K

|(βᵀū)k| .P max
1≤k≤K

N−1|(βᵀū)k| .P 1/
√
TN.

Here the last inequality comes from that K is fixed, E(ūiūj|β,Σu) . δi,jσ
2
i T
−1 by conditions

(a) and (b) of Assumption 1, and λmax(Σu) .P 1.

Finally, we write

max
1≤i≤N

|(Pβα)i| ≤ C‖β‖MAX‖(βᵀβ)−1‖MAX max
1≤k≤K

|(βᵀα)k| ≤ CN−1 max
1≤k≤K

|(βᵀα)k|. (D.7)

On the other hand, from condition (a) and (b) of Assumption 1 and condition (a) of Assump-

tion 2, we have E(αiαj|β,Σu) = δi,jσ
2
i E(s2

i ). Therefore, as K is fixed and λmax(Σu) .P 1, we

have

max
1≤k≤K

|(βᵀα)k| .P cNN
1/2‖β‖MAX .P N

1/2E(s2
i )

1/2. (D.8)

Substituting (D.8) into (D.7), we obtain (D.3).

Lemma D2. Suppose Assumptions 1 and 2 hold and that ‖β‖2
MAX .P 1 and λmin(βᵀβ) &P N .

Also assume Nd . T . Nd′ with fixed d > 0 and d′ < 1. Then it holds that, as N, T →∞,

max
1≤i≤N

|ŝi − ši| .P cNT
−1/2k̃N . (D.9)
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If we additionally have T & Nd with fixed d > 1/2, then it holds that, as N, T →∞,

max
i∈B
|ŝi − ši| .P χN . (D.10)

Here χN :=
√

1/N(k5
N +E(s2

j)
1/2), and set B is B := {i ∈ N : T 1/2|ši| ≤ k̃N}, with k̃N := k−2

N .

Proof. By definition we have

ŝi − ši = −(Pβα)i
σ̂i

− (Pβū)i
σ̂i

+

(
σi
σ̂i
− 1

)
ši. (D.11)

Since T & Nd with d > 0 by assumption, (D.1) of Lemma D1 leads to max1≤i≤N |σ̂2
i − σ2

i | =
oP(1). Then, noting mini σi &P 1 by condition (d) of Assumption 1, we obtain mini σ̂i &P 1.

Applying (D.1) again, we have maxi

∣∣∣σiσ̂i
− 1
∣∣∣ .P

√
(logN)/T . Using these two results, and

substituting (D.2) and (D.3) of Lemma D1 into (D.11), we obtain

max
1≤i≤N

|ŝi− ši| .P χN +
√

(logN)/T max
1≤i≤N

|ši|, max
i∈B
|ŝi− ši| .P χN +

√
(logN)/T max

i∈B
|ši|.

(D.12)

Since P(|si| ≥ 1) ≤ E(s2
i1{|si|≥1}) ≤ cNN

−1 by condition (a) of Assumption 2, we have

P(maxi |si| ≥ 1) ≤ cN . Combining this result with maxi |ε̄i| .P

√
(logN)/T by the uniform

bound on i.i.d. normal variables, we obtain max1≤i≤N |ši| .P 1 (again noting T & Nd with

d > 0 by assumption). Then we have
√

(logN)/T max1≤i≤N |ši| .P T
−1/2
√

logN . Also, we

have χN ≤ cNT
−1/2 since T = o(N) by assumption and E(s2

j) . 1 + E(s2
i1{|si|≥1}) . 1 by

condition (a) of Assumption 2. Substituting the two bounds into the first part of (D.12), we

achieve (D.9).

On the other hand, the definition of set B leads to maxi∈B |ši| ≤ T−1/2k̃N . Then, noting

T & Nd with d > 1/2 by assumption, we have
√

(logN)/T maxi∈B |ši| .
√

1/Nk5
N ≤ χN .

Given the second part of (D.12), we obtain (D.10).

Lemma D3. Suppose Assumptions 1 and 2 hold and that ‖β‖2
MAX .P 1 and λmin(βᵀβ) &P N .

Nd . T . Nd′ with fixed d > 1/2 and d′ < 1. Then it holds that, as N, T →∞,

P(p(ši) ≥ T 1/2N−3/2,∀i ≤ N) ≥ 1− cN . (D.13)

Proof. Note that when |x| < 1, we can find C > 1 such that a ≥ C implies |a− x| ≥ C − 1.

Therefore, for |x| < 1, we have∫
|a|≥C

φ1/T (x− a)da ≤
∫
|a|≥C−1

√
T exp(−Ta2/2)da . exp(−T ) ≤ cNN

−1. (D.14)
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The last step comes from T & Nd for some d > 1/2 by assumption. Then we can bound∫
|a|≥C

p(a)da ≤
∫
|x|≥1

ps(x)dx+

∫
|x|<1

∫
|a|≥C

φ1/T (x− a)daps(x)dx

≤
∫
|x|≥1

ps(x)dx+ sup
x:|x|<1

∫
|a|≥C

φ1/T (x− a)da ≤ cNN
−1. (D.15)

Here the last inequality comes from (D.14) and
∫
|x|≥1

ps(x)dx ≤ E(s2
i1{|si|≥1}) ≤

E(s2
i1{|si|≥cN}) ≤ cNN

−1 by condition (a) of Assumption 2. It follows from (D.15) that

P(p(ši) < T 1/2N−3/2) =

∫
1{p(a)<T 1/2N−3/2}p(a)da

≤ cNN
−1 +

∫
|a|<C

1{p(a)<T 1/2N−3/2}p(a)da ≤ cNN
−1. (D.16)

The last inequality also uses T = o(N) by assumption. (D.16) proves the lemma by Bonferroni

inequalities.

Lemma D4. It holds that, for j ∈ {0, 1} and for all (a, ā) satisfying |ā − a| ≤ 1/
√

6 logN ,

as N →∞,

|ajφ(a)− ājφ(ā)| . (logN)(j+1)/2|ā− a|φ(a) + cNN
−2, (D.17)

φ(ā) . (logN)(j+1)/2(1 + |a|)−(j+1)(φ(a) + cNN
−2). (D.18)

Proof. We first write that, for all a and for j ∈ {0, 1},

|ajφ(a)− ājφ(ā)| ≤ |āj − aj|φ(a) + (|āj − aj|+ |a|j)|φ(ā)− φ(a)|

≤ |ā− a|φ(a) + (|ā− a|+ |a|j)φ(a)|e−(a2−ā2)/2 − 1|.

On the other hand, for all sequence bN satisfying bN ≥ 1, and for all (a, ā) satisfying |a| ≤ bN

and |ā−a| ≤ b−1
N , we have |e−(a2−ā2)/2−1| . |ā−a|bN . As a result, for all such bN and (a, ā),

it holds that, for j ∈ {0, 1},

|ajφ(a)− ājφ(ā)| . bj+1
N |ā− a|φ(a). (D.19)

Moreover, it holds that, for j ∈ {0, 1, 2} and for all b′N that satisfies b′N ≥
√

5 logN ,

sup
a:|a|≥b′N

|ajφ(a)| ≤ cNN
−2. (D.20)

Then, choosing bN =
√

6 logN , which ensures bN ≥
√

5 logN and bN − b−1
N ≥

√
5 logN for
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large N , we obtain (D.17) by combining (D.19) and (D.20). Further, (D.18) would directly

come from (D.17) by choosing j = 0 when |a| ≤
√

6 logN , which guarantees (logN)(1 +

|a|)−2 & 1. For |a| ≥
√

6 logN , we obtain (D.18) from (D.20) by choosing j = 2, because in

this case we have |ā| ≥
√

5 logN for large N , and 1 + |a| ∼ 1 + |ā|. The proof ends.

Appendix E Lemmas supporting Section C.7

Lemma E1. Suppose that rt follows (1), Assumption 1 holds, ui,t h N (0, σ2), and α following

(5) as in Example 1. Also assume N−d
′ ≤ ρ ≤ N−d with fixed d′ > d > 0. Recall we

define p(a) and ψ(a) in Corollary 2 and Φ(x) is the standard normal cumulative distribution

function. Then it holds that (i) when ζ − ζ∗ . −
√

logN ,∫
ψ(a)2p(a)da h (1 ∧ ζ2)µ2ριΦ(a∗ − 2ζ);

(ii) when ζ − ζ∗ ≥ −cN
√

logN ,∫
ψ(a)2p(a)da h µ2ρΦ(ζ − a∗).

Here ι := e3ζ2/2−ζa∗, ζ∗ and χ(a) are defined by ζ∗ :=
√
−2 log(ρ/2) and χ(a) := ρ

2
φ(a −

ζ)/φ(a), and a∗ is the solution of χ(a) = 1.

Proof. It follows from definition that

a∗ =
ζ

2
+
ζ∗2

2ζ
and χ(a) = exp((a− a∗)ζ). (E.1)

By definition we have

T−1/2p(T−1/2a) = (1− ρ)φ(a) +
ρ

2
φ(|a| − ζ) +

ρ

2
φ(|a|+ ζ).

Because φ(|a|+ ζ) ≤ φ(a) and ρ→ 0 we have, uniformly over a ≥ 0,

T−1/2p(T−1/2a) = (1 + o(1))
ρ

2
φ(a− ζ)(1 + χ(a)−1). (E.2)

We also note φ(a+ ζ) = exp(−2aζ)φ(a− ζ). Therefore, uniformly over a ≥ 0,

ψ(T−1/2a) = (1 + o(1))µ
1− exp(−2aζ)

1 + χ(a)−1
. (E.3)

As a result of (E.2) and (E.3), it holds that
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∫
ψ(a)2p(a)da = (1 + o(1))µ2ρB∗, with B∗ :=

∫ ∞
0

(1− exp(−2aζ))2 χ(a)

1 + χ(a)
φ(a− ζ)da.

(E.4)

Then the goal becomes characterization of B∗ across different cases. For this purpose, we

introduce two set sequences A1 = (0, a∗) and A2 = (a∗,∞). Based on these sets, we define,

for j ∈ {1, 2},

Bj =

∫
Aj

(1−exp(−2aζ))2 χ(a)

1 + χ(a)
φ(a−ζ)da, B′j :=

∫
Aj

(1−exp(−2aζ))2φ(a−2ζ)da. (E.5)

It apparently holds that B∗ = B1 + B2. Furthermore, from the first part of (E.1), we note

ζa∗ → ∞ and thereby supa≥a∗ exp(−2aζ) → 0. From the second part of (E.1), χ(a) ≤ 1 for

all a ≤ a∗ and χ(a) ≥ 1 for all a ≥ a∗. Hence, it follows from (E.5) that

B1 h
∫ a

0

(1− exp(−2aζ))2χ(a)φ(a− ζ)da, B2 h
∫ ∞
a∗

φ(a− ζ)da. (E.6)

We note χ(a)φ(a − ζ) = ιφ(a − 2ζ). Applying this relation to the two parts of (E.6), we

obtain, respectively,

B1 h ιB′1, B2 . ιB′2. (E.7)

where, for the second result, we use that infa≥a∗(1 − exp(−2aζ))2χ(a) & 1 due to

infa≥a∗ χ(a) ≥ 1 and infa≥a∗ aζ →∞ by the first part of (E.1).

Now we gauge the magnitude of B1 and B2 for cases (i) and (ii). We further separate case

(i) into two subcases: case (ia) where ζ . 1 (under which ζ − ζ∗ . −
√

logN always holds,

as ζ∗ &
√

logN by the assumption ρ ≤ N−d with fixed d > 0), and case (ib) where ζ → ∞
and ζ − ζ∗ . −

√
logN . We start with case (ia) where ζ . 1. We note

φ(a− 2ζ) exp(−2aζ) = φ(a) exp(−2ζ2), φ(a− 2ζ) exp(−4aζ) = φ(a+ 2ζ). (E.8)

Using (E.8), we obtain

B′1 +B′2 =

∫
(1− exp(−2aζ))2φ(a− 2ζ)da = 1− exp(−2ζ2). (E.9)

Moreover, it apparently holds

B′2 ≤
∫
A2

φ(a− 2ζ)da = Φ(2ζ − a∗). (E.10)

On the other hand, when ζ . 1, we have a∗ − 2ζ ≥ ζ∗2/(3ζ) for N sufficiently large. Then,

when ζ . 1

45



ζ−2Φ(2ζ − a∗) . 1

ζ∗4
ζ∗2

ζ
exp(−ζ∗4/(18ζ2))→ 0. (E.11)

where the last convergence comes from ζ∗ → ∞ (by the assumption ρ ≤ N−d with fixed

d > 0), ζ∗2/ζ →∞ (as ζ . 1), and limx→∞ x exp(−x2) = 0. Since 1− exp(−2ζ2) h ζ2 under

ζ . 1, combining (E.9), (E.10), and (E.11), we obtain that, when ζ . 1,

B′1 h ζ2, B′2 = o(ζ2). (E.12)

Substituting (E.12) into (E.7), we obtain (recall B∗ = B1 +B2) that, when ζ . 1,

B∗ h ζ2e−ζa
∗
. (E.13)

(E.4) and (E.13) together lead to
∫
ψ(a)2p(a)da h µ2ζ2ρe−ζa

∗
. Given ι h e−ζa

∗
and Φ(a∗ −

2ζ) h 1 (by the first part of (E.1)) when ζ . 1, we prove the lemma for case (ia).

Next, we study cases (ib) and (ii). We note in both cases we have ζ → ∞. Using (E.8)

and Φ(x) = 1− Φ(−x), we obtain by direct calculation

B′1 =

∫ a∗

0

φ(a−2ζ)da = Φ(a∗−2ζ)−2Φ(−2ζ)+Φ(−a∗−2ζ)−exp(−2ζ2)(2Φ(a∗)−1). (E.14)

We note that, uniformly over x,

Φ(−x) h
1

1 + x+

φ(x+), (E.15)

where x+ = max{x, 0}. Using (E.15), we obtain Φ(a∗ − 2ζ) ≥ Φ(−3ζ/2) h 1
1+ζ

φ(3ζ/2) h
1

1+ζ
exp(−9ζ2/8). Then we have, Φ(−2ζ) = o(Φ(a∗ − 2ζ)) and exp(−2ζ2) = o(Φ(a∗ − 2ζ))

when ζ →∞. Since Φ(−a∗ − 2ζ) ≤ Φ(−2ζ) and 0 ≤ Φ(a∗) ≤ 1, we obtain from (E.14) that,

when ζ →∞,

B′1 = (1 + o(1))Φ(a∗ − 2ζ). (E.16)

Substituting (E.16) into the first part of (E.7), and noting the second part of (E.6), we obtain

that, when ζ →∞,

B1 h ιΦ(a∗ − 2ζ), B2 h Φ(ζ − a∗). (E.17)

We first investigate case (ib), in which it holds that a∗ − ζ &
√

logN according to the first

part of (E.1) and ζ∗ h
√

logN by the assumption on ρ. Then from (E.17) and (E.15), it

follows that, in case (ib),

B1 &
1

1 + (2ζ − a∗)+

φ(a∗ − ζ), B2 h
1

1 + (a∗ − ζ)+

φ(a∗ − ζ). (E.18)
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Here the first part comes from φ(x+) ≥ φ(x) for all x, and φ(2ζ − a∗)e3ζ2/2−ζa∗ = φ(a∗ − ζ).

The second part comes from a∗− ζ &
√

logN . Since 1 + (2ζ − a∗)+ . (a∗− ζ)+ according to

the first part of (E.1) and ζ∗ h
√

logN by the assumption on ρ, we obtain from (E.18) that,

in case (ib),

B2 . B1. (E.19)

Now we study case (ii), in which it holds that a∗ − ζ ≤ cN
√

logN by the first part of (E.1)

and ζ∗ h
√

logN . Hence, we have 2ζ − a∗ & 1. Therefore, from (E.17) and (E.15), it follows

that, in case (ii),

B1 h
1

1 + (2ζ − a∗)+

φ(a∗ − ζ), B2 &
1

1 + (a∗ − ζ)+

φ(a∗ − ζ). (E.20)

Here the first part comes from 2ζ − a∗ & 1 and φ(2ζ − a∗)e3ζ2/2−ζa∗ = φ(a∗ − ζ). The second

part comes from φ(x+) ≥ φ(x) for all x. Since 1 + (a∗− ζ)+ = o((2ζ − a∗)+), we obtain from

(E.20) that, in case (ii),

B1 = o(B2). (E.21)

Combining (E.19) and (E.21) with (E.17), we prove the lemma for cases (ib) and (ii). The

proof concludes.

Lemma E2. Suppose a real-valued function sequence hN : R → R, a sequnce aN , and a

positive sequence ∆N satisfy ∆
−1/2
N (1AN

− hN) → 0 in L2 with AN := (aN , aN + ∆N). Then

there exists a set sequence ĀN such that∫
AN−ĀN

da = o(∆N) and sup
a∈A′N

|hN(a)− 1| = o(1).

Proof. We define h∗N(a) = hN(a∆−1
N ) and A∗N = (aN∆−1

N , aN∆−1
N + 1). Then clearly (1A∗N −

h∗N) → 0 in L2. This further leads to h∗N → 1A∗N
in measure (see, e.g., Theorem 2.15.a of

Folland (2009)), i.e., for every ε > 0,
∫
A∗N

1{|1−h∗N (a)|≥ε}da→ 0. This is equivalent to that, for

every ε > 0,

∆−1
N

∫
AN

1{|1−hN (a)|≥ε}da→ 0. (E.22)

We hence prove the lemma.

Lemma E3. Suppose the same assumptions as in Lemma E1 and let a∗ be as defined therein.

Then there exists a deterministic sequence λ ≥ 0 such that Corr(ψi, ψ̃q,i(λ))→ 1 if and only

if, for some cN → 0,
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{
(µ, ρ) ∈

{
(µ, ρ) : ζ ≤ cNor ζ − a∗ ≥ c−1

N

}
for q = 1,

(µ, ρ) ∈
{

(µ, ρ) : ζ ≤ cNor ζ − a∗ ≥ −cN
√

logN
}

for q = 2.
(E.23)

Moreover, if sequence λ ≥ 0 is determnistic, Corr(ψi, ψ̃q,i(λ))→ 1 if and only if{
λ→ 0, when ζ → 0and q ∈ {1, 2},
ζ − λ→∞and φ(λ)

ρ(1+λ2)(ζ−λ)2
→ 0, when ζ − a∗ →∞and q = 1.

(E.24)

Further, when ζ − a∗ ≥ −cN
√

logN , it holds that

Corr(ψi, ψ̃q,i(λ)) ≥ 1 + o(1) +O

(
Φ(−λ)

ρΦ(ζ − a∗)

)
. (E.25)

Proof. Step 1. As a result of (E.2) and (E.3), it holds that, by the symmetry of ψ(a), ψ̃q(a, λ),

and p(a), ∫
ψ(a)2p(a)da = (1 + o(1))µ2ρ

∫ ∞
0

(1− exp(−2aζ))2 χ(a)

1 + χ(a)
φ(a− ζ)da,(E.26)∫

ψ̃q(a, λ)2p(a)da = (1 + o(1))ρ

∫ ∞
0

ψ̃q(a, λ)2 1 + χ(a)

χ(a)
φ(a− ζ)da, (E.27)∫

ψ(a)ψ̃q(a, λ)p(a)da = (1 + o(1))µρ

∫ ∞
0

ψ̃q(a, λ)(1− exp(−2aζ))φ(a− ζ)da. (E.28)

To facilitate the exposition, we introduce short-hand notation

f(a) :=

√
χ(a)

1 + χ(a)
φ(a− ζ)1{a≥0}, g(a) = (1− e−2aζ)f(a), g̃q(a) = ψ̃q(a, λ)

1 + χ(a)

χ(a)
f(a).

Comparing the definitions of f and g with the right-hand sides of (E.26), (E.27), and (E.28),

we obtain, for q ∈ {1, 2},

Corr(ψi, ψ̃q,i(λ)) = (1 + o(1))θq(λ), θq(λ) :=
〈g, g̃q〉
‖g‖‖g̃q‖

, (E.29)

where 〈g, g̃q〉 :=
∫
g(a)g̃q(a)da and ‖g‖ :=

√
〈g, g〉 stand for the L2-inner product and L2-

norm. Moreover, we note that 1 − θq(λ) = 1
2

1
‖g‖2

∣∣∣g − ‖g‖
‖g̃q‖ × g̃q

∣∣∣2. Let d∗ be the scalar that

minimizes ‖g − d× g̃q‖. It obviously holds that, for q ∈ {1, 2},

1− θq(λ) ≥ 1

2‖g‖2
‖g − d∗ × g̃q‖2. (E.30)
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Moreover, we have that, if θq(λ) ≥ 0 and for q ∈ {1, 2},

1− θq(λ) ≤ 1− θq(λ)2 =
1

‖g‖2
‖g − d∗ × g̃q‖2. (E.31)

Given (E.29), (E.30), and (E.31), the proof will focus on evaluating ‖g−d∗× g̃q‖. In addition,

given the definition of ψ̃(a, λ), we can write, for q ∈ {1, 2},

‖g − d∗ × g̃q‖ =

∫
(1− e−2aζ − d∗ × hq(a))2f(a)2da, with hq(a) = (e(a∗−a)ζ + 1)ψ̃q(a, λ).

(E.32)

Further, to characterize the magnitude of ‖g‖, we consider, resepectively, case (ia) where

ζ → 0 (under which ζ − ζ∗ . −
√

logN always holds, as ζ∗ &
√

logN by the assumption

ρ ≤ N−d with fixed d > 0), case (ib) where ζ & 1 and ζ − ζ∗ . −
√

logN , and case (ii) where

ζ − ζ∗ ≥ −cN
√

logN . Here and below we adopt the notation introduced in the statement of

Lemma E1. Since B∗ is simply ‖g‖2 here, it follows from Lemma E1 that

‖g‖2 h

{
(1 ∧ ζ2)ιΦ(a∗ − 2ζ), cases (ia) and (ib);

Φ(ζ − a∗), case (ii).
(E.33)

By the classic subsequence argument, we can establish the lemma as long as we prove it under

each of cases (ia), (ib), and (ii).

Step 2. We start with demonstrating that, for each q ∈ {0, 1}, θq(λ) → 1 holds in case

(ia) if and only if we choose λ → 0. Suppose λ → 0 and let d̄∗ = 2ζe−a
∗ζ . We obtain that,

for each q ∈ {1, 2} and for all a ≥ 0,

|1− e−2aζ − d̄∗ × hq(a)| = |1− e−2aζ − 2ζψq(a, λ)(e−aζ + e−a
∗ζ)|

≤ |1− e−2aζ − 2ζa|+ 2ζλ+ 2ζa(|1− e−aζ |+ e−a
∗ζ)

≤ 4ζ2a2 + 2ζλ+ 2e−a
∗ζζa. (E.34)

The second inequality comes from that |ψq(a, λ)| ≤ a and |ψq(a, λ) − a| ≤ λ for all a ≥ 0.

The last inequality comes from that −1
2
x2 ≤ 1 − e−x − x ≤ 0 and 0 ≤ 1 − e−x ≤ x for all

x ≥ 0. As a result, we have, for each q ∈ {1, 2},

‖g − d∗ × g̃q‖2 ≤ ‖g − d̄∗ × g̃q‖2 . ι

∫ ∞
0

(ζ4a4 + ζ2λ2 + e−2a∗ζζ2a2)φ(a− 2ζ)da

. ι(ζ4 + ζ2λ2 + e−2a∗ζζ2) = o(ιζ2). (E.35)

Here the first inequality holds by the definition of d∗. The second inequality comes from

(E.32), (E.34), and f(a)2 ≤ χ(a)φ(a− ζ) = ιφ(a− 2ζ). The third inequality comes from that
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∫
ajφ(a − 2ζ)da =

∫
(a + 2ζ)jφ(a)da .

∫
(aj + ζj)φ(a)da . 1 for j ∈ {2, 4} as ζ → 0. The

last inequality comes from ζ → 0, a∗ζ →∞, and λ→ 0.

Now suppose λ & 1. Then it holds that, for each q ∈ {1, 2},

‖g − d∗ × g̃q‖2 ≥
∫ λ∧1

0

(1− e−2aζ)2f(a)2da & ιζ2

∫ λ∧1

0

a2φ(a− 2ζ) & ιζ2. (E.36)

The first inequality comes from g̃q(a) = 0 for all a ∈ (0, λ). The second inequality comes from

infa≤1 f(a)2 ≥ 1
2
χ(a)φ(a − ζ). According to (E.33), we have ‖g‖2 h ιζ2 as Φ(a∗ − 2ζ) h 1

(by the first part of (E.1)) when ζ → 0. Given (E.29), we prove that for each q ∈ {1, 2},
Corr(ψi, ψ̃q,i(λ))→ 1 if (by (E.31) and (E.35)) and only if (by (E.30) and (E.36)) λ→ 0 when

we are in case (ia), i.e., when we have ζ → 0. We hence establish the first part of (E.24).

Step 3. Next, we show that, for each q ∈ {1, 2}, θq(λ)→ 1 does not hold for any λ sequence

in case (ib). Note that we always have ζ & 1 and ζ−a∗ . 1 in case (ib), due to ζ−a∗ ≤ ζ−ζ∗

by the first part of (E.1). We introduce a set sequence A := ((2ζ) ∧ a∗ − 4∆, (2ζ) ∧ a∗), with

∆ := 1
1+(2ζ−a∗)+ ∧ (ζ/2). Because φ(x)′ = −xφ(x), it holds that, for any real sequence x and

any fixed positive constant C,

φ(x) . inf
a:|a−x|≤ C

1+|x|

φ(a) ≤ sup
a:|a−x|≤ C

1+|x|

φ(a) . φ(x). (E.37)

As a result, we have infa∈A f(a)2 & ιφ((2ζ) ∧ a∗ − 2ζ) (by (E.37), the relation right after

(E.6), the definition of f , and A ⊂ (0,∞)), we have from (E.32) that, for q ∈ {1, 2},

‖g − d∗ × g̃q‖2 & ιφ((2ζ) ∧ a∗ − 2ζ)

∫
A

(1− e−2aζ − d∗ × hq(a))2da. (E.38)

According to (E.33) and (E.15), ‖g‖2 h ιφ((2ζ) ∧ a∗ − 2ζ)∆ in case (ib). Then, combining

(E.30) and (E.38), we obtain that, if θ(λ)→ 1, then, for q ∈ {1, 2},∫
A

(1− e−2aζ − d∗ × hq(a))2da = o(∆). (E.39)

It follows from Lemma E2 and (E.39) that, for each q ∈ {1, 2}, if θq(λ) → 1, there exists a

set sequence Ā such that,∫
A−Ā

da = o(∆) and sup
a∈Ā
|d∗ × hq(a)− (1− e−2aζ)| = o(1). (E.40)

It is almost obvious that (E.40) can not hold for any q ∈ {1, 2} and for any λ, given the

drastic difference between the definition of hq(a) and 1 − e−2aζ . To see this more clearly,
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we first consider the situation where ζ h 1. We note that, under ζ h 1 and uniformly over

a ∈ A (which becomes (2ζ − 4∆, 2ζ) for large N), hq(a) = (1 + o(1))ea
∗ζψ̃q(a, λ). Apply

the triangular inequality to (E.40) leads to supa∈Ā |d∗ea
∗ζ × ψ̃q(a, λ) − (1 − e−2aζ)| = o(1),

which can not hold for any q ∈ {1, 2} and for any λ sequence, because of the nonlinearity of

1− e−2aζ in a as ζ h 1.

Then we consider the situation where ζ →∞. It is trivial from (E.39) and that ψ̃q(a, λ) =

0 for a ≤ λ that λ ≤ (2ζ) ∧ a∗ − 7∆/2 for large N if θq(λ) → 1, for each q ∈ {1, 2}. As a

direct result, we have, by the definition of hq(a), that, for each q ∈ {1, 2}, if θq(λ) → 1 and

ζ →∞,
infa∈A+ hq(a)

supa∈A− hq(a)
& exp(ζ∆)→∞, (E.41)

where A+ := ((2ζ) ∧ a∗ − 3∆, (2ζ) ∧ a∗ − 2∆) and A− := ((2ζ) ∧ a∗ −∆, (2ζ) ∧ a∗). (E.41)

and (E.40) clearly contradict as, for large N , any Ā satisfying the first part of (E.40) would

overlap with both A+ and A−, and hence would violate the second part of (E.40) according to

(E.41). In other words, θq(λ)→ 1 does not hold under any λ sequence and for any q ∈ {1, 2}
if we are in case (ib).

Step 4. Now we demonstrate that, for each q ∈ {1, 2}, θq(λ) → 1 does not hold for

any λ sequence if we are in case (ii) and ∆−1(a∗ − λ) → ∞. We introduce a set sequences

A∗ := (a∗∨ζ+∆, a∗∨ζ+2∆) with ∆ := 1
1+(a∗−ζ)+ . We note that infa∈A φ(a−ζ) & φ((a∗−ζ)+)

by (E.37). Then, from (E.32) it follows that, for q ∈ {1, 2},

‖g − d∗ × g̃q‖2 & φ((a∗ − ζ)+)

∫
A∗

(1− e−2aζ − d∗ × hq(a))2da. (E.42)

According to (E.33) and (E.15), ‖g‖2 h φ((a∗ − ζ)+)∆. Then, combining (E.30) and (E.42),

we obtain that, for q ∈ {1, 2}, if θq(λ)→ 1,∫
A∗

(1− e−2aζ − d∗ × h1(a))2da = o(∆). (E.43)

Moreover, it follows from Lemma E2 and (E.43) that, for q ∈ {1, 2}, if θq(λ)→ 1, there exists

a set sequence Ā such that∫
A∗−Ā

da = o(∆) and sup
a∈Ā
|d∗ × hq(a)− 1| = o(1). (E.44)

Here we also use e−a
∗ζ → 0 (by the first part of (E.1) and ζ∗ h

√
logN → ∞ due to the

assumption on ρ). Now we prove by contradiction that, for each q ∈ {1, 2}, θq(λ)→ 1 can not

hold if ∆−1(a∗−λ)→∞. For this purpose, we introduce a set sequence A′ := (a∗−2∆, a∗−∆).
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Suppose ∆−1(a∗ − λ) → ∞ holds. Then we obtain that, for q ∈ {1, 2}, if θq(λ) → 1 and for

all a ∈ A∗ and a′ ∈ A′,

hq(a
′) = (1 + o(1))

exp((a∗ − a′)ζ) + 1

exp((a∗ − a)ζ) + 1
× hq(a) = (1 + o(1))χ(a′)−1 × hq(a). (E.45)

The first equality comes from ∆−1(a∗ − λ) → ∞ and the definition of ψ̃q. The last equality

comes from the definitions of A∗ and A′ and that exp(ζ∆)→∞, which in turn is a result of

that in case (ii) we have (a) ζ ≥ ζ∗ − cN
√

logN &
√

logN and (b) ∆−1 . cN
√

logN due to

a∗ − ζ h ζ∗ − ζ ≥ −cN
√

logN . Combining the second part of (E.44) and (E.45), we obtain

that, for q ∈ {1, 2}, if θq(λ)→ 1 and for all a ∈ A′,

d∗ × hq(a) = (1 + o(1))χ(a)−1. (E.46)

Since infa∈A′ χ(a)−1 →∞ due to exp(ζ∆)→∞, it follows from (E.46) that, for q ∈ {1, 2},

‖g − d∗ × g̃q‖2 ≥
∫
A′

(1− e−2aζ − d∗ × hq(a))2f(a)2da

&
∫
A′
χ(a)−1φ(a− ζ)da & ∆ inf

a∈A′
φ(a− ζ) & ‖g‖2,

where we note that infa∈A′ χ(a)−1 →∞ ( by χ(a∗) = 1 and exp(ζ∆)→∞) and infa∈A′ φ(a−
ζ) & φ((a∗ − ζ)+), and we recall ‖g‖2 h φ((a∗ − ζ)+)∆. This contradicts (E.30) and proves

that, for q ∈ {1, 2}, θq(λ)→ 1 can not hold if we are in case (ii) and ∆−1(a∗ − λ)→∞.

Step 5. This step completes the proof regarding condition (E.23) for q = 1, and prove the

second part of (E.24). Given (E.29) and the privious analysis for cases (ia) and (ib), to show

condition (E.23) for q = 1 we only need to demonstrate that, in case (ii), there exists some

sequence λ such that θ1(λ)→ 1 if and only if ζ − a∗ →∞.

We first show the “only if”. By definition of A∗ (see above (E.42)), it holds that

supa∈A∗ exp((a∗ − a)ζ) ≤ exp(−ζ∆) → 0. Substituting this result into the definition of

h1 given in (E.32) and that ψ1(a, λ) = (a− λ)+ for a ≥ 0, we obtain from the second part of

(E.44) that supa∈Ā(a − λ)+ = (1 + o(1)) infa∈Ā(a − λ)+. This results, given the first part of

(E.44) and the definition of A∗, translates into (a∗∨ζ+2∆−λ)+ = (1+o(1))(a∗∨ζ+∆−λ)+.

Also, it is trivial from (E.43) that λ ≤ a∗ ∨ ζ + 3∆/2 for large N . Therefore, we have that,

if θ1(λ)→ 1,

∆−1(a∗ ∨ ζ − λ)→∞. (E.47)

However, according to Step 4 and the subsequence argument, θ1(λ)→ 1 also leads to ∆−1(a∗−
λ) . 1. This bound and (E.47) can simultaneously hold only if ζ − a∗ →∞.

52



Now we show the “if” part. We note

‖f − g‖2 ≤
∫ ∞

0

e−2aζφ(a− ζ)da = Φ(−ζ)→ 0, (E.48)

where the first inequality comes from f(a)2 ≤ φ(a− ζ). Moreover, letting d̄∗ = (ζ − λ)−1, we

obtain

‖f − d̄∗ × g̃1‖2

=

∫ λ

0

f(a)2da+

∫ ∞
λ

(
1− (e(a∗−a)ζ + 1)× a− λ

ζ − λ

)2

f(a)2da

≤
∫ λ

0

f(a)2da+ 2

∫ ∞
λ

(
ζ − a
ζ − λ

)2

f(a)2da+ 2

∫ ∞
λ

e2(a∗−a)ζ

(
a− λ
ζ − λ

)2

f(a)2da

≤ Φ(λ− ζ) +
2

(ζ − a∗)2
+

4

(ζ − λ)2ρ

∫ ∞
λ

φ(a)(a− λ)2da. (E.49)

Here the equality comes from (E.32) and the first inequality is obvious. For the second

inequality we use f(a)2 ≤ φ(a− ζ),
∫

(x− ζ)2φ(x− ζ) = 1, and e2(a∗−a)ζf(a)2 ≤ χ(a)−1φ(a−
ζ) = 2

ρ
φ(a). We also note Φ(λ − ζ) → 0 if λ ≤ a∗, as ζ − a∗ → ∞. Hence, given (E.49),

and noting
∫∞
λ
φ(a)(a− λ)2da h 1

1+λ2
φ(λ), we have that ‖f − d̄∗ × g̃1‖ → 0, when λ satisfies

the second part of (E.24). (Such λ always exists, because λ = a∗ satisfy the condition as

ζ − a∗ → ∞ and ρ−1φ(a∗) = φ(a∗ − ζ)/2 → 0.) Given (E.48), and noting ‖g‖2 h 1 from

(E.33) (note ζ − a∗ → ∞ can only occur in case (ii) by the first part of (E.1)), we obtain

‖g− d̄∗ × g̃1‖ = o(‖g‖). Since ‖g− d∗ × g̃1‖ ≤ ‖g− d̄∗ × g̃1‖ by definition of d∗, the “if” part

follows from (E.31). We hence establish condition (E.23) for q = 1.

Now we prove the second part of (E.24). The paragraph after (E.49) already proves the

“if” part of the second part of (E.24).

We now demonstrate the “only if” part. When ζ − λ . 1, it holds that, for all d,

‖f − d× g̃1‖2 ≥
∫ λ

a∗
f(a)2da ≥ 1

2
(Φ(λ− ζ)− Φ(a∗ − ζ)) & 1. (E.50)

The first inequality comes from λ ≥ a∗ as ζ − a∗ → ∞, the second inequality comes from

that f(a)2 ≥ 1
2
φ(a − ζ) for all a ≥ a∗, and the last inequality comes from ζ − λ . 1 and

ζ − a∗ → ∞. Combining (E.48) and (E.50), and recalling (E.31) and that ‖g‖2 h 1 from

(E.33) under ζ − a∗ →∞, we obtain that the condition ζ − λ→∞ is necessary.

Now suppose ζ−λ→∞ holds but ρ−1φ(λ) & (1 +λ2)(ζ−λ)2. This indicates ρ−1φ(λ)→
∞. Since ρ−1φ(a∗)→ 0 (see after (E.49)), we have (a∗− λ)/(1 + λ)→∞. Therefore, letting

l(a) = 1{λ≤a≤a∗}, we have, for all d,
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‖g̃1× l‖2 =

∫ a∗

λ

(e(a∗−a)ζ +1)2(a−λ)2f(a)2da ≥ 2

ρ

∫ a∗

λ

(a−λ)2φ(a)da &
φ(λ)

ρ(1 + λ2)
& (ζ−λ)2.

(E.51)

The second inequality comes from (e(a∗−a)ζ + 1)2f(a)2 = (1 + χ(a)−1)φ(a − ζ) and χ(a) =
ρ
2
φ(a − ζ)/φ(a) by definition. The third inequality comes from (a∗ − λ)/(1 + λ) → ∞. The

last inequality comes from ρ−1φ(λ) & (1 + λ2)(ζ − λ)2 that we suppose. Since ‖f × l‖2 =∫ a∗
λ
f(a)2da ≤ Φ(a∗ − ζ)→ 0, given (E.48) and (E.51), we obtain that, for all d,

‖g − d× g̃1‖ = ‖f − d× g̃1‖+ o(1) ≥ ‖(f − d× g̃1)× l‖+ o(1) & d× (ζ − λ) + o(1). (E.52)

Given (E.52), and recalling ‖g‖2 h 1 from (E.33), ‖g − d × g̃1‖ = o(1) can hold only if

d = o((ζ − λ)−1). However, for all d ≤ 1
4
(ζ − λ)−1, it holds that

‖f−d× g̃1‖2 ≥
∫ ζ

a∗
(1−d×(e(a∗−a)ζ+1)(a−λ))2f(a)2da ≥ 1

4

∫ ζ

a∗
f(a)2da &

1

2
−Φ(a∗−ζ) & 1.

(E.53)

The second inequality comes from that e(a∗−a)ζ + 1 ≤ 2 and a− λ ≤ ζ − λ for all a ∈ (a∗, ζ),

the third inequality comes from that f(a)2 ≥ 1
2
φ(a− ζ) for all a ≥ a∗, and the last inequality

comes from ζ − a∗ → ∞. Given (E.48), (E.53) contradicts ‖g − d × g̃1‖ = o(1). Therefore,

recalling (E.31), we conclude that ρ−1φ(λ) = o((1 + λ2)(ζ − λ)2) is indeed necessary. The

second part of (E.24) has been proved.

Step 6. In this step we finish the proof regarding condition (E.23) for q = 2. Given (E.29)

and the privious analysis for cases (ia) and (ib), we only need to show that, in case (ii),

θ2(λ)→ 1 for some sequence λ. Under λ = a∗ and d̄∗ = ζ−1, we obtain

‖f − d̄∗ × g̃2‖2 =

∫ a∗

0

f(a)2da+

∫ ∞
a∗

(
1− (e(a∗−a)ζ + 1)× a

ζ

)2

f(a)2da

≤
∫ a∗

0

f(a)2da+ 2

∫ ∞
a∗

(
a− ζ
ζ

)2

f(a)2da+ 2

∫ ∞
a∗

e2(a∗−a)ζ a
2

ζ2
f(a)2da

≤ ιΦ(2ζ − a∗) +
2

ζ2

∫ ∞
a∗−ζ

a2φ(a)da+
2

ζ2
e2a∗ζ

∫ ∞
a∗

(a+ ζ)2φ(a+ ζ)da

. ιΦ(2ζ − a∗) +
2

ζ2
(1 + (a∗ − ζ)+)2Φ(ζ − a∗)

+
2

ζ2
(1 + (a∗ + ζ))2e2a∗ζΦ(−a∗ − ζ). (E.54)

Here the equality comes from (E.32) and the first inequality is obvious. For the second

inequality we use f(a)2 ≤ χ(a)φ(a− ζ) = ιφ(a− 2ζ), f(a)2 ≤ φ(a− ζ), and e−2aζφ(a− ζ) =

φ(a + ζ). The last inequality comes from that
∫∞
x
a2φ(a)da h (1 + x+)2Φ(−x) uniformly
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over x. Moreover, we note (1 + (a∗ + ζ))e2a∗ζΦ(−a∗ − ζ) h e2a∗ζφ(a∗ + ζ) = φ(a∗ − ζ) h
(1 + (a∗ − ζ)+)Φ(ζ − a∗) using (E.15). Furthermore, since we are in case (ii), it holds that

ιΦ(2ζ − a∗) = o(Φ(ζ − a∗)) according to (E.17) and (E.21), and that 1 + (a∗ − ζ)+ = o(ζ)

(by the first part of (E.1) and ζ∗ h
√

logN due to the assumption on ρ). Substituting these

results into (E.54), we have that, under λ = a∗ and d̄∗ = ζ−1,

‖f − d̄∗ × g̃2‖2 = o(Φ(ζ − a∗)). (E.55)

On the other hand, we note ‖f − g‖2 ≤ Φ(−ζ) (see below (E.49)) and Φ(−ζ) = o(Φ(ζ − a∗))
due to 1 + (a∗ − ζ)+ = o(ζ) (see above (E.55)). Combining these results with (E.55), and

noting ‖g‖2 h Φ(ζ − a∗) in case (ii) according to (E.33), we finally obtain that, under λ = a∗

and d̄∗ = ζ−1,

‖g − d̄∗ × g̃2‖ = o(‖g‖). (E.56)

Since ‖g − d∗ × g̃1‖ ≤ ‖g − d̄∗ × g̃1‖ by definition of d∗, we prove θ2(λ) → 1 in case (ii) for

some sequence λ. (E.23) is completely established.

Next, it follows that, under λ ≤ a∗ and letting d̄∗ = ζ−1,

‖g − d∗ × g̃2‖2 (E.57)

≤ ‖g − d̄∗ × g̃2‖2 ≤ o(‖g‖2) + 2ζ−2

∫ a∗

λ

a2 1 + χ(a)

χ(a)
φ(a− ζ)da

≤ o(‖g‖2) +
8

ζ2ρ

∫ a∗

λ

a2φ(a)da ≤ o(‖g‖2) +
8a∗2

ζ2ρ
Φ(−λ) ≤ o(‖g‖2) +O(ρ−1Φ(−λ)). (E.58)

The second inequality comes from (E.56), the triangle inequality, the definition of g̃2(a) given

after (E.28), and that ψ̃2(a, λ) − ψ̃2(a, a∗) = a1{λ≤a≤a∗} for all a ≥ 0. The third inequality

comes from 1+χ(a)
χ(a)

φ(a−ζ) ≤ 2
χ(a)

φ(a−ζ) = 4
ρ
φ(a) for a ≤ a∗. The fourth inequality is obvious

and the last comes from a∗ . ζ as we are in case (ii). (E.58), (E.29), and (E.31) together

proves (E.25).

Lemma E4. Suppose the same assumptions as in Lemma E1. Then, for any deterministic

positive λ sequence satisfying ρNΦ(ζ − λ)→∞, it holds that, for q ∈ {1, 2},

‖ψ̃q(λ)‖2 = (1 + oP(1))NE(ψ̃q,i(λ)2).

Here ψ̃q(λ) stands for the N-dimensional vector whose components are ψ̃q,i(λ).

Proof. Throughout the proof λ is an arbitrary sequence as described in the statement of the

lemma. The strategy is to calculate the magnitude of E(ψ̃q,i(λ)2) and E(ψ̃q,i(λ)4), and then

establish the probability limit using Chebyshev’s inequality. It holds by the definition of ψ̃q,i
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and (E.2) (the condition ρ→ 0 it relies on is assumed here too) that, for q ∈ {1, 2},

E(ψ̃q,i(λ)2q) = 2(1 + o(1))

∫ ∞
0

ψ̃q(a, λ)2q
(
φ(a) +

ρ

2
φ(a− ζ)

)
da. (E.59)

On the other hand, we can calculate, for j ∈ {2, 4},∫ ∞
0

ψ̃1(a, λ)jφ(a)da =

∫ ∞
0

ajφ(λ+ a)da h ιj1,1Φ(−λ), (E.60)∫ ∞
0

ψ̃1(a, λ)jφ(a− ζ)da =

∫ ∞
0

ajφ(λ− ζ + a)da h ιj1,2Φ(ζ − λ), (E.61)

where we use short-hand notation ι1,1 := (1 + λ)−1 and ι1,2 := 1+(ζ−λ)+
1+(λ−ζ)+ . Similarly, we have,

for j ∈ {2, 4},∫ ∞
λ

ψ̃2(a, λ)jφ(a)da =

∫ ∞
0

(λ+ a)jφ(λ+ a)da h ιj2,1Φ(−λ), (E.62)∫ ∞
λ

ψ̃2(a, λ)jφ(a− ζ)da =

∫ ∞
0

(λ+ a)jφ(λ− ζ + a)da h ιj2,2Φ(ζ − λ). (E.63)

where ι2,1 = λ+ (1 + λ)−1 and ι2,2 = λ+ 1+(ζ−λ)+
1+(λ−ζ)+ . Then it holds that, for q ∈ {1, 2},

E(ψ̃q,i(λ)4)

E(ψ̃q,i(λ)2)2
.

ι4q,1Φ(−λ) + ι4q,2ρΦ(ζ − λ)

ι4q,1Φ(−λ)2 + ι4q,2ρ
2Φ(ζ − λ)2

≤ ι2q,2
ι2q,1Φ(−λ) + ι2q,2ρΦ(ζ − λ)

ι4q,1Φ(−λ)2 + ι4q,2ρ
2Φ(ζ − λ)2

≤ ι2q,2
2

ι2q,1Φ(−λ) + ι2q,2ρΦ(ζ − λ)
≤ 2

ρΦ(ζ − λ)
.

Here we obtain the first inequality by substituting (E.60), (E.61), (E.62), and (E.63) into

(E.59). The second inequality comes from that ιq,1 ≤ ιq,2 for q ∈ {1, 2}. Since ρNΦ(ζ−λ)→
∞ by assumption, we have, for q ∈ {1, 2},

Var(‖ψ̃q‖2)

(E(‖ψ̃q‖2))2
≤

E(ψ̃
4

q,i)

NE(ψ̃
2

q,i)
2
.

1

NρΦ(ζ − λ)
→ 0. (E.64)

Here we suppress the argument λ of ψ̃q,i for simplicity and the first inequality comes from

that ψ̃q,i is i.i.d. across i. The current lemma directly follows from (E.64) and Chebyshev’s

inequality.

Lemma E5. Suppose the same assumptions as in Lemma E1. Let ψ∆,1(a, λ, b) := b1{|a|−λ≥−b}

and ψ∆,2(a, λ, b) := λ1{||a|−λ|≤b}. Also suppose that λN and bN are two deterministic positive

sequences satisfying ρNΦ(ζ − λN) → ∞ and bN = o
(
1/
√

logN
)
. Then it holds that, for
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q ∈ {1, 2},
E(|ψ∆,q(ži, λN , bN)|2) = o(E(ψ̃q(ži, λN)2)).

Proof. Throughout the proof λN and bN are two arbitrary sequences as described in the

statement of the lemma. For simplicity, we omit the subscript N of λN and bN and also omit

the last two arguments of ψ∆,q. Using (E.2) (the condition ρ→ 0 it relies on is assumed here

too), we have, for q ∈ {1, 2},

E(ψ∆,q(ži)
2) = 2(1 + o(1))

∫ ∞
0

ψ∆,q(a)2
(
φ(a) +

ρ

2
φ(a− ζ)

)
da. (E.65)

To evaluate the right-hand side of (E.65), we write∫
ψ∆,1(a)2φ(a)da = b2

∫ ∞
λ−b

φ(a)da = b2Φ(b− λ), (E.66)∫
ψ∆,1(a)2φ(a− ζ)da = b2

∫ ∞
λ−b

φ(a− ζ)da = b2Φ(ζ + b− λ), (E.67)∫
ψ∆,2(a)2φ(a)da = λ2

∫ λ+b

λ−b
φ(a)da ≤ 2bλ2φ((λ− b)+), (E.68)∫

ψ∆,2(a)2φ(a− ζ)da = λ2

∫ λ+b

λ−b
φ(a− ζ)da ≤ 2bλ2φ((λ− b− ζ)+). (E.69)

On the other hand, it holds that, for all sequence (a, ā) satisfying |ā− a| ≤ b,

b2Φ(−ā) ≤ cN
(1 + a+) logN

φ(ā+) ≤ cN(1 + a+)−3(φ(a+) + cNN
−1)

≤ cN(1 + a+)−2(Φ(−a) + cNN
−1). (E.70)

The first inequality comes from b = o
(
1/
√

logN
)

and (E.15). The second comes from

(D.18) of Lemma D4. For the last inequality we use (E.15), too. Further, we note that

(1 + λ+)−1 ≤ ι1,1 ≤ ι1,2 and (1 + (λ − ζ)+)−1 ≤ ι1,2 (introduced after (E.61)). Then, using

(E.70) (choose (a, ā) = (λ, λ − b) and (a, ā) = (λ − ζ, λ − ζ − b) respectively), and noting

ρ→ 0, ι1,1 ≤ ι1,2, and ρΦ(ζ − λ) & N−1 by assumption, we obtain

b2Φ(b− λ) + b2ρΦ(ζ + b− λ) = o(ι21,1Φ(−λ) + ι21,2ρΦ(ζ − λ)). (E.71)

Given (E.65), (E.66), (E.67), (E.59), (E.60), and (E.61), we obtain from (E.71) that

E(ψ∆,1(ži)
2) = o(E(ψ̃1,i(λ)2)), which proves the lemma for q = 1.

Next, it holds that, for all sequence (a, ā) satisfying |ā− a| ≤ b,

bφ(ā+) ≤ cN√
logN

φ(ā+) ≤ cN(1 + a+)−1φ(a+) + cNN
−1 ≤ cNΦ(−a) + cNN

−1. (E.72)
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We recall x+ = max{x, 0}. The first inequality comes from b = o
(
1/
√

logN
)
. The second

comes from (D.18) of Lemma D4. For the last inequality we use (E.15), too. Further,

we note that λ ≤ ι2,1 and λ ≤ ι2,2 (introduced after (E.61)). Then, using (E.72) (choose

(a, ā) = (λ, λ− b) and (a, ā) = (λ− ζ, λ− ζ − b) respectively), and noting ρ→ 0, ι2,1 ≤ ι2,2,

and ρΦ(ζ − λ) & N−1 by assumption, we obtain

bλ2Φ(b− λ) + bλ2ρΦ(ζ + b− λ) = o(ι21,1Φ(−λ) + ι21,2ρΦ(ζ − λ)). (E.73)

Given (E.65), (E.68), (E.69), (E.59), (E.62), and (E.63), we obtain from (E.73) that

E(ψ∆,2(ži)
2) = o(E(ψ̃2,i(λ)2)), which proves the lemma for q = 2.

Lemma E6. Suppose the same assumptions as in Proposition B2. Suppose λ is a positive

deterministic sequence satisfying ρNΦ(µ − λ) → ∞. Also suppose λ′ is a G-measurable

sequence λ′ that satisfies |λ′ − λ| = oP

(
1/
√

logN
)
. Then it holds that Ŝ ′q(λ

′) = Sq(λ) +

oP(SOPT + 1) for q = {1, 2}.

Proof. Throughout the proof λ and λ′ are arbitrary sequences as described in the statement

of the lemma. Every result holds for q ∈ {1, 2}.
We first provide a bound on ‖ψ̂q(λ′) − ψ̃q(λ)‖2. Since ži =

√
T (si + ε̄i) and we have

maxi |ε̄i| .P

√
(logN)/T by uniform bound on i.i.d. normal variables and |si| . N−d

by assumption, we obtain
√

(logN)/T maxi |ži| = oP

(
1/
√

logN
)

as (logN)3/T → 0 by

assumption. Combining this result with the first part of (D.12) of Lemma D2, and noting

T = o(N) by assumption, we obtain

sup
i≤N
|ẑi − ži| = oP

(
1/
√

logN
)
. (E.74)

Further, by definition it holds that, for all a, b ≥ 0, and λ ≥ 0,

sup
(a′,λ′):|a′−a|+|λ′−λ|≤b

|ψ̃q(a′, λ′)− ψ̃q(a, λ)| ≤ ψ∆,q(a, λ, b) + 1{q=2}ψ∆,1(a, λ, b), (E.75)

where ψ∆,q is introduced in the statement of Lemma E5. Substituting (E.74) and |λ′ − λ| =
oP

(
1/
√

logN
)

(by assumption) into (E.75) (choose (a′, a) = (ẑi, ži)), applying Lemma E5,

noting |ψ̃1(a, λ)| ≤ |ψ̃2(a, λ)| by definition, and using Chebyshev’s inequality, we obtain

‖ψ̂q(λ′)− ψ̃q(λ)‖2 = o(NE(ψ̃q,i(λ)2)). (E.76)

Using maxi≤N |σ̂i/σi − 1| .P cN by (D.1) of Lemma D1 and the triangular inequality, we

further have
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‖σŵ′q(λ′)− ψ̃q(λ)‖2 = o(NE(ψ̃q,i(λ)2)). (E.77)

Next, we write

|σŵ′q(λ′)ᵀψ−ψ̃q(λ)ᵀψ| ≤ ‖σŵ′q(λ′)ᵀ−ψ̃q(λ)‖‖ψ‖ = oP

(√
NE(ψ̃q,i(λ)2)(1 + SOPT)

)
. (E.78)

The first inequality comes from Cauchy-Schwarz inequality. For the last equality we utilize

‖ψ‖ .P 1 + SOPT by Corollary 2 and (E.77). On the other hand, we have

Var(ψ̃q(λ)ᵀψ) ≤ NE(ψ̃q,i(λ)2ψ2
i ) ≤ NE(ψ̃q,i(λ)2α2

i ) = o(NE(ψ̃q,i(λ)2)). (E.79)

The first inequality comes from that both ψ̃q,i(λ) and ψi are i.i.d. across i. The second

inequality comes from ψi = E(αi|G) and that ψ̃q,i(λ) is G-measurable. The last equality

comes from |αi| ≤ µ = o(1). As a result of (E.79) and Chebyshev’s inequality, we have

ψ̃q(λ)ᵀψ = NE(ψ̃q,i(λ)ψi) + oP

(√
NE(ψ̃q,i(λ)2)

)
. (E.80)

Combining (E.78) and (E.80), we obtain

σŵ′q(λ
′)ᵀψ = NE(ψ̃q,i(λ)ψi) + oP

(√
NE(ψ̃q,i(λ)2)(1 + SOPT)

)
. (E.81)

Moreover, it holds that

σ2‖ŵ′q(λ′)‖2 = ‖ψ̃q(λ)‖2 +O(‖σŵ′q(λ′)− ψ̃q(λ)‖2 + ‖ψ̃q(λ)‖‖σŵ′q(λ′)− ψ̃q(λ)‖)

= (1 + oP(1))NE(ψ̃q,i(λ)2). (E.82)

The first inequality comes from Cauchy-Schwarz inequality. The second equality is a direct

result of Lemma E4 and (E.77).

Next, we note that E(ψ̃q,i(λ)) = 0 by symmetry of ψ̃(a, λ) in a. Because ψ̃q,i(λ) is i.i.d.

across i and independent of β, it follows

E(‖βᵀψ̃q(λ)‖2|β) . E(ψ̃q,i(λ)2)N‖β‖2
MAX .P NE(ψ̃q,i(λ)2). (E.83)

Then we have

σ‖βᵀŵ′q(λ
′)‖ ≤ ‖βᵀψ̃q(λ)‖+ ‖βᵀ(σŵ′q(λ

′)− ψ̃q(λ))‖ .P

√
NE(ψ̃q,i(λ)2) + cNN

√
E(ψ̃q,i(λ)2).

(E.84)

where the last inequality comes from (E.83) and (E.77). Therefore, we obtain
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‖Mβŵ
′
q(λ
′)‖2 = ‖ŵ′q(λ′)‖2 − ŵ′q(λ′)ᵀPβŵ′q(λ′) = σ2‖ŵ′q(λ′)‖2 + oP(NE(ψ̃q,i(λ)2)), (E.85)

ŵ′q(λ
′)ᵀMβψ = ŵ′q(λ

′)ᵀψ + ŵ′q(λ
′)ᵀPβψ = ŵ′q(λ

′)ᵀψ + oP

(√
NE(ψ̃q,i(λ)2)

)
. (E.86)

The last equalities of both results come from (E.84) and λmin(βᵀβ) &P N . For the last

equality of (E.86), we also use ‖βᵀψ‖ .P N
1/2E(α2

i )
1/2 .P cNN

1/2. We now conclude that

ŵ′q(λ
′)ᵀMβψ

‖Mβŵ′q(λ
′)‖

=
(1 + oP(1))ŵ′q(λ

′)ᵀψ√
NE(ψ̃q,i(λ)2)

+ oP(1)

= (1 + oP(1))Sq(λ) + oP(1 + SOPT) = Sq(λ) + oP(SOPT + 1). (E.87)

The first equality comes from (E.85), (E.86), and (E.82). The second comes from (E.81).

The last equality comes from Sq(λ) ≤ N1/2E(ψ2
i )

1/2 = SOPT, in which the inequality is just

Cauchy-Schwarz and the equality holds by definition.

Finally, (C.5) and (C.6) establishes that, under Assumption 1 and for all G-measurable

w, wᵀ(α − E(α|G))/‖w‖ = oP(1). Choosing w = ŵ′q(λ
′)ᵀMβ, and noting ψ = σ−1E(α|G), we

obtain

Ŝ ′q(λ
′) =

ŵ′q(λ
′)ᵀMβα

σ‖Mβŵ′q(λ
′)‖

=
ŵ′q(λ

′)ᵀMβψ

‖Mβŵ′q(λ
′)‖

+ oP(1). (E.88)

Given (E.87) and (E.88), we prove the lemma.

Lemma E7. Suppose the same assumptions as in Proposition B2. Then it holds that Ŝ ′q(λ) =

oP(1), for all G-measurable positive sequence λ satisfying µ2ρNΦ(ζ − λ) = oP(1) and for

q ∈ {1, 2}.

Proof. Throughout the proof λ is an arbitrary sequence as described in the statement of the

lemma. Every result holds for q ∈ {1, 2}. We let λ∗ be a deterministic sequence such that

λ ≥ λ∗ in probability and µ2ρNΦ(ζ − λ∗)→ 0, which is apparently always feasible.

When Φ(ζ − λ∗) & 1, we have µ2ρN → 0 and thereby (SOPT)2 = NE(ψ2
i ) ≤ NE(s2

i ) ≤
ρNµ2 → 0. Since Ŝ ′q(λ) is the Sharpe ratio generated by ŵ′q(λ)ᵀMβ, which is G-measurable

and satisfy ŵ′q(λ)ᵀMββ = 0. Then we obtain Ŝ ′q(λ) ≤ SOPT + oP(1) = oP(1) from the second

part of Theorem 2 and Corollary 2 (the assumptions of the lemma obviously guarantee the

prerequisites of both). Since −Ŝ ′q(λ) is the Sharpe ratio generated by −ŵ′q(λ)ᵀMβ, we obtain

−Ŝ ′q(λ) ≤ oP(1), too.

When Φ(ζ − λ∗)→ 0, we have Φ(−λ∗) ≤ Φ(ζ − λ∗)→ 0. Moreover, it holds that, for all

sequence (a, ā) satisfying |ā− a| = o
(
1/
√

logN
)
,

Φ(−ā) .
1

1 + a+

φ(ā+) .
1

1 + a+

(φ(a+) + cNN
−2) . Φ(−a) + cNN

−2. (E.89)
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The first inequality comes from |ā− a| = o
(
1/
√

logN
)

and (E.15). The second comes from

(D.18) of Lemma D4. For the last inequality we use (E.15), too. Then, using (E.89) (choose

a = λ∗ and a = λ∗ − ζ respectively), we have that, for all bN = o
(
1/
√

logN
)
,{

NΦ(bN − λ∗) . NΦ(−λ∗) + cNN
−1 = o(N),

ρNΦ(ζ + bN − λ∗) . ρNΦ(ζ − λ∗) + cNρN
−1 . o(µ−2).

(E.90)

Here the last inequality comes from µ2ρNΦ(ζ − λ∗) = o(1) and µ = o(1) by assumption.

Hence, it holds that, for some bN = o
(
1/
√

logN
)
,∑

i≤N

1{ŵ′q,i(λ)6=0} .P

∑
i≤N

1{|ži|≥λ∗−bN}

.P NΦ(bN − λ∗) + ρNΦ(ζ + bN − λ∗) = o(N), (E.91)∑
i≤N

1{ŵ′q,i(λ)6=0,αi 6=0} .P

∑
i≤N

1{|ži|≥λ∗−bN ,αi 6=0} .P ρNΦ(ζ + bN − λ∗) . o(µ−2). (E.92)

For both results, the first inequality comes from (E.74), the second inequality comes from the

density of ži and Chebyshev’s inequality, the last inequality comes from (E.90). As a result,

we have

‖βᵀŵ′q(λ)‖ . ‖β‖MAX‖ŵ′q(λ)‖
√∑

i≤N

1{ŵ′q,i(λ) 6=0} = oP

(√
N‖ŵ′q(λ)‖

)
. (E.93)

Here the first inequality comes from Cauchy-Schwarz inequality, and the last equality comes

from (E.91). Then we obtain

‖Mβŵ
′
q(λ)‖2 = ‖ŵ′q(λ)‖2 − ŵ′q(λ)ᵀPβŵ′q(λ) = (1 + oP(1))‖ŵ′q(λ)‖2. (E.94)

For the last equality, we use (E.93) and λmin(βᵀβ) &P N . Similarly, using (E.93),

λmin(βᵀβ) &P N and ‖βᵀα‖ .P N
1/2E(α2

i )
1/2 .P cNN

1/2, we obtain

ŵ′q(λ)ᵀMβα = ŵ′q(λ)ᵀα + ŵ′q(λ)ᵀPβα = ŵ′q(λ)ᵀα + oP(‖ŵ′q(λ)‖). (E.95)

Combining (E.85) and (E.86), we now conclude that

Ŝ ′q(λ) =
ŵ′q(λ)ᵀMβα

‖Mβŵ′q(λ)‖
= (1 + oP(1))

ŵ′q(λ)ᵀα

‖ŵ′q(λ)‖
+ oP(1). (E.96)

On the other hand, it holds that
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|ŵ′q(λ)ᵀα|
‖ŵ′q(λ)‖

≤ µ

∑
i≤N |ŵ′q,i(λ)|1{w̃q,i(λ)6=0,αi 6=0}

‖ŵ′q(λ)‖
≤ µ

√∑
i≤N

1{ŵ′q,i(λ)6=0,αi 6=0} = oP(1). (E.97)

The first inequality holds by |si| = µ
σ
1{αi 6=0}, the second by Cauchy-Schwarz inequality, and

the last equality holds by (E.92). The lemma follows from (E.96) and (E.97).
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