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C Identifying unobserved heterogeneity from micro data

In this appendix we discuss a specific example to illustrate the underlying variation in the micro
sample that provides identification of 8” in our parametric model. This example represents a special
case of the nonparametric arguments in Berry and Haile (2024).

Consider a simple case of a single market with two products and an outside good. There is a single

demographic variable, so z; is a scalar.>* Utility for product j is

uj =6+ szj(l)zi + GVxJ.(Z)vi + &),
where the product characteristicsare x® = [1 0]%,x® =[1 1]".The demographic variable shifts
utility of good 1 only, and the single random coefficient induces correlation in the utilities of the two
inside goods. As is typical, in this example v; has a standard normal distribution.

Suppose we observe a random sample of microdata {y;., z;}. The micro data nonparametrically
identifies the function 7% = P(y;. = 1|z, x). Fig. 8 plots this function over z € [—1, 1] for three different
parametrization of the model, namely 8” = {0, 1,2} with § = (—.25,25)" and 6% = 2. Intuitively, the
share of good 1 rises with z in all three panels. However, the slope differs based on the value of 6”. The
other notable difference is that as 6” increases, z has a larger impact on the share of good 2, 75, relative
to the outside good, 7§. Since the utilities of goods 1 and 2 are increasingly correlated as 6 grows, it
becomes more likely that consumers are on the margin between the two inside goods than between
good 1 and the outside good. Therefore, a slight increase in z induces relatively more substitution away

from good 2 than the outside good.
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Figure 8: Conditional shares 7% are identified by the micro sample.

We can also nonparametrically identify the derivatives of 7. Given our special case we have, d, 7 =
620, 7", where we employ the fact that z only affects the utility of good 1. Taking a ratio of these gives
us diversion with respect to utility from good 1 to good 2 and from good 1 to the outside good for every
value of z, i.e., for j = {0, 2},

d,f aulﬂ T v
Equation (49) provides intuitive variation with which to identify 6”. To see this, recall that when 6” = 0
then we have multinomial logit demand. This implies that diversion is a function of conditional choice
probabilities: if 6¥ = 0 then Dlzjl = 77/(1 — f). Moreover, due to the independence of irrelevant

alternatives property, diversion will be constant over z.

4Since there is a single market in this section, we drop m from the notation.
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Figure 9: Diversion and Demographics

Fig. 9 illustrates the implications of diversion for different 6”. The first panel depicts diversion with
respect to utility from good 1 to good 2 as a function of z, i.e. Df,. As predicted, diversion is constant in z
for 6 = 0, yetitis decreasing for 6” > 0. The reason for the decline can be seen in fig. 8: as z increases,
the conditional share of good 2 falls more rapidly for 6” > 0, so a larger proportion of switchers must
come from the outside good in response to an increase in z.

The second panel of fig. 9 plots the logit-implied diversion ratios computed from conditional shares
generated by the three parameterizations of 6”. If 6” = 0, we exactly reproduce the constant diversion
rate from the first panel. For 6” > 0, we see decreasing functions that are below the line for 6” = 0. The
reason these functions are decreasing is the same as for the first panel. The reason the level of the logit-
predicted diversion decreases in 6” is that diversion between goods 1 and 2 is more than proportional to
shares when 6” > 0. An illustration of diversion between good 1 and the outside good would produce a
mirror image since increasing 6¥ weakens diversion between these goods.

The third panel of fig. 9 takes the difference of the first two panels. As 6" rises, the logit model under-
predicts diversion between the two inside goods. Moreover, the degree of under-prediction varies in
z. This suggests moments with which to identify 6” by comparing the estimated diversion rate to the
model-predicted diversion rate. In this exercise we have fixed the values of the other parameters 6% and
d. In practice, the described moments for 8” would need to be paired with commonly used moments to
identify 67, 8; e.g., matching market shares for § and matching correlations between demographics and
product characteristics for 6%. An advantage of the likelihood approach to using moments is that it fully
exploits all of the information in the micro sample.

So far we have focused on a special case in which it is clear that the micro sample has so much valuable
information to identify 8" that the ¥ term of our estimator would be redundant. To see a case where ¥
is necessary for identification, simply set 6% = 0 in our example. Now J,7;" = 0 and the moments we
have suggested are undefined and no longer informative.

In our example, we specified z to shift the utility of exactly one good and restricted 6” to have
dimension one. There are more general conditions for identification of 6” from consumer demographics.
uZ is typically specified as a linear combination of interactions between product characteristics and

consumer demographics, e.g.,
M (xj, 233 0%) = xjv@zzl- = Z Z Gz(k’d)x}‘zfl,
k d

where ©7 is a matrix with elements 62 With this form we have,



K 7
dyaft? = D) Y, 02kdxks, 77, (50)
k=1¢=1
In matrix notation, (50) can be written as
d,v7t? = 8,vm?0,vu = 0,vw?d,vu? = 9,7 m?X" O%. (51)

Thus, only if X* @7 has maximum column rank, does there exist a unique 9,7 that solves (51). In other
words, if this rank condition holds, then we can recover the substitution matrix for all z from 6% and the
data. Flexibility of the substitution matrix is the primary motivation for the introduction of random
coefficients. Since the introduction of 6” imposes parametric structure, nonparametric identification of

the full substitution matrix is sufficient to identify 6”.

D Optimal instruments for CLEER

This appendix shows that CLEER & = (8, §) achieves the semiparametric efficiency bound for the
model presented in section 2.1.

Following C87, we show the result for all multinomial submodels® and rely on the arguments in C87
to take us to the general case. The derivation below differs from C87 only because CLEER combines
moments with a likelihood.

We will work with the superpopulation likelihood of the model after concentrating out 7. Specifically,
we show that if the distribution of product-level variables is multinomial, then the Hessian of the
superpopulation loglikelihood constrained to satisfy the moments with respect to « = (6, §) coincides
(up to asymptotically negligible terms) with the Hessian of CLEER if instruments are chosen according
to (23). Asthe Hessians are equivalent, CLEER attains the Cramér Rao lower bound for any multinomial
submodel.

We first write the moment conditions for an arbitrary multinomial submodel. Treating N,,, as random
and making the notational simplification of identical J,,, across markets, let ¢,,, = [X;, byy» Emns Nin 1™ »
where x,,, b, are vectorized-versions of X,,,, B,,,. In view of the multinomial assumption, we follow C87

and express the (population) PLMs as
0= Z q*(L)H(v)[8(6, vy) — Xy, 8] = Z q; He (o), (52)
t t

where qf = P(c,, = v;) with vy, ..., v; the values that c,,, can take, H; = H(B,,) a matrix of instruments,
e (@) = 8,,(6) — Xy, 8 with By, Xy, 8, the values of 8,,, (with 7 partialed out) if c,,, = v,. Equation (52)
is an unconditional moment condition since H incorporates all possible combinations of instrument
values.

We now construct the parametric likelihood of the submodel. Since we do not know the values of
the g/, the objective function will now have q,’s in them as an auxiliary parameter. Let a,, be a vector
containing all (¥;,;, Zim» Dir)’s in a given market, where the value of z;,, is only observed if D;;,, = 1.
The superpopulation loglikelihood incorporating the multinomial distribution of the product-level

variables is
Aa, q) =M D q; [L(a) + logq,], (53)
t

35A parametric submodel is any given parametric model that satisfies the imposed conditions. A multinomial submodel is a
parametric submodel in which certain variables are assumed to have a multinomial distribution.



where [,is the expected value of the loglikelihood for a single market conditional on ¢,,, = v;, after
concentrating out 7,,,. Without [, in (53), the optimal instruments defined below would exactly mirror
C87.

Next, we derive the Hessian of (53) at its optimum. For given value of o, maximizing (53) with respect

togsubjectto 3} q; = land ), q.He;(a) = 0,yields the solution

* -1
q = 1+ 07, ,;I;Htet(e’ ‘8),whereI = (Zt: qutetethtv) Zt: qiHe; = B1(6, ﬁ); q; Hee (o).

Plugging g, back into (53) yields
(a) =M Y. q;{L(a) —log[l + ["(@)H,e, ()]} + M ) q; logq; .
t t
Letting 8" = 3} q{H;0,ve;(a*), and noting that () = 0 for all @, the Hessian of 2 at the truth is
* l *¥Vgx—1 ¥
M(I]_aa S677R e ) (54)

Taking the inverse of the (minus) Hessian yields the Cramér Rao lower bound.

Finally, we show that minus (54) coincides with the Hessian of the CLEER superpopulation objective
function if ¢, has a multinomial distribution and the instruments are chosen according to (23). To
see this, we first note that L}, = E[Lggm — LoxmLrrmLrom), and that all other elements of L},
are zero since 8 does not enter the likelihood. That leaves us with the *”8*~!®* component. Let
{B(x)} be the values that B, can take, qz‘k) = Zt qi 1By = Byy) = P(By, = By, Hiy = H(B),
Ve = V(& | By = Byyy), and

v -1 v
ng - £67rm£7r71m [D;Erm

B,, =B )
_ern | m (k)

qar v
A= 2L 1(By, = Bip))dger =[E(
k Zt: a0 vt (k)/)Yatt

Now, since S” %S < S"S for any matrices R, S,%

*V - * . 4 v -1 v
678" 716" = 3 Ao 2 4o Huo i) 2 dinHooAR
k k k
<3 QoA AL = EBR VB, (55)
k

Now consider the Hessian of the PLM portion of the CLEER objective function at the truth divided by

M using our proposed instruments,

(Dg — 390" D,)BP*
—Xx" Bopt

1
M

v
l(BOptVVgB"p‘)‘1 [(DF — 850"D)BP —X"B®| ~EB V; B,

i.e. up to negligible terms it is the right-hand side in (55). To conclude the argument, the left-hand side
of (55) cannot be less than the right-hand side since that would make our estimator more efficient than
the maximum likelihood estimator in the parametric submodel.>” So the left-hand side and right-hand

side in (55) must be equal. Consequently, the Hessian of CLEER using optimal instruments at the truth

*Make S” = [, /qa)AlVl_l/z, e qz‘k)AEVE_l/Z] € R4«*(KJm) where k is the number of values B,, can take.
7Recall that the Cramér Rao lower bound is the inverse of (minus) the Hessian of a loglikelihood function.



is (54). So CLEER achieves the Cramér Rao bound in every multinomial submodel.

E Estimator Comparison

In this appendix, we present additional details on the comparison between CLEER and estimators
employed in the applied literatuere.

E.1 Schematic Sketch of Section section 6

Fig. 10 provides a summary of the steps presented in section 6. The top node in the tree represents
CLEER. Each node below represents an alteration to arrive at an alternative estimator. The large
pink box representing section 6.3 proposes several alternative estimators which we will rationalize
as modifications of the score. One can stop the process at any node in the tree, so in total the figure
describes nine alternative estimators (including share-constrained likelihood, see fn. 32). At each node,
we briefly list the primary costs (red) and benefits (green) of the step relating to identification (&3),
econometric efficiency (both rate and variance, #-), inference (1EB), computational tractability (),
data requirements ($$) and experience in applied work (??). Each step downward in the tree leads
to an estimator that is weakly less efficient than its parent. To our knowledge, all estimators that have
been applied in empirical work on discrete choice demand are covered here.

E.2 Share Constraint

In section 6.2 we listed three drawbacks to the imposition of share constraints on a likelihood or
GMM estimator relating to robustness to zero shares, efficiency and inference. This section discusses
each of these issues in turn.

First, because it is a one to one mapping on the interior of the probability simplex, doing so rules out
the presence of zero observed shares. Moreover, the contraction can become unstable as observed shares
tend towards zero and ||D | = ||c37T;1 d,n|| tends to infinity. While this is reasonable for conditional
choice probabilities, applied cases have arisen where zero shares are observed in data due to finite
market sizes N,,, and small choice probabilities. In this case, even when shares are non-zero, they will
be imprecisely estimated. CLEER offers some robustness to zero or small shares because it does not
enforce unconditional choice probabilities equal market shares.

Second, imposing the share constraints introduces a potential loss of efficiency. Suppose that 6*Z # 0
and I is large relative to M such that contribution of the PLMs to the estimation of 67 are asymptotically
negligible (as discussed in section 5). Then this efficiency loss occurs unless the population in the
smallest market diverges faster than both I and M. Examples 1 and 2 in Grieco et al. (2023b) illustrate
that this efficiency loss can be substantial.

For intuition, we now show that imposing share constraints is equivalent to placing infinite weight on
the macro likelihood in CLEER. To see this, separate out the micro and macro terms of log L. as specified
in (7) and consider the derivative of the macro loglikelihood with respect to §,i.e. forallm =1,... .M
andall j =1,...,J,,

Im

Sk oz, v)(ﬂ(k = J) = 4m(z, v))dF(v)dG(z) —0, (56)
k=0 Fkm

where 6 was defined in (2). Setting 8 = 8(6, s) such that o(6,§) = s solves (56) as the left hand side

becomes

k=0

Im
fzsjm(z, v)dF(v)dG(z) — fAjm(Z, V) Z S1em(2,v) AF(v)AG(2).

=1
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Figure 10: Schematic comparison of our estimator to alternatives. See text for details.

By Berry (1994), this solution is unique for every 6. Therefore, imposing share constraints effectively
places infinite weight on this moment.’® It is well known from standard GMM theory that placing
infinite weight on a subset of moments is generally inefficient. As noted, in our setting, there would be
an efficiency loss unless I and M were negligibly small compared to N,,, because then the macro score
runs over more terms than the other moments.

Third, and most importantly, assuming s = 7* will invalidate standard inference unless the total

8If one places more weight on a moment in GMM estimation (without changing the rest of the weight matrix) then that
moment at the estimate gets closer to zero. If one increases the weight on a moment to infinity, then that moment evaluated
at the estimate must go to zero.



number of consumers in all markets is negligible compared to the square root of the population in
the smallest market. If one treats §(6, 7*) as a known deterministic function of 6, one ignores the
uncertainty arising from approximating 7z* with observed market shares. This will result in a downward
bias in the standard errors for 8. Indeed, for some linear combinations of §*, asymptotics are governed
by the estimation error in market shares unless I is negligibly small compared to min,, \/N_m .

To illustrate, consider inference on a linear combination of §,;,. Imposing share constraints, it would

be tempting to use the delta method to conclude that for any vector v # 0,
VIV (G = 57)

d
— N(0,1), (57)
/0787 Dm(©. 5) D6 500

where Dg,, is the derivative of §,, with respect to 8 and 13 is the asymptotic variance of 8. This
ignores sampling error in the aggregate data, which becomes a problem for all vectors v for which
U Dg,(6%, 7*) = 0, where the left-hand side of (57) diverges. The space of such vectors v is of
dimension no less than J,, — dg > 0 since 8,,(-,7%): R% — R/m, Using the bootstrap the way it is
typically used does not solve this problem.®® We provide the correct variance formulas for the GMM
estimators under strong micro identification when I > M in app. F. Grieco et al. (2023b) provides a
numerical example that shows that imposing the share constraint without adjusting the standard errors
can lead to standard errors being off by an arbitrarily large factor. This issue extends to any estimator in
which the share constraints are imposed to hold. In contrast, inference using CLEER can be done using
standard extremum estimation techniques.5!
E.3 Conformant GMM

This subsection presents the approximation to the derivative of log L with respect to 8” that can be
employed to avoid simulation bias in a GMM estimator.

First, note that®? Z " Sim( XV — k " SlemXkmV*) = 0, such that (26) can be expressed as
M Ny Jm Yijm — Zlm
Jm
Z Z Diypy———— fAjm(zlm,v)(x vk — Z kav /skm(zlm,v))d.F(v)
m=1i=1 j=0 o}m k=0

because summing the integrand over j equals zero and ¢ ”" /GZ”" = 1. Noting that the conditional
expectation of the last displayed equation given all z’s and x’s equals zero at the truth and that the
denominator only depends on z’s and x’s, we can remove the weighting in the denominator. Removing
the denominator affects efficiency but still provides a valid moment. So we are left with a sum over the
product of two integrals, namely

M Ny I T

Sy f DinelYijm — Sm(Zims v IAF () f Sinims X = 3, Sk i V) ¥ JOF ). (58)

m=1i=1 j=0 k=0

*Indeed, then by a Taylor expansion,

U [8m(6, 5m)=8m(6, p)] = V7 [8m(8, Sm) = Sm(6, )] + V7D, (6~ 0*)+2 Zv](e 6*)700678m(6%, Tim)(6 — 6%),

<N;;? =0 <I-1

such that asymptotics are governed by the first right-hand side term unless I/4/ N,,, vanishes.
%00ne would have to draw the bootstrap population from the superpopulation, which is impossible.
1We are implicitly assuming that the integrals can be computed sufficiently accurately so as not to affect the asymptotics.
62We set X, = 0 without loss of generality.



Thus, approximating the integrals with sums using mutually independent Monte Carlo draws results in
a simulated moment that has mean zero because simulation error enters linearly.®> While utilizing this
moment will result in an estimator with the same convergence rates as our estimator, and so will satisfy

conformance, it will not be efficient.

F Variance comparison under strong identification

This appendix provides a variance comparison between the CLEER (8, §) and the corresponding
share constrained estimator (65HCON, §SHCON) that maximizes the mixed logit objective function subject
to the share constraints. It then demonstrates that for the share constrained estimator, ignoring the
contribution of the estimation of 7* often results in incorrect inference. Throughout, we focus on the
strong micro identification case and I > M so that we can ignore & which is asymptotically negligible
for the estimation of (6%, §*).

First, we compare the asymptotic variance of linear combinations of the estimators (é, ) ) and
(GSHCON SSHCON) 64 gpecifically, let the matrix 15 5k be such that for any conformable C with a fixed

number of columns,

6—0*| a
(CYYGEERC)-12CY 5 5*1 - N(0,1). (59)

Analogously, the matrix 135"

CON does the same for the share constrained estimator with the identical C.
We can ascertain relative efficiency by comparing the elements of 1528 and V1“ON. For Qf, =

Log — 5971[’7;711'57@:/[ = [;7;711757{9, ® = Dg — DA, we have

(Q5)7! Q%) 16

CLEER _
G5 ©6(Q5,)'6" +D,L7LD}

Next, consider V5

CON This estimator is equivalent to placing infinite weight on £®, however, since
g = 0, the other terms (£* and in general @, though not for this example) will still appear in the score
and Hessian. Indeed, note that £ = Lgetc. Sofor A = L2 L0, Lo = LB, + Lﬂeﬂgellleﬂ, and

Q5o = Loo — LorLrxLne. and 6 = Dy — D, AL3Q5,, we have,

()™ (05,)7167

1SHCON _
(95! 6(Q5,)716" + D, L;LDy

To see directly that CLEER is at least as efficient for 6* as SHCON, note first that £, — L7 = Lo —
Lrolgalon = Lyn — LooLeg LY > 0and then that QFy — OF; = Lo (Lrk — L7k)Lre > 0.
Next, we discuss the potential hazards of conducting inference on the share constrained estimator.

H

The fundamental issue is that 7* is estimated by s, which is accounted for in 134°“°N but often neglected

in practice. If 7* were known, one could approximate 17655HC°N by an oracle equivalent,

-1 11V
‘566 L@@ D@

MORACLE _
_ —_ v
Delyzs DolzaDy

Cl)

3This is necessary to satisfy condition (iii) of Theorem 3 in PP89. Many of the other assumptions in PP89 hold trivially
because our simulated moment (58) is infinitely differentiable in 8 and also infinitely differentiable in the simulation
draws due to the properties of the mixed logit demand specification (i.e., s is infinitely differentiable with respect to v).

%4Since the dimension of & grows with M, we focus on linear combinations of fixed length. That is, C has a fixed number of
columns while its number of rows grows with M.



ORACLE for V5EER in (59) does not result in an asymptotically normal distribu-

However, substituting V3
tion for many choices of C when 7* is estimated by s. To see why, note that since Dg has many more
rows than it has columns, Dg£ 53Dy has many eigenvalues equal to zero and so (C” VGEERC) ™12 is
undefined. For the corresponding eigenvector-directions, the term D, £ 71D, is first order and hence

needed to avoid this degeneracy. So an acceptable substitute under the assumption N,;,, > I,,, would be,

-1 —1nV
1JCORRECTED _ Loo LoaDe
_ _ v — v
Delzs DelgoDg + D L7xDx
needed

However, to our knowledge, this method of inference has never been applied in any estimator employing

share constraints.

G Computation

While CLEER is of theoretical interest, it must also be computationally tractable in order to be
appropriate for applied use. This appendix discusses two critical computational aspects of our estimator.
First, CLEER involves an optimization over d which is a vector of length J. In modern datasets, the
number of products across all markets can run into the hundreds of thousands, posing a potential
problem for nonlinear optimization. However, there are a number of features of our optimization
problem that simplify this task considerably. Second, any estimator must numerically approximate
integrals over demographics z and taste shocks 1.5 The choice of integration method will impact that
accuracy of the estimator. We discuss several approaches in app. G.2.
G.1 Dimensionality

We now describe two feasible algorithms for the computation of CLEER which make use of Newton’s
method with Trust Regions.®® Recall from (5) that our optimization problem is

A

(8,8,6) = arg min(— log 1.(6, 8) + #(B, 5)).
5.6,8

Like BLP95, we start by concentrating out § which leaves
(6,8) = arg min(— log (6, 8) + #{A(5), 5}). (60)
0,8

We then have two levels of optimization. In the inner optimization we compute  as a function of 6, i.e.
for each candidate value 8 we find a minimizer 8(). In the outer optimization we then minimize over
6.

A

6= arg;nin(— log L(6,6(6)) + 71A(3(6)), 8(6)}) (61)

s.t.: 8(0) = arg min(— log 1.(6, 8) + 2{(5), 5})
S

This approach is similar to that in BLP95 with the important exception that the inner loop objective is to
optimize (5)—the same as the outer loop objective—rather than satisfying the share constraint 7* = s.

The outer loop is over a low dimensional parameter vector, albeit computations of the derivatives

5The exception to this is the classical mixed logit, which only uses micro data and hence only integrates over v.
%As noted below, one of these algorithms computes an estimator that is asymptotically equivalent to CLEER but less
computationally intensive.

10



involves application of the chain rule to account for inner loop optimization.®’

The high-dimensional problem is now confined to the inner loop. For BLP95, tractability followed
from the existence of a contraction mapping to compute 7* = s. For our problem, first suppose that (5)
is just identified. In this case, 2[(8), 8] = 0 for all values of 8, in which case we only need to minimize
—log L in the inner loop. Conveniently, — log L is additively separable across markets in §,,, in each
8,,. So we can parallelize the computation of ,,(6) market by market, and each computation is highly
tractable.

The overidentified case is more complicated. Since 7[3(5), 8] > 0and is not additively separable in
7, However, there are several convenient features which make the inner loop of (61) tractable, even in
this case. To simplify exposition but without loss of generality, we will take W in the definition of ¥ in
(9) to be (B'B)~! where Bis aJ X dj, matrix with rows bjm,

The first such feature is that $(8) is simply a linear IV estimator, i.e. 3(8) = (X~ FX) X P53,
with #; = B(B"B)~'B” an orthogonal projection matrix. Second, 7 is quadratic in 8. Thus, writing
Pppx = PpX(X” PX)~1X" P, the minimand of (60) of becomes

the instruments introduced in (10).

—log (6, 8) + %5V(9>B — B )8 (62)

Third, (62) combines the computationally convenient likelihood with a convex term, so the resulting
objective can be optimized over § via Newton’s method. Fourth, barring collinearities the matrix 5 —
Pp,x is a positive semidefinite matrix of rank dj, — dg. Note that by the spectral decomposition, F — %, x
can hence be expressed in the form KX forads X (dj, — dg) matrix K. This is convenient because X may
include many exogenous regressors (eg., brand or product—rather than product-market—dummies)
which also appear in B. Such X is not unique, but all choices are equivalent.®®

We now turn to the primary complication of applying Newton’s method to optimize (62) over § in
the inner loop: computation of the inverse of the Hessian (with respect to §). Just storing a Hessian in
100,000 parameters would take 80Gb of memory; the computational cost of taking the inverse is cubic
in ds and the result could be subject to substantial numerical error. Fortunately, we do not need to store
or directly invert the full Hessian of (62), H + XX, where H is the Hessian of — log L. Instead, we can
compute the inverse Hessian exploiting the above-mentioned features. The inverse of the Hessian of
(62) can by the Woodbury matrix identity be written as H~! — H' X (1 + X" H %)\ K "H™!,

Since log L is additively separable in the &,,,’s, H is block diagonal, so H~! can be efficiently computed
and stored. To appreciate the importance of this feature, note that if one has 1,000 markets with
100 inside goods in each market, the problem reduces from inverting a full 100,000 by 100,000
matrix H + XX to inverting a thousand 100 by 100 matrices, which is both much less demanding
computationally and reduces memory demand by a factor 1,000 (i.e., 100 0002/(100? x 1 000)). This

7Note that, as in any nested optimization problem, the outer loop of an optimization problem with objective function of the
form f(6, &) has gradient f[8, 5°'(8)] since the inner loop solution §°°'(8) has made f5[8, 85°/(8)] = 0 which, by
the implicit function theorem, implies that do+8%°(8) = —f35f se. Hence, the Hessian becomes fgg — fosf 54 s6- In
practice, we do use a change of variables on the 8”’s in that we optimize over their logarithms to allow for an unconstrained
optimization.

%To obtain an explicit form for X, let C denote the columns that B and X have in common and B, X the columns that
are unique to each matrix. Then, an explicit form is K = UgM. Wy with Ug, Ux matrices with orthonormal columns
spanning the column spaces of McB, MoX, respectlvely, and M denoting an annihilator matrix. This follows by
expressing Pg — Pp,x = (Pc + Pp) — (Pc + Pp,x) = P — Py, x and applying the singular value decomposition to
Band X.
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makes the optimization step of the inner loop practical for many products.
For even larger problems, one may consider an alternative approach which is implemented in the
Grumps package as the “cheap” estimator. Here, we alter the inner loop dropping ¥, so the full problem

becomes,

6= argemin(— log L(8,6(6)) + 71A(8(6)), 6(6)}) (63)

s.t.: §(6) = arg min — log L.(, &)
5

This yields a different, but asymptotically equivalent, estimator to CLEER. However, this estimator is
not robust to zero shares. We further note that the “cheap” estiamator may be useful as a warm start for
CLEER in some cases.

G.2 Numerical integration

Aswe have pointed out, the largest disadvantage of our estimator is that a computable version relies
on numerical integration. This is costly since to avoid affecting the asymptotic behavior, numerical
integration error must be negligible. Of course, as always, we can arbitrarily reduce the numerical
approximation error by incurring a higher computational cost. In contrast, GMM estimators can be
computed via the method of simulated moments (MSM). MSM can achieve the same convergence rate
as its theoretical counterpart by averaging over noisy approximations of these integrals. However, as
discussed section 6.3.1, numerical approximation of the share inversion adds an additional source of
complexity for estimators in our setting that enforce share constraints.

CLEER evaluates two types of integrals, those over v (e.g., 7%,) and those over both v and z (e.g., 7).
This distinction suggests different integration methods for each type.

Quadrature methods are well suited for micro integrals over v. The distribution of v is assumed known
and is usually a familiar and tractable one, often normal. Moreover, v is usually of small dimension, so
the curse of dimensionality associated with tensor product quadrature methods is less binding.®® We
examine the sensitivity of CLEER’s numerical performance to the number of nodes used for numerical
integration in section 7.4.

The integrals over both z and v are more difficult to compute. In addition to (z,v) being higher
dimensional than v, the distribution of z is usually informed by data and so less amenable to quadrature
methods (e.g., the distribution of income in the consumer population). On the other hand, they are
only computed for each product (J) rather than each product-consumer pair (Zm Jnlm)- Given this,
(quasi-)Monte Carlo methods with a high number of draws are appropriate, albeit this requires the
number of Monte Carlo draws to grow faster than the square of the prevailing convergence rate, which
is the same number as is needed for MSM not to lose efficiency. In our implementation for section 7, we

use 10,000 quasi-monte carlo draws to approximate these integral for all estimators.

H Monte Carlo Design
In this appendix we present the full details of our Monte Carlo design and implementation. While
some of this material is redundant with the summary presented in section 7, it is also included here in

order to provide for a single, comprehensive overview.

1f v is of high dimension, sparse quadrature methods can be viable alternatives. The designed quadrature approach of
Bansal et al. (2021) may be particularly attractive as all nodes have positive weights.

12



H.1 Data Generating Process

Our empirical design includes two observable product characteristics (x} Zm), with associated

]m’

parameters (37, 55 ); two demographic characteristics (z z},,) interacted with a single corresponding

ime
product characteristic with associated parameters (657, 65%); and two random coefficients (6,7, 657).
Mean product quality is specified as 8%, = 57 + ﬁ xjm + B3 x3,,, + &m,» The unobservable product
characteristic &, is also distributed as a standard normal 1ndependent across jand m.”
We specify that one of the observable product characteristics, x!, is correlated with unobserved
characteristics §j,,, and thus endogenous. Specifically, so that x! is normally distributed, let a vector
of instruments b! and random noise u both be vectors drawn from a standard normal distribution

independent of £ and each other. Then construct x! according to,

= Webjy, + V1 — wg (Weltj + V1 — wi§;,) (64)

where w, = w(a) = a/\/m for a € [0,1] governs the strength of the instrument b! and
w, = w(c) for ¢ € [0, 1] governs the degree to which the remaining variation in x! is due to random
noise versus the product’s unobserved quality. In estimation, we use b! as an observed instrument for
x'. The remaining characteristic szm is exogenous and drawn from a standard normal independent of
all other variables.

Consumers have observable characteristics, z;,, = (z},,, z%,,) thatare drawn (independently) from the
standard normal distribution. Preference heterogeneity based on observable consumer characteristics
is parameterized according to u Z”" =6/ zlmxj L+ 63722 X2 Xjm>

Asinsection 7, altering 6*# affects the strength of identification of 6*” via the micro data by increasing
the variation in utility across consumers.

Consumers have unobserved characteristics v;,,, = (v\,,, ¥%,,) which are independent and drawn from

Vim>
the standard normal distribution. Following the model as well as standard practice, this distribution
is assumed to be known to the researcher. The unobserved heterogeneity term in utility is u}’,fﬂm =
O VX + 637V X

In addition to the instrument b! for x! described above as well as a constant and the exogenous char-
acteristic x2, we utilize three additional “BLP instruments” constructed from product characteristics

for the PLMs (4). We construct a differentiation IV for x? following GH20. Specifically, for b?> we use,

D> O — X35 (65)
J'€Im\j

This instrument is valid since it depends entirely on the exogenous vector x2. We also construct the
differentiation instrument for x!. Here, we must make use of b! following GH20. That is, we run a first
stage regression of x! on x? and b! and use the resulting predictions %! to construct b* analogous to (65).
The final instrument is simply the number of products in each market m. This varies across markets but
not within market. Since d, = 6 > dg = 3, ¥ is overidentified for 8* and the extra exclusion restrictions
are potentially useful to identify 6*. Note that since dg = 4, the score of the likelihood for CLEER and
MDLE, and the two covariance moments for GMM-M are necessary to identify the full parameter vector.

7In a previous version of this paper (Grieco et al., 2023b), we have used a Pareto distribution for §j,,. The Pareto distribution
more closely mimics the “80/20” rule commonly observed in market share data. However, the Pareto distribution has
thicker tails than allowed by G. This choice results in a bias in the PLMs which is visible for some simulations. In practice
CLEER still outperforms the other estimators.
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We include the same instruments in all three of the estimators we consider.
H.2 Baseline Parameterization

We organize all of our experiments around a baseline specification of the data generating process,
which we now describe. Except where they are explicitly varied, these specifications remain constant
throughout section 7.

The parameters 8* = [—6,1,1]7,6%% = [1,1]",and 8*” = [1, 1]" were chosen so that in the baseline
specification, average share of the inside products is .0206; and the first decile of shares is 0.0006 on
average. The average share of the outside good is .6095, with a standard deviation of .1326. Weleta = 0.5
and ¢ = 0.5; which results in a the mean F-stat for the first stage regression of x! on the instruments of
190.71 with a standard deviation of 18.05 across our 1000 simulations.

We draw data for M = 50 markets. Products in each market are independent of other markets. We
vary the number of products in each market with five markets each of {10, 12, 14, 16, 18, 20, 22, 24, 26,
28} products.”! There are N,,, = 100 000 consumers in each market. We take a random sample (without
replacement) of size I,,, = 1000 for the micro dataset of each market.

All three estimators must integrate over both v and z to compute the function 7z; we implement this
integration using Monte Carlo simulation with 10 000 consumer draws. The two likelihood estimators
must also compute 7z%im for each observation in the consumer sample. We use 11-point Gaussian
quadrature in both dimensions of v, but evaluate this choice in section 7.4.

H.3 Implementation

For all experiments, we estimate the model for each of 1 000 replications of the data generating
process. In rare instances, we draw a dataset where some product has a share of zero, in which case
we discard the draw and sample again. Because GMM-M requires s, > 0, it is unable to handle these
cases, our other estimators may also be affected as we describe in app. I. In practice, most practitioners
drop products when no sales are observed, since it is difficult to determine whether they were actually
available for purchase. In, app. I, we investigate performance of all three estimators following this
practice. For CLEER and MDLE we use a single, arbitrary, starting point. For GMM-M, which is known
to have local optima, we multi-start from three values, including the truth. From the three runs, we use
the one generating the smallest minimum.

Finally, we must choose weight matrices for all three estimators. For CLEER and MDLE two step,
we use the standard initial choice of (BB)~!. Hence, our results do not take advantage of optimal
instruments. For GMM-M, we follow the pyblp default, which constructs a weight matrix for both
PLMs and micro-moments that would be optimal if the initial parameter were the truth. Note that since
we perform a modest multistart for GMM-M with one starting point being the truth, this means that
one of the GMM-M implementations utilizes the true optimal weight matrix (as opposed to a consistent
estimate thereof).

For these reasons, if one wishes to view our results as a comparison between the implementations of
the three estimators—which is not our goal—one should view results in favor of CLEER or MDLE as
conservative. However, our primary purpose with these experiments is to straightforwardly illustrate

the theoretical properties of CLEER and the alternative estimators across a variety of designs.

"IFor the experiment varying the number of markets, we similarly vary the number of products in each market with one
market of {10, 12, 14, 16, 18, 20, 22, 24, 26, 28} products for M = 10, and 100 markets of {10, 12, 14, 16, 18, 20, 22, 24, 26,
28} products for M = 1 000.
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I Small market population

In this appendix we discuss performance of CLEER and the other estimators presented in section 7
when the population size is small. We also present Monte Carlo results for this situation.

When N, is low, two issues arise. First, sampling error in s increases, which makes imposing the
share constraint more costly in terms of efficiency. This impacts GMM-M but not CLEER or MDLE.

Second, when N, is small, the probability that some offered products are not purchased, so s;,, = 0,
increases. When s;,,, = 0, the share constraint cannot be solved, making it impossible to compute an
estimate for our GMM-M estimator. CLEER and the MDLE two step face similar but less severe issues
when a product is not purchased.

The MDLE objective function log L is well defined when Sim = 0, however its score with respect to
jm is negative for all finite djm.n In our view, the first step of MDLE is quite robust, as one can simply
drop &j,, from the parameter set when s;,, = 0 without affecting the likelihood to recover 6 and the
remaining elements of §.”> However, dropping jm does impact the PLMs, so the second step of MDLE
will suffer from selection bias in the estimation of 3.

In principle, CLEER can address this issue when dj, > dg, since once the PLMs are added to the
objective function, it is no longer optimal to let §;,, — —oo, as this will cause ¥ to diverge, see (10).
However, once dj, — dg shares are zero in the data, ¥ can be set to 0 for any 6, so & must be estimated
from the micro data. If the number of zero shares is larger than dj, — dg, then the PLMs can be satisfied
with equality using only a subset of §;,,, for zero share products and the remainder are free diverge as
above. Consequently, CLEER can only be computed provided that the number of products with zero
shares is no greater than than d;, — dg. This means that while CLEER can be estimated for allowing the
presence of a small number of zeros, it will eventually break down for markets with very low N,,, as the
number of zero share products increases.

For empirical applications, practical considerations also arise when s;,,, = 0 is observed in data.
Foremost among them is that the researcher is usually uncertain as to whether or not product j was
actually available to consumers in market m as it may have been out of stock or simply not offered. The
issue of stock outs is broader than simply observing zero shares, but has been typically ignored in the
applied literature.”

In practice, applied researchers have commonly dropped products with zero market share from the
choice set of market m while assuming all other products were available to all consumers. We now
examine the impact of this practice when, following our model, all products are available but some
were not purchased by any consumer in the market population.

Specifically, we consider our baseline DGP from section 7, but lower the market population size from
100,000 in the baseline to N,,, = {10, 000; 5, 000; 1, 000}. This reduction in N,,, makes the probability of
drawing a product with a market share of 0 increase from being negligible in the baseline to 0.22, 0.90,
and 7.79 percent respectively. Consequently, the probability that a market contains a product with zero
share for these experiments is, 7.9, 28.22, and 92.18 percent. Thus we consider the three cases presented

to be examples of small, moderate, and extreme zero shares problems.

20ne can this immediately for L™ by examining (56). For L*, it is intuitive since O'fm > 0 for any finite §j,, and Z;’: o O =
1.

3Note that since & are location normalized against the outside goods, the remaining § will be unbiased provided s, > 0.

74An important exception is Conlon and Mortimer (2013), which leverages periodic observations of product availability to
estimate a demand model with endogenous stock outs. We do not consider availability of such data in our analysis.

15



N, = 1,000

5,000

N m

N, = 10,000

Figure 11: Distribution of parameters for different population sizes N,,,.

The distributions of our estimators are presented in fig. 11. To reiterate, when a product has a market
share of zero, it is dropped from the dataset prior to estimation, enabling all three estimators to be
computed. When N,,, = 10,000, there is relatively little difference between these results and our
baseline for any estimator. When N,,, = 5, 000, the variance of GMM-M appears to increase slightly for
8, and some bias for § appears for all three estimators. However, overall performance is acceptable. In
the extreme case where N,,, = 1, 000, the GMM-M estimator is severely biased for all parameters, this is
a direct result of its reliance on the product level moments which now suffer from significant selection
bias. CLEER is also biased for the same reason, but to a lesser extent as it combines information from the
biased PLMs and the likelihood. On the other hand, MDLE, which ignores the PLMs when estimating
6, remains unbiased for 8 and performs well.

All three estimators exhibit bias for . Interesting, the bias for MDLE and GMM-M are in opposite
directions. It is intuitive that the distribution of CLEER is between the other two estimators, however
there is no reason to expect CLEER will be unbiased for § in general.

To summarize these results, the standard practice of dropping zero or small share products, while
inducing bias, did not substantially affect any of the estimators. Bias did become apparent in our
extreme case once the share of products dropped rose to over 7 percent. Because this bias is entirely due
to selection affecting the PLMs, the first step of MDLE remains consistent even in the extreme case.

In cases where the share of zero share products significant and it is known these products were
available to consumers, our results indicate it may be fruitful to consider adjusting the second stage of
MDLE to account for selection. We leave such a possibility for future research.

J Technical Lemmas

In this appendix, we cover technical lemmas we refer to in our paper, which are relegated to the

online appendix due to space constraints.

J.1 Asymptotic normality of other parameters

Proof (of L1). The statement of L1 says that for 0 = [(B"¢)",£5,£5]" and w = [B7,67,67]7,
AYHIN)2AY () — w*) ~ AYD 4 N(0, 1), for matrices A, K.

Here we establish asymptotic normality of linear combinations of (8, 8, §). Theorem 2 is a special
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caseforA” = [@ [ @]. In theorem 2, we showed asymptotic normality of 8 by writing it as a linear

d
combination of 0. Specifically, L8 showed that 179_1/ ’I'pdo — N(0,1). Recalling (48) and substituting
F=L5 - Lo (s —7*) = Ly,

4?9 = (Z(EBrvngm + E@m - Lenm£7_r7lrm£7rm)) = [E [ —LenLE}z] 22
m
which implies for AY = 1,721 [E I —Lenzj,—t}f] we have A"0 5 (0,1). To show asymptotic
normality of linear combinations of (5, 6, 9), we reuse the same argument for a general A.
Before providing the general form of A, note that the initial steps are identical: The quadratic
approximation for (8, #) obtained in theorem 2 (steps I and 2) can be reused verbatim.
In the general case, A" will be of the form, (A” 7 1A)~V2AYY, where 7! is a sample analog of,

BB 0 0
HL=VQ0|A)=Y| 0 Lo Lo |V

0 Cn'e 57[7'[
For 7,
B¢ BY¢
A=) =AY |8-0" | =AY T, 6—06% | 2 AT Y, T30,
§— 8" —m*
where 173, 15, 15 are respectively given by,
(PX)tBTY 0 (PX)* I 0 O [ 0 | 0 0
0 I o [.|o I o].|0 -Q5 O DgPB*Y | —Lo LAE |-
0 0 I 0 Dg D] |0 0 —Qzi||DrPB*Y —L,L7, I

The formula for 1; is due to the fact that § — 8* = (BX)*8 — B* = (PX)*[(§ — 6%) + B*'B"¢],
Y, is essentially applying the delta method to the transformation from 7 to §, and 13 amounts to a
linearization of B', 0 — 0%, # — z*. The product ¥’ = 11,Ysisfor € = (BX)* (1 — DgQpd? —
D,Q;+D;P)B*Y given by,

¢ —(PsX)*(DeQa5 — D Qrrlr0lde) —(PX) (D Q7 — DeQp3Lonlinr)
—QpDgPB*Y —Qp% Qg6 LonLr
0 —(DeQ5 — Dz Q7rLr0L3s) ~(DzQzr — DeQgg LorLrr)
So T transforms ? into (4, 8, ) up to negligible terms and # ! is the variance of Y0 ~ (8, 6, §). O

J.2 Other lemmas referred to in the main text and app. B

The model implies that 7* is in the interior of [T. The following lemma establishes a bound for 7*
and related objects following our assumptions, especially G.
Lemma 9 (Bounds for 8%, 7*, and related objects). Recall that x} = 2, | 2c; log M, x = exp(—4x}),and
letk, = x3* = exp(—3x}), sox, > x. Then, (a) P(max,, |85 > x}) < 1; (b) max,, Kl Ty < 1
and max,, jX;/Sj, < 1; (C) ming, infﬂ;;f[ﬁfn(nm) / Nnl > x,log(x,/x); (d) For a constant C,
P{max,, SUPg syc Amax[Drm (6, 7Tm)] < Cx3} = 1; (e) Forany0 < p < oo and some constant C

only depending on p, max,, E{sup g Aax[D (6, 7)1} < C; (f) Forany 0 < p < co and some constant
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C only depending on p, max,, [Esup@Xﬂ,;n 1|7 — Toll < 1A Max[Dm (6, 7,)] < C

Proof.  First (a). By the triangle inequality, for and some fixed C < oo,

Bonferroni

Pmax |87, | > k) < P, i | > K5 = 5B"1) < P@m : gl > 5 =€) <

P& > x5 - ©) < oM exp|—(x} - CP/(2ep)] < 1.

m,j
For (b), for some fixed ¢ > 0,
= exp|u(6*, z,v, x;,)] exp(&;,,,) o exp(G) exp|u(6*, 2, v, Xjm) |
jm —

v 20 EXD[1(6%, 2, v, Xy ) | €XPp(8f) — max; exp(8im) J,,, 2, exp[u(6*, 2, v, Xypy)|
S exp(8jy, — max 8im)- (66)

Hence, for any C < oo,
- 7C
I]I(ml? 77.']m < CK,T) < [P’[c exp(rﬁlqul Sim — Iilqajx cSJ*;n) < CK,T] < [P’( 2max|5 | <log —)
_ % 1 x,C _ % 3 4 C\®
= P(nrqne’ljx|6jm| > —Elog T) = P(rflnfljx@m' > 5Ks — Elog ?) <1,
which establishes the first half of the assertion. The other half then follows from L12(d).
Now (c). Suppose without loss of generality that within a market products are such that 7;,,, =

min; 7;,,. Then,

ﬁl
f=mme m(7m) 1an sjmlog -— > 1nf (slmlog + (1 —s1,,) log &)
I]'I]’frf m Jm 1-—
By L12(d), the infimum is (for all m simultaneously) attained at 7}, = %, such that the infimum is
bounded below by s1,,, 10g(81,,./%) + (1 — S1,,,) log[(1 — $1,,,)/(1 — %) ]. The stated result then follows from
(b).
Next, (d). Note first that D, (6, ,,,) = Qp1(6, 7,,), where for 8,,, = diag(s,,,),

@m :f (Sm—/.im/jz,l) =f 8%2[I]—8;11/24m/.>;8r—nl/2]8%2 Z[ Sm/-’Om ijlnf Ajm/-SOml]’
z,V

z,v z,V Zz,V

where the penultimate inequality follows from the fact that | — 8;,1/25,,.6,,87./2

75

has eigenvalues
that are bounded below by 4¢,,.”> Analogous to the proof of (b), we have min; [, | 4$jméom =

C; exp(—3 max; |§;,,|) for some fixed C3 > 0. Consequently,

1
Anin[ Q@ (6, 701

For uniformity, it remains to be shown that maxg max,, maxpx exp[max; |8;,(6, 7,,)|] < C,/x. By the

Ao [ Drem (8, 71)] = < exp[3 max |8, (6, 7m)l] / Cs. (67)
j

definition of [T}, x < 7o, = S exp(Sjm +,ujm)]_1 < Cq exp(— max; j,,). Moreover, x < min; 7j,, =
min; f exp(jp, + Kjm) / [ €xp(Sym + Uem)] < Cgexp(min; §j,,). Combining these, we have for all
Sim:x | Cg < exp(8j) < Cq / %, and 80 exp(|5j,|) < max(Cy, Cg) / x, which establishes (d).

75We use the fact that the smallest eigenvalue of | — vv” corresponds to the eigenvector v and is equal to 1 — ||v]|2, which

— g-1/2 : —
for v = 85, %5, isequal to 1 — Zj>0/5jm = Som-
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Penultimately, (e). Apply (67) for 7,,, = 7,,,. Using the analogous argument as follows (67), for some

fixed C; and all 6 € @, m, j: expl[|3;,(6, my)|] < Cl/ﬂj";ﬂ. Now, for some fixed C, and any p > 0,

Glil[ii], H[ii]

triangle
E[(75,)P] < CPE[exp(pl&};, )] < CEE[exp(plx;,B81) exp(plEjm|)] < oo,
Finally, (f) follows from (e) and (b). O

In the remainder, we (as earlier) use the symbols €; ;,,, = 10g ;s €jm = 10gGm = E(€;jm | A), and
Abijm = €ijm — €jm, and use a tilde to indicate when ¢ is used as a function of § instead of 7, e.g. ?; im-

Lemma 10 (Uniform convergence of AL* and its derivatives). (a) Let 7.(0) =

\/max[p4(6), Fia(€)] log2 L. Then, sup, |AL*(6,7%)/7.(0)| < 1; (b) Let u be a vector of nonnegative
integers indicating derivative order with respect to each element of ¥,,, = (6, 7,,,), let |u| denote the
sum of the elements in %, and let «, denote the number of derivatives with respect to elements of 6%.
Let further, 7% = \/T,,x~3*(log I, )?*m&(®2.1) 4 exp(—N), where the exp(—N) term serves to ensure
that we are not dividing by zero. Then, for |u| > 0, max,, supg, [184ALs, (6, m)|/7Ti] < 1; and if
|u| = 0 then max,, sup@Xﬂm“Aﬁ;n(@, Tliri] < 1.

Proof. AL*is asum over I terms, so if I does not grow then the results are trivial. So, suppose that
I>1.

We first show (a). We use L14(a) conditional on the 7,,,’s. Since we do not need a result for each market
separately, we have no use for the g subscript in L14. Using the superscript ** to distinguish objects in
L14 from objects here, take ' = 6, n*** = I, and write {“(8) = AL*(8, 7%)/r.(6) as Zm ij &im(6)
for¢, = Zj()’ijm - g{“jm)[A&jm(Q, M) — A€, jm (6%, )1/ 7.(6), where each (§}*, z;'*) corresponds to
($ims Zim) forone (m € {1, ..., M},i € J,,) combination. We now verify the conditions of L14.

First, L14[i] is satisfied if we make 8" decrease at a sufficiently fast polynomial rate of I because ***
is differentiable and by L15(c). We now establish condition L14/ii| using L14(b), for which we need to
check L14[iiil,[iv],[v]. L14[iii] holds by G[iii]. For [iv] and [v], take 8"'* = log I, such that [iv] is satisfied.
Finally, [v]. Note that h* < g-;}(¢) log Iby L15(c). By L15(d), *? < (log I)~*. To verify [v], first note
that exp(—c/h**) and exp(—c/&"*?) decrease faster than any power of I. Now, due to the compactness of
0, we can choose T"" to increase at a (sufficiently fast) polynomial rate of I (that depends on our choice
of ') to make the requirements on T"', §** hold, showing L14[v]. This completes (a).

The proof of (b) follows the same steps as that of (a), except that we now do use the g subscript in
L14. First the case [u| > 0. Take g"* = m, zjg' = zjp, Pg* = (6, 7p), ng* = Ip,. Now fus(@, ) =
O“ALS, (0, 7,1 = ng ¢im(6, 7y, with &;,,(6, ) = Zj(yl-jm = Gijm)0" A8, (6, 7). First,
L14[i] is satisfied if we make &3 decrease at a sufficiently fast polynomial rate of I because ;' is
differentiable and by L15(c). We now establish condition L14[ii] using L14(b), for which we need to
check L14[iiil,[iv],[v]. L14[iii] holds by G[iii]. For [iv] and [v], take Bj;' = logI, such that [iv] is satisfied.
Finally, [v]. By L15(c), max,, h% < (logI)~2.

Further, noting that for implicit {a; ;,,}, \/[ng ¢m | Inl = L,\VG, = Im\/[zj @ijm]
Ind 3, Ea?

ijm>

IA

7 O%AL; i1 (6, ) \271150) B
mnilxo-;qZ SJmWallX{Im @SBE%,I; [E[gl?*jm( u;n% m ) ]} < (logD)~.

To verify [v], note that max,, exp(—c/h%4) and max,,, exp(—c/&4:?) decrease faster than any power of I.
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Now, due to the compactness of @, we can choose Ty;¢' to increase at a (sufficiently fast) polynomial rate
of I (that depends on our choice of §},¢) to make the requirements on Ty;¢', §,,5 hold, showing L14[v|.

Finally, if |«| = 0 then we do not have to take derivatives of 6 and by L13 we have an upper bound on
¢;jm that applies to all of [1,,,. The remainder of the proof is identical. This completes (b).

O

J.3 Lemmas referred to in app. J.2
Lemma 11 (Q approximations). Statements (17a)to (17c),
max | Fo{ Qag[0(8), 7(D)] — Qg6 }Te] < 1,
tef0,1]
max Hre{fzeﬂ[e(f), ()] — Qgﬂ}rﬂH <1,
te[0,1]

mae {05 [0, 2] — 037} < 1,

hold.
Proof. Let(8,7) = (6(f), n()), which by the MVT lies between (&, 7#) and (8*, 7*). We will first show
that I'y[ £ ge(87, 77) — L0l < 1, which is more challenging than the PLM component. We will assume
I — oo, since if it is fixed the result is trivial. For a convenient scaling, let R be block diagonal with
blocks I and [/ then all elements of RI'4R converge at rate 1/I (if micro identification dominates) or
faster (if identification comes from PLM).

Let K(6, 7r), K(6, 7) be the (r, ¢) element of I'3Lgg(6, )T, and I'gLge(8, )I's, respectively (to avoid
three-dimensional arrays of derivatives). Then, by adding and subtracting,

R(B,#) —K* = [AK(8, %) — AK* | + AR* + [KG, 7)) —K* | = D+ @ + B

First,

1= 1(6 - 8")"Ke(6,7) + (7 — 7*) K (6, 7))
<[00I Ko(6, ) || + max |2 — Tl 3 | Ko (6, 7n) I < 1.

Thm.1 L15(f) T m L15(f)

Further, since E(2)? is the variance of a sample mean,
1
E@* =Y E@% < 5 >, Im < L.
m m
Finally, by MVT, triangle, and Schwarz inequalities,

|1 < 18— 6*]) | ARe(6, ) || + max |7,y — 7l 3, | AR (6, 2tm) || < 1.

Thm.1 L10(b) T m L10(b)

Now the PLM component, I'5[$g5(6?, %) — @41 Note that @ is quadratic in 6(6, 7) and Dg,, =
—D, 0970y, and Dy, are bounded near the truth by LI(f), so I'g[ (67, #7) — B, 16 < 1.

Summing the two components completes the proof. The remaining results follow analogously by
redefining K for the likelihood term and using the same argument for the PLM term. O

The next lemma contains some simple results, several of which are well-known, albeit typically
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presented less conveniently (for us).

Lemma 12 (Trivial technical results). Recall that I, = max(l,e). (a) If {a;} are subgaussian with
common OVP ¢, < oo then max; |a;| < /¢, logI,; (b)forafixed C < oo, VO € OF: |67|? < C|6—6%3;
(c)forafixed C < oo, VO € 0% 22 < C||6 — 6*|3; (d) maxy, j(\/NolSjm — 75?‘,‘%|/\/7rj_*m) < logM.

Proof.  First, (a). Suppose without loss of generality that Vi: Eq; = 0. Take K > 1 to obtain

Bonferroni

[P’(max la;| > Ky/2¢c, log I) < Z P(|a;] > K\ 2¢, 10gI+) < 21exp( —K?logl,).

LetI — oo followed by K — .

Now (b). Since 6 € @%, |6 — 6%||? > €2. If |67 — 0*%||*> > €%/2 then ||67|*> < 622 < (2072 | €2)||6% —
0*Z||? < C]|6 — 6*||3, where C; = 2622 / €2. Now suppose that |67 — 6*Z||?> < €2/2. Then by the triangle
inequality, ||6¥ — 6*¥||?> > €2/2. Take C, = 2 + 4/¢. Then, ||6?|* < 2(]|6% — 0*%|?> + 2%) < 2[||6% —
O*2|2 + A2|16¥ — 6*7|12/(€*/2)] < C,||6 — 6*||3. Take C = max(Cy, C,).

For (c), note that for A > O and any 6 € %, |6 — 6% = (67 — 6*Z|]> + 22||6” — 6*”||> > |6 —
0*||> min(A2,1) > € min(A?, 1). Take C = €2.

Finally, (d). We have,

Bonferroni

B(max(/Nonlsjm = il V) > 0gM | A) < 3 BV Nl = 73] > V75, log M | A)

m,j

3Ny 77, log* M ) <2y eXp(_ min(log® M, \6/Nm7rj";n log M)ng,cl.

Bernstein

< ZZ exp(

mj 6N (1 — 700) + 2 N7t log M ]

Lemma 13 (Uniform upper bounds on contributions to the micro likelihood). |4¢;;,,,(6, 7,,)| < C||67|-
(Izimll + C).
Proof. Recall that €;;,,(6, ) = 10g6;jm(0, 7p) and €j,,(0, 7)) = 10gGm(6, 7). Let 1, (v) =

> . Gl’c’xj?’m(k)vk + 8jm Where x 'n represents the elements of Xx;,,, associated with 6” (i.e., the elements of

Xj, With random coefﬁments). Because of G[i], H[i], and the Schwarz inequality, | Zk 0% Xjm(i)Zim()) <
CillZzim |l - I16%]l- So, for all 8, 7y,:

exp| 2. 6FXjm(i Zim(i) + exp|C1lzimll - 16%1] exp[5m ]
gijm(e’ ) = Z

Z eXP[Zk 6kxtm(k)zlm(k) + rtm eXp[_Clllzim” : ”eZ”] exp[rtm]
exp(tjm)
< ezl 16D [ o
" Y, exp(tim)’
=f(6%,2)
eXp[Z 6kx]m(k)z‘i' m] p( )
— (@) = [ [ 2 ([ eI D) 5ot
zJy Z €Xp Zk ekxtm(k)z + ”i‘m] z Z p(rtm)
where the final line applies the inequality oppositely on numerator and denominator respectively.
Then for C, = 2Cysup,, /[, |z[f(6%,2) / [,§(6%2),° we have €;jn(6,7) — €m0, 7)) <
log exp|[|67[(2Cy | Zimll + C2)]| = I16%(2C4 [|Zim |l + C,). This establishes an upper bound. A lower bound

can be obtained analogously. O

L14 below shows a general uniform convergence result for growing vectors of functions. We need L14 in

7®This definition of C, is motivated the MVT expansion around 67 = 0, |log /, f(6%,z)| < |log1| + 2Cy IzIf(6%,z) /
S, 1(67,2).
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our proof, because as M grows, we need M different random functions of (6, 7,,,) to converge uniformly in
both the arguments and in m. For example, in L10(b) we need max,,,—;,. . SUP e sy 1AL3, (8, 7r,) /T4
to converge.

Although there are many uniform convergence results in the literature, we have failed to find one
that covers our case. Specifically, the fact that we have an increasing number M of functions and an
increasing number of parameter vectors. Nevertheless, L14 uses a familiar method of proof.

Lemma 14 (Uniform convergence over growing vectors of functions). For each of a possibly growing
number of G groups indexed by g = 1, ..., G, we define a parameter space ¥y, a true parameter vector
g, and a sequence of independent random vectors {v;}, with i € {1, ..., ng}. We partition each space
¥ into T, sets Wy, ...y L and let §,,, = max;—y, 1, SUP oWy [$g — Pgl denote the greatest
distance possible between two points in the same ¥g,. Let §g; be an arbitrary point in each ¥y;. Define
functions fng: ¥y — R%s, where fng(ng) = ffg[;bg,{vig}].

() IF 1] maxy SUPy, s ey, ygicong e (he) = Fng)I < 1 and [if] maxg [fag(@go)ll < 1; then
maxg supq,g ||ffng(1,bg)|| <1

(b) Suppose that we can write {an(l,bg) = Z:lzgl $o(1hg, Uig). Let z;4 be a subvector of v;, for which
Vg, i, g E[{G (g, Uig) | Zig] = 0. Define c'ré = SUpy, 22 IV (g, vig)ll Let for some B, hy := h(Bg) =
esssup supq,g[”{g(t,bg, Ui1(l|zigll < Bg)]- Then [ii] is satisfied if [iii] z;g is subgaussian with OVP c7;
[iv] Zg ng exp|—B3/(2c3)] < 1; [v] for any fixed £ > 0, Zg T,,q exp[—3€%/(653 + 2hge)] < 1.

Proof. Consider (a). We have by the triangle inequality,

. A . P A il
max sup [¥ng(Pe)ll = maxsup [[fg(g)|| < max sup [lfng(g) = bng(Pgo)ll + max |[fng(g )l < 1.

f o Wyt PgEWg

>

Now (b). For € > 0, write

Plmax g (Fgo)l > ¢ = P(max| 2.4 Wao vl > ¢)

< P(max|[ Y e ge, e 1lzig < )| > €) + Plmax |z > By)
a2 ,
< 2 P(I Y G vi1(lzigh < Bl > €) + 3 expl—p2/(2c)]
gt i g,
Bernstein,|iv. 2
<2 exp(—
8.t

m) +o1)=o(1)+0(1)<1. O
The following lemma provides bounds on derivatives of (contributions to) the micro log likelihood,
£*, and its expectation when 7 is in the interior of its parameter space, i.e., 7 € [T%. It is used, for
example, in step 4 of theorem 1 and in the proof of theorem 2, after consistency of 7 has been shown
which implies # € [1* with probability approaching one. For notational convenience, recall €;j,, =
10gGijms €jm = 10gGm, and A&y, = €jjm — €jm. Now, since g, (6, 1) = 7, we have £*(0,7) =
- Eijm DijmYijmlA€ijm(6, ) — A8, (6%, ) 1.
Lemma 15. Let u be a vector of nonnegative integers indicating the number of partial deriva-
tives with respect to elements of ¢,, = (6,7,,), let u, denote the total number of partial deriva-
tives with respect to elements of 6%, and |u| the total number of partial derivatives. Recall
that A¢;;, = Cijm — Cjm- (@) If u, = 0 then V0,7, € O X [1}:0%A¢;,,(0,0%,7,,) =
0; (b) If u, = 1 then V0,7, € O X [;:E[0%A¢;;,(0,6",7,) | A] = 0; (c) For
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a constant C < oo IP[maxm maXgyqx, |aueijm(e, Tl > C|Dgm(6, ﬂm)|||u|||zim||max(“z’1) |
A] = 0 and P[max,, maxgxmg, [0%€;jm(6,my)| > Cx 3|z, |mx@=2 | Al = o
(d) supy 22, 2y \/{Zj(yijm — imlAlijmO, 1) — A1} /6 — 6% = 1; (e) For
some fixed C > 0, max,, sup@gxﬂx(w%;q(e, 7,)|/imax(l,,,, DAMLD,....(6, Tw)]}) < C and
max,, sup@gxﬂk(|6“£;n(6, 7))/ max(I,,,,1) < x73; () Lett,, = 1(|7,, — 74| < x). Ifu, < 1,
then for some fixed C, max,,, E|0%L?,(0, 71,,,)7,,|/ max(I,,,, 1) < C(||6?| + 1)?>%=.
Proof. (a)and (b) are trivial since V6", 7r,,: 4€;,,,(0, 6", 7r,,) = 0 and V0", 7,,,: E[A€gz; (0, 67, 7., |
A,,] = 0, and hence so are all their derivatives with respect to 8%, 7,,,.

Now (c). Write €;,,(6, ) = €;jml6,8m(6, 7,,)]. The partial derivatives of £;;,,, with respect to
6%, 6, Okm are given by

5 . f/Jijm/Jikm ~
Csijm = 1(J = k) — —————— = |€s,ijm| < 1;
ijm
= f/éijm/iikm ~ Glilii]
Cozijm = Zim(k)(xjm(k) - thm(k)—o.__ ) = |Cozijm| < Clziml; (68)
t iym

Gli]

~ 1 ~
t
Now, by the chain rule, g?rijm = D;mé5ijm and €9ijm = é@ijm + ngé5ijm = é@ijm - aQO'rvnDZmégijm.ﬂ
Each partial derivative of ¢;,,, with respect to any element of 6 or 7, adds a factor of (a norm of) D,.

For |u| > 0, result (c) then follows from the bounds in (68). If |«| = 0 then (c¢) follows from L13.
For, (d), define a;,,(6) = A€;jm (6, p,) — A€}, and let C be a constant,

V(X 0tm = Siim)aim(®) < T 3 Elsijmadm(©)]
j J
=T Y Efsiiml (67 = 6%) ageijm(6) + (67 = 0°) aguyjm(©)]')
J
=T Y ElGml (67 = 09) ageijm(6) + (67 = 07)7 agugeijm(87. 667’}
J
< (167 — 6212 + 167 = 012 - IE%I1) max max E[Dm(®, mi)IP < C210 - 6°[F,

where the last inequality follows from 1L9(d), and ||6°Z | < |67 — 6*%|| + A by the triangle inequality.
The first half of (e) follows trivially from (c) and the second half from L9(d).
Finally (f). First, suppose #, = 1. Forsome 0 < t <1,

3L 3n(8, TVt = Ty 0 E(5ijm(6%, T )3 A (6, T )i | A)
J
By [E([gjm(O, 67, 7h) + 0777 g (1672, 67, i) |
Jj
(044610, 67, Ty + 677 0920 A8y (167, ¥, ) |y | A). (69)

Multiplying out the right-hand side of (69) yields four terms, one of which is zero by (b). The other three
are by L9(f) bounded in absolute value by a constant times I,,, times one of |67, 4, 4||67|.

Second, if v, = 0, take the mean value expansion around 67 to the second order, which yields

77By the implicit function theorem on §[6, 5(8, §)] = & which yields Dg + D, 8gvc = 0.
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nine terms all of which are bounded by a constant times I,,, times one of ||67||?, 22, and higher powers
thereof. O

K Additional Monte Carlo Results

In this appendix, we display results from the Monte Carlo experiments in table format. Each table is
a different statistic and each row is a different experiment. The major columns denote parameters, (67,
6%, 6y, 65, and 8;) and the sub-columns denote the three methods, CLEER, GMM-M, and MDLE.

The first set of five tables (for the five statistics) displays results for all of the experiments, except the
integration bias experiments. The sixth table displays the results for the integration bias experiments,
where we combine all of the statistics into a single table.

The five statistics we display are

. median absolute error;
. bias;

1
2
3. acceptance probability as a percentage;
4. median standard error;

5

. the percentage of runs where the estimate was at the zero boundary.

The results generally confirm the plots and surrounding discussion in Section 7 in the main text.
We observe that for small true values of 8, some runs of the estimator converge to the zero boundary,
for example see experiments [6], [9], and [11]. This happens most frequently for GMM-M for all
three specifications (recall that we even start GMM-M from the truth), and the problem get smaller for
CLEER and MDLE as 6% grows, but the problem persists for GMM-M regardles of 6%. We exclude these

cases from the calculations in acceptance probability and standard error tables.
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6

&

&

6

B

CLEER GMM-M MDLE

CLEER GMM-M MDLE

CLEER GMM-M MDLE

CLEER GMM-M MDLE

CLEER GMM-M MDLE

[1] baseline* 0.017 0.034 0.022 0.014 0.020 0.022 0.032 0.068 0.041 0.026 0.034 0.043 0.038 0.051 0.040
Vary S,

[2] S, = 250 0.026 0.036 0.046 0.020 0.025 0.045 0.051 0.069 0.087 0.033 0.038 0.083 0.041 0.047 0.063
[3] Sy, = 4,000 0.011 0.031 0.011 0.010 0.016 0.011 0.020 0.067 0.021 0.019 0.032 0.021 0.034 0.052 0.034
Vary M

[4]M =10 0.020 0.067 0.021 0.019 0.040 0.022 0.039 0.149 0.041 0.037 0.080 0.043 0.072 0.110 0.073
[5] M = 1,000 0.009 0.012 0.021 0.007 0.011 0.021 0.015 0.018 0.042 0.009 0.012 0.042 0.012 0.012 0.026
Vary (67, 6")

[6](0.3,0.3) 0.009 0.013 0.009 0.007 0.010 0.010 0.070 0.138 0.079 0.051 0.078 0.091 0.034 0.041 0.036
[7](0.3,1.0) 0.011 0.013 0.020 0.008 0.010 0.019 0.061 0.068 0.129 0.033 0.033 0.124 0.045 0.050 0.072
[8](0.3,2.0) 0.014 0.015 0.070 0.010 0.012 0.068 0.102 0.086 0.594 0.049 0.043 0.578 0.060 0.056 0.296
[9](1.0,0.3) 0.012 0.030 0.013 0.011 0.020 0.013 0.032 0.127 0.034 0.034 0.075 0.041 0.031 0.045 0.031
[10](1.0,2.0) 0.030 0.036 0.071 0.019 0.021 0.072 0.081 0.090 0.186 0.048 0.045 0.181 0.055 0.061 0.098
[11](2.0,0.3) 0.018 0.054 0.019 0.016 0.036 0.018 0.030 0.183 0.030 0.026 0.110 0.029 0.033 0.046 0.033
[12](2.0,1.0) 0.025 0.069 0.028 0.022 0.036 0.026 0.026 0.081 0.029 0.023 0.045 0.027 0.036 0.055 0.038
[13](2.0,2.0) 0.043 0.067 0.064 0.033 0.038 0.063 0.056 0.087 0.085 0.043 0.051 0.080 0.040 0.056 0.049
Vary 1st Stage

[14]a =0.15 0.021 0.217 0.024 0.014 0.044 0.022 0.042 0.482 0.045 0.027 0.042 0.043 0.131 0.296 0.137
[15] a = 1.00 0.013 0.017 0.021 0.014 0.018 0.021 0.027 0.034 0.043 0.026 0.037 0.042 0.024 0.025 0.028

This table displays the Median Absolute Error for our Monte Carlo analysis across different experiments for the four main parameters of interest.
" Baselineis M = 50, S,,, = 1,000, 6? = 1.0,and a = 0.5.

Table 4: Monte Carlo Results: Median Absolute Error



9¢

6r 6 er & B

CLEER GMM-M MDLE CLEER GMM-M MDLE CLEER GMM-M MDLE CLEER GMM-M MDLE CLEER GMM-M MDLE
[1] baseline* -0.001 +0.004  -0.003 -0.001 +0.003  -0.004 -0.002 +0.003  -0.005 -0.002 +0.004  -0.011 +0.001  +0.001  +0.001
Vary S,
[2] S, =250 -0.001 +0.002  -0.002 -0.002 +0.001  -0.005 -0.007 -0.004 -0.011 -0.002 -0.001 -0.007 -0.002 -0.003 -0.002
[3]S,, =4,000 -0.004 +0.001  -0.005 -0.003 +0.002  -0.004 -0.008 -0.000 -0.009 -0.005 +0.002  -0.007 -0.002 -0.001 -0.001
Vary M
[4]M =10 -0.004 +0.005  -0.006 -0.003 +0.006  -0.002 -0.008 -0.010 -0.009 -0.005 +0.006  -0.005 +0.009  4+0.004  +0.013
[6]M =1,000 +0.000 +0.001  -0.006 +0.001  +0.001  -0.007 +0.001  +0.001  -0.008 +0.001  +0.001  -0.017 +0.001  +0.001  -0.005
Vary (6%, 6")
[6](0.3,0.3) -0.001 +0.002  -0.002 -0.000 -0.000  +0.001 -0.036 -0.031 -0.017 -0.010 -0.034 -0.000 -0.005 -0.001 -0.002
[7](0.3,1.0) -0.001 +0.000  -0.007 -0.000 +0.001  -0.007 -0.013 +0.001  -0.055 -0.005 +0.001  -0.056 -0.002 +0.002  -0.023
[8](0.3,2.0) -0.010 +0.000  -0.070 -0.002 +0.001  -0.068 -0.092 +0.002  -0.594 -0.037 +0.004  -0.577 -0.040 +0.003  -0.295
[9](1.0,0.3) -0.001 +0.007  -0.002 -0.001 +0.001  -0.001 -0.007 -0.026 -0.003 -0.007 -0.034 -0.005 -0.000 +0.004  +0.000
[10](1.0,2.0) -0.025 +0.001  -0.070 -0.015 +0.000  -0.071 -0.069 -0.000 -0.185 -0.038 -0.002 -0.180 -0.033 -0.004 -0.094
[11](2.0,0.3) -0.003 +0.016  -0.004 -0.002 +0.007  -0.001 -0.007 -0.034 -0.004 -0.004 -0.044 -0.001 +0.002  4+0.013  +0.002
[12](2.0,1.0) -0.004 +0.002  -0.006 -0.004 +0.003  -0.007 -0.004 -0.004 -0.006 -0.004 +0.001  -0.007 -0.001 -0.003 -0.001
[13](2.0,2.0) -0.029 +0.002  -0.059 -0.023 -0.001 -0.057 -0.039 +0.001  -0.076 -0.029 -0.001 -0.075 -0.015 -0.001 -0.033
Vary 1st Stage
[14]a=0.15 -0.003 +0.027  -0.005 -0.003 +0.005  -0.006 -0.008 -0.055 -0.010 -0.005 +0.005  -0.007 +0.026  4+0.042  +0.062
[15] a = 1.00 -0.002 +0.001  -0.006 -0.001 +0.001  -0.004 -0.005 +0.001  -0.012 -0.003 -0.000 -0.008 +0.002  +0.003  -0.001

This table displays the Bias for our Monte Carlo analysis across different experiments for the four main parameters of interest.
* Baselineis M = 50, S,,, = 1,000, 67 = 1.0,and a = 0.5.

Table 5: Monte Carlo Results: Bias
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6 & er & B

CLEER GMM-M MDLE CLEER GMM-M MDLE CLEER GMM-M MDLE CLEER GMM-M MDLE CLEER GMM-M MDLE

[1] baseline* 96.7 94.2 95.0 94.7 94.8 95.0 96.0 95.3 95.7 95.0 95.0 94.7 95.8 94.0 95.2
Vary S,

[2] S, = 250 95.0 95.7 93.9 94.1 94.3 92.8 95.1 96.7 94.5 94.5 93.6 94.6 94.0 94.6 93.8
[3] Sy, =4,000 933 95.3 92.8 94.7 94.8 94.3 93.6 95.7 93.5 95.1 96.1 93.9 95.5 95.4 95.2
Vary M

[4]M =10 94.6 94.4 95.2 94.3 94.1 93.9 95.7 97.4 95.7 93.5 93.2 94.3 95.6 94.3 96.0
[5] M = 1,000 95.9 95.7 94.9 94.9 95.2 94.4 94.9 94.5 95.2 95.5 94.8 94.1 94.9 94.6 95.2
Vary (67, 6")

[6](0.3,0.3) 91.1 96.9 91.4 94.5 97.2 91.8 90.5 95.0 89.8 94.4 95.0 91.0 94.9 96.4 94.2
[7](0.3,1.0) 93.1 93.8 90.4 95.2 94.8 90.5 94.0 94.6 90.8 96.1 95.3 92.3 94.9 94.7 91.9
[8](0.3,2.0) 89.4 94.1 40.2 95.3 95.1 42.8 86.4 94.6 41.3 90.7 94.7 41.6 92.1 94.1 454
[9](1.0,0.3) 94.7 96.0 94.4 94.7 94.9 93.8 96.6 95.2 97.0 96.2 97.3 96.5 95.3 95.7 95.6
[10](1.0,2.0) 85.9 93.1 69.9 90.9 94.4 71.4 86.1 93.8 70.3 89.8 94.1 72.3 92.1 94.2 78.7
[11](2.0,0.3) 93.7 96.1 94.6 93.7 95.7 93.9 96.8 95.0 97.0 96.9 96.8 97.3 94.6 96.5 95.2
[12](2.0,1.0) 93.9 95.1 94.9 95.8 95.5 95.0 93.5 95.0 94.7 95.2 94.3 94.7 94.3 93.7 94.7
[13](2.0,2.0) 92.1 94.6 86.0 91.9 93.5 86.3 91.7 94.2 87.5 90.7 94.3 86.6 95.0 94.6 93.1
Vary 1st Stage

[14]a =0.15 94.1 88.4 93.2 95.5 95.1 92.8 94.3 99.8 94.4 94.3 96.3 92.7 92.1 96.2 91.8
[15] a = 1.00 95.7 95.3 94.4 94.6 93.7 93.4 94.5 95.0 93.8 95.0 94.4 93.7 96.3 95.7 95.8

This table displays the Acceptance Probability (%) for our Monte Carlo analysis across different experiments for the four main parameters of interest.
" Baselineis M = 50, S,,, = 1,000, 6? = 1.0,and a = 0.5.

Table 6: Monte Carlo Results: Acceptance Probability (%)
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CLEER GMM-M MDLE

CLEER GMM-M MDLE

CLEER GMM-M MDLE

CLEER GMM-M MDLE

CLEER GMM-M MDLE

[1] baseline* 0.026 0.048 0.032 0.021 0.028 0.031 0.051 0.101 0.061 0.040 0.052 0.062 0.056 0.076 0.060
Vary S,

[2] S, = 250 0.040 0.053 0.063 0.028 0.037 0.062 0.078 0.103 0.123 0.049 0.057 0.124 0.066 0.075 0.089
[3] Sy, =4,000 0.015 0.047 0.016 0.013 0.026 0.016 0.029 0.101 0.031 0.026 0.051 0.031 0.050 0.075 0.050
Vary M

[4]M =10 0.030 0.098 0.032 0.028 0.055 0.032 0.060 0.218 0.063 0.055 0.110 0.064 0.108 0.161 0.109
[5] M = 1,000 0.013 0.017 0.031 0.010 0.015 0.031 0.022 0.026 0.061 0.014 0.018 0.061 0.016 0.017 0.039
Vary (67, 6")

[6](0.3,0.3) 0.013 0.024 0.014 0.011 0.015 0.015 0.096 0.180 0.112 0.075 0.095 0.129 0.051 0.061 0.053
[7](0.3,1.0) 0.015 0.019 0.026 0.012 0.014 0.026 0.084 0.096 0.164 0.047 0.048 0.167 0.066 0.070 0.102
[8](0.3,2.0) 0.018 0.021 0.030 0.015 0.017 0.030 0.114 0.125 0.262 0.063 0.064 0.254 0.075 0.079 0.140
[9](1.0,0.3) 0.018 0.050 0.019 0.016 0.029 0.019 0.051 0.177 0.054 0.048 0.105 0.056 0.050 0.070 0.050
[10](1.0,2.0) 0.036 0.050 0.051 0.026 0.031 0.051 0.091 0.128 0.132 0.060 0.066 0.131 0.066 0.081 0.083
[11](2.0,0.3) 0.026 0.096 0.027 0.024 0.055 0.027 0.045 0.234 0.046 0.042 0.168 0.045 0.049 0.080 0.049
[12](2.0,1.0) 0.037 0.096 0.041 0.033 0.054 0.041 0.039 0.122 0.042 0.034 0.067 0.042 0.052 0.081 0.054
[13](2.0,2.0) 0.053 0.096 0.068 0.043 0.056 0.068 0.071 0.135 0.090 0.055 0.071 0.089 0.059 0.082 0.066
Vary 1st Stage

[14]a =0.15 0.030 0.311 0.032 0.021 0.073 0.031 0.059 0.787 0.061 0.040 0.062 0.062 0.183 0.486 0.186
[15] a = 1.00 0.020 0.027 0.031 0.020 0.027 0.031 0.040 0.052 0.062 0.039 0.052 0.062 0.037 0.039 0.042

This table displays the Median Standard Error for our Monte Carlo analysis across different experiments for the four main parameters of interest.
" Baselineis M = 50, S,,, = 1,000, 6? = 1.0,and a = 0.5.

Table 7: Monte Carlo Results: Median Standard Error
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6 & er & B

CLEER GMM-M MDLE CLEER GMM-M MDLE CLEER GMM-M MDLE CLEER GMM-M MDLE CLEER GMM-M MDLE

[1] baseline* 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Vary S,

[2] S, = 250 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
[3] S, = 4,000 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Vary M

[4]M =10 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.5 0.0 0.0 0.0 0.0 0.0 0.0 0.0
[5] M = 1,000 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Vary (67, 6")

[6](0.3,0.3) 0.0 0.0 0.0 0.0 0.0 0.0 8.7 15.4 10.0 2.6 11.4 11.2 0.0 0.0 0.0
[7](0.3,1.0) 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.2 0.0 0.0 0.0 0.0 0.0 0.0
[8](0.3,2.0) 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.0 0.0 0.2 0.0 0.0 0.0
[9](1.0,0.3) 0.0 0.0 0.0 0.0 0.0 0.0 0.3 11.1 0.5 0.3 10.0 0.5 0.0 0.0 0.0
[10](1.0,2.0) 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
[11](2.0,0.3) 0.0 0.0 0.0 0.0 0.0 0.0 0.1 18.4 0.1 0.0 12.2 0.0 0.0 0.0 0.0
[12](2.0,1.0) 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
[13](2.0,2.0) 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Vary 1st Stage

[14]a =0.15 0.0 0.0 0.0 0.0 0.0 0.0 0.0 10.7 0.0 0.0 0.0 0.0 0.0 0.0 0.0
[15] a = 1.00 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

This table displays the Boundary Proportion (%) for our Monte Carlo analysis across different experiments for the four main parameters of interest.
" Baselineis M = 50, S,,, = 1,000, 6? = 1.0,and a = 0.5.

Table 8: Monte Carlo Results: Boundary Proportion (%)
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CLEER GMM-M CLEER(19) CLEER GMM-M CLEER(19) CLEER GMM-M CLEER (19) CLEER GMM-M CLEER(19) CLEER GMM-M CLEER (19)

Panel A: Median Absolute Error

0¢

[16]a=1.0,6v=2 0.019 0.019 0.017 0.020 0.020 0.018 0.047 0.044 0.042 0.045 0.047 0.040 0.029 0.027 0.027
[17]a=1.0,6v=2.5 0.030 0.020 0.018 0.030 0.022 0.019 0.094 0.053 0.051 0.093 0.053 0.050 0.032 0.028 0.028
[18]a =1.0,6v =3 0.061 0.021 0.021 0.061 0.022 0.023 0.215 0.057 0.067 0.211 0.059 0.067 0.058 0.028 0.028
[19]a=05,6v=2 0.032 0.035 0.027 0.021 0.022 0.018 0.081 0.087 0.071 0.049 0.047 0.042 0.049 0.054 0.047
[20]a =0.5,6v=2.5 0.066 0.034 0.029 0.038 0.022 0.020 0.206 0.104 0.089 0.114 0.053 0.054 0.091 0.058 0.051
[21]a=0.5,6v =3 0.133 0.036 0.039 0.078 0.024 0.026 0.465 0.117 0.136 0.257 0.062 0.074 0.177 0.059 0.056
Panel B: Bias

[16]a =1.0,6v =2 -0.012 +0.000 -0.006 -0.011 +0.001 -0.005 -0.031 -0.000 -0.013 -0.029 +0.002 -0.012 -0.007 +0.000 +0.002
[17]a=1.0,6v=2.5 -0.030 +0.000 -0.006 -0.029 +0.002 -0.007 -0.093 +0.001 -0.019 -0.091 +0.005 -0.020 -0.025 +0.001 -0.001
[18]a=1.0,6v =3 -0.061 +0.002 -0.014 -0.061 +0.002 -0.015 -0.216 +0.003 -0.049 -0.214 +0.004 -0.051 -0.056 +0.002 -0.008
[19]a=0.5,6v =2 -0.026 -0.001 -0.009 -0.015 +0.000 -0.005 -0.069 -0.004 -0.024 -0.037 +0.002 -0.012 -0.032 -0.004 -0.007
[20]a=05,6v=25 -0.067 -0.001 -0.017 -0.038 +0.003 -0.009 -0.207 -0.004 -0.054 -0.112 +0.004 -0.030 -0.090 -0.003 -0.018
[21]a=05,6v =3 -0.134 +0.001 -0.035 -0.079 +0.001 -0.021 -0.469 +0.002 -0.127 -0.259 +0.003 -0.063 -0.182 +0.000 -0.042
Panel C: Acceptance Probability (%)

[16]a=1.0,6v=2 90.6 93.5 93.2 93.1 93.7 94.7 90.9 94.3 94.3 94.0 95.5 95.2 93.2 93.7 93.8
[17]a =1.0,6v =25 78.6 95.2 94.2 79.3 93.7 93.8 74.2 93.5 93.6 73.2 94.0 93.8 90.9 93.6 94.5
[18]a=1.0,6v=3 38.1 93.3 92.1 37.7 92.9 90.0 20.5 94.3 90.2 20.8 93.7 90.7 70.0 94.7 94.6
[19]a=05,6v=2 87.8 93.6 93.8 91.3 94.6 94.7 87.4 93.5 93.1 91.9 94.6 95.1 92.1 93.1 94.0
[20]a =0.5,6v =2.5 56.7 94.5 92.5 70.9 94.7 93.0 51.1 94.5 92.6 62.6 94.0 94.1 74.7 93.8 93.5
[21]a=0.5,6v =3 5.3 94.8 85.3 19.5 92.3 87.5 3.6 94.4 84.4 11.0 93.9 88.0 222 94.6 91.8
Panel D: Median Standard Error

[16]a =1.0,6v =2 0.025 0.029 0.025 0.025 0.029 0.025 0.059 0.065 0.060 0.059 0.065 0.060 0.039 0.040 0.040
[17]a=1.0,6v=2.5 0.026 0.030 0.027 0.026 0.030 0.027 0.069 0.076 0.072 0.069 0.076 0.072 0.039 0.040 0.040
[18]a =1.0,6v =3 0.027 0.032 0.028 0.027 0.032 0.028 0.077 0.087 0.083 0.077 0.087 0.083 0.039 0.041 0.040
[19]a =0.5,6v =2 0.036 0.050 0.037 0.026 0.031 0.026 0.092 0.129 0.096 0.060 0.066 0.062 0.066 0.081 0.068
[20]a=05,6v=25 0.037 0.051 0.041 0.027 0.032 0.028 0.107 0.150 0.120 0.070 0.078 0.074 0.067 0.083 0.072
[21]a=05,6v =3 0.036 0.052 0.042 0.027 0.034 0.029 0.119 0.170 0.140 0.079 0.090 0.085 0.066 0.082 0.073

Notes: This table presents Monte Carlo results for integration bias experiments.

Table 9: Monte Carlo Results: Integration Bias



L Glossaries of Common Results and Notation
This appendix includes a listing of common results used throughout the paper and referenced by

name and a glossary of some of the notation used.

L.1 Common results referenced by name

annihilator matrix For given matrix A, M4 = [ — %, with %, a projection matrix

Bernstein inequality If {x;} are independent with variances o and common upper bound X then
P(| X, xil > C) < 2exp[-3C*/ (6 3}, o7 + 2CX)]

Bonferroni inequality P(A U B) < P(A) + P(B)

concentration parameter In a single regressor linear model y = xf + u, where x = Zz + v for
instruments Z, the number || Z” 7||?/02; generalizations thereof in more complicated models.

Cramér’s theorem If x,, 2 xand Y —d> ythen x,,y, i xy

esssup essential supremum (in this context the top of the support of the random variable)

Hoeffding inequality If {x;}are independent with upper and lower bounds u;, ¢; then P(|| Zi x| >
C) < 2exp(=2C% / 3 .(u; — €;)%)

Hoélder inequality E([x|| [lyl) < (E[x|P)YP(E|y|P/P-D)1-VP forany1 < p < oo for which the
expectations exist (special case of Jensen inequality)

information matrix equality For likelihood estimators, the expectation of the outer product of the
gradients equals minus that of the Hessian

Jensen inequality If g is convex then g(Ex) < Eg(x) provided that both expectations exist

Lindeberg condition For a triangular independent array {x;,}, with Zi Vx;, = 1, Ve >
0: 3 E[x3,1(1x3, 2 €)] < 1

Markov inequality P(||x|| > t) < t~"E||x||" for any t > 0 and r > 0 for which the moment exists

Moore Penrose inverse For an arbitrary matrix A, the unique matrix A* for which AA* = (44%)7,
ATA = (A*A)Y,AA*A = A,ATAA* = A*,i.e. VDU when the singular value decomposition
is used with D a matrix with only the nonzero singular values

mean value theorem f(t) = f(0) + f'(At)t for some 0 < 1 < 1 (or a higher order analog thereof)

norm of a matrix We use [|A| = max;, - [|Ax|, i.e. the square root of the largest eigenvalue of AYA.

partitioned inverse Assuming the existence of the inverses,

A BY
B C

(A-B'C'B)"' —(A—-B'CB)"'B"C™!
(C—BA'BY)! |

projection matrix For given matrix A, the matrix £, = A(AA)"!A" (or more generally AA*)

Schwarz inequality Holder inequality for p = 2

Slutsky x, Lx= g(x,) L g(x) if g is continuous

sigma algebra information set

slowly varying function a function for which lim,,_, ., f(tx) / f(x) = 1forallt > 0;logarithms are
an example

singular value decomposition Any real matrix A can be written as UDV", where U and V have
orthonormal columns (U U = land V"'V = [) and D is a diagonal matrix.

triangle inequality ||x + y| < ||x|| + ||yl

weak law of large numbers (WLLN) any of a number of results showing convergence of a sample
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mean to its expectation
Woodbury matrix identity (A + BC™'BY)™! = A1 — A7'B(C + B"A"!1B)"1BA™!

L.2 Notation (incomplete list)
A

Aplim,,_ _(B'B/M).15

A the sigma algebra generated by product characteristics and the D;,,’s. 9
B

Bmatrix of instruments. 7

bj, vector of instruments. 6

B! optimal instruments for market m. 20
B CLEER estimator of 8*. 6

B parameter space of §*. 11

B* (true value of)) product level regression coefficients. 5
C

c§ optimal variance proxy (OVP) for §,,, see G. 10

c; OVP for z;,,,, see G. 11

# product level moments part of the objective function defined in terms of 8, 5. 6
— converges (or diverges) to. 6

LA converges in probability to. 6
D

dp number of instruments. 6

dg dimension of 8*. 6

D;,,, dummy to indicate whether consumer i is included in the micro sample. 6
d, number of random coefficients. 5

dg dimension of 6. 8

d, number of observed product characteristics. 4

d, number of demographic characteristics. 5

0 partial derivative(s) with respect to its subscript(s). 5

8 CLEER estimator of §*. 6

5]*;,, (true) ‘mean’ utility. 5

AL £ — £ (analogously when endowed with a  superscript). 13

AC;jm 10gGijm — 10g Gm- 19

d,, Berry inversion (when used as a function). 8

AQ Q — Q (analogously when endowed with a & superscript). 13

AP D — .13

D, derivative of Berry (1994) inversion with respect to 7z, Dg = d,v9. 10
Dy derivative of Berry (1994) inversion with respect to 6, Dg = Jgvd. 10
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d differential used in integration. 5

dp, number of (product level) instruments. 11
;l;m
® mean absolute error based diversion statistic. 32

diversion ratio from good j to good j with respect to unobserved quality, defined at the truth. 31

E

[E expectation. 6

€ijm log gijn’r 19, 40

€ used as a distance in the consistency proof. 9
€;;, idiosyncratic product specific taste shocks. 5

7 convenience rate ) = x>. 13

F

E,, distribution of unobservable demographics. 5
G

G, distribution of observable demographics. 5

T = {ElLr = £roLdolonl} 15

Ig=[E(Lop — LonlrrLlne) + M EAEV]_UZ; basically a population analog to . 15
[y square root of the 86 block of the inverse Hessian of Q, [y = Qgé/ 214

> left hand side is element-wise of greater or equal order than the right-hand side. 10

> indicates that the right-hand side is element-wise negligible to the left-hand side. 10
H

H Hessian matrix of subscript function evaluated at the truth, e.g., Hg. 16

I

I'total number of consumers in the micro sample (across all markets). 8
i consumer index. 5

I,,, number of consumers in the micro sample in market m. 6

oo infinity. 6

J

J total number of products across all markets. 7
Jjproduct index. 4

J,, number of products in market m. 4
K

xrateusedin C, x = exp(—4xg). 10

Kg rate used in C, K; =2, /2c§ logM. 10
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K, we show that min,, ; 75, > k7. 35
L

[ mixed data likelihood defined in terms of 6, §. 6

£™ minus macro loglikelihood defined in terms of 7. 8

€ijm 108 0y . 19

Cim 108 Gm- 19

™ macro likelihood as a function of 6, 8. 7

L* micro likelihood as a function of 8, 8. 7

£* (minus) micro loglikelihood. 9

£ (minus) sample loglikelihood defined in terms of 6, 7. 8

£* minus the micro loglikelihood. 8

Aindex of micro identification strength, ||6*#||. 10

|6 — 6*||3 norm used in definition of p*, |6 — 6* |3 = [|6% — 6*Z||> + 2%||6” — 6*”|. 10
< indicates that the left-hand side is (element by element) of smaller order than (negligible compared
to) the right-hand side. 12

M

M number of markets. 4

m market index. 4

1 sample product level moment. 7

M c}% smallest eigenvalue of the concentration parameter for §*. 18

M¢?2 smallest eigenvalue of the concentration parameter for (6”*, 8*). 18
M ¢§ smallest eigenvalue of the concentration parameter for (6%, 3*). 18
,u}};ﬁm deviation due to taste shock. 5

/szr;m deviation from mean utility due to observed demographic variables. 5
N

N,,, population size. 5

Vi, Unobserved demographics. 5
o

Q population objective function. 9
Q sample objective function. 8

P

[® probability. 5

Py orthogonal projection matrix. 9

P projection matrix that arises after 5 has been profiled out. 9
& population product level moments objective function. 9

& product level moments objective function defined in terms of 8, 7z. 8
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# CLEER estimator of 77*. 9

[ a subset of [, Hm Iy, where M5, = {7,: min; 7, > x}. 12
M7 a subset of IM* replacing x with x,, = /4. 14

Tt vector of 7, ’s (excluding 7, ). 8

7y, true product level choice probabilities. 6

M parameter space of 7*. 11

2im endogenous product characteristics. 5

-* Moore Penrose inverse. 9

Q

Qpp the inverse of the 8, 8 block of the inverse Hessian of , Qgg = Qg — Qo Q710 0. 14
4o component of numerator term in quadratic expansion, 4g = Qg — Qg,Q75(Q% — L2 (s — %), see
L8. 15

R

pp rate governing AQ*(0, m) — Q*(6*,5)(6, ), pp(6, 7) = nmax{npe4(8), p"(m)}. 13

piq identification strength (as a function of 8) p®(0) = || PDg(6*, 7*)(6 — 6*)||?, see C. 9

o™ rate (function of 7) governing convergence of market shares to choice probabilities 7, p™(7) =
3, Om) = 3, Nollsm — . 13

p* micro identification strength, p*(6) = I||6 — 6*|3,see A. 9

pn rate governing total population increase, pyy = Zm N1 12

p?® product level moment identification strength, see B. 9

oy, rate governing smallest market population increase, p,, = 1 / min,,;, \/N,;,. 12
S

4;jm(v; 6, &) choice probability before integrating out random coefficients. 5

Sjm Observed market share. 6

4jm choice probability before integrating out random coefficients. 5

Si jm Micro choice probability function defined in terms of 6, 77,,,. 8

0jm unconditional choice probability function. 5

cg.z”" micro choice probability function in terms of 8, 8. 5

» when used as a superscript to a parameter it indicates the true value of that parameter; if used as a

superscript to a function it indicates that the function is evaluated at the true values. 5, 32
T

O parameter space. 8

O, e neighborhood of 6*. 9

& CLEER estimator of 8*. 6

O*” (true) matrix of utility coefficients on v X x. 5

0*¥ vector of free utility coefficients on unobservable demographics. 5

O*Z (true) matrix of utility coefficientson z X x. 5
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6*Z vector of free utility coefficients on observable demographics. 5

V transposition. 5
U

Ujjm utility. 5

A%

7t vector of 77j,,,’s across all markets. 8
1j variance of the asymptotic distribution of I'31(6 — 6*).. 14

V variance function. 11
A"

W weight matrix. 7

X

X;jm exogenous product characteristics. 5

X, observed matrix of product characteristics for market m. 5
Xy support of x;,,. 11

E difference of Zg and =,;. 15

&, at the truth, plimM_)oo(LQ,TL,‘T}TD;ZPB(BVB)‘I). 15

Ep at the truth, plim,, _ [D3PB(B"B)7!]. 15

&m unobserved product attribute. 4

&,» unobserved product characteristics. 5

X;jm Vvector of observed product characteristics. 4
Y

Yijm consumer choice dummy. 5

Yim vector of y;j,,’s for all inside goods. 6
Z

Z;» demographic characteristics. 5

Z support of consumer characteristics, z;;,. 10
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