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Abstract

Appendix A presents additional results from Monte Carlo simulations. Appendix B
discusses the selection of tuning parameters. Appendix C is devoted to the exposition

of technical lemmas along with their corresponding proofs.

A Supplemental Simulation Results

A.1 Additional Simulations with Fixed Tunings

In the simulation for the main paper, cross-validation is applied for Ridge and Lasso. In
this section, we verify our theories with manually selected \,. We also experiment with two
sample sizes, n = 500 and n = 2,500, while maintaining p/n = 3/5. We fix ¢ = 0.2 and
R? = 5%. In the case of Ridge regression, we set A as 0.5, 1 and 2, where A = 1 corresponding
to the optimal tuning. The histograms of relative prediction error are presented in Figure
Al.

Several noteworthy observations can be made from these histograms. First, across all
plots, the probability mass is concentrated around the red vertical line. As the sample size
increases from 500 to 2,500 (and dimension increases from 300 to 1,500), the histograms

become increasingly concentrated. This aligns with our theory, which predicts that the
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Figure Al: Simulation Results for Ridge with Fixed Tuning Parameters
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Note: The histograms depict the relative prediction error A(B,(\,)) following equation (8) across 1,000
Monte Carlo samples. We consider two different sample sizes (n = 500 and n = 2,500) and examine three
different values of A, where A = 0.5,1, and 2. Notably, A = 1 represents the optimal tuning parameter. The

red dashed line indicates the values of o*.

relative prediction error converges in probability to the limit o* as the sample size grows.
Second, the value of a* corresponding to the optimal tuning parameter A = 1 is the smallest.
This is because the optimal Ridge estimator achieves the smallest prediction error. Moreover,
almost all the probability mass corresponding to the optimal Ridge estimator is situated on
the negative side of the x-axis, indicating that this estimator outperforms the zero estimator
with high probability. Third, when A = 0.5, it results in the worst performance, with a large
portion of the probability mass on the positive side of zero. In contrast, for A = 2, a* gets
closer to zero, and the variance of the relative prediction error decreases. This behavior is
due to the increasing amount of penalization, which ultimately drives the estimator towards
zero, and in turn, o* towards zero as well.

In contrast to the results obtained for Ridge regression, our theoretical framework does
not provide a precise error limit for Lasso. Instead, Theorem 4 offers high probability bounds
on relative prediction errors. Figure A2 displays histograms of these errors for various tuning
parameters and sample sizes, accompanied by two red vertical lines in each plot representing
the lower and upper bounds, ¢, and C,.

These plots yield several interesting findings. First, as the sample size increases, we
observe that the probability mass becomes more concentrated and largely falls within the

intervals defined by the bounds. Second, regardless of the tuning parameter values, Lasso



Figure A2: Simulation Results for Lasso with Fixed Tuning Parameters
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Note: The histograms depict the relative prediction error A(B;(Ay,)) following equation (8) across 1,000
Monte Carlo samples. We consider two different sample sizes (n = 500 and n = 2,500) and examine three
different values of C). The two dashed lines in each figure indicate the values of ¢, and C,, that are solutions
to (10).

consistently underperforms the zero estimator in almost all samples when the sample size is
large. Third, as the tuning parameter increases (indicated by a decrease in C), both the
lower and upper bounds approach zero. This behavior is a consequence of the increased
regularization, which, in turn, steers the estimator closer to zero. In the end, Lasso becomes

identical to the zero estimator.

A.2 Out-of-sample R?
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Continuing our investigation in the main text, we conduct an experiment to analyze R .

based on the optimal Ridge. Proposition 1 describes the expected asymptotic behavior of
}{2
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dataset comprising n = 500 observations. We then calculate R

To empirically test this, we implement the optimal Ridge, setting A = 1, on a training

2

‘s based on predictions for a

separate test dataset of size ny,s = 10, 000. The comparative analysis between the population

R?, the empirically estimated R2__, and the theoretically derived limit of R?__ is illustrated

008 00S
in Figure A3. For a clearer visual presentation, we apply a logarithmic transformation
to the y-axis. We vary 7 to compare against a range of population R? values from 0.5%

to 10% on the x-axis. The red line represents the average R2 . over 1,000 Monte Carlo
2

simulations. Additionally, we draw boxplots to describe the distributions of RZ

acCross

these simulations. The theoretical limit, expressed as p~'nfy(R?)?, is traced by the blue



line, and the green line illustrates the population R?, which would align with a 45-degree

line on a standard scale. Notably, in this weak signal setting, the population R? significantly
2
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surpasses the empirically achievable R Furthermore, the close alignment between the red
and blue lines, particularly for scenarios with small R? values, substantiates our theoretical

predictions.

Figure A3: Out-of-Sample R? for Optimal Ridge in Linear DGPs
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Note: The figure presents boxplots showing the distributions of R2_, for optimal Ridge regression (A = 1)
over 1,000 Monte Carlo repetitions, with n = 500, p = 300, ¢ = 0.2, and n,,s = 10,000. We explore a

range of population R? values, from 0.5% to 10% in increments of 0.5% by adjusting 7. The plot features

red, blue, and green lines to represent the average R2 . over Monte Carlo samples, the theoretical limit as

given by Proposition 1, and the population R2. In this plot, we employ a logarithmic scale for the y-axis.

Without the logarithmic transformation, the green line would align with a 45-degree line. Additionally, the
2
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lower boundaries of the boxplots surpass the axis limits in instances where the RZ_. values are negative.

A.3 Why Lasso Fails?

A plausible explanation for the Lasso’s suboptimal performance with weak signals is its diffi-
culty in distinguishing between genuine and spurious signals. The failure to identify genuine
weak signals has a minor impact on Lasso’s performance relative to the zero estimator, which
does not utilize any true signals. Hence, the primary challenge for the Lasso lies in its failure
to adequately filter out irrelevant signals. This issue could be addressed with a sufficiently
large tuning parameter. However, our theory indicates that only when the penalty is so
substantial that the Lasso effectively becomes equivalent to the zero estimator does it apply
an adequate penalty.

To empirically explore this issue, we quantify Type I and Type II errors in simulations

of Lasso’s selection relative to its tuning parameter \,. The findings are presented in Figure



A4. Considering our previous discussion, Type I errors represent a significant cost for Lasso.
Indeed, a considerable portion of the variables selected by Lasso are incorrectly deemed
genuine when )\, is small. As A, increases, Type I errors decrease, enhancing Lasso’s perfor-
mance. Meanwhile, Type II errors persist and eventually converge to the number of non-zero
betas in the DGP.

Figure A4: Lasso’s Type I and Type II Errors
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Note: The plots compare average Type I and Type II errors of Lasso using the linear DGP following equation
(1) over 1,000 Monte Carlo samples. Two population R? are considered: R? = 5% (left panel) and R? = 50%
(right panel). The horizontal axis of each plot represents the logarithm of \,, spanning a range from 0 to 1.
The vertical axis measures the count of errors incurred while testing the null hypothesis Hy ; : 8; = 0.

A.4 Robustness Check

In our subsequent series of experiments, we intentionally deviate from the assumptions orig-
inally established during the development of our theoretical framework. This deviation is
aimed at evaluating the robustness and generalizability of our theoretical predictions beyond
their premises and initial parameters. To facilitate this evaluation, we introduce specific mod-
ifications to the baseline configuration along three key dimensions: First, we adjust (R?, q),
exploring more extreme sparsity levels and reducing signal strength accordingly compared
to the settings in the main text. Second, we increase the ratio p/n to 2 by increasing p
while maintaining n, making it more challenging for both Ridge and Lasso to capture the
underlying signals. Third, we modify the distribution of Z from standard Gaussian to a t-
distribution characterized by four degrees of freedom, and with a mean of zero and a variance
of one. In addition, we introduce heteroscedasticity into the error distribution, following the
configuration outlined by Giannone et al. (2022). The error term’s variance is defined by
the function o2 exp(aX; §/1/> i, (X;"6)2/n) with a = 0.5. Here, X; represents the i-th row

of X. o serves as a scaling parameter to standardize the variance and match o2 = 1. The




vector § is a p X 1 vector with zero elements in the same positions as the zero elements of
Bo, while non-zero elements are drawn from a standard Gaussian distribution.

Table A1 compare the summary statistics for various cases under consideration. In Case
I, when ¢ is small, the performance of the Lasso estimator improves relative to the baseline
scenario (reproduced from Table 1 for ease of comparison). This improvement is evident at
R? = 5% for all levels of ¢, as the Q1 values become negative, indicating that Lasso surpasses
zero in predictive accuracy for a larger proportion of Monte Carlo repetitions. However, as
R? is further reduced to 2%, Lasso once again becomes falls below the performance of zero.
In contrast, Ridge’s performance remains largely unaffected by changes in sparsity levels. As
expected, its performance deteriorates in finite samples as the signal strength weakens (i.e.,
as R? decreases). Nonetheless, Ridge continues to outperform Lasso, although its relative
advantage over the zero estimator diminishes. The theoretical support for these observations
is discussed in Section 2.9. In Case II, we observe the increased ratio of p/n does not affect
our conclusion. Case III demonstrates the robustness of our theoretical findings, as it aligns

closely with the baseline scenario despite variations in distributional assumptions.

Table Al: Robustness Analysis of Ridge and Lasso in Alternative DGPs

Lasso Ridge
q R? (%) Q1 Q2 Q3 #Zero Q1 Q2 Q3 #Zero
0.20 5% -0.127 0.000 0.521 360 -0.992 -0.501 -0.129 97
0.10 5% -0.871 0.000 0.187 327 -0.981 -0.475 -0.077 113
0.10 2% 0.000 0.000 3.435 493 -0.622 0.000 0.440 237
Case I 0.05 5% -2.688 -0.305 0.000 255 -1.037 -0.387 0.000 130
0.05 2% 0.000 0.000 2.948 473 -0.642 0.000 0.426 238
0.02 5% -6.542 -2.050 0.000 215 -1.304 -0.230 0.000 149
0.02 2% 0.000 0.000 1.695 432 -0.605 0.000 0.625 254
Case II 0.20 5% 0.000 0.000 3.228 470 -0.768 -0.416 0.000 183
Case II1 0.20 5% 0.000 0.000 0.591 392 -0.848 -0.384 0.000 129

Note: The table illustrate the summary statistics of relative prediction error A(3(AX=CV)) for Ridge and
Lasso based on 1,000 Monte Carlo samples. We explore several distinct DGPs, each involving the alteration
of a specific condition. In Case I, we try a series of different values of R? and ¢. In Case II, we adjust n/p
to 0.5. In Case III, we introduce t-distributed covariates with heterogeneous variance of . The benchmark
DGP adheres to the following specifications: n = 500, p = 300, p/n = 3/5, and complies with Assumptions

1 and 2. 10-fold cross-validation is used throughout these experiments.

B Choice of Tuning Parameters

In this section, we discuss the selection of tuning parameters for implementing machine

learning methods. The selection process aims to balance performance and cost while ensuring



fair method comparisons.

For Ridge and Lasso, each with one tuning parameter, we use the glmnet package, which
optimizes it via ten-fold CV. The grid is adaptively selected for efficiency. Our implementa-
tion of RF involves three tuning parameters: the depth of each individual tree, the number
of randomly selected features used in each tree split, and the proportion of sample data used
for bootstrap.! ? For GBRT, we tune tree depth, number of trees, and learning rate.® In
the case of NNs, we adhere to a uniform architectural choice across our analyses, featuring
a single hidden layer. The number of neurons in this hidden layer is approximately equal to
the square root of the total number of neurons in the input layer, aligning the architecture
with the complexity and dimensions of the dataset. By not tuning the NN architecture ex-
tensively, we streamline the model selection process while retaining adequate complexity for
effective learning. For the remaining tuning parameters in trees and NNs, we select suitable
ranges based on model performance from the cross-validation step. A critical element in
selecting our grid is to ensure that the optimal tuning parameters are situated within the
median range of the grid. The details regarding model configuration and tuning parameters

for empirical studies are provided in Table B2.4

C Technical Lemmas and Their Proofs

For completeness, the following section introduces a collection of lemmas, including proofs
for some. We start with the Convex Gaussian Min-max Theorem (CGMT), a pivotal the-
orem to our proof. For a detailed exposition of its proof, we direct readers to the work of
Thrampoulidis et al. (2015). The CGMT pertains to the following optimization problems:

o : T L : T, _ T
®(G) = min maxu’ Gw + P(w, u), and ¢(g, h) := min max fwllg w —[luf|h’w + P(w, v),

where G € R™*" g e R", h e R*,§, C R",S, CR™, and ¢ : R* x R™ — R.

I This procedure is known as subbagging, which helps address weak signals. In linear regressions, LeJeune
et al. (2020) show that the asymptotic risk of subbagging least squares matches that of Ridge regression.

2In our simulations, tree depth varies from 5 to 20, selected features from 10 to 300, and bootstrap sample
proportion from 0.1 to 0.2. The RF ensemble size is fixed at 5,000 trees, as 10,000 offers no significant
improvement.

3The learning rate varies from 0.001 to 0.5, tree depth from 1 to 6, and the maximum number of trees is
100, though training usually stops earlier, reflecting GBRT’s preference for shallower and fewer trees.

4We follow the same approach for the empirical analysis, except for Finance 2. Due to its scale and
computational constraints, we use two-fold CV and a narrower grid: log(\) ranges from 6 to 7 for Ridge and
from -3.5 to -2.5 for Lasso. We ensure that the optimal tuning parameters fall within the central range of
these specified grids.



Table B2: Model Configuration for Machine Learning Methods
RF GBRT NN(£2) NN(¢1)
depth=1~20 depth=1~5 architecture~{16,4,1} architecture~{16,4,1}
#trees=500 #trees=1~10 batch size=16 batch size=16
Finance 1  #features=1~15 Ir € {0.01,0.02, (Ir,epochs)={(0.1,5), (Ir,epochs)={(0.4,1),
%samples=0.05~1 0.05,0.1,0.2,0.5,1}  (0.01,50), (0.0025,200)} (0.08,5), (0.02,20)}
log()\) € [-2,1] log()) € [-2,1]
depth=2~12 depth=1~6 architecture~{920,32,1} architecture~{920,32,1}
#trees=500 #trees=10~400 batch size=10000 batch size=10000
Finance 2  #features € {1, Ir € {0.0001,0.001, (Ir,epochs)={(0.5,2), (Ir,epochs)={(0.5,2),
2,3,5} 0.01,0.02,0.05} (0.1,10), (0.067,15)} (0.2,5), (0.067,15),
%samples=0.5~1 log(X) € [—4,0] (0.05,20),(0.04,25)}
log(\) € [—5, —3]
depth=5~50 depth=1~5 architecture~{119,8,1} architecture~{119,8,1}
F#trees=500 #trees=1~600 batch size=16 batch size=16
Macro 1 #leatures=1~60 Ir € {0.005,0.01, (Ir,epochs)={(0.008,10), (Ir,epochs)={(0.05,2),
%samples=0.5~1 0.02,0.05,0.1, (0.004,20), (0.002,40), (0.02,5),(0.01,10),
0.2,0.5} (0.0008,100), (0.0005,160)} (0.005,20), (0.002,50)}
log(\) € [-2,2] log(XA) € [—10.5,1.5]
depth=5~50 depth=1~5 architecture~{119,8,1} architecture~{119,8,1}
#trees=500 F#trees=1~200 batch size=16 batch size=16
Macro 1b  #features=5~100 Ir € {0.01,0.02, (Ir,epochs)={(0.024,75), (Ir,epochs)={(0.004,25),
%samples=0.5~1 0.05,0.1,0.2,0.5} (0.012,150), (0.006,300) (0.002,50),(0.001,100),
(0.003,600)} (0.0005,200)}
log(\) € [-1,—0.5] log(\) € [2, 3]
depth=1~30 depth=1~10 architecture~{61,8,1} architecture~{61,8,1}
#trees=500 F#trees=1~500 batch size=16 batch size=16
Macro 2 #leatures=1~60 Ir € {0.01,0.02, (Ir,epochs)={(0.02,50), (Ir,epochs)={(0.05,20),
%samples=0.5~1 0.05,0.1,0.2,0.5} (0.005,200), (0.00125,800)} (0.02,50), (0.002,500)}
log(\) € [-3, 3] log(\) € [-7,4]
depth=1~20 depth=1~5 architecture~{297,16,1} architecture~{297,16,1}
#trees=500 F#trees=1~20 batch size=16 batch size=16
Micro 1 #features=1~20 Ir € {1071%,10~,  (Ir,epochs)={(0.1,1), (Ir,epochs)={(0.4,1),
%samples=0.005~0.5  ...,0.05,0.1,0.2,0.5}  (0.01,10), (0.001,100), (0.2,2), (0.08,5),
(0.0001,1000), (0.00005,2000)}  (0.04,10), (0.02,20)}
log(\) € [—11,=7] log(\) € [-8,0]
depth=5~30 depth=1~6 architecture~{217,16,1} architecture~{217,16,1}
#trees=500 #trees=1~30 batch size=16 batch size=16
Micro 2 #features=1~30 Ir € {0.05,0.1, (Ir,epochs)={(0.1,1),(0.02,5), (Ir,epochs)={(0.1,1),(0.01,10),
%samples=0.5~1.0 0.15,...,1} (0.01,10),(0.005,20)} (0.001,100), (0.0001,1000)}
log(\) € [—10, —6] log(\) € [-12,-9]
depth=1~50 depth=1~10 architecture~{215,16,1} architecture~{215,16,1}
#trees=500 #trees=1~50 batch size=16 batch size=16
Micro 2b #features=1~3 Ir € {10710,1079, (Ir,epochs)={(0.04,5), (Ir,epochs)={(0.01,50),

%samples=0.5~1

...,0.1,0.2,0.5,1}

(0.02,10), (0.01,20)}
log(A) € [0, 2]

(0.005,100), (0.0025,200)}
log(A\) € [0, 2]

Note: The table reports the range of tuning parameters for RF, GBRT, and NNs, as well as the architecture

of NNs applied across six datasets. For RF, we fix the number of trees at #trees= 500, and tune three other

parameters: the depth of the tree (depth), the number of features (#features), and the ratio of bootstrapped

samples (%samples) within a predefined grid. In the case of GBRT, we tune depth and #trees, and the

learning rate (Ir). For NNs, we adopt a fixed model architecture, denoted by the number of neurons in each

layer indicated in brackets. Additionally, we fix the batch size for SGD and focus on jointly tuning the

learning rate (Ir) and the number of epochs (epochs), as well as the ¢1- or ¢o-penalty parameter (log()\)).



Lemma 1 (CGMT). Suppose that S,, and S, are compact sets, ¥ is continuous on S, X
Su, and the entries of G, g, and h are i.i.d. Gaussian. Then we have P(®(G) < ¢) <
2P(¢(g,h) < ¢), Ve € R. Moreover, if S, and S, are convez sets, and v is convez-concave
on Sy X Sy, then P(®(G) > ¢) < 2P(¢(g,h) > ¢), Ve € R.

Lemma 2 (Lemma B.26 from Bai and Silverstein (2009)). Let x = (x1,---,2,)" be a

random vector of i.i.d. entries. Assume that Ex; = 0, Ex? = 1, and Ex} < vs. Then, for

any A € R™", it holds that " Az — Tr(A) = Op(y/va Tr(AAT)).

Lemma 3. Letx = (21, ,2,)" andy = (y1,-* ,Ym)' be two independent random vectors

with i.i.d. entries. Assume that each element has a mean of zero and a variance of one.
Then, for any A € R™™ it holds that x" Ay = Op (\/Tr(AAT)).

Proof. The conclusion follows from the fact that E(x " Ay)? = Tr(AAT). O
The lemma below pertains to the Neumann series. See Meyer (2000) for a detailed proof.

Lemma 4. If A is a square matriz with ||A|| < 1, then T— A is nonsingular and (I— A)~! =
Sorlo A As a consequence, ||(I—A)™" = Yo A < 32 14N = A1/ (1 — | Al).

Lemma 5. Assume x = (x1,-++ ,2,)" and y = (y1,--- ,y,) " are two independent random
vectors with 1.i.d. sub-exponential random variables with their sub-exponential norm bounded
by K. Then for any A € R™" and B € R"*P, there exists a constant ¢ > 0 such that

t2 t1/2
T T ]
P (|Jz' Az — Ex'Az| > t) < 2exp (_len{K4|’AH%7 KA }) : (C1)

t2 tl/?
P (|z2"By| > t) < 2exp (—cmin{ ) }) : (C2)
( ) KABT KIB7
Proof. Inequality (C1) is given by Proposition 1.1 presented in Géotze et al. (2021) for the
case of symmetric A. To extend it for the asymmetric case, we use the identity that 2" Az =
" (A+ AT)x/2, which allows us to apply (C1) to (A + AT)/2. Using triangle inequalities,
we have ||[(A+ AT)/2|% < A2 and [[(A+AT)/2||'* < A% Thus, (C1) holds for

asymmetric A. For (C2), let z = (z7,y")" and C = ) . By (C1), we obtain
Opxn Opxp
T T t2 t1/2
P(lz' Byl >t)=P(|z Cz| >t §26Xp<—cmin{ : })
( )=+l ) KO KO
t2 t1/2
= 2exp (—cmin{ , }) . ]
KBl K| B||'?
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The next lemma is established in Bai and Silverstein (2009) and Chen and Pan (2012).

Lemma 6. Suppose Z is an n X p matriz with i.i.d. Gaussian entries. Then for any positive
constant € > 0, it holds that n™*Z"Z < (1 + €)(1 + \/¢,)?, w.p.a.1, for ¢, = p/n € [0, 00].

Lemma 7 (Convexity). Let O C R? be open and convex and D be a dense subset of O. For
0 € O, both M,(0) and M(0) are convex in 0. If M,(0) N M(0), for any 0 € D, then
SUPpe e | My (68) — M ()| 50, for any compact subset K C O.

This lemma has been shown by Lemma 7.75 of Liese and Miescke (2008). Next, we
present a min-convergence theorem for functions defined on an open set (0, 00), as shown by
Lemma 10 of Thrampoulidis et al. (2018).

Lemma 8. Consider a sequence of proper, convex stochastic functions M, : R™ — R, and a
deterministic function M : Rt — R, satisfying (a) M, (z) RN M (z), Ve > 0; (b) there exists
z > 0 such that M(z) > inf,~0 M(y), Vz > z. Then we have inf,~¢ M, (x) L inf,og M (z).

Relatedly, we introduce a lemma for functions on a diverging sequence of closed sets.

Lemma 9. Consider a sequence of closed intervals {[xy, yn] 22, such that lim, o , = —00
and lim,,_,. y, = +00. Additionally, let there be a sequence of proper random and convex
functions M, : [x,,y,] — R, and a convez, continuous, and deterministic function M : R —
R that satisfy: (a) M,(x) SN M (x) for every x € R; (b) there exists z > 0 such that M(x) >
infycr M (y) holds for all |x| > z. Then it holds that inf,cy, y,.) Mn(2) L inf,en M (z).

Proof. For n sufficiently large, z € [z, yn]. Assume z* € [—z, z] minimizes M (z). Condition
(b) in fact implies that a* € (—z,2) and that M(z*) = inf,cg M(z). Consider the event
inf|z> 2 wefen ] Mn(2) < My(x*). Under this event, there exists |z,| > 2z and 2, € |2, y,]
such that M, (z,) < M,(z*). The geometry implies that there exists 6,, € (0,1), such that
either 2,0, + 2*(1 —6,) = z or 2,0, + *(1 — #,,) = —z holds. Using convexity, we have
min(M,,(z), My, (—2)) < 0, M, (2,)+(1—0,) M, (z*) < M, (z*). By taking limits on both sides,
we have min(M (z), M(—=z)) < M(z*), which contradicts condition (b). Therefore, w.p.a.1,
we have inf|;s zefon,yn] Mn(2) > M, (2*). Furthermore, by Lemma 7, for all arbitrarily small
€ >0, w.p.a.1, sup|, <, |[Mn(2)— M (z)| < e. In addition, by definition, there exists a sequence
of z,, such that |z,| < z and inf ;<. M, (x) > M,(2,) — e. Combining these two inequalities
with the fact that M (2*) minimizes M on R leads to inf|yj<. M, (x) > M, (2,) —€ > M(2,) —
2¢ > M(x*) — 2¢, w.p.a.1l. On the other hand, infj, <. M, (z) < M,(z*) N M (x*). Since €

10



is arbitrary, we have inf|; <. M, (x) RN M (z*). Along with inf|g)s. vefznyn] Mn(z) > My (2¥)
and M, (z*) N M (z*) by (a), we have

inf M,(x) = min( inf M, (x), inf Mn(x)> RN M(z"). O

xe[mn,yn} |m|§2 ‘J3|>Z,$E[$n,yn]

Lemma 10. Suppose X is a standard Gaussian random variable, then for x > 0,

2

g exp (—%2> (2078 = 12075 — 15277) < E(|X| —2)2 < g exp (—%) (2073 4 327%).

Proof. With integration by parts, we find

E(|X] = 2)2 = \/g/:o(t _ ) exp <—§) it — \/g (—xexp <—“’;) + (P + 1)fG(x)> |

where fg(z) = [ exp(—t?/2)dt. Lemma 10 then follows from the tail inequality:

x? 1 1 3 15 x? 1 1 3
o\~ )\ m s ) Sl se( - T -5t ) =

Lemma 11. Given that X is a standard Gaussian random variable, the following inequalities

hold when x > 0 and x is sufficiently large:
E[X|(1X| - @)} <22E(IX|—2)% and EX*(|X|—2)] <22"E(|X|-2)3.

Proof. The proof is analogous to that of Lemma 10 and is therefore omitted. m

Definition 1. A centered random variable X belongs to the sub-exponential class SE (2, )
2,2
with v > 0 and o > 0, if EeM < eAT, for all X such that |\| < a™ L.

Lemma 12. Let {z;}72, be a sequence of diverging positive numbers. Then as p — 0o, we
have w.p.a.1, |Sabollso < 2,q 2log(p) and S5 *hlle < 2p1/10g(p), where Ty and by are

defined in Assumptions 1 and 3, respectively, and h € RP is a standard Gaussian vector.

Proof. We only present the proof for the first inequality, noting that the proof for the second
inequality follows similarly. By definition, there exist by; ~ B(1,q) and a sub-exponential
random variable by; such that by, = g Y2by;by;. Note that by;by; is still sub-exponential.
Without loss of generality, assume ¢'/2by; = byiby; € SE(1,1).

Write the (¢,7)-th element of ¥y as ¥5;;. By the properties of sub-exponential vari-
ables, we have (qul/Qbo)i € SE < L X3, max; |22,ij|> - Given that 37 | %33 .. = (¥3)i; <

2,ij9 2,5

11



A (33) = C3 and max; |3y,;] < Cy, we conclude that (22(]1/260)2. € SE(C%,C,). The tail
bound of sub-exponential variables yields P (|(32¢'/%bg);| > z,log(p)) < 2exp (—%) .
The conclusion follows by union bound inequality and 2pexp (—%ngm) — 0. O
Lemma 13. For any given My, it holds that lim,,_,, S1, = 0 for Sy, defined in Eq. (21).

Proof. Write ), = (Z;l/zX.d)k and g = Bo:Tk + 2 for k =1,...,n. By definition, we have

/ D11 20e [0y Atp] ©XD (-Z (G — p~ /27 254D) /2) dF(b)

k=1

E(bovilql/Qbo,iG[Ml,Mz] |gl) =

/exp (—Z (gjk — p_l/le/%kb)Q/Q) dF(b)
k=1
/ b1 1/2pc 01y 1a) EXD (—p1762 > Ep /24 bp P Zg}ka?k> dF (b)
_ k=1 k=1 ,: Q1in
‘ Q2n7

/ exp <—p17'b2 > w2+ bp P Zykxk> dF(b)
k=1 k=1

where F'is the distribution function of b,;. By the facts that [ b1 ,1/2peqa, 4, dF(b) = 0 and
dF(b) = (1 — q)éo + qdFy,(q"/?b), we have

Q| = ‘/leql/%e[Ml,Mﬂ leXp <_p1752 Do T/2+p A Zgiﬂ%) A
k=1 k=1
gql/QJ\;[/ exp (—p_qu_ll;2 Z :ii/2 + l;g}_l/Qp_l/ZTl/2 Z gk-’ik) —1 dez(B)a
k=1 k=1

where M := max(|M,|, |M,]). Define the event
A, = {|p_1/27'1/2 ngﬂfﬂ < Cp V212102 log?(p) and p_lTZfi < C’p_lm'} , (C3)
k=1 k=1

where C := 5C,Cyc . Under this event, we observe that

k=1 k=1

exp (—p_qu_ll~72 Z EZ/Z + l;q_l/2p_1/27'1/2 Z gjszk> -1

< exp <6~’|l~7]p*1/271/2n1/2q*1/2 log2(p)) _exp <—C~’Z~)2p*1m'q*1 _ C’|l~)\p*1/27'1/2n1/2q*1/2 logQ(p)> .

12



Since p~ /271 2n!2¢=1/210g*(p) — 0 and p~'nrg~' — 0 by Assumption 4, and given that
Fy, follows a sub-exponential distribution, the integral of both terms on the right-hand-side
converges to zero as n — oo. Therefore, for any € > 0, there exists ng such that for all
n > ng, we have |@Q1,| < € under the event A,,. Similarly, it can be proven that there exists
ny such that for all n > ny, we obtain Q),, > 1/2 under the event A,,.

Next we analyze the event A,,. We start with the second inequality in A,,. Note that

Zxk =XIS7 X < ' XX = e lel 27278285 %
- d _ B
Sce 101||ZZ§/2@Z||2 =c, 101”2;/261”2)(2(”) < e 10102X2(n),

where e; is the i-th standard basis vector. By Lemma 5, with probability at least 1 —
2 exp(—cp) for some fixed constant ¢ > 0, x?(n) < 5n, which implies the second inequality.

For the first inequality in A,,, using the second inequality, we observe that,

p1/2 I/Q‘Zxkyk’ — /2 1/2‘6 Z$k+zmkzk‘ < Cnp~\? 1/2|5 p V212

g mkzk‘
k_

Zikzk S é’p_lq_l/27'n|b2i| + p_1/27'1/2 kazk .
k=1 k=1

= ép_lTn’q_l/Zbu[bJ +p 212

Using the property of a sub-exponential random variable, for some constant ¢ > 0,
with probability at least 1 — 2exp(—clog®(p)), we have |by| < log?(p)/2, which im-
plies Cp~lq~2rnlby| < Cp~l¢?rnlog’(p)/2 = oCp~/2r1/2n'210g?(p)/2) by As-
sumption 4. In addition, by Lemma 5, with probability at least 1 — 2exp(—clog®(p)),
we have ‘22:1 szk‘ < Cn'?log?*(p)/2, which implies pil/le/Q‘ Y oret szk‘ <
Cp=1/2712p1/210g?(p) /2.

In sum, using the facts that max(exp(—cp), exp(—clog?(p))) = o(p~'), we conclude that
with probability at least 1 —p~! as p — oo, A,, holds. Hence we have

. . 2 . 2
lim Sln = lim E(E(bo’i1q1/2b0’i€[Ml7M2]|gi)) 1An + nlggoE(E(bo,ilql/QbOJE[MhMg]|gi)) 1A%

n—oo n—oo

<4 + lim ¢ 'MPP(AS) < 4€® + lim p g~ M? = 4é.
n—00 n—00

The conclusion then follows from the arbitrariness of e. O]

13



Lemma 14. The objective function in Eq. (27) is convex with respect to o and jointly
concave with respect to (0,7). Additionally, as long as Eq. (29) holds, we have Eq. (26).

Proof. By Lemma 15, it suffices to prove Eq. (26) holds for @w?, which equals

7252 2w — |ygy|2 —C%,  (C4)

arg min — ‘
wesn T

‘ +c )\HZ 1/2w+7 3/25 H

and S = {w‘ch_lawag — K, < ¢y||w|| € epmlogos + K, } for some sufficiently large K.
With slight abuse of notation, we refer to the optimal solution % instead of using w?.

Note that for any vector z, ||z]|?> = max, v/nu'z — n||u||*/4, where its argmax is 22 /1/n,
and similarly ||z||> = max, v"z — ||v||2/4. Applying these equalities to ||7/25}/* Zw — r—1¢||?
and ||S; 2w + 77325 ||2, setting @ = £1/%u, and & = 5, /*v, we can rewrite (C4) as

—1 -
. ~ CnT = . T\-1/2 cnllXy T ~ —3/2~Ty1/2
min max——i' Zw — ——i %, /% — Call®y 7l +EN W+ ENT 3/21)T22/ Bo

wesy @i A/ vn ! 4
o 2\ Zl/Qv 2 ch_z
=] el — 3. (©5)

To simplify notation and without ambiguity, we continue using u and v in place of @ and 2.

For a given w, the argmax of Eq. (C5), denoted by u, is equal to \/—ﬁ( V2% Zw —
7*121/25). Given the definition of S” and Assumptions 1 and 2, we have |w| < 771,05 +
'Ky, |51 € Gy, ||5:]] € C.. Furthermore, w.p.a. 1, ||z|] < v/2n by the law of large
numbers, which implies |le|| < /2C.n. Together with Lemma 6 and that 7c, — 0 by
Assumption 4, we have the following upper bound for ||a|| as n is large enough: |a| <
22 |5y Zwl + X || r15 ]| < 47 WOICL Let S = {ul||u]| < 47~'\/CiCZ}. Based on

the above result, w.a.p.1, the following optimization problem is equivalent to (C5):

~1/2
min maXCnTl/2 u" Zw — 7 TZ_1/2 M

weSy, uest NLD \/ﬁ 4
1/2 _
R D 2H€H2
4

_ 1/2
+ w4 ENT 3/21)T22/ Bo

—C9. (C6)

Next, we need introduce an auxiliary problem for the purpose of applying CGMT:
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o(g,h) = max min max R, (w,v,u), where
0<6<4r—1,/C1Ce wESY, |Jul|=6
v

T2 e, T2 CnT _ |57 w2
Rn('UJ,’U,U) = \/ﬁ ||w||gT \/ﬁ w — \/ﬁ TE 1/2 % (C7>

1/2 _
+c Ol w+c Ar—3/2 TEl/Zﬂ 122 : ol _ &7 i
4

lell* — €z,

and ¢ € R" and h € RP are standard Gaussian vectors, independent of the other random
Yo,08 — ai| < €}, define ¢g.(g,h) as the

optimal value of an analogous optimization problem to (C7), with w restricted to S N S’g

variables. Similarly, let S, = {w|eallw| — 7™

Lemma 16 characterizes the limiting behavior of the optimal solution to (C6), w, and in
turn, proves the desired (26), under conditions pertaining to the optimization problem (CT7).
Therefore, we only need show that conditions outlined in Lemma 16 hold as long as (29)
holds. That is, under (29), we need to prove the existence of the constants ¢ < 92—53,3 such
that for all n > 0, w.p.a.1 in the limit of n — 0o, ¢(g, h) < ¢ +n and b5 (g, h) > (;35% —n

Let u = u/d, maximizing part of R, (w,v,u) over u simplifies to the following problem:

Cur!/? T CnT w2, Cn||21_1/2u||2
max wllg u— b _
o 27 g - 2T :

) _ 02
= max &2 (T2 |w|lg — 7718 1/25)Tﬂ — C—ETZl_lﬂ.

lal=1 v/n

The latter is a quadratic programming problem, which has been studied in Gander et al.

(1989). The optimal value associated with this problem is given by:

nd? n - -
— e n(a,8) + (7 Pag — 72 (ST — e 6D (2ag — 778 ) (C8)
where « := ||w]|| and p,(«, d) is the solution to
1 - - 52
~(r'2ag = S P T(S — (0, D) P Pag — 718 ) - =0, (CY)

under the condition X7 — 1, (v, §)I is positive semidefinite. With this, Eq. (C7) equals:

n0* . _
. tnO /2 _ —12 1/2 \T E_l _ I -1
pop DX min — = fin(r, 6) + n( X Te) (B — pa(a, 9)D)

T2

x (1Y2ag — 7712;1/2 ) —
vn

2 ShTw +c ol w

15



R .
4 n

2
+ A2 TR, [Elk=yeid

Solving the inside minimization problem with respect to w/a while fixing a leads to

max min —
0<5<4r—1,/C1C¢ |ena—cnT Logog|<Ka 4
v

x (7'2ag — 7157 %) — eylen v — 0720 25hja (C10)

AN e
4

+ AN R4, le|? = C2.

By Lemma 17, the objective function of the above optimization is convex in « and jointly
concave in (d,v). As a result, we can switch the order of min and max by Corollary 3.3
in Sion (1958). Also, note that for any vector z, ||z| = min,~g %||x||2 + 3. Applying this
equation to ||c, \v — n~27Y25h||a, Eq. (C10) becomes

. Cy 0 Cn 12 —1y—1/2 \T
min max max—Tun(&, 0) + —(t7°ag — 1%, Te)
v n

cnla—T"lozop|<Kq 7>0

0<é<4ar—1,/CiCe

-1 —1 /2, _—1y—1/2_y GV Cnct” o —1/2.1/257 (12
X (27 = pn(a, O)D) (7 7Pag — 777X, ' 7e) 5 5 llcn Ao — n™ =7 /26h)|
y

AN 20l e,

4 n

+ AN 8, : el — C2.
Note that the objective function above is jointly concave in (d,v,v). To see why this is
true, it is sufficient to prove that —g‘—chn)\v — n~Y271/25R||? is jointly concave in (6,7, v),
which follows by Lemma 13 in Thrampoulidis et al. (2018). Consequently, after solving the
first maximization problem over v, the resulting function remains jointly concave in (4, 7).
Maximizing over v is again a standard quadratic programming problem, which leads to Eq.
(27). Thus, we conclude that (27) is convex with respect to o and jointly concave with
respect to (4, 7).

For any compact set A, define ¢4(g, h) := ming,c4 max >0 Qn(as,ds,v1). Based on the

53eK53
above argument and condition (i) in (29), we can deduce

(g, h) = d—k. k(9. 1) =5 min  maxQ(as, d5,m),

a2€[*Ka7Koz] :ngﬂg

: P . ~
s.(g,h) = min{ ok, ax—(g, 1), Prazie Jh)} — min max (v, d3,71).
¢Sn(g ) {¢[ Kou 2 }(g ) ¢[ 2+ aKa](g )} 026[—Ka7&§—6]u[053+671(a} ’g;gﬂg Q( 2 3 P)/l)
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Together with condition (ii), the conditions in Lemma 16 are satisfied by letting ¢ =

min  max Q(ay, d5,71) and gz_ﬁsﬁ = min max Q(as, 63, 1) 0

a2€[~Ka,Ka] g;;g €[~ Ka,a5—elU[ab+e,Kq] %;}g

We now introduce two lemmas whose proofs follow the same reasoning as those of Lemma

5 and Lemma 7 in Thrampoulidis et al. (2018), and are therefore omitted here.

Lemma 15. Under the conditions of Theorem 2, define S := {w‘ch_lawag - K, <
cnllw]| < ent7tos05 + Ko} for some K, such that || < K,. If the solution w® to

CnT

-2
Ve 7w — 771 lel|* — C2
n

. Cp
arg min —

2 2
- ‘ +c§AH2;1/2w+r*3/QﬁoH —
weST

satisfies c,||WP| — ¢, ro.05 — «, then the same holds true for @ of Eq. (25).

Lemma 16. Let w denote an optimal solution of Eq. (C6). Regarding ¢(g,h) and Pse (g,h),
as introduced and discussed in relation to Eq. (C7), suppose there are constants ¢ and
qggﬁ with ¢ < gf_)gﬁ, such that for all n > 0, the following hold w.a.p.1 as n — oo: (a)
é(g,h) < o+, (b) (bg%(g, h) > (55% — 1. Under these conditions, we have v € S, w.p.a.1.

Lemma 17. The objective function of Eq. (C10) is convez in o and jointly concave in (6, v).

Proof. First, we prove the objective function is convex in a = ||w||. Revisiting the term
_ _ -1/2 12
fla,u) = C”&%/QagTu — %uTzl V2 _ M in Eq. (CT7), we observe that it is

convex in a. After maximizing over the direction of u, the term remains convex in « since
max|y||=s f(for+(1—0)as, u) < maxy=s{0f(ar,u)+(1-0)f(o2, u)} < 0 max,=s (o, u)+
(1 — 0) maxy|=s f(a2,u), for & € (0,1). Note that from Eq. (C8), max,|=s f(o,u) =
— 6”452 pn (v, )+ %(Tl/zag—7_12;1/28)T(2f1 — i, D) (7 2g— 77157 %€), which yield
the first two terms in Eq. (C10). Meanwhile, the term — ||c, Av—n~"/27/25h||a is also convex

in a. Consequently, we deduce that the objective function of Eq. (C10) is convex in a.
Next, we demonstrate that this function is jointly concave in (0, v). It is easy to verify that
—|lenAv—n"Y271/25 ]| is jointly concave in (6, v), since a > 0. Moreover, Ar—3/2yT 52/ 8, —
)\||E;/ 2v]|2/4 is concave in v. Therefore, it suffices to prove
62 1 1/2 —1y—1/2 \T g1 —1/.1/2 —1y—1/2
—pHala, 8) + (T Fag — 778 ) (B — pala, OI) (1 ag —77E e) - (CL)
is concave in §. Let the eigenvalues and normalized eigenvectors of 3, be {(\;, v;)}",, and
let w; = (71209 — 77157 "%€) Ty, for i = 1,2,...,n. Then (C11) equals —%un(aﬁ) +
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%Z?:l mw?. The first order derivative of this equation with respect to ¢ is

n

- S 8) = G oum(a8) + PEE S il = L), (C12)

where the last equation follows from the definition of the function pu, (v, d):

n

1 1 , 82
ﬁ; : w} = (C13)

1/ X = pn(ar; 0))?

Further, the second-order derivative with respect to 6 can be calculated as: —%/Ln(Oé, J) —
8Os pin (e, 8). By the chain rule of differentiation, Ossu,(,d) is the reciprocal of Opu,d.
The latter can be calculated directly using the definition of yu, via Eq. (C13): 0,,0 =

~1/2
<% Yoy mu@) . %Z?:1 mw? With this, we can write the second-order

(2

derivative as follows:

1 0 1 1 X @ 1 D 1Ww
—5hn(,0) = SOspn(cr,0) = =S pin = 5 L/ Ai—pin) L/ 2i=tn)

2 2
Nl 1 _ :
2 2 X @ I | T

Since X7 — p,I is positive semidefinite, the right-hand-side is no larger than zero, which

concludes the proof. O]
Lemma 18. For Q, = Q,(a2,03,71) in Eq. (28), Eq. (29) holds.

Proof. The notation below is defined in the proof of Theorem 2. Let 0y = 65 + ¢, Y *55.
First, we demonstrate that c, 7 (e, §) — capi(0205, 67, 82) — 0. Let f(z) = L(r'2ag —
I8 2T (ST = 2l)2(72ag — 718, 2). Recall that i, (cv, 8) is the solution to f(z) =
62/4. Note that f(x) exhibits a monotonic increase in x when z < 1/C). Therefore, it
suffices to show that, given any arbitrarily small € > 0, w.p.a.1, the following inequalities
hold: ¢, 7f(Tu(o.08,0%,02) +7¢, e) — ¢, 0°7/4 > ¢ > 0 and ¢, 7 f(Tu(0,05, 07, 02) — ¢, te) —
cn0*7/4 < c_ < 0, for some constants ¢, and c_.

By Lemmas 2 and 3, we can deduce the following equations:

—1
cn; 8TZ{1/2 (2;1 - T/'L(O-x(jﬁ? (ﬁ? 62>H - Tcgldl) - 2;1/25

ch_l

Tr [21/22 1/2 (E — Tu(o,0p, 07, 02)1 Tc,;le]l)_Q 2;1/222/2 :Op(ch’ln’1/2),
n
T’ 2T (Zfl

a‘y — 70505, 05, 02)1 — 7c;, el 2y
n

18



cp’T?

e e
n

1/2
CnT 04521—1/2 (21—1 — Tp(0,08, 07, 02)1 — Tcgld[)_zg = Op(cyr™ Y207 112),

n

Therefore, using the definition of f(-) we can deduce that:

cnT f(Tp(o.08,07,00) + Tc, e

-1
B [E;/QE;UZ (57" = Tu(o,04, 67, 02)1 — 7'67:16]1)72 21_1/222/2
n

2,2
e Ty [(Zfl — 71(0,08, 67, 02)1 — 7c;, el _2} = Op(c,mIn7 V%) = 0p(1). (C14)
n

Note that for sufficiently small x such that z||%;| < 1,

—1
T 1 [22/22;1/2 (5! — all) xRl - SRl (14 208y 2}/22;/2}
n

-1
S [2;/221/2 ([ - 23) 22282 _ $12912 (1 4 20%)) 2}/22;/2}

n

<t 10VCL (T —2%) 72 — (T4 22%,) || S 7712,

where we apply Lemma 4 in the last inequality. As a consequence, we have:

-1
T 1y [2;/22;1/2 (51! = (0008, 0%, )1 — e tel) ™ 2;1/22;/2]

n
1 _ .
L [ (15 4 (o 5150 ) S 5] 4 00
n
=71020, + 2(u(0,04, 07, 82) + ¢, ' €)aZl3 + O(1) + o(c, ), (C15)

where the last equation follows by Assumption 5. By the same argument, it follows that:

a27_2

- Tr [(Zfl — 70508, 07, 02)1 — 7c;, el _2} = 020530, + O(7) + o(c, ).

Applying the above estimates to the left-hand-side of (C14), we can deduce that:

0’
enTf(Ti(0,05, 0%, 82) + 7¢;, te) — c 1 u
2070
=2¢, (10208, 01,02) + ¢, €)0205 + coo2050, — % op(1).

By the definition of p(o,04,67,92), the right-hand side of the above equation is positive
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w.p.a.1l. The proof of the other inequality is similar. Hence, we have proved
aT im0, 8) = copi(0505, 67, 82) — 0. (C16)

Next, to analyze Q,, we first investigate the limiting behavior of:

52 1 - T - )
-7 tn (e, 0) + — (Tl/2ag B 7_—121 1/2€> (21_1 ~ (e, 5)]1) 1 (7’1/2049 o 7_—121 1/2€> '
n

By (C16), we have ||, (e, 6)31|| = Op(7). Applying Lemma 4 again, we deduce:

(270 = (e, 1) 2 = 22— 2, (v, 6)53 — 3423 (e, )4 Sp 7°
(S0 = (e, O)D) ™" = 2y — pan(, 6)22 — 12 (a, 6)S3| <p 72

Furthermore, by the fact that ||77/2ag — 715, "%|| = Op(n7=!) and Eq. (C9), we have

2
1 —
: (7 2ag — 715 %0) (0, 0)5F + 24 0, )5 (7 2 ag — 718 ) + Op ()

o (@, 0) =

With a similar approach, we have

1 _ T _ _
L (7209~ r1571%) T (87 = ol 1) (7 2ag — 7t )

1 _ T _
= = (72ag =775 (S0 + a0, )T + 2 (0, 0)E]) (712ag — 7718 ) + On(r),

As a consequence, based on Lemmas 2 and 3, as well as the definition of as and the fact

that ¢, 7 u,(a, §) — cup(o0s, 05, 02) 5 0, we have:

0 Cn 12\ " - n

c4 (e, 6) + &2 <T1/2ag — oy 1/28> (St — pnla, O)I) ! (Tl/Zag — 7'y me)
T

_tn (7’1/2ag - 7'_121_1/25) (B1 — piir (e, 0)%7) (Tl/Qag N 7_121_1/25) + Or(car)

el + op(1). (C17)

cnT
=c,T 1020§ — 02 (93#2(%05, 07, 02) + 20,0500 + nn

Finally, we examine the remainder term that contributes to On:

2 )\? 3 a2t N\ /) cna®X2 \ 7 a?yr1/? CpT?
ol (732m) h) (Sm+ 22 32y )/ h)—=
1 (T St T Ty T 2yn

20
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/2 —1,-1

Using Lemmas 2-3, p ¢ '/? = o(1) by Assumption 4, and the assumptions on ¥y,

this term converges in probability to:

2 27242 A 2)2 \ ! 20462 /) 2)2 \ ! 2452
" Cpe |2 (25, + 22 T) w2 e Te [0 (O 20 0) 20
4p 4 2y dnyy 4 2y 29yn
_ Gy " g, Y2 L1 (01)?0%en  a020i0s  (67)° 71%9 on(1),
2 40307 0,04 AN 2) sag? 2t

where we apply Lemma 4 and the same argument in proving Eq. (C15). Combining this
estimate with (C17) we conclude that

~ 0301 Vi o | (07)*y02
@ 404 T L0e0p02 40%)\ 2 003 8)\2

102 + Op(l)

We now proceed to establish Claims (i) to (ii) in Eq. (29). Fix ay € A and 73 > 0,
and observe that limg, 4 Q(ag, d3,71) — —oo. By the concave version of Lemma 9, we
conclude that maxs,ex,, Qn<@2, 93,71) RN MaXs,cRr Q(ozg, d3,71)- Since Q.. is jointly concave
in (d3,7v), after maximizing with respect to ds, the function should remain concave in 7.
2122 |

O0z0p3

Moreover, consider the following equation: maxgs,ecr Q(Ozz, d3,71) = 20,0000 —

(‘SSB\TW;@ As a result, lim,, . maxs,ecr Q(az,d3,71) — —oo. By Lemma 8 we conclude

that Max >0 Qn(ag, 93,71) LN maX71>0 Q(ag, d3,71). Since Qn(ag, d3,71) is convex in ayp,
3€Ks

it should retain its convexity in as after being maximized with respect to 5 and ;. Since

the above equation holds for any ay € A, by Lemma 7, we conclude that Claim (i) holds.

The first-order condition implies a unique solution: o3 := arg min,, MaXy; >0 Q(az,d3,7),
3

which is given by 6y0? (2(;%(215 — 07‘3) . Thus, Claim (ii) holds true, concluding the proof. [

Lemma 19. Under the conditions of Theorem 3, there exists a constant ¢ > 0 that depends
solely on fixed constants, such that w.p.a.1, inequality (32) holds. In addition, as n — oo,
for any given firted X > 0, Eq. (33) holds.

Proof. Under the condition that A, > €, using (30) and (31), we have, w.p.a.1,

IXcovoll® _ 20021+ v

N 1/1 -
7 2 T
Hﬁ)\nH 1 <EX(1')X(—Z') + CW)‘HH) Xy~ 2e2n2 = 2¢?

1 2

11+

n

A hi 1 -
185, — Ba, 117 = 2 (M — Xo)? (EX(T—i)X(—i) + Cn>‘1> X(—i)Y(-i)
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(A — /\2)2 20203(1 + Cn>2<)\1 — )\2)2
= n202/\%/\§ ‘|X(—i)y(—i)||2 < \({; . (018)

With the inequalities above and triangle inequalities, we obtain, w.a.p.1,

K

>~ (v = XA 12 = llyo — Xw B,

i=1

K 1/2

2 ~ 5 20, 0.(1 4+ \/cn) ~

< S IXlIE, - Al (Hy(i)HJr i HX(z')H)SC\)\I—)\z\; (1)
i=1

. . 1
[REZV (M) = REY(Ng)| = -

n

where C is some fixed constant.

n,p — oo. This is possible because (14 ,/c,)?/c, is bounded as n,p — oo. In addition, let
Si={\j=e+p?(—-1):1<j<1+[]p’(er ! —¢)]}. Given 77! = o(p), the cardinality of
the set satisfies | S| < p'®. By definition, for any A € [e, ¢77 ], there exists a \;+ € S such that
A — ;-] < p79. By Eq. (C19), we have |[RE-CV(\) — RE-CV(\.)| < CIA = \j-| < Cp2.

Therefore, if we show that

Let us fix a constant ¢ such that the inequality

402U < 100 pemains true as

cnC

A 1
it { RV () = 2P - 2l > (c20)

)\]' es

holds w.p.a.1, we have
1.2

A 1 ~
inf {RKO%) — el - ||25/250u2} >apTe? = Opt > S (2

AE€le,eT1]

which implies Eq. (32). By the definition of RE=CV it is easy to verify that we need prove:

jnf {0 K120 T3P (B, - Bl - 207 Kew Z Sy (B, - Bo) — I Boll? } > np'7?
holds w.p.a.1 for all i = 1,..., K. By the independence of Z; and Bﬁ\j, the first term on the
left-hand-side is distributed as: n_lKHZ(Z»)E;Q(B;j — B2 £ nlKN2 (K 1n) HE;/Q(BE\J_ —
Bo)||?, where x? (K~'n) denotes a Chi-squared random variable with K ~'n degrees of free-

dom. Consequently, we can deduce that:

A A 1 A
P (| k120223, - BIP - 132, - Al = “EL st - sl
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=P (\”1KX2 (K'n) —1] = 103%9)) < 2exp(—a log’ (),

where the last step uses Lemma 5, and ¢, is a fixed positive constant. Analogously, we have:

_ 5 log(p 5 .
p (‘n 1K€(i)Z(i)Z§/Q(5A]- - 50)‘ > \g;%) ||Zé/2(ﬁxj - 50)”) < 2exp(—&; log*(p)),

with ¢, being another fixed positive constant. For simplicity, we consolidate the constants
¢1 and ¢, into a unified constant denoted as ¢;. By the union bound inequality, we have that

with probability exceeding 1 — 4p' exp(—¢; log?(p)), the following relation holds:

it {20 EYA 3, - ol = 207 K Zo B35, - o) ~ ISV ol

> int { (1= 52 ) =, - sl - EL s, - )l - 137l
Assume for now that ||Z;/2(/3’f\j — Bo)|I2 = |I=%Boll> = 50mp~ir2 holds. In this sce-
nario, <1 — %) ||Z;/2(B§\j — B — %HEé/Q(@\j — Bo)|| is monotonically increasing in
||Zl/2(3§\ — Bo)|| since log(p)/+/n = o(7), hence it achieves its minimum when ||Zl/2(3§\ —
Bo)|l* — HZI/QBOHQ = 50np~172. As a result, it can be shown that (1 log(p) ) HEl/z(ﬁ/\
B> — %HE;M(B/\J_ — Bo)|l = [I=3?Bol|> = np~'72. Therefore, we only need to prove
infy, es {11552 (B8, — Bo)lI? — 155*Bol|*} > 50np~172 holds w.p.a.1.
We now establish a uniform lower bound for ||E;/2(5’f\j — Bo)|I* = IIZY2 5|12, which can

be written as: || S5/ QBf\j 1> — 28,4 EQBE\]_. By direct calculation, we have for each i,

1 2

1 -1
= XX eI Xy
2 n(n (—i)X(—i) T € J) (=) Y(-1)

1/2 A4 i
155733112 > call B3 112

(&) -
Z =
n2

1
“XCpXn+eadI| Xyl > 55 (Ca+ v + k) IX gyl

Further, by Lemmas 2 and 3, we have
Xy ll? = o2 Te(X <o X Lyy) + 07703 Te(X Ly X XLy X (<)) + op(n17?).

By the fact that Ayin(A) Tr(B) < Tr(AB) < Anax(A) Tr(B) when A, B are positive semidef-

inite, we have ¢y Tr(Z(_i)Z(T_Z.)) < Tr(X(_i)X(T_Z.)) < Gy Tr(Z )Z(T_ZA))7 which, along with
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(np)~! Tr(Z(,i)Z(Tﬂ.)) RN (K —1)/K and Eq. (30), imply that

P Te(X Ly X X Ly Xmy) < p7 il X Ly X | Te(X Ly X—iy) Sp mon = op(np).
Therefore, w.p.a.1, we obtain

ca02pn
2K

< ”X(—[i)y(—i)”Q < 2Cy02pn. (C22)

Consequently, uniformly over \; € S, we deduce:

"21/25)\ [=2 (02(1 + V) 4 ) 2 (C23)

On the other hand, we have

1

. 1 -1
1B 25, | < - By s (EX(Ti)X(—i) + Cn)\j]l> XX fo

1

+ = L + L. (C24)

3|

1 -1
52;,L~)X(_i) (EX(T'L)X(—Z) + Cn)\j]l> Zgﬁo

To bound L, note that Tr(AB) < ||AB|| rank(AB) < ||A]| || B|| rank(B), which implies

1 1+ -1 _
ﬁ Tr (ZQ (EX(—z)X(—l) + Cn/\jH) X(—z)X(—z)>
-1
1 02 1 »
< |12 H X+ eah ]1) LT X nC31+ \/6)?
n

rank(X 0 X (i) < Coll + Vo + oo,

where the last inequality uses A ((A+1)7"A) = (A (A) +1)7" A\ (A) and n [ X, Xyl <
Cy(1 + \/E)Q In addition, by Lemma 5 and the fact that the sub-exponential norm of b ;
is of order O(q~'/?), we have, with probability exceeding 1 — 2p* exp(—¢, log?(p)),

—1

-1
pT 1
Ly———"r (22 (EX(T_ Z.)X(i)+cnxj]1> XL i)X(Z-)>

sup < q’lp’lTnl/2 log(p).

)\]‘ es

Combining the above two inequalities, we have

2C(l+\/a) + Cn )

Ly <np! -+ q p~trn'%log(p), VA, €S,

24



To bound Ly in (C24), by definition, we have Ly = |n*1p*1/27'1/2q*1/2z(T_2.)X( (2 X( y Xt

cn A1) 71 82(1/gbo)|. Using the facts that Ain(n ™' XLy X i) + cadjl) > eadj > cae, [[Alp <
rank(A) [|A]|, and Eq. (30), we have

1
X o) (S X Lo Xy + eaiT) )" || < Coct e X ol S ot

1 —
< n3p 1.

~Y

1
[ X (=X Lo Xp +eaNI) 2

- HF < rank(X - ))n2p_1

Therefore, by Lemma 5 and the fact that ,/qby; has bounded sub-exponential norm, it
holds that, for some constant ¢;, P (L2 > ¢ 2122yt log(p)) < 2exp(—¢1log?(p)). As
a consequence, with probability at least 1 — 2p'® exp(—¢; log®(p)), we have supy es Lo <

g *n'271/2p~  og(p). Therefore, taking bounds for L; and L, together, we have, w.p.a.1,

|5TE Bl |< 1 C2 ( +\/C_n>2 -1 -1 1/21 -1/2,1/2,_1/2 711
R A Y L W L L og(p) +q "n'*rp~ log(p)

_ 1+ /c,)?
< 1_ 2 (
2np 1C o IR (C25)

for each \; € S. In the last inequality, we use p~'¢~'rn'/2log(p), ¢~ */*n'/?7/2p~  log(p) =
o(np~'7?) by the assumptions of Theorem 3. With (C23) and (C25), we have
Hz“(/%ij = B0l = 125" Boll* = 115535, I — 265 2,

Ep -2 -1 2 (1+\/a)2
>2K( H(L4 Ven)® +enj)  —dnp~'7C5 Coll Ve 1o,

This inequality holds w.p.a. 1 as n,p — oo uniformly for all A; € S. Given our initial choice
for ¢, it is easy to check that the right-hand side exceeds 50np~'72, which implies Eq. (32).
To prove Eq. (33), note that

1 5 1 1 1/2, 5 2 $1/2( i
v = XoyBinyll* = Ellgmll2 = HIIZ@)Ez/ (Bi-iy — Bo)I” + nE(Tz)Z 2By — Bo).
By the facts Z;) L B 1 — Boand n (K 'n) = K1+ O,(n~"?), we have

1 1/2/ 5i al — 1/2/ 5i
12 25 (Blen = B £ (K )55 (511 = o) 1P

8By = B0 + O (2B = ).

\/—IIE
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Additionally, by Theorem 2, we deduce:

2(K —1) 1

A _ a§ o3 —
12272 (Bs = Bo)lIP = 155 60ll” = == np ' 72620 (w - 75) ol

Hence, using the fact that HZé/ ?Bol|? <p 7, we derive the following equation:

2(K —1 2 o}
:—( % )np 172002 (;\Ez _Tﬁ) +op(T?np~h).

K

1 1/2/ hi 1/2

=~ 1265 (Bl s = o) P = 112 ol
=1

Thus, to prove Eq. (33), it remains to show that: %5(1')2(1')2;/2(6;'71,\ — Bo) = op(T?np1).
Given that e L Z(i)E;ﬂ(ﬁi_l/\ — o) and n=3/2773/2p — 0 by Assumption 4, we have

2 d 2 _ _
~ewZm Dy (B = o) = SIS (Br 0y = Bollefyr = Op(n™27Y2) = op(rnp™),
where x is a standard Gaussian vector independent of &(;). This concludes the proof. [

Lemma 20. There exists a constant Cy such that, w.p.a.1, uniformly for s po € 10,71,

pr T RSO () — RE=Y (15)] < Cilpn — pio| + op (pn~'777%) .

Proof. By the Woodbury identity, we deduce that

C_2TZ/JJ2

LT Do) 1 ClTp T o
(EX(—i)X(i) ‘T T H) —c, Tl = — X( (]I + X(i)X(_Z‘)> X(,i).

Hence, we arrive at:

1 ! c,2r?
sup ¢, 7> log_l(p)H <—X(TZ-)X(_Z-) —i—ch_lu_l]I) —ctrul+ =2 s X( 0 X(-i)
1<i<K n
pef0,e—1)
9 e 1 eyt -
= sup CnlllLQT 110g 1(p)H_X(T_Z)[<H+ X(l)X(—r_l)) —]I:|X(,l)
1<i<K n
pelo,é—1
1 2
< sup p’c,*log™ (p) H—X@)X(—a —0. (C26)
1<i<K n

nef0,é—1

The last inequality is a consequence of Eq. (30) and the fact that
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On the other hand, by direct calculation we have that

-1
C, TH

! ! cir !
(]1+ "nT’uX(Z-)X(T_Z.)) 1 (]1+ Ex axl ))

1
XX
'n (—i)<> (=)

s
<c 't HEX(—@X(—@')

EK—CV(Ml) o éK—CV(

2) equals:
K

Lo I 2 .
> (F1X0H ol = H1Xo 8,0l

- ﬁy(i)X(i)(ﬁi—lyfl - 5i—lu2*1)
=1

= Z Wh‘(,uh ,U2) - Wzi(ﬁbl, /~b2)'
i=1

We next investigate Wy; (1, u2) and W, (1, o) separately. For Wy; (g, u2), we have

1 Qi Qi Qi 1 Qi Qi
Wli(ﬂlaﬂ?) - E( 7_71“1—1 - 7_71#2—1)TX(—Z-F)X(7L) 7_71/JL1—1 + EBT,1M2—1X(—|Z—)X(1)(

71”1_1 j_,lluq—l)
1 hi Ai hi 1 hi hi hi
P e B MR |
3i — 1|1 _ oot T
Define St = (G Tl X(;)X(_) X( HY(—i . Observe that
T 1 n n 7 7
-
su - P —1,-1 — P —1,—
NIE[OE—l] \/ﬁ OF7 Lyt @)F 7 Lyt
1 1 -1 2722
< X X Xy tear ) et + X X
1:[1371371] n3/2 H ()H ‘(n (—i) 8 (—i) T CnT Hy Cp TH1 o (—i) X (—i)
x| X Loy || = Op(7* log(p)) = op(c;,"/*7),

(C27)
where we use Eq. (C26), Eq. (30), and Eq. (C22). Additionally, it is easy to verify that
Ty 5 1|1 . e il T
; = sup —||—X4u [cn Tl — X' X ol X “aY(—i
witl| =, S0 || e X | XY
clre ! c2rc T
N X X Loyl + 57— 2/ HX CoXenX oyl

For the first term, by Eq. (C22), it equals

cytre! HZ S22y T d -t
g 17072 Aco¥en]| =

C ’TC
VWK (A

<gc/
2
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w.p.a.1 for some constant C; that only depends on fixed constants. The second term can be

bounded in the same way. Therefore, we have

sup

1 Ai ~ —1/2
p1€[0,671) %HX(Z)BT’IMIIH = Clc” T+ op(e, ). (C28)

Analogously, we can prove that —= ||X ( i Biflugl)H < Cilm —u2|cﬁ *r+op(c S0
holds uniformly for uy, us € [0, ¢ 1], where C is a fixed constant that may vary from line to
line. In light of this, we deduce that: sup; ;< Wii(p1, p2) < CEey 72| s — pia| + op(c; ' 72)
holds w.p.a.1 uniformly for 1, us € [0,¢71].

To bound Wo;(pur, pi2), we first define Wo; (g1, pig) = %y(Ti)X(i)(ﬂi—lul—l — 5’; ) _1) By Eq.
(C27), it holds that

e 2 5 Ai
Sup (W, )= Wi, )| < =l X (s = i)

/1'17“26[076_1]
2 A’L’ —
+ ~ Iy 11X (Bir,me = By, 0)ll = Op(7° log(p)) = op(c,'72).

I

Moreover, employing a similar argument to that used in proving Eq. (C28), we have

sup ‘W%(Ml’ M2)|

p,p2€[0,671]
2 T 1 {—1 2T (g — 13) ot T
= sup =Yy Xy~ | ¢ T — p2)l = X o Xy | X_pyy—i
ety - =X (-0 | Xa¥-n
,1 72 2
S s = 1l S o XX e |+ s = il S |37 X0 X X X il
Sl — e Yo A @AYol T 1 — Rl = 5= Yo A )X () A ()2 (- Y= | -

For the first term, by Lemmas 2 and 3, it is easy to verify that

C;lT 1
XX Coven| < 25 e XmX z)f |+ > e XX o X bl

1 ~
2 180 XX X pea] + 50 185 XX Xy X o] < Cre'e?,

for some constant C; w.p.a.1. The second term can be shown analogously. As a result, we
have sup ;< Wai(p, pr2) < Cre ' 72|y — po| + op(c;'7?) w.p.a.l, uniformly for ju, py €
[0,¢71].  Combining the bounds for Wiy; (i1, 2) and Wo;(pu1, p12) concludes the proof. O

Lemma 21. A; to Az defined in (34) converge to zero w.p.a. 1.

Proof. For Ay, by using the same argument as Eq. (C18) and noting that A\ =< 771,
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/A\f*cv =p 771 and T(\P! — S\nK*CV) = op(1), we have
A1l S CnTizHﬁAcv - B()ptHHBch Se CaT 2 Cgl/Ql)‘prt - j\rll(—CV‘TZ : 051/27' = op(1).

Similarly, Ay = op(1). To prove As = op(1), define S(\,) = Ll I — C" Al T X XTy
and write 3 (5\K V) as Bey and 3 (A1) as Bopt for simplicity. By using a snmlar result as Eq.
(C26) as well as the fact n 7| X Ty|| < n 7| Xyl Sp e/? according to Lemma 6, we have

Cn7—72|(80pt - Bopt)T22ﬁ0| ,S CnT72||Bopt - Bopt” ”ﬁOH

1 -1 72 )\opt
<c, 772 (—XTX + CnAzpt]I> —c YY) T - —( )
n

y \ 1l

n

1
XTXH H—XT

n
=op(c,m 2 ¢ 0 log(p) - cf? - TV/%) = op(c)/*T* 1og(p)) = op(1),

where the last equation holds by Assumption 4. Similarly, cn7_2|(Bcv — BCU)TZz Bo| = op(1).
Therefore, A3 = op(1) follows by ch’2(6~0pt — BCU)TZQBO = op(1). Note that

T 2 (Bopt — Bew) "S2b0 = n 2 (AK=CV)=L - (A1) B2, X Ty
_ n_20_17_2((A£(_CV> AOPt )/BTZQXTXXTy — B1 + BQ

n

By Lemma 2 and Lemma 3, we have

n

By =n"tr 2 (A Y) T = (AP B Sa X T X By + n 260 Sa((A )T = () )X e
AT = ) T Tr(2,XTX) = op(r (AT = () 7Y) = op (1)

=pn 17 p” ((

The same argument proves By = op(1), leading to A3 = op(1), which concludes the proof. [

Lemma 22. The objecive function in (36) is convex with respect to o and jointly concave
with respect to (0,7). Additionally, as long as Eq. (38) holds, we have Eq. (35).

Proof. Define S = {w|c,77 10,05 + ca /405 < collw| < 77 0,05+ Co/os}. Analogous to

the result proved by Lemma 15, if the solution @? to the following problem

~1/2)\ -2
) C_n 125v1/2 0~ 1 12 CpT n -1/2 —3/2 o CnT 2 e 9
min |7 20 — e + —Jn 13w+ 77760y el = &7 (C29)
satisfies ¢, || W?|| — c,7 7 005 € [ca/205 + €,Co /205 — €] w.a.p.1, then the same holds true

for w, which leads to the desired result, (35). In light of this, without ambiguity we now
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directly focus on (C29), and refer to w? as w for ease of notation.

Note that for any vector z, it holds that ||z|> = max,/nu'z — nljul|?/4, and
|z = maxpy.<iv @ By applying these equations to [|7/2%)?Zi — 77'¢|> and
||22_1/2w + 773281, and letting @ := Zi/zu, the problem (C29) can be reformulated as:

1/2 -1 —1/2~2 -2
) e/ T T Te1)2 cn||27 | CnT *An T
min - max U Zw————u X, 'Te— 1 + v Bo
11
weS, ||v\|:o§1 \/ﬁ \/ﬁ \/ﬁ
e V2N,

-2
0TSy 2 — %HeHZ — . (C30)

vn

For convenience, we shall continue to employ u in place of u throughout the remainder of
the proof. Let S? = {ul[|u| < 47~'/CiC.}. Similar to the proof of Lemma 14, w.a.p.1,

_ —1/2 _
min max C"Tl/zuTZw — ﬂuTEflms _ Gl Pul? + &L zAanﬂo
—1/2) —2
T ny Ty 2y — 2| — ¢ (C31)
vn n

is equivalent to Eq. (C30). Next, we construct an auxiliary optimization problem:

h = p— I Rn ) Y ) h
Cb(ga ) ogaggl—z}xolcs u{%@g% HIBHEE% (w v u) where
[lvfloo <1
ey m/? e, T2 eyt c ”271/2?”‘2
Rp(w,v,u) = = Tu—=2 Blw— 2Ty 2 izt T (C32)
(w00 = 2Tl = 2 w0 - 2T :

—1/2
Vn

and both g € R™ and h € RP are standard Gaussian vectors, independent of all other random

b\ _ —2
S i

variables. Moreover, let S, := {w‘ca/Qag + € < epllw|| = eptroos < Cy /205 — €}, define
¢s. (g, h) as the optimal value of the optimization problem (C32), with w € 55 N Se.

Lemma 23 characterizes the limiting behavior of the optimal solution to (C31), w, and
in turn, proves the desired (35), under conditions pertaining to the optimization problem
(C32). Therefore, we only need show that conditions outlined in Lemma 23 hold as long as
(38) holds. That is, under (38), we need to prove the existence of the constants ¢ < q_ﬁsn
such that for all n > 0, w.a.p.1, ¢(g,h) < & +n and Pse (g,h) > gﬁgﬁ — 1.

Following the same argument as in the proof of Lemma 14, after maximizing over the

direction of u and minimizing over the direction of w, Eq. (C32) becomes equivalent to:
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m — 1/2 _ —12*1/2 T E_l i i 1
OS&S:}{%XCIC% O{g}g 4 (Oé 6) n ( T 1 6) ( 1 /’LTL<047 5) )
lv]loo <1

% (Tl/Qa _ 7712—1/2&?) e Hn71/27_1/26h _ n71/27_71/2>\n2;1/2

U‘Oé
CnT

\/_

where K, = {a|c,a—c, 7 0,05 € [co/405,Cy/0os]}. By Lemma 17, the objective function of

AT

the above optimization problem is convex in « and jointly concave in (J,v). Consequently,
we can interchange the order of min and max by applying Corollary 3.3 in Sion (1958).
Applying [[z]| = mino o [lz[* + F to Hn_1/27'1/26hT —n_l/QT_l/z)\anEz_l/QHa, and By
completing the square for terms associated with v, we can rewrite this problem as (36). As
a consequence, we conclude that (36) is convex with respect to v and jointly concave with
respect to (4, 7).

Finally, based on the above argument, we conclude that under (38), for all n > 0, w.a.p.1,
#(g,h) < ¢ +n and gZ)g%(g, h) > qgsc n by choosing ¢ = ——* and gb = 100() , thereby
verifying conditions outlined in Lemma 23. [

Next, we introduce a lemma that resembles Lemma 16.

Lemma 23. Let w denote an optimal solution of Eq. (C31). Regarding ¢(g,h) and Pse (g,h),
as introduced and discussed in relation to Eq. (C32), suppose there are constants ¢ and
égﬁ with ¢ < (55%, such that for all n > 0, the following hold w.a.p.1 as n — oo: (a)
#(g,h) <d+n, (b) Pse (g,h) > gggﬁ — 1. Under these conditions, we have 0 € S, w.p.a.1.

Lemma 24. There exists some sufficiently small ¢ > 0, such that for any n > 0, w.p.a.1,
the inequalities in (38) hold.

Proof. By Eq. (C17) in Lemma 18, we have the following result:

n52 n — T - —
C4 pin(@; 0) + (Twag —rnY 25) (Zr! = gl D) (Twag -7 1/26>
n

-2
-1 2 2 2 2 * CnT

= CpT 0,05 — Ca0-037 (0,08, 07, 02) + 20,0505 + lel|? + op(1).

—-1/2 _

Addltlonally, by Lemmas 2-3 and p'/277'n"1q o(1) by Assumption 4, we deduce that

e > BoXa B0 + %hTE;/zﬁo Lo Mm@ Iy the sequel, we examine the asymptotic

202 0208

behavior of the remaining term in Qn(@g, d3,71):
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2
min { 2% Hn_l/QT_l/Q)\ 5, P — V2P 26h — 17_3/221/2@)”2 : (C33)
ot | 2y " a? ?

By using |35 < ¢;', we see (C33) is upper bounded by

2
min { H 2r12\ 0 — n_1/271/225/2(5h — 127_3/22250” }
2%:2 o]l o<1 !
2
:;na <‘n_1/27-1/22§/25h+ 127_—3/22250 _ n—1/27_—1/2>\n>
Y2 «Q +

Similarly, with \yinX5' > C5', (C33) is lower bounded by 22||(|n~1271/25)%5h +
%7‘*3/2225& —n 2 *1/2)\n)+H2. Together with Lemma 25, we deduce that, w.p.a.1, (C33)
lies in [ % C\y i C,\]

47102 7N Fiea

Recall that Q,(as,ds,71) is defined in (37). We introduce QPP (cvy, d3,71), defined as:

00’ N - _
— (e 6) + C—(r%g =) TS — (o, 1) T (7 Pag — 71 %)
n
2 2 -1
CnY 0208 Cn 0, T1/2
- = C b h
5 19,0y 2 5 50 200 + 2 \/— 2
Similarly, we define Q%" with the term — 5 ~C)\ in QUPPer heing replaced by — i *BC’,\

Yyic2

Consequently, Q% < Q,, < QP Note also that Q% (g, 0y, v1) and QUPP (avy, 5, 71)
maintain their convexity in as and joint concavity in (d3,71). By employing a similar line
of reasoning as presented in Lemma 18, alongside the definitions of ¢, and C,,, it becomes

evident that there exists a sufficiently small ¢ > 0 such that

2 2 2
P . 056, Y102 0,0 Cy
mlnc max Q“pper —  min_ - max _ﬂ + 20,0800 — 1 C’ﬁ \ = 30
> >
26[45002 a] 6;éK53 0626[4cgaﬁvog] 5:;%}(53 3 0-1'0-6 71 2 2
p C)
and min max Qlower — :
anel s, £ Ul Lo — Ca) 120 100C;
op’203 73 78 36}(5

These results immediately yield the desired inequalities. O]
Lemma 25. For any as,d3 € R and v; > 0, w.p.a.1, we have

2

C)\ 1 < QC)\ . (034)

7<C1’LT

(‘n_1/271/22§/25h + %7_3/222&] — 71_1/27'_1/2>\n)+

Proof. We first establish the following:
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((25/25;%

eon e {H ()z;ﬂ(s;h - )\n>+ - )\n)+ HQ} 0. (C35)

Let h := E;/Qh ~ N(0,%5). Let us denote the (7,7)-th element of 3y as 3 ;;, thus we have
hjlh; = 2277;3‘227#-1%-]37; + \/ZQ,jj - 2;7;25@91, where g; is a standard Gaussian random variable
independent of h;. Consequently, Cov ((léfﬁz\ — )2, (105hy| — An)i) equals

E{(67] = M2

[(15R5] = An)3 = E(I61h5] = )2 IR }
=B {(167:] = A2

[77(7%-)2 —1(g2)? h} } :

(’5 (ZQ Z]22 il + \/22 Jj Z2 ’L’LE% z]gl> ‘ - )\n> and gz ~ N(Oa ZQ,ii) Is In-
+

dependent of both ¢; and h;. In addition, note that ’n(hi)2 —1(g2)

n(h)

E
E

where n(z)

2‘ < 167204550 55 (hi — 92)] -
+ 17(92)‘ . Applying the Cauchy-Schwarz inequality to the above inequality yields

i)

E[n(hi)* = n(g2)”

~ ~ - 1/2 ~
hi] S (B (122052(h = g2) ) (E ((92)? + n(hi)?
5 |EQZ] 2u|\/22” + h \/2213 211 ) +EYNN(01 (|5 22]]Y| )

S a1+ ) (sl + /By ovian (975a5Y 1= A2 )

where the last step is due to ¢y < X9 ;; < Cy. Therefore, by Lemma 11, we have
Cov (1671l = )2, (16751 — M) )

<I%51 O + 1y By o (10:52,55Y | — M) 3 E(0s| —

)i+ 2555 (N0 + A)E(81 7] — Aa)

(e

Further, by Lemma 10 and Eq. (9), we have A\, = o(log(p)). The above inequality leads to:
2 P
_ 2 —2_—4 x| 2 *7 | 2
Var (cnn T )‘n>+ ) = ”21 c,n 1" Cov <(|51th An)is (1677 An)+)
< can”?rlog(p) ZE |67 hil — <Z|Ezzy\\/EY~N(0 (10752,5Y [ = Aa)d )

7j=1

+ Zn~2r 4 (log(p ZE|5*h| 22223
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P 1/2
< C n- T {log Cg ZE |(S*h | (Z EYNN(O,l)(|5T22,ij| — An)i)

i=1 j=1

+ (log(p))*C3 Z]E 0% hy| — } O (c 12012 og(p) + cpn~ir 2 log®(p)) = oa(1),

2

5 < C2 and Cauchy-Schwartz inequality in the second step. This

where we use > 7| %
leads to Eq. (C35). Using the same approach, we can prove
Sy26%h

2
S225th —E

— A\ +log™? (P)> .

2
ht o) | o),

2
= op(c, 'nT?).

2
H(]zg/%;h —]EH(‘E;/%;;L

—An — log‘l(p)>+

— Ao — log‘l(p))+

Now we are ready to establish Eq. (C34). Note that w.p.a.1, we have

2

ch’I

_ '7
<‘n 1/271/225/25}%’_ % ~3/25, 8, ‘ 172y )

+

<2cnn T

)

. 1og‘1(p)>+‘ 2

R

where the inequality is given by Lemma 12 and the facts that 7log*(p) = o(1) and
n/2r12p=12¢=1/2 1og*(p) = o(1) by Assumption 4. Similarly, the left-hand-side is lower

bounded by lcnn‘lr_QIEH(‘Eéﬂéi‘h

5 — Ay — logfl(p))Jr”2 w.p.a.l. Finally, by Lemma

10 and the fact that A\, = o(log(p )), it is not hard to verify that IEH(|E;/2(5fh| —
An log )|’ E|(1Sy%058] = M) |71 + 0(1))  and  E[[(1y%5h] — A, +
log™* ) H = EH(|21/25*h\ )+H (1 + o(1)). Together with the definition that C =
lim,, 0 PN 27'_2]EH (\El/Qé*h] An) +H2 given by Eq. (9), we conclude the proof. O

Lemma 26. Eq. (43) defined in the proof of Theorem 5 holds as n — oo.
Proof. Note that || — || is upper bounded by
2 2 ~
EHRUUTMW(U% +6) = RyU (U + )| + IRy — Ry)U T (UBy + ¢)||?
4 4
< EHRUUTMWE — RyU'e|* + EHRUUTMWU@) — RyUTUB|)?

4 ~ 4 -
+ 5y~ Ru)Ue|* + IRy — Ry)U U Bo|*.
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For the first term, using ||Ry || <p np~'7, [UTU|| <p p, and Lemma 2, we have

4 1
E||1~2UUT/\/1W5 — RyUTel? =r — - Tr(MwU — U)RG(UT My —UT))
1
== Te(U'WW'W)'W'UR}) < —||R UTU|| Te(WWTWH)W T <p p~'72 rank(W).
n
Similarly, it can be shown that the second term is of order Op(p~'7% rank(W)). In addition,
by Lemma 2, and using the fact that Tr(AB) < ||A|| Tr(B) and ||Ry|| <p np~'r, we have
4 D T2 1 D \277T 1 T D\2
EH(RU — Ry)U el|” =p ETY(U(RU —Ry)U") < ﬁHU Ul| Tr((Ry — Ry)”)
et Te((Ro (B! = Rg")Ru)?) = 5 Tr(RoUTW(W W) WTURY)?)
p ~
< IR IPIRIP|U T U Te(W (W W) W) Sp p~ ' rank(W).

Similarly, the final term is of order Op(p~'7*rank(W)). To sum up, we have |3 — §|]2 =
O(p~'72rank(W)) = o(n?p~27?), since rank(W) = o(n?p~'7). O
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