Supplementary Appendix

O1 The case with an arbitrary number of states

O1.1 Environment

We consider an extension of the model in Section 3 where aggregate productivity growth
x; takes N possible values, i.e. x; € {x!,x%,...,xN} = X, where x! < x? < ... < xN,
The objective probability of switching from state s € {1,2,...,N} = S to state s’ €
S is denoted by p,y and the corresponding subjective probability for household i € Z
is denoted by pi ¢~ Households can trade Arrow securities that pay off conditional on
every possible state. We also assume that households die with probability x and leave
their financial wealth to their child, which will have type j with probability p;. This
assumption ensures that a non-degenerate stationary distribution of wealth exists. The
next proposition provides a characterization of the equilibrium in this N-state economy.
The main conclusion is that the results of Section 3 are essentially unchanged in this more

general setting.

Proposition O.1 (N-state economy). Suppose that x; € X, where x; takes N possible values.

i. The (scaled) household’s problem can be written as follows

_yp-1 1yt
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(O1.1)
subject to the flow budget constraint n' = R! (1 — ¢;), the natural borrowing limit n’ > 0,
and the portfolio-return constraint

Es[A'R},] = 1. (01.2)

ii. Consumption-wealth ratio and the investor’s SDF are given by

(B = 1) Ri(X,5)" ¥

ci(X,s) = T4 (BT = 1)PRy (X, )1V (01.3)
Ai(X,s,8') = [39< ci(x (CX(; Ss))N )N/) E1{1-,,1()<,s,s’)*<1*9>, (O1.4)



and the change-of-measure condition is given by

Ai(X,s,8") = P A(X,5,). (01.5)
pss’

iii. Wages, hours, and profits are given by

h(E) = ("‘;)”V Y w(E)=¢ (@>” (E,s) = (g)”ﬁ“ [ET —aE

¢
(01.6)
iv. The law of motion of the endogenous aggqregate state variables is given by
/
E(X,s) = pssrA(X,s,5") (O1.7)

— X/,
Jo6 LseS pssA(X,s,5)7°

J— . . / J— .
n(X,s,s') = (1 —x)niR; n(X,s,8")(1 —ci(X,s)) T (O18)

2}21 anj,n(X, s,s")(1— cj(X,s))

v. The market clearing conditions for consumption and the Arrow security for state s € S are

given by
1+v
I xsh(E)* — gME L :
i_zlmc,-(X,s) = B(Xs) , 217 i(X,s,8') = Rp(X,s,s),
(01.9)
5 — _ 1i(1=ci(X,s)
where 7j; = L0y (X"
Proof. See Online Appendix O3.1. O

An implication of the result above is that the LDF corresponds to the risk-neutral ex-
pectation of productivity growth. The following corollary shows that E’(X, s) can be ex-
pressed as the expected productivity growth (under the objective probability measure)
discounted by a risk premium.

Corollary 4. Let Ry(X,s,s") denote the return on a claim on productivity growth, then
log E'(X,s) = log Es[xy] — logﬁg(X,s), (01.10)
Re(Xs8")

where R, o(X,8) = Loes Pss R xcsT Ry K ) is the risk premium on a claim on productivity growth.

Proof. The price of a claim on productivity growth is given by
Py(X,s) = Es[A(X,s,s")xy], (01.11)
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and the return on this claim is given by R¢(X,s,s’) = %.

Expressing the pricing condition above in terms of covariances, we obtain

A(X,s,s) X!
Es[Ro(X,s,8)] — Rp(X,8) = — - > . 1.12
(R0 = Ro05) = —Coms (AT ) oL
Similarly, we can write E'(X, s) in terms of covariances:
A(X,s,s)
E'(X,s) = Es[xy it ap 1.1
( ,S) s[xs]+covs (]ES[A(X,S,S’)]’xS) (01.13)

Using the fact that Pe(X,s) = E'(X,s)/Ry(X,s), we can combine the expressions
above to obtain

E'(X,s) = Es[xy] — (Es[ﬁing)s I 1) E'(X,s) = E'(X,s) = R]EL;S/S])' (O1.14)
7 g 7
0

01.2 Special Case I: Log utility

We consider next the special case where ¢y = v = 1 for the economy with an arbitrary
number of states. Proposition O.2 below shows that the main implications from Section 5
extends to this more general economy.

Proposition O.2 (Log-utility). Suppose p = v = 1 and that the following condition is satisfied
N < 2

i. Consumption and portfolio decisions are given by

i
i(X,5)=1— B, Rin(X,s,8") = R, (X,s,s"). (O1.15)
pss’(X)
ii. The economy’s SDF is given by
! Pss'(X) 5/ n—1
A(X,s,s') = p—Rp(X, s,s) . (0O1.16)
ss’



iii. The price and return on the surplus claim are given by

xsh(E)“ _ éh(E)1+v

P(X,s) = 5 Ly (01.17)
1+v
xgE' X51+V“——E Xsl+vo<
Ry(X,s,s) = =222 (X5) v SH JTE (01.18)
xsEl-‘rV a0 — —E1+V o

iv. The risk premium on the surplus claim and the interest rate are given by

1+v
Ry(X,s) = <1_ “ ) s BX ) —, (01.19)
1+1/ ,BxE1+VA—1—E1+V“
—_ F/ / v—u
Es[RS(X,s,5')] = X [Bs|xy] — EX(X, s)|E (}fj)” . (01.20)
,B xSE1+v x — 1—E1+V «
v. The law of motion of the aggregate state variables are given by
: SoE (X,s)]
Z Xy Pss (X) [xs T+v ( S)} - (O1.21)
JeS  Yses pss(X) [x~ - mE/(X S)}
ni(X,s,8") = (1 —0)pi——< Py _ + K, (01.22)

Pss (X)

and there exists a unique value of E'(X, s) € (x1, xn) satisfying the law of motion of L.

Proof. See Online Appendix O3.2. O

01.3 Special Case II: Representative Agent with IID Returns

We consider next a different special case which is also particularly tractable: investors
have common iid beliefs, pé ¢ = Pu,and the supply and demand of labor converge to zero.
Formally, we assume & = &€ and ¢ = ¢e and take the limit as € goes to zero. For simplicity,
we focus on the case x = 0. Because labor is chosen in advance, returns on financial assets
would not be iid even if the process for aggregate productivity is iid. By taking the limit as
supply and demand goes to zero, we ensure that all equilibrium objects are well-defined
in the limit and the economy behaves essentially as an endowment economy, analogous
to an iid version of the Mehra and Prescott (1985) economy.

Proposition O.3 provides a characterization of this limit economy. To highlight these
results apply to this particular limit, we denote the equilibrium objects in the limiting

economy with an *, e.g. v*(X,s) and c*(X,s).
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Proposition O.3 (IID Returns). Suppose pé .
following condition is satisfied: B* = ,BIE*[xifW

€ — 0 satisfies the following conditions:

i. Consumption and portfolio decisions:

c;(X,s)=1-p"%,

ii. The net-worth multiplier v} (X, s) is given

vi(X,5) =
iii. Wages, hours, and profits are given by

I*(E) = :

iv. The economy’s SDF is given by

A*(X,s,d)

(1-pr

1
AE\ T+
(“T) . w'(E)=0,

= py, & = &e, and § = &e. Suppose also the

-1

1-y . Lo
| T < 1. Then, the economy in the limit as

v. The price and return on the surplus claim are given by

Xs

P*(X,s) = =

vi. The risk-free rate and the expected return on the surplus claim are given by

Rp(X,s) =

E*[Ry(X,s,s")]

vii. The law of motion of the state variables are given by

E'(X,s) = E¥,

R;,(X,s5,8') = R5(X,s,5)) (01.23)

1 (1-p%) 1511 (01.24)
*(E,s) = xs. (O1.25)

= BE*[x, _7]%&77. (01.26)
R}(X,s,8') = ;—é (01.27)

51* i**[[ ]] (01.28)

_ Rb(x,s)]E*gi'[]Ej%f“ i (01.29)
7i(X,s,8") = ;. (01.30)



1—
]E*[xs, 7]

where E* = B

Proof. See Online Appendix O3.3. [

The following corollary shows that we recover the standard asset pricing formulae for

iid economies in continuous time if we assume that x; is approximately log-normal.

Corollary 5. Suppose log xs can be approximated by a normal distribution with mean u and
variance 0. Then, under the assumption of Proposition O.3, we obtain

i. Interest rate:

2 -1
log R} (X,s) = p+ ¢~ <y + %) — %0’2, (01.31)

where p = — log .

ii. Risk-premium:
Rj(X,s,s")

2
B AShitl JPUPW-CY (01.32)
R} (X,s)

log IE

iti. Risk-neutral expectation of productivity growth:

E'(X,s) ’

1 ~ —y0o. 1.
og Elx,] yo (01.33)

The corollary above shows how E’(X, s) depends on xy and the equity risk premium.

02 Approximate Solution of the General Economy

In the previous section, we derived exact analytical solutions for two special cases: i)
log-utility; ii) homogeneous beliefs and iid returns. In this section, we derive asymptotic
closed-form solutions for a general economy with an arbitrary number of states, an ar-
bitrary number of households with heterogeneous beliefs, and Epstein-Zin preferences
with unrestricted EIS and risk aversion. The derivations for the benchmark case with

homogeneous beliefs and iid returns will be useful in deriving the approximate solution.

02.1 Perturbation

Consider a family of economies indexed by €. The parameter € controls three dimensions

through which these economies differ from each other. First, it determines the degree of



belief heterogeneity:
p;s’ = p;k/ + 5;5/6, (02.1)

where ) vcs (Sé ¢ = 0. We also assume that the objective measure coincides with beliefs in

the reference economy, i.e. ps = p. Second, € scales both supply and demand for labor:
¢ = ¢e, x = Qe (02.2)

The economy satisfying € = 0 is essentially an endowment economy with iid common be-

liefs, a special case of the Mehra and Prescott (1985) economy, as described above. Third,

we assume that ¥ = Re, such that there is no mortality risk in the benchmark economy.
All equilibrium objects are now indexed by €. For instance, the net worth multiplier is

now given by v;(X, s; €). We are interested in the expansion of v;(X, s; €) on €, for € small:
vi(X,s;€) = v (X,s) + 0;(X,s)e + O(e?), (02.3)

where v¥(X,s) = v;(X,s;0) and 9;(X, s) represents the first-order correction of v;(X, s; €)
ine.

Similarly, we can write the consumption-wealth ratio ci(X,s; €) as follows:
¢i(X,s;€) = ci(X,s) +¢i(X,s)e + O(e?), (02.4)

and analogously for the remaining equilibrium variables.

The functions v} (X, s) and ¢/ (X, s) are already known, as they correspond to the solu-
tion of the case with homogeneous beliefs and iid returns, which we characterized above.
It remains to solve for 9;(X,s), ¢;(X,s), and the first-order correction for the other vari-
ables.

We start by providing a characterization of the households” problem in this general
economy.

Proposition O.4. Suppose that pés, = py+ (S;S,e, & = e, and & = Ee. Suppose also that
B* < 1. Then,

i. Net-worth multiplier:

0(X,s) ., L1 8, A(Xs,s) .
= g [ A A ) 025
0% P L Ty T A X)) TP (025)




* 1=
X
where w:/ — _ Pty X* — (E*, {,71. 11:1)’ and

Yises p;fx;_w
_ 1 S, A(X*,5,8)
U= w; Wy | —= — o | - (02.6)
1- /3* Eg S;; —vpy  A(XE)
ii. Consumption-wealth ratio:
Cl(X/S ﬁi(X,S)
=(1- 2.7
(%) - Ve (©27)
iii. Portfolio return:
Ryi(X,s,8") 1 =y,
m = ;myopzc + hedging, (02.8)
where
. / al A(X, S, S/)
myopic = % — w %s — o (02.9)
4 X sgs p A*(X,s,s)
. [ 5,(X*, ') 0;(X*,8) A(X,s,3)
hedging = | 2 — Y wi- 72 w} L (02.10)
Mg i v*(X,s) sgs *v*(X,s) sgs *A*(X,s,8)
Proof. See Online Appendix O3.4. O

Proposition O.4 provides asymptotic closed-form solutions to the value function and
policy functions. The net-worth multiplier 9;(X,s) is high when investor i is relatively
optimistic and state-prices are relatively low. The effect of beliefs can be seen by writing
the term involving 5; o as follows:

1 d, 1 X7 a 1 x4
) w:/l — = = Y. ph s S = Cov* T 51 > , =1, (02.11)
) X TE [ ] Py

/

using the fact that ) o .g p* =t = (. The covariance above will be positive when (5;; o 18
on average positive when xS is high, i.e. the covariance is increasing in how optimistic
investor i is.

The term involving A(X, s, s') captures the effect of changes in the SDF on the portfolio

return that can be achieved by the household:

/ A /
1=E [A(X,s,5;€)Rin(X,s,5;€)] = Zw Rin(X,s,5') =— ) w} AX,s,s')

2P (02.12)
s'eS S/) s'eS SA*(X’S’S/)



Hence, if } g5 w? % is negative, then the household is able to achieve higher weighted

portfolio returns in the € > 0 economy.

Given 9;(X, s), we can characterize the policy functions. The consumption-wealth ratio ¢;(X, s)
is proportional to 9;(X,s). If i > 1, such that the substitution effect on savings dominates, house-
holds save a larger fraction of their wealth when average portfolio returns are high.

As in the continuous-time model of Merton (1992), portfolio returns have two components:
the myopic demand and the hedging demand. The myopic demand depends on current market con-
ditions, while the hedging demand depends on future expected returns as captured by 9;(X*,s’).

We consider next the labor market outcomes and firms’ profits.

Proposition 0.5 (Hours, wages, and profits). Suppose that p', = p% + &' e, a = &e, and ¢ = Ee.
Suppose also that B* < 1. Then,

i. Wages:
. (RE\ T
D(E) =& <"‘A ) " (02.13)
¢
ii. Hours: ( )
" L log (AE
N AE\ T+ g &
h(E) = | = — A 02.14
®-(%)" T 0219
iii. Profits:
log (AE/&
#(X,s) [ . Ogl(i V/ ‘) —E] . (02.15)
Proof. See Online Appendix O3.5 O

We consider next the behavior of the price of the surplus claim and the riskless asset.

Proposition O.6 (Asset Prices). Suppose that pi, = p¥, + 6! €, a = &e, and & = Ee. Suppose also that
B* < 1. Then,

i. Price of surplus claim:

" I N
oy = [os@E/S - T] h DLl o2

R,(X,s,s") E* E* E i ! 0;(X*, s 1 9;(X,s
pSSZ[log—<—>] 1)y | D) L)
14

R%(X,s,s") E X¢ X ) | 14v = or(Xx,8)  pror(X,s)
(02.17)
iii. Risk-free rate:
' X A /
Ry(X,s) _— psxy ' A(X,s,s) (02.18)



iv. Conditional risk premium:

RE Z pS/xS ( S/) o RZ(X,S), (02‘19)
R (X, ) a6 EX[xg] RE(Xs,8")  Rp(X)s)
where Rg(X,s;€) = E* {%}
Proof. See Online Appendix O3.6 O

The next proposition provides the law of motion of the aggregate state variables.

Proposition 0.7 (Aggregate state variables.). Suppose that p', = p% + 0! €, & = &€, and ¢ = Ee.
Suppose also that B* < 1. Then,

1. Wealth distribution:

1(X,s,8")  Rin(X,5,5) & Ria(Xss) (g1 &(X,s) & G(Xs) Hi—1i
i = —= — i — -1) | = — i +x .
5 R (Kse) BTR (Kse) (P %) Sl ) T
(02.20)
ii. Risk-neutral expectation of productivity growth:
E'(X,s) Ry(X,s) . A(X,s,8)
= + ) Wi (02.21)
E R} (X,s) sgs A*(X,s,s")
Proof. See Online Appendix O3.7. O

Propositions O.4 to O.7 characterize the behavior of all equilibrium objects given the econ-
omy’s SDF A(X,s,s'). The next proposition provides an expression for A(X,s,s’) in terms of the

primitives of the economy.

Proposition 0.8 (The economy’s SDF). Suppose that p', = p% + 6. e, & = ke, and ¢ = Ee. Suppose
also that B* < 1. Then, the economy’s SDF is given by

A(X/S/S/) _ A / —1 E3 AN * ok A * L/ * * A * oz

A (X,s,5) =W (X,5,8) — (y—9 1) |wb(X,s) — Brw* - bA(X, ) + B ggws(w b (x5,8) |,
(02.22)

where

A / _l‘sss’(X)ilP—’Y—l * 0 * k(K s - Ei*i Ei*ii

b (X,s,s)—ly o po—T w* - 65(X) — Brw* -8y (X) + B ;wg(w 35(X)) log £ o
(02.23)

Proof. See Online Appendix O3.8. O

A particularly simple special case is given by the case of CRRA preferences, i.e. v = ¢~ L.
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Corollary 6. Suppose v = 1. Then,

i. SDF: . /
A(X,s,8") e (X) E* (E* E &
— —yllog— — [ =—— — = . 2.24
A(Xss)  pn TU®E \nw /)] 1tv (©224)
02.2 Special cases
Consider the special case where (51 o =0foralli € Tands,s’ € S. In this case, investors still have

common iid beliefs, but returns will not be iid due to the fact that labor is chosen one period in
advance.

In this case, the economy’s is given by

A(X,s,s") 1 E E* E]| & 1 E* E*\ &
7 7 = 1 _ - o _ 1 _R* iﬁ/
A (X,s,s") ¥ OgE*+xS/ xs | 14+v (y=¢)(a-p );ws xs xg) 14V
(02.25)
The interest rate is given by
Ry(X,s) ps/xs, A(X,s,s")
RIS AR . (02.26)
Ri(X 5) s% E*[x,"] A*(X,s,8')
02.3 Conditional moments
Consider the conditional risk premium
p(X,s,5;€)
e
R, (X, s;€) Sgs ps, Rb Xse) (02.27)

Expanding the expression above in €, we obtain

RE(X,s) PiRy(X,55)  [Ry(X,s,8)  Ry(X,

b 2 ps,xs Ry(X,s,5) Ry(X,s,s)
Ry (X,s,s') RZ(

RLIZ”* a s'eS 25'63 p;f’R;(X’ 5 §/) s GS xs
(02.28)
The conditional volatility of excess returns is given by
1
)12
(X, s;€) [Z Py ( (X,s,8';¢€) — R;(X,s;e)> ] . (02.29)
s'eS
Expanding the expression above in €, we obtain
&Z(X’S) — B 2 P ( (X,s,s') — R;'*(X,s)> (R;(X,s,s') — R;(X,s)> , (02.30)
oy (X,s) o} oy’

5 Be,x Ry (X,5,8 Ry(X,
where Ry (X,s,5") = Ry" (X, s,s") (RZEX§§§ - Rbﬁxii)

R:(X,s)  Ry(X,s)



02.4 Stock prices in the log economy

Suppose ¥ = v = 1 and that investors have homogeneous iid beliefs, §', = 0. The stock price

satisfies the following recursion:

Q(X,s) = ) pssA(X,s,8") [(E'(X,s),s") + x4 Q(X',s)], (02.31)
s'eS
5*"" icﬂx 14+v— x£
where 71(E,s) = (%) T [1 B X%E] and psy A(X,s,s') = Pss’(X)x% (E’(E(,S)) ) 1+vija§£‘§,s) :

Define the price-dividend ratio (X, s) = x; ggg . The price-dividend ratio satisfies the recur-
sion:
q(X,s) = ) pwA(X,s,8") [1(E'(X,s),s") + x4 Q(X,5")], (02.32)
s'eS

We can then write the expression above as follows:

T+v—af 1 — o EXs)
=B Y pes( B Tl [1+q(X,8)]. (02.33)
s'eS - T &y

Let’s assume that v = ve. We can then write g(X, s; €) as follows

e Z wXos)e (02.34)
i /. 14+v— a£ 170(% /
Define g(X,s,s;€) = #—. We can expand g(X,s,s’) as follows

14v—a=—22) (X“) -z
g(X,s,55¢) =Y gr(X,s, s')ek, (02.35)
k=0

where go(X,s,s’) = 1 and, for k > 0, we obtain

s (E’(X,S) _ 5)
e (X,s,8') = (02.36)

(1-uf) (x5 -1)

This gives the following recursion for i (X, s):

(02.37)

=B ) pw(X

s'eS

) |8k(X,s) +Zg;XSQk](X s')
j=0

Under our assumptions, the risk-neutral expectation of productivity growth is constant
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E’(X,s) = E. In this case, we can write the recursion

— x E Py Xs
Q(X,s) =8 (1 — ) —5 -
1+vx des X — T E

Let Q(X,S) = %/ Q(X)
T+v  xs

I
o
<
NG
©
s
Z
oV}
=}
Q.
S
]
|

xs—aFE
¥ Then, we can write

B <sz> JERTa Yoo Pl =3

T
[1-Bin(p*)] Q(X) = b9y, (02.38)
Inverting the matrix above, we obtain
- B <aE)“§“ . Xy —aE < o E>
X,8)=|—= |+ — | 1~- — . 02.39
The price-dividend ratio is given by
X ) — E Xg — LE
%Q(X,s) _ 5 Z P . (02.40)
(X, s) Bizs ~x¢—i5E xs—aE
Equity returns are given by
Es "O(X. ¢ , 1— 1— a;, 1— LE/
RE(X,S,S/): 7-[( /S>+j Q( /S) :xi é — txxsf +ﬁ 1—;1/}%5 ‘ (0241)
QXs) P YoesPor,mag L~ Thn 1T T
Excess returns are given by
R%(X,s,s') = apxy + bE, (02.42)
where
1 1-8
ag = A= )E e — +B (02.43)
1+v Zs 'cS S/W
(02.44)

The conditional risk premium is given by
Re(X,s) = — - 1=F g Ep - [A=ROEY) ) & gy
(1_ )E x xg—aE + Xg—aF 1+v
Zs 1eS P Zsesps’x/—TE
(02.45)

1+v SIXI—WE
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We can write the expression above as follows:

_ 1 1— 1-p)1 b
Re(X,s) = 1_- 2 )\E pr*"‘E +B | Elxs] - Lo :;v“)E TP 13‘-1/
(1-5) 1—vYges o ng 1-viges = vg
s 1+v s 1+v
(02.46)

02.5 Quantitative implications

Let z; denote demeaned log productivity growth, which we assume follows an AR(1) process:

zi41 = pzi + 0/ 1 — p?€r 41, (02.47)

where €, follows a standard normal distribution and it is serially uncorrelated. In levels, the
(gross) productivity growth is given by x; = e/ ™*, where u denotes average productivity growth.

We discretize the process above following the method of Rouwenhurst (1995). Let Z; denote

the discretized variable taking values in the equally-spaced grid {z1,...,zxy}, where z; = —¢ +
%(i —1),s0z; = —¢ and zy = P. We set y = 0v/N — 1, so we match the unconditional
variance.

02.6 A more general process for productivity growth

Discretization. The evolution of £, under subjective beliefs, can be written in a convenient

fem _ fwn| |81 f?t |G O Mg ] (02.48)
2t 0 0 0 [Zi 0 ou| | vt

where 2;; = IE;;[£1+1] — 6;%:. We recover objective beliefs in the special case ; = o0, = 0.

matrix form:

As w1 follows a Markov chain, the process above corresponds to a Markov-switching vec-
tor autoregression (MS-VAR), with state-dependent conditional means. To discretize the sys-
tem above, we adapt the methods of Gospodinov and Lkhagvasuren (2014), who extended the
Rouwenhurst (1995) method to VARs, and Liu (2017), who proposed a discretization of univariate
Markov-Switching models. The discretization provides a state space with dimension S for x;, so
xy € X = {x},x%,...,x°}, and transition probabilities {p’, }, fors,s’ € S = {1,2,...,S}, that ap-
proximate the MS-VAR (02.48). Notice that our discretization implies that the grid X is the same
for all investors, so they agree on the state s, but they disagree on the transition probabilities p’,,.

Let £; = log x; — pu denote the demeaned log productivity growth. We assume that investor i
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believes the process for %; is given by

Rer1 = B[R 1] + 0iuttip (02.49)
E;+[£111] = 0:% + 0004, (02.50)

Vi = Ut + 0; 4, where u;; and v; are mutually independent, serially uncorrelated, standard normal
random variables. Notice that u;;,1 represents the period t + 1 innovation according to investor
i and v; represents an expectation shock. We assume that this expectation shock is common across
investors, so heterogeneity comes only from 6;.

The presence of this expectation shock is important to quantitatively match the volatility of
expectations in the data. To see the role of v;, notice that the unconditional variance of £;;1 and

E;[%}41] are given by

o2 + 02 0202 4+ o2
Var[f4] = 42, Var[Ey[#1]] = =2~ 02.51
[ t+1] 1_ 912 [ i[ t+l]] 1_ 912 ( )
The fraction of total variance explained by movements in expectations is given by
Var[Ey[£:41]] 2 2 0%
— =0+ (1-607) 5——. 02.52
Var([£41] P : >(7i2,u + 02 ( )

Hence, by adjusting o, it is possible to obtain any value in the interval [6?,1) for the fraction of
variance explained by movements in expectations. In the special case 0, = 0, we obtain an AR(1)

process for %1, which achieves the lower bound of this interval.

Discretization. We discretize the process above using the generalization of the method of
Rouwenhurst (1995) proposed by Gospodinov and Lkhagvasuren (2014). The method consists
of mixing the distribution for independent AR(1) processes to approximate the distribution of a

VAR(1) with uncorrelated shocks. Define 2; = E;;[%; ;| — 6;%;, so we can write the system above in

i?t+1 _ |01 th L | 0 U1 ’ (02.53)
Zt41 0 0 Zt 0 (o) Ot+1

where we dropped the dependence on the investor i to ease notation. Given this representation,

matrix form:

we can construct the discrete approximation following the three steps described below.
Step 1: grid construction. We construct the grids for £ and Z as in Rouwenhurst (1995). Let
R(Ny,0y) = {fl,fz, ... ,EN"} denote the grid for £, where

oi i—1
& = —x(Nx, 02) + 2¢2(Ny, 0) 15— (02.54)
X

Px(Ny, 0y) = 0xv/ Ny — 1, and 0, denotes the unconditional standard-deviation for %;. Notice that
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the grid is equally spaced, ' = —hy(Ny,0y), and ¥ = ¢, (N, 0y). The grid for £ is constructed
analogously.

Step 2: transition matrix for independent AR(1). Let II(N, p, o) denote the N x N transition ma-
trix for the Rouwenhurst (1995) approximation of an AR(1) process with autocorrelation p and

unconditional variance 02. We denote the k-th row of this matrix by

(N, p,0) = {m1(N,p,0), m2(N,p,0),..., in(N,p,0)}, (02.55)

where 7 (N, p, ) is the probability of transitioning from state k to state . In the special case
where p = 0, the transition probability is independent of the current state, so we can write
m,j(N,0,0) = 7t;j(N, 7).

Step 3: Markov chain construction. Given N, points in the grid for £ and N, points in the grid
for Z;, we have a total of S = Ny x N states. Denote the state space by S = {1,2,...,5}. Let
s=i+(k—1)x Nyands' = j+ (I —1) x Ny, where i,j € {1,...,Ny} and k,I € {1,...,N;}.
Denote the probability of £;,1 = ¥ given state s by p¥(j) and the probability of 2,1 = Z' given
state s by pZ(1). As £;41 and Z;4; are conditionally independent, the probability of switching from

state s to state s’ is given by
pss = ps () > pi(1). (02.56)

As z is serially uncorrelated, we have that pZ(I) = 71;(N,, 0;). The transition probability for £;
will be obtained by appropriately mixing the distribution of an AR(1) process with autocorrelation
ox =4/1— t%i and unconditional variance ¢2.

Let py(s) = 0% + £F denote the conditional expectation of £ at state s. Suppose first that

12 (s) € [, pxXM1]. Define the probability of £;,1 = ¥/ given state s as follows:

pi(j) = /\(PX)”L,j(Nx/ Px,0x) + (1 — A(Px))”tﬂ,j(NXrPx/ 0x), (02.57)

i+l
where ¢ is such that p, % < 1, (s) < X and A(py) = W.

This choice of A(py) implies that we match the conditional moments:
Ny ‘
Z ps ()® = Alpx)pxx + (1 — /\(Px))Pxle = px(5)- (02.58)
j=1

The conditional second moment is given by
Ny

L P =21 =) 462 M) @+ (=M. 299
Z
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Denote the conditional variance of the discrete process by 72, which is given by

0% = 21— )+ [MpI) 1) + (1= Mo @] = 02 [ + (1= Moy |

= 0z (1— p3) + p3A(px) (1 = Apx)) (@H —7)?

= o3(1-p3) + a§p§4}\(px;\(,1:l)‘<px>), (02.60)

. . 2
using the fact that (¥ — ¥')2 = f]ixl. As N, — oo, the second term on the right converges to

zero and &, = 02(1 — p2) = o2, given our choice of py. If yx(s)/px does not belongs to the grid
of %, then the discretization matches the conditional mean of £, but it overstates the conditional
variance.

Suppose now that jix(s) & [pxX', pxX"]. In this case, we set p(j) = 711,j(Nx, px, 0x) if pix(s) <
pxx! and pf(j) = 7N, j (N, 0x, 0%) if pix(s) > pXYNX. In both cases, the conditional variance is
matched exactly and the conditional mean achieves the value closest to jx(s) given the grid points.

A different representation. An equivalent representation of the system is given by

Ret1 =zt + oyl (02.61)
zp41 = 0iz¢ + 0;0uU 11 + 090141, (02.62)

where z; = E;;[£;;+1]. Hence, expected growth follows an AR(1) process and it is exposed to
both expectation shocks, v, and shocks to realized growth rates, 1;,1. Notice that we cannot
independently choose the persistence of expectations and the correlation between z;;1 and £;.

The impact of v; in expected future growth is

O, [£14] k-1
= 2.
20, W0, (02.63)
fork > 1.
02.7 A process with richer heterogeneity
Under the objective measure, log productivity follows a Markov-Switching process:
log(xt41) = pe1 + 0(log(xt) — pie) + uera, (02.64)

where u; 1 ~ N(0,02) and p;41 follows a two-state Markov chain, that is, p;41 € {u!, 4*} and
Pr(ppp1 = Wl = ut) = pz. fori,j € {1,2}. The different regimes enable us to capture the fact that

productivity is subject to small fluctuations most of the time with occasional rare large shocks.

17



Under subjective beliefs, productivity follows the process

log(x¢41) = per1 + 0:(log(x) — pe) + vip + Ujri1, (02.65)

where uj;11 ~ N(0,0%,), viy = p0i0; + /1= p20i,0;s, and (T, v;;) are iid standard normal
random variables. We assume that (u;, 9;,7¢) are mutually independent.

Subjective beliefs differ from the objective one in two important dimensions. First, the persis-
tent parameter 6; may differ from the objective one 6. Second, subjective beliefs are exposed to
expectation shocks v;;. These expectations shocks are exposed to a common component 7; and
an investor-specific component v; . Differences in 8; capture the fact that investors differ on how
they react to news, with some investors extrapolating and some investors under-reacting. The
expectation shocks v;; are important to capture the volatility of subjective expectations observed
in the data.

Define £; = log(x;) — p; and the vector 0; = [01y,...,01,]. Investor i believes that [£;, T¢, 0]

follows the process:

A / A

i1 0; 00y /1—pPoisel] | % Uit

5t+1 - 0 0 01 x I Uy + 5t+1 (0266)
0141 011 Orx1 Orx1 0 Ot 41

Notice that the total variance and the variance of the conditional expectation are given by

o2 40?2 0202 + o2
Var(#q] = ———>=, Var[E[%1]] = ——* (02.67)
1-6; 1-0;
The fraction of total variance explained by movements in expectations is given by
V[/ZT[]Et [ﬁH_lH 2 2 Uizv
—— =0+ (1-67) 5——. 02.68
Var[xtH] i ( 1)0_51[ + 0-1‘2,0 ( )

02.8 A more general process for productivity growth

Let #; = log x; — u denote the demeaned log productivity growth. We assume that £; follows the

process:
Ri41 = 2t + 0y [\/ 1—p%up1 + sz0t+1] (02.69)
Zt41 = 0,2 + 050141, (02.70)

where u; and v; are standard normal random variables, serially uncorrelated, and uncorrelated
with each other. Notice that E;[x;;1] = z;, so z; corresponds to expected productivity growth. The

disturbance v;;1 can then be interpreted as expectations shocks. These expectations shocks are
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potentially correlated with cash-flow shocks, with correlation coefficient p,,. In the long-run risk
literature, vy, is referred to as a long-run risk shock, while u;,1 corresponds to a short-run risk
shock.

The ARMA(1,1) case. Suppose py, = 1. This implies that the process for £; specializes to
ft—l—l = szt + OxUp1 — (Gzo'x - Uz)vt/ (02-71)

which is an ARMA(1,1) process. If we further assume that o, = 6,0y, then we obtain an AR(1)
process.
Notice that we can write the conditional expectation of x;, as follows

tr — E; 6, —b
Eixre] = 6.8 — b2 BB g 2 800, (02.72)
Oy 1-0bL
where b = 6,0, — 0, and L is the lag operator.
Define @; as follows
N (DR o M O
W = 1oL —;b X j. (02.73)
Unconditional moments. The unconditional variance of z;;1 is given by
02
Var(zyq] = 1_729%, (02.74)
and the unconditional variance of %, is given by
2 &
Var[®i+1] = E [Var[%i11]] + Var[E¢[fea]] = 0f + —2. (02.75)

1- 62

In this general case, we can choose 6, and ¢, to match the persistence and variance of expecta-
tions and choose ¢ to match the unconditional variance of productivity growth. The parameter
Pxz controls the correlation between expected and realized productivity growth.

In the special case py; = 1 and 0, = 6,0,. This allows us to match the persistence of expec-
tations and either the unconditional variance of expected productivity growth or unconditional
variance of realized productivity growth.

If o, = 0,0, then

2
Var(z;11] = 62 Ix

S 02Var|x;1]. (02.76)
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Discretization of the productivity growth process. Using the process for z;,1 to eliminate

v¢+1 from the expression for £;, we obtain

o 1
£iq = 0212 _|_<pxzx_> Zpi1 — 0:2¢) + 0y /1 — 02 U4 q. 02.77
t+1 = 07 "Zt11 - 6 (zt41 — 022¢) + 0% O3z Ut 41 ( )

z

Given z;, z441, and u; 1, this allow us to solve for £;1. Suppose z; takes on N, discrete values
and u; takes on N, values. This implies that £; can take on N = N2 x N, values. If we impose
the constraint py, = 1, then £;;, is independent of 1,1, so %; takes on N? possible values. If we
further assume that o, = 60,0y, then £; can take only N; values.

The current value of £ is determined by (z¢_1,z:, u) = (z',21,uF), where i,jed{l,...,N;} and
k € {1,...,N,}. We can define the current state as a function of (i,j,k): s =i+ (j —1)N, + (k —
1)N2. The transition matrix is then given by

Pr(z' = 2|z = 2)Pr(u’ = uF), if i = ] ©o278)

o 2y
PV(S/ =i+ (]/ —1)N, + (k’ —1)N7|s) = { 0, ifi’ # ]

wheres =i+ (j — 1)N; + (k — 1)NZ2.

We can write the system above in matrix form:
Rit1 _ 0 1] | i Ox 0 Up ' (02.79)
Zi1 0 0.| |z Pxz0z /1 —p2,0%| | Vi1
Notice that the spectral decomposition of the matrix of coefficients is given by
0 1 1 1|16, 0| |0 ot
= z - (02.80)
0 6, 6. 0|0 Of |1 —67
Define the following transformed variables:
0 6! —
- = | |TH (02.81)
Wyt 1 —02_1 Zt

The difference equation for w; is given by

[w1,t+1] _ [92 0] [th] n [ szgf m% ] [”Hl]. (02.82)

; ;
Wy ,t41 0 Of |wa Ox — Pxzg —V/1-— Pazczgf (Ju]

We can write the original variables in terms of w; ; and w ;:

logx; = p +wy s+ woy, zp = 0,1 4 (02.83)
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We can then discretize w; and wy .

w2,t+1 = \/ 1- pazczaxut+1 + (szU'x - 029;1)0t+1 (0284)
W11 = 0,11 + 0207 g (02.85)
0 _
Xpp1 = pA Wi + /1 — p20x (w1401 — 9zwl,t);Z + (pxz0x — 0207 1) g1 (02.86)

zZ

O3 Proofs

03.1 Proof of Proposition O.1
Proof. We provide the characterization of the economy with N-possible states in steps, proceeding

from the households’ problem to the market clearing conditions.

Step 1: households” problem. Household i chooses consumption C;, hours k;, and arrow

securities B;(X,s,s’) to maximize (3) subject to the budget constraint:
C;+ E; [A(X, s, S/)Bi(X, S,S/)] = B; + Wh;, (03.1)

and an appropriate No-Ponzi condition.
As in the two-state case, it is useful to transform this budget constraint in terms of net con-

sumption and total wealth:

A/ B/+W/h1_ (h)1+V+H
W -

14+v

=B+ Wh; — ¢~

C,+E
1+s 1+I/

+ Hi = Ni, (032)

where we used the fact that H; = E {A’ (W’h’ - ()" 7—[’)} and C; = C; — Ch i
P s i 1+v i - 1+v-*

We can then write the budget constraint above as follows
Ci+ E; [A'N{] = N.. (03.3)

The household’s problem can then be equivalently expressed as choosing
(Gi(N,X,s),N/(N,X,s,s')) to maximize (3) subject to the constraint above and the natural
borrowing limit Ni’ (N,X,s,s") > 0. The solution takes the form in Equation (77) It Wlll be useful
to define the consumption-wealth ratio ¢; = CW and the normalized net worth n} = <. Define the

portfolio return as R; ,(X,s,s') = 1 (CX(XS )) which gives the budget constraint n’ = R;/n(l —¢). The
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function v;(X, s) must then satisfy the condition

1—yp—1

=
(X, s)N)' Y 1 NIV -1 [(0(X, )N T —1
(U ( i)_ l)I]_l — r:}%ix(]_ — ﬁ) (C 1)_ ll)_l + ‘B [ 1 — lp_l ] ,

(03.4)
subject ton’ = R}, (1 —¢;), Es[A'R},] = 1,and n’ > 0.

Step 2: optimality conditions. The first-order conditions for the consumption-wealth ratio

and the portfolio share are given by

1

(1=B)e; ¥ = BRiX, )V (1 —c) ¥ (03.5)
ploui (X, s’)l_”YR;,n(X, s,8)77 = ps A(X, 8,8 u(X,s), (03.6)

1
where R;(X,s) = E; [(v;(X,s")R;n(X,s,8'))177|X,s] =7 and p(X, s) is the (normalized) multiplier
on the constraint on returns. From the first-order condition for consumption, we obtain Equation

(A.10). The envelope condition is given by

1

<

o(X)7F = (1= B)e; ¥ = vi(X)17 = (1 - B)e; (03.7)
Notice that the multiplier is given by
0 _0
np! 11— 1— 1-p Ci ¢
H(X,5) = E{(@(X, R (%5, ) 7 = Rix,0) 7 = (R ) [0 T ons
1
Combining the previous two expressions above with the first-order condition for R} ,, we ob-
tain
0
1—8)(c)) ¥R, (X,s,8') 7
pss N(X,8,8") = plss/( pI () - in - ) (03.9)
1- G | ¥
(5°) %]
0
) N\ "¢ 1
i () R (©310
= A(X,s,8), (03.11)

using the fact that % +1-60=1.
Hence, expressions (A.10) and (11) hold unchanged with multiple states. Moreover, the
change-of-measure equation A;(X,s,s’) = P/ A(X,s,5") also holds.

SS/

Step 3: firms’ problem and labor market outcomes. The firm’s problem is essentially the
same and the first-order condition (13) holds without change. The equations for hours and wages
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(14) are also unchanged.

Step 4: law of motion of aggregate state variables. The aggregate state variables are the

same as before. The law of motion of £ is given by

pss A(X,s,s)

E'(X,s) = i
s'eS Yses Ps§A(X, S,S) s

(03.12)

and the law of motion of 7; is unchanged.

Step 5: market clearing conditions. Notice that Y-/, y#;B; must coincide with the cum-
dividend value of the firm. Hence, Z{Zl u;iNj coincides with the cum-dividend value of the surplus
claim, A_P(X,s), where A_ denotes lagged productivity.

The market clearing condition for net consumption is then given by

I v
ZyiNici(X,s) =A_ <xsh(E)”‘ — gh(lE_’)_l;r ) . (03.13)
i=1

Using the fact that Y/, #;N; = A_P(X,s), we obtain the market clearing for consumption in
Equation (18). The market clearing for Arrow securities is given by

I
Y uiNini(X,s,s") = x,A_P(X',s'). (03.14)
i=1
We can write the expression above in terms of portfolio returns:

piNi(1 — ci(X,s)) xsA_P(X',s")

R,i(X,s,8) = —, (03.15)
YL N —g(X,s) ™ A [P(X,5) = (xh(E) — gMEE)]
using the fact that 2}21 #iN;j(1—¢i(X,s)) = A_ [P(X,s) - (xsh(E)"‘ - é‘h(ﬂlvﬂ)} .
We can write the expression above as follows

I
Y 7iRui(X,s,8") = Ry(X,s,5"), (03.16)
i=1

foreachs’ € S. O

03.2 Proof of Proposition O.2

Proof. We provide next a characterization of the economy with log-utility and an arbitrary number

of states.
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Step 1: consumption and portfolio decisions. Suppose = v = 1. This implies that
ci(X,s) = 1— B and that A;(X,s,s') = R;nl (X,s,s"). From the change-of-measure equation, we

obtain
_ pssA(X,s,8")

i
; = Rip(X,s,8) = — P’ (03.17)
Pss’

—1
Kin (X9 P A(X,s,5')

Step 2: the economy’s SDF. Plugging the expression for R; ,(X,s,s’) into the market clearing

condition for Arrow securities paying off in state s’, we obtain

21‘1:1 Uipi / , , Pss'(X) . /
pss A(X,s,5") p(X,s,8") = A(X,s,s") PR (X,s,s) (03.18)

Notice that the portfolio return for household i is given by

) A pis’ /
Rin(X,s,s") b (X) Ry(X,s,s'). (03.19)

Hence, optimistic investors, i.e. investors satisfying p’, > pss(X), hold a levered position on the

surplus claim.

Step 3: the surplus claim. From the market clearing condition for goods, we obtain

xsh(E)a . Ch(E)1+v

o 1+v
P(X,s) = -8 . (03.20)
This implies that the return on the surplus claim is given by
/ 1+v
/ xP(X',8) 2 xoh(E'(X,5))* — éw
Ry(X,s,s") = TEEA 5 TGRD . (03.21)
P(X,s) — (xh(E) —g"ER") xoh(E)s — gMEL
Using the expression for h(E), we can simplify the expression above
g E/(X,5) T — £ E/(X,5) T
Ry(X,s,s') = 222 (X.5) Lt L ) , (03.22)
,B xSEm — ﬁEl‘FV*lX

which coincides with the expression for the two-type case.

Step 4: interest rate and risk premium. Using the fact that R, (X, s) is the risk-neutral expec-
tation of Ry (X, s,s’) and E’'(X, s) is the risk-neutral expectation of xy, we obtain

(03.23)

1+v 7/

,B xsEﬁ — 7136_1/E1+1/—4x

a0\ Xs E'(X,s)Ta
1+v

Ry(X,s) = (1 -
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which coincides with the expression for the two-type case.
The expected return on the surplus claim is given by

E]E[ ]E(X S)HVA_mE,(X S)1+va

1+
ﬁ _’xSElJrv o — 7E1+1Va

Es[R,(X,s,s')] = (03.24)

Taking the difference of the previous two equations, we obtain the risk premium on the surplus

claim:
s [Bafxy] = E'(X,s)]E/(X,5)

03.25
,B xsEl+v « — 7E1-}—Tla ( )

IES[R‘;,(X,S,S/)] =

Step 5: law of motion of aggregate state variables. The risk-neutral probability is given by

pss’A(Xr S,S,) _ Pss’(X) P (X S, S) _ pss/(X) [xS’ - 136—1/E/(X S)] ! (03 26)
Yses PssANX,8,8)  Yacs pss(X)R (X, s,5) Yses Pss(X) [xs* — 10 E'(X, S)} o .

From the law of motion of £, we obtain

E'(X,s) =Y x¢ . (03.27)

JeS  Yges Pss(X) [ §— mE/(X S)] B

y psy (X) [xg — £5E(X,5)] !

Rearranging the expression above, we obtain

y P X — E(Xos) _ (03.28)
ses YT mE (X,s)

The left-hand side is positive for E'(X,s) = x!,itis negative for E'(X,s) = xN, and it is strictly
decreasing in E'(X,s), assummg the condition xN < *- such that the denominator is positive in
the range x! < E’(X,s) < xV. Therefore, a solution ex1sts and it is unique.

The law of motion of the wealth share is given by

ﬂiRi,n(X/S/S/) _ ,Ri/”(X’S’S/)_ _Pss’

1(X,s,8) = — — i . 03.29
1i%ss) 2}:1 WjRj,n(X/S,S/) 1 Ry(X,s,8') 1 pss (X) ( )

03.3 Proof of Proposition O.3

Proof. We will construct an equilibrium that has iid returns for any financial asset. We guess-and-

verify that the consumption-wealth ratio and the net-worth multiplier are constant.
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Step 1: consumption and portfolio decisions. Let the consumption-wealth ratio be given
by c;f (X,s) = 1— p*, given a constant p* that we need to determine. Given that there is
no heterogeneity in beliefs, we obtain from the market clearing condition for Arrow securities
R;‘,n(X, s,s') = R;(X, s,s'). Plugging c}(X,s) and R;‘,n(X, s,s') into the expression for A¥(X,s,s’),
we obtain

AI(X,s,8)) = BY(B") TV [R}(X,5,8)] 7. (03.30)

Step 2: net-worth multiplier. From the envelope condition, we obtain

lp—l

oi(X,5) 7V = (1= B)ei (X,8) 0 = 0} (X,s) = (1—B)+ T (1= ") 9T, (0331)

Step 3: wages, hours, and profits. Using « = e, & = &, and taking the limit of the expres-
sions for wages, hours, and profits as € — 0, we obtain the expressions provided in the proposi-

tion.

Step 4: The price and return on the surplus claim. For an arbitrary a and ¢, the market
clearing condition for goods implies that

« 14+v
o

I+v—a — — [ 1+v—a

XSE 1 I/E

* Xs
P*(X,s) = = . .
(X,s) —p e (03.32)
e=0
The return on the surplus claim is given by
xgE'(X,s)TFs — % E'(X,s THa '
Ry (X,s,s') = b (X.5) 1 Eﬂ, ) =X (03.33)
B xET — (L ETts o B
Step 4: The economy’s SDE. From the pricing equation, we obtain
Ei[A}(X,s,8")Ry(X,s,8")] = 1= B*(B") "Bi[(x)! 7] =1 (03.34)
Rearranging the expression above, we obtain
* 11— Ly !
B = BE;[(x) " T (03.35)
Notice that the condition p* < 1 is required to ensure that the consumption-wealth ratio is
positive.
The SDF is then given by

-1

A(X,5,5") = BE*[x)7) T (20)77, (03.36)
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using the fact that A*(X,s,s’) = Af(X,s,s').

Step 6: Law of motion of aggregate state variables. The risk-neutral probability is given

by
piA*(X,s,s") phx,”
N = = 03.37
Lses PsA*(X,s,5)  E*[x,"] O
Hence, E'(X, s) is given by
E*[x} "]
E'(X,s) = —>—. 03.38
X9 = S (03.39)

Step 5: The interest rate and risk premium on surplus claim. The interest rate and risk

premium are given by

. E'(X,s E*[xyg] — E'(X,s
R;(X,s) = (ﬁ* ), Ry, (X,s) = [x] Iz ( ) (03.39)
Using the expression for f* and E’(X, s), we can write the interest rate as follows

—-1_
RY(X,s) = BB (x) 1) B () ), (03.40)

The expected return on the surplus claim is given by

* * / —IE*[(+" 1= pla *
E[Ro(X,5,5)| = BB [(x)! 7] T By (03.41)
and the risk premium on the surplus claim is given by
R*(X,s,s’ E*[x,]E*[x,”
E’ ”E )| = Erlx] 17[xs ] (03.42)
R;(X,s) E*[x} "]

O

03.4 Proof of Proposition O.4

Proof. We provide a characterization of the first-order correction for the value function, summa-
rized by the net-worth multiplier v;(X,s;€), and the policy functions, namely the consumption-
wealth ratio ¢;(X,s;€) and the portfolio return R; ,(X,s,s’;€), given the expansion for the econ-
omy’s SDF

A(X,s,5";€) = A*(X,s,5') + A(X,s,5")e + O(e), (03.43)

where f\(X, s,s") is the first-order correction for the SDF. We take A(X, s,s') as given for now and

we will solve for it in a later stage.
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Step 1: value function. The Bellman equation for household i can be written as follows:

1

_ 1yt
v;(X,s;€) ¥ A i (v;(X',8";€)RI (1 —¢;)) =7 e
XSl = (- p g+ plies eV (=) ] (©03.44
+u(X,s;€) [1 =Y PiA(X,s, s €)R), |,
s'eS

where X' = x(X,s,¢;€).
Taking the derivative of the expression above with respect to € and evaluating at e = 0, we

obtain a condition involving the first-order correction for v;:

y—yp~!

1—y 0*R* 1—7
(o) 0:(X,5) = B [2 p;‘,(vl’-‘R;‘,(s’)ﬁ*)l—W] [Z iR ( PRI

s'eS s'eS -

Y pe () (R (s)BT) T 0i(X7, )

s'eS

— 1 (X,s) Y, piA (X, 5,8 )R5(s"),
s'eS

(03.45)

where we used the fact that R}, (X, s,s’;0) = R;;(X, s,s'),¢i(X,s;,0) =1— p*. We also used
the fact that x(X,s,s’;0) = X*, where X* = (E*, {n;}._,) as E'(x,s) = E* and the wealth
distribution is constant in the benchmark economy.

Using the results for the benchmark economy, we can simplify the expression above:

szil
x 11— s/ x 11—
_[3[2195/9( 7] [ Z +Zps/x T6;(X*,s)
s'eS s'eS s'eS
— 1 (X,8)(01)? Y piA( X,s,s’)Rp(s’), (03.46)
s'eS

where we used the fact that v* (X, s) is constant and Ry (s)B* = xy.
Let’s solve for u* (X, s) next. The first-order condition for R, (X, s,s’; €) is given by

y—p~1

1—y
Y oo (0i(X', s €) Ry, (1~ Cz'))l_”] pss (0i(X',8") (1 =€) " Ra(X,5,8") 77 = (X, s;€)pi A(X, 5, 5';€)
s'eS
(03.47)
Multiplying by R, (X, s, s") both sides and adding across states, we obtain
1—yp~1
1—y
1(X,s;€) [Z Pl (vi(X,8';€) Ry (1 — ;) ™7 . (03.48)
s'eS
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Evaluating the expression above at € = 0, we obtain

H(X,s) = po*(X,s)1 ¢ [

)

Z p:/xl v

s'eS

1-yp1

K

(03.49)

Given p*(X, s), we obtain a system of equations for 9;(X,s’)
UAI(X S wxp 1=y 1yl *UAi(X*/S/) *1 1=y Lyl (U d / X 5, S)
— BE*[x,, '] T wy— = BE"[x, "] T S5 ,*
v (X, s) p s S,EZS * v*(X,s) p s sgs -7 Pk sgs SA*(X,s,s")
(03.50)
1-y * . 1=
I\ A n Xy iy PsXs
using the fact that R, (s")A*(X,s,s") = B and the definition w = En
We will solve first for the case X = X*. We can write the system above in matrix form
B ﬁi(X*,l) T "
1= Xow]  —Xow; —Xowy X bi1 (X7)
—xowi 1 — xpwi —XoW5 oi(X2 b, (X*
e Aof2 XoON || o) | 2 X9\ (03.51)
@t —Xew} 1= xowy] 2] [BEn(XT)
1-yp~1
] T and
w? oL, . A(X*,s,s)
— = — 1. 03.52
L @ A*(X,s,s’ )] ( )
5;(X, N)]" de-

where x, = BE*|

bis(X*) = Xo

Let w
note a column vector, b”( )

sion above as follows

L1,

[1 - XU]IN('U*]

1_r)/ps/

wy;] denote a row vector,
LN (X)

* = |wi,w;, ..
X) = [b%(X)
denote a N-dimensional column vector filled with ones. We can then write the expres-

=
7
—~

s'eS

")

= b7(X").

i

Xv

_XU

ﬁl(X) = [UAZ(X, 1), ce., 0
denote a column-vector, and 1y

(03.53)

The matrix on the left-hand side corresponds to the sum of an invertible matrix and
rank-one matrix. An application of the Sherman-Morrison formula gives the inverse of
(03.54)

an*} bY(X*)

this matrix, which gives the solution
(X') =57 |1+
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(03.55)

Zws lS

ﬁi(X*,S)
1 — Xvses

vi(X,s)
we can write the expression above as follows
5 o
Al )] . (03.56)

Using the expression for b7,
Xv *) Z Wy 525’ Z

Wa w?

s Lesl—mf s SA* 5,5')

0,(X*,s
l( ) — Z (15 s + 1
5eS v
Taking the average of the expression above using the weights w;, we obtain
5 ,)]

The net-worth multiplier at state (X, s) is then given by
*b'Z) X*

(03.57)

’)

v} (X, s) — A
wr O,
Ss Zws’ )

s'eS A

Xo *
W;
Z [Sgl_q{ps/

L 0i(X%, )
L w; vi(X,s) T 1-
s€S Xv 5e5
The net-worth multiplier at (X, s) is then given by
0:(X,s) w? 5;5 A(X,s,s)
=X — C(J S TV o\
RS B B
(03.59)

U;-k (X’ S) s’eS
We can then write the expression above as follows
0; (X 1 0, A(Xs,s) _
=X Wy | ¥ + X0,
Usgg ll—fyps A*(X,s,s') v
A(X*5,¢
(X", SS) ] : (03.60)

(03.58)

5,s')

X,s)

(X,

vl

where
—_ Xv * 1 555’
0= Wg W
1—XU§§9 L ll—ws,
From the envelope condition, the consumption-

(03.61)

Step 2: consumption-wealth ratio

wealth ratio is given by
(1—B)¥v;(X,s;€) Y.

ci(X,s;€) =
(03.62)

The first-order correction for consumption is then given by
731' (X ;S )
[(X,s)

(1= B)" (0 (X,5)) (1~ )

él(X, S) =
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Step 3: portfolio return. Using the expression for the Lagrange multiplier, we can write
the first-order condition for the portfolio return as follows

i
PS:/ vi(X, ) T TRy(X,5,55€) T = A(X,5,55€) Y plo(vi(X', s €)Ru(X,5,5'5€)) 7

s/ s'eS
(03.63)
Expanding the expression above in €, we obtain
S5, 0;(X*,s") R.i(X,s,8) A(X,s,s)
“ss’ 1— L 4 _ nji = 4 03.64
TR TR (x 55) A (K59 (0364)

i

Ly Py (" (X, 5)Ry(s")'™

z?i(X*,s’) Rnli(X,S,S/)
e LseS p;l‘(v*(X,s)R;( )) -

ss’ .
P + (1 ,)/) < ’U*(X,S) R;(X,S,SI)

S/

(03.65)
Rearranging the expression above, we obtain
ﬁni(X/S/S) nz XSS) R /
A2 ) (] — =b(X,s,s"), 03.66
i Ry (X,s,s") i Sg,ws Ry (X,s,5) (Xs,5') ( )
where
Sl 0;(X*,s") P 0:(X*,38) | Ai(X,s,)
R I — °ss . 1 7 _ x| Yss _ 1 ’ o 797
bl (X/S/S) - *, +(1 /Y) U* X,S Zws * +(1 ,)/) ,U* X,S A* X,S,S/
5 ses Ps
(03.67)
We can write the system above in matrix form:
[ Ryi(X,s1) T
Y+(1-7w; (A-7w; ... (Q—-7w'N R, (Xs,1) b*(X,s,1)
« . . Ry i(X32
1-7w; vy+Q-—7w; ... (A—=7wy R;‘,((X,SS,Z)) _ bR(X,s
1 —v)w* 1—7)w; + (1 — w)ws R,,,i(X,s,N) bR(X,s,N
(1= 7)wy (1=7)w; 7+ (1 -wwy ke i ( )
(03.68)

Denote the matrix above by A" and define the row vector w* =

[w*(s1), w*(s2),...,w"(sy)] and the column-vector 1 with 1 in every entry. We can

then write A* as follows:
A" =9I+ (1 —v)lw". (03.69)
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The inverse of A* is given by

(A= 21— —w*. (03.70)

The portfolio return is then given by

an‘(X/ 515/) 1 R / 1—7 fxl(X,s, 3)
, bR(X,s, ! ik 2\ 03.71
R;‘:(XIS/S/) v (%,55) Y ggg ’ A*(X,s,8) ( )

We can write the expression above as follows:

Ryi(X,s,8") _ 1 Oy _ 9 A1(X ) 7 :

i ses PS/ Ps ses

0;(X*,s')  9;(X*,3) A1(X,s,5)
( v*(X,s) B v*(X,s)> + A*(X,s,9)
(03.72)

Notice that we can write the term involving 9;(X, s) as follows

b; (X 1 (& O\ [ AXNSLE)  AX5§)
o , sggw ) Xvsgw S%w [ — <P;~F/ ps/> (A*(X*,S,S~/) A*(X*,§,§’)
(03.73)
[
03.5 Proof of Proposition O.5
Proof. From the expression for wages, we obtain:
AE\ T . (RE\ T
w(E;e) :g("‘éf) . :g(“§> Ter o). (03.74)

Hours are given by

1 &E AENTE  /aE\ o log (%) )

Profits are given by

A\ THv—a 1
n(X,s;€) = <A> {xsEHg—bY _ aETHw
¢

de+O(e?), (03.76)

where we used the following Taylor expansion:

logE ,

Em= =1 + o det O(e?). (03.77)
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03.6 Proof of Proposition O.6

Proof. We derive next the expression for the price and return for the surplus claim and riskless

asset.

Step 1: price of surplus claim. The market clearing for consumption can be written as

P(X,s;¢) i ci(X,s;€) = (“) i [x Er= — & prit ] (03.78)
7°7 i:17ll 1 727 - g S 1+V . .

Expanding the expression above in €, we obtain

log(&E/¢) 1 E

— | a. 7
1+v 14 vxg & (©3.79)

P(X,s) .Emc*(X,s) -

Rearranging the expression above, and using the expression for ¢;(X, s), we obtain

P(X,s) . E1 & L (X,
Py = B @E/D) - ] 7o - - D (03.80)

Step 2: return on surplus claim. The return on the surplus claim is defined as follows

xsP(x(X,s,s;€),s';€)

R,(X,s,8;€) = — -
” P(X,si¢) — (xh(E) — 5

(03.81)

1+v

Expanding the expression above in €, we obtain

Ry(X,s,s) DP(X*s) P*(X,s) P(X,s) 1
* n Pe(X* ¢\ | P*(X — x. P*(X T pr(X _ Xs log
R} (X,s,s') (X*,8') (X,s) — x5 P*(X, ) (X,s) — x5

E)_E)liv]'

(03.82)

W &

We can write the expression above as follows:

R (X,S,S,) o p(X*,S/> o p(X,s) o & E A
RZ(X,S,S’) ~ Pr(X,¢) - [(,3 ) 1P*(X,S) +(1—(g™ <1og <8E> — xs) 1—1—1/] , (03.83)

using the fact that P*(X,s) = x5/ (1 — ).
Using the expression for the price of the surplus claim, we obtain

Ry(X,s,s") i E* E & ! 0;(X*,s") 1 0:(X,s)
Rg(X,S S/) - |:10g<E /E> - < - >:| 1+ v - (1 _l/)) 21771 |:’0*(X*,S/) - ,B*U*(X,S)] ’

7 xS/ xS
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Step 3: interest rate. The interest rate is given by

-1
Ry(X, psfx ,7 A(X,s,s")

Ry(X,s,s';€) piN(X,s,s'; e)] = = - > . . (03.85)
L;S Ry (X, ;5 ANX s, )

Step 4: stock prices. Stock prices, normalized by current productivity, satisfy the functional

equation:

Q(X,s;€) = ) pa(X,s,5;€) !(g) (xs/E’(X,s;e)m — aE'(X,s;e)l}rﬁ> +xsQ(x(X,s,5;€),5;€)

s'eS
(03.86)
For € = 0, we obtain
Q" (X,s) = Y piN(X,s,5)xy [14+ Q*(X*,s")]. (03.87)
s'eS
We can write the expression above as follows:
09— T LS 14 0xs)] + Qs = £ (03.88)
,8) = =5 ,8 ,8) = - .
ses IE*[X;/ 7] 1- :B
Expanding the expression for Q(X, s), we obtain
A A RE* A
A(X,s) | Axs,s) (s () B o)
= o g i S A LA . — e/ = =/ .
o - | aEs PO T T )R e | (O3
Evaluating the expression above at X = X*, we obtain
[I = B Inw*] Q(X*) = b2(X"), (03.90)

where Q(X) = [Q(X,1),...,Q(X,N)], bQ(X) = [b2(X,1),...,b%(X,N)]’, and bQ(X,s) =
Q(%,5) Fyes @ [ Ates) | (1 gy <1°g1<j5) - E) ] |

Solving the system above, we obtain

O(X*) = {1 +1 f*ﬁ*nw*} bR (X*). (03.91)

We can then write Q(X, s) as follows:

Q(X A(X,s, s) . A(X*,s,s’) (,3*)2 . A(X*,§,s’) log (?*) .
Q Xf) sgSw A*(Xss)Jrﬁ A*(X*,s,s’)+1—ﬁ*;§9w§z\*(x*,s,s’)]+( 1+v Zws/f &

s'eS
(03.92)
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Step 5: equity returns. Equity returns are given by

xyQ(x(X,s,s’;€),8)+ n(E'(X,s;¢€;¢€),5)

Re(X,s,s;€) = .
E(X,s,s’;€) 0X,5;¢) (03.93)
Evaluating the expression above at € = 0, we obtain
xg QF(X*,¢") + m*(E*,s')  xg
R:(X,s,s) = =5 == 03.94
5] Q" (X,56) B (359
The first-order correction is given by
Re(X,s,s") LO(X*,8") f(E*s") Q(X,s) (03.95)

RiXss) P oms TP T T Ty

Step 6: conditional risk premium. The conditional risk premium is defined as follows:

— Re(X,s,s';€)
Re(X,s;€) = 5 {— ) (03.96)
s;s* Ps Ry(X,s;e€)
The first-order correction is given by

ﬁ ps/xs A ( /S/S/) Rb(X/S)
— . 03.97
RY( ,S) Sg Ry(X,s,8")  Rj(X,s) ( )
O

03.7 Proof of Proposition O.7

Proof. We consider next the law of motion of #; and L.

Step 1: wealth distribution. The law of motion of #; can be written as

1
ni(X,s,5",€) Y niRin(X,s,5"€)(1—ci(X,s;€)) = niRin(X,s,5;€)(1 — ci(X,s;€)).  (03.98)
=1

Expanding the expression above in €, we obtain

! R I’l X 7 H ’ Ci [ Ci X/
08 ) = | )~ DR ) ~ T (e~ Lok
R, (X,s, = (Xos,8)  1—c(X,s) \ ¢f(X,s) = (X,s)
(03.99)

Using ¢} (X,s) = 1 — B* gives the expression in the proposition.
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Step 2: risk-neutral probability of productivity growth. The law of motion of £ can be

written as

E'(X,s;€) = Ry(X,s;¢€) Z piN(X,s,s;€)xs. (03.100)
s'eS

Expanding the expression above in €, we obtain

E'(X,s) ﬁ paN*(X,s,8)xy A(X,s,s)
03.101
E*(X,s) X,s sgs E*[A*(X,s,s")xg] A*(X,s,s") ( )
We can write the expression above as follows:

E'(X,s) Ry(X,s) pixlT A(X,s,s')
- = 4 ER) (03102)

E R} (X,s) SES'IE*[ U As(Xs,s')
Using the definition of E* and w;, we obtain the expression given in the proposition. O

03.8 Proof of Proposition O.8

Proof. We consider the derivation of the economy’s SDF A(X, s, s').

Step 1: the system of equations. The market clearing for the Arrow security paying off in
state s’ is given by

I I
Y ni(1—ci(X,s;€))Rui(X,5,5") = Rp(X,s,8") Y 1i(1 — ci(X, 5;€)). (03.103)
i=1 i=1
Expanding the expression above, we obtain

niRni(X,s,5") = Rp(X,s,5). (03.104)

M-

N
Il
—_

Using the expression for R,,;(X,s,s') and R,(X,s,s'), we obtain

555’(X) _ 2 w;/(ss§/(x) . A(X/SIS/)

I
"
i & X oL

ot~ (5 )] i o B [ S

xs/ Xs 7

1 1—9 0;(X*,s") . 0i
a i r(Ks) =%

(03.105)

—_
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Using the expression for 9;(X, s), we obtain

1 A(X,s,s’) ot A(X*,¢,8)  A(X*,53§) . A(X,s,8)
T (X58) [ﬁ Sgs“’ sgg (A*(X*,s’, 7y A*(X*,§,§’)> _E S A(X, s, 5/)]
(03.106)
. « [ A(X*,8,5) 1 A(X,s,§ 5,9 A ,
-1 - 3 7 — b (X,s,s"),
(I/J )ﬁ [ 5%605 (A*(X*,S/,~/) ﬁ* A*(X s, §/ > sgS'w sggws A* X* /)] ( 5 S)
(03.107)
where
1 (X g (X o (X
%5y = L [ X) g G X)) B [Ecw Y g |22 e
T Ps IS g T ses  ses Py g
—1 N . 055 (X) (X E* E* E &
iy wgllssg el SS§>}_{logf_(x__x_)}1+v_
Tses  des Ps g g ' 5
(03.108)
We can simplify the expression above as follows:
1AX!// — * A k ok A yx ) * * A [(VE /
,W((X;SS,))Jr(zp—y h lw A9 - o AKX + B D sl AXH) | = (Xs),
(03.109)
here A(X. s) — [AXsD)  AX*s2) Ax*s,N) 1’ dew* - A(X « AXs8)
whnere ( ,S)— A*(X*,S,l)’ A*(X*,S,Z)""’m and w” - ( ,S) 25/&)~/m

Step 2: solving the system. We can write the system above in matrix form as follows:
[7*11 +(p— fy*l)ﬂNw*] A(X,s) = BM(X,s), (03.110)

where b (X, s) = [0 (X,s,1),04(X,5,2),...,6%(X,s,N)]' and

b (X,s,8') = b (X,s,8 )+ (p — ¢ H)B* [w* AKX, = ) ws(w? A(X*,sf))]

5eS
(03.111)
Applying the Sherman-Morrison formula, we can invert the system above
A(X,s) = [71 —(y- qu)]le*} A (X, 5). (03.112)
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We can then write the expression above as follows:

//\\m = bN(X,s,8" )+ (yp—1)B* |w* - A(X*,s) Sgsws w* - A(X ))] — (Y= Hw b (X, s).
(03.113)

Step 3: solving for the average A(X,s,s’). Assuming X = X*, multiplying by w?, and

adding across states, we obtain
w*A(X*,s) = plw b (XF, ). (03.114)
Averaging across s, we obtain

Y wiw AX%8)] =91 Y wiw b (X,3)]. (03.115)
ses ses

We can then write A(X,s,s’) as follows

AT — o ()~ (=9 DK, + (-9 [w* ) = D -bA(X*,sv)] .
(03.116)

Step 4: simplifying the expression for b*(X,s,s’). We can write b*(X,s,s’) as follows:

bA(X,s,s’):%PSS/p—fg)—w*-ds(X)} +‘%* S/(X)—Zwiw* J:(X)
+%[w*-5( ) — B*w* - 54(X) + B Zw w* - 55(X)) | — {log%*—(f—;—xﬁs)]liv.

(03.117)

Combining terms, we obtain

g £ (E_EY] &
8F Xy x5 )| 1+

bA(X,s,s’)z,1‘5“’()()—"’_71 [w*ﬁ( ) — B*w* - 64(X) + B* Zw w* - 85(X)) | —

Py v—1
(03.118)
Notice that we can A(X,s,s’) as follows:
A(X,s,s")  A(X*ss) E E—-E*] &
— log — — . A1
A*(X,s,s")  A*(X,s,s’) Ty 08 Xs 1+v (03.119)
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03.9 The economy with no labor frictions and iid returns

Suppose that labor can be chosen conditional on the current productivity level. In this case, the

problem of the firm can be written as
rr}lax xthf — wihy, (03.120)
t

where w; = A":’jl . Labor demand takes the familiar form:

1
T
wx = wy = hy = <"‘xt> . (03.121)
wt
The labor supply from households is given by
l/
hy = (?) . (03.122)

Combining labor supply and labor demand, we obtain the equilibrium hours and wages:

THv—a —a v
By = ("‘?) - wr = ET () o (03.123)

Firm’s profits are given by

I lﬁ%a 1+v
= Ai-1(1 —a) (C) X, (03.124)
Total surplus is given by
Com Ao e — e B A (1 ) (B) T 03.125
t= Apq Xtt_1—|—1/_ t—1<_1+v><€> Xy . (03.125)

Let P(X,s) denote the price of the surplus claim normalized by lagged productivity. Market

clearing condition implies that

o _Itv
. o o\ T xgtve
1-p"= <1 — 1—1—1/) <€> P(X,5)’ (03.126)

where 1 — 8* is the consumption-wealth ratio, which we assume to be constant.
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The return on the surplus claim is given by

14+v P
x v« , O\ THv—a
Ry(X,s,s) = ol X (xs) . (03.127)
,B* stV*“ ,B>(< xS
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