Supplemental Appendix to “Optimal Tariffs When

Labor Income Taxes Are Distortionary”

This supplemental appendix first derives an implementability constraint in a 7' period
deterministic version of the model. (The deterministic model can easily be made stochastic
if financial markets are assumed to be complete.) It is then straightforward to prove a
generalization of Proposition 3 for this dynamic framework.

Consider an environment in which Agents in Home live for T periods and have utility

function:
T

Zét_l{u(clt,c%) —v(m)},0<0 <1

t=1
over consumptions of good 1 and good 2, and over labor. Home agents can borrow and lend
good 1 in a world market at a fixed interest rate r. The government needs to finance a
sequence of purchases {G;}_, of good 1. It is able to use tariffs (1;)L_,, labor income taxes
(®,)L,, and interest income taxes (c;)L_,. Agents begin life with no assets, and so there is
no interest income tax in period 1.

Home agents have linear technologies to turn labor into good 1 at each date, with labor

productivity A; at date t. Home agents take prices as given and so face budget constraints



of the form:

i+ Prear(1+ 1) + Bryr + biga
S ntAt(l — (Dt> -+ Bt(l + 7"(1 — Oét)) —+ bt<1 + 7"(1 - at)) -+ Mt,T 2 t 2 1

Bry1,bpp1 >0

where {P;}]_; represent the world prices of imports in terms of non-imports at each date.
Here, B, represents holdings of international debt (which pays off in terms of good 1) and b,
represents holdings of Home government debt that also pay off in terms of good 1. Both B;
and b, are allowed to be negative prior to period (7' + 1). In that case, the tax on interest
income is actually a subsidy to borrowers. Finally, {M;}L, is a sequence of non-negative
lump-sum transfers.

The world price P; of good 2 is a fixed increasing function P of ¢y and there is an
exogenous sequence {G;}1_| of government purchases of good 1 that needs to be financed. It

follows that the period-by-period flow resource constraints for Home is given by:

C1t + P(CQt)CQt -+ Gt -+ Bt+1 = ntAt -+ Bt(l —+ 7”)7T Z t Z 1

Bl == O,BT+1 - O

These take account of the international inflows and outflows associated with asset purchases
and payoffs. Note that if A;n; < ¢4 + G4 in period ¢, then Home is importing good 1 as well
as good 2.

The government can borrow and lend from Home agents, but not from abroad. As a



result, its flow budget constraint is given by:

T P(cot)cor + np Ay Py + by + rayby
:Gt+bt(1+r)+Mt,T2t2 1

b1 = O,bT+1 = 0

To summarize, given (73, Ay, @, M;)$2,, an equilibrium (cy¢, cor, ¢, by, B)L; in Home is

defined by the first order conditions:

Ul(Clt, CQt)(l - (I)t)At = U/(nt), T>t>1
uy(Crty at) Pear) (1 + 1) = ug(ergy co), T > 1> 1

S(14+7(1 — aygr))ur(cr g1, co41) = wr(cr, co), (T —1) >t >1

the resource constraints

e + Pleas)cor + Ge + Bryn = By(1+7) +n A, T >t > 1

By, Bry1 =0

and the government’s sequence of budget constraints:

e P(eon) T + @y + cyr(by + By) = b1 + Gy + My, T >t > 1

b17 bT+1 =0

We can then characterize the set of budget-feasible and resource-feasible allocations much

as we did in the static case.

Proposition. An allocation (cyy, cas, ng, B)L_, is an equilibrium for some (ou, 7, ®¢)_, if and



only if the allocation satisfies the intertemporal resource constraint:
T
Z(l +7) Ay — e + Plea)ca + Gl = 0
t=1
and an implementability constraint:
T
> 6 (wr(err, car)ers + war(enr, car)ear — nan' (ny)) > 0,

t=1

Proof. Suppose (cy¢, o, ¢, Bi)L_; is an equilibrium given (7, ®;, M;)_, and (ay)L,. These

satisfy the sequence of resource constraints:

e+ Plea)car + Gi+ By = Bi(1+7r) + n A, T >t > 1

Bi,Bri1 =0

These imply the intertemporal resource constraint in the usual way. The government’s period

t budget constraint implies:
P(ea) e + @Ay + ayr(By + by) + b1 = Gy + by (1 + 1) + M,
Add this together with the period ¢ resource constraint, and we get:
et + Plegg)eor(1+ 1) — ng(1 — @) Ay + (Biyr + b)) = (b + By)(1+ (1 — ay)r) + M,

Multiply by 6 1u;(cyt, co;) and add up to obtain the implementability constraint:
T
Z 5t_1(U1(01t> Car)c1e + Uz (Cue, Cot)Cot — Ul(nt)nt) > 0.

t=1

This adding up makes use of the non-negativity of transfers and of equilibrium first order



conditions:

6"y (et, ear) = 6'ur(crip, corrn) (1 + (1 — qgyr)r)
uy(cit, cor) Pco) (1 + 1) = ua(cy, cat)

up(c1gy 020) (1 — @) Ay = ' (ny)

Bryi=bry1 =0

Now consider (cyy, cgt,nt)thl that satisfies the intertemporal resource constraint and the

implementability constraints. Define {B;}/;' by:

Biy1 = Ay + Bi(147) — iy — P(ea)ear — Gy

B1:0.

The intertemporal resource constraint implies that By, = 0.

Define:

Ug (Clta C2t>

T = -1
' uy (e, cot) P(cy)
/
(bt - 1 — —U (nt)
U1(01t7 CQt)
_wlanen)
Q1 = 1— 5“1(Cl,t+1,;2,t+1)

to be taxes/tariff that satisfy the agents’ first order conditions. Define a sequence of govern-

ment bondholdings and a final-period government lump-sum transfer by:

bt+1 = Gt + bt(l + T) — P(Cgt)CQtTt — @tAtnt — Ozﬂ’(bt + Bt),T — ]_ Z t Z 1

_MT = (GT + bT(l + ’I") — P(CQT)CQTTT — (I)TAT’HT — aTT(bT —+ BT))



Substitute for GG; using the resource constraint:
Gy =B(1+7r)+nmA —ciy— Plea)eyr — By, T >t > 1
and we get:

bt+1 = (Bt + bt)(l + 7'(1 — CYt)) — C1t — P(Czt)Cgt(l + Tt) + nt(l — (bt)At — Bt+17 T -1 2 t 2 1

—MT = (BT + bT)<1 —+ T'(l — OéT)) — C1T — P(CQT)CQT(l —+ TT) + 7”LT(1 — (I)T>AT

since Bpyq = 0.
We need to verify that the lump-sum transfer in the final period is indeed non-negative.

Multiply through by 6 'u;(cy¢, co¢) and adding up. we obtain:

¢
5t71U1(01t, Cot)byi1 = _52571“1(01157 Cot)Bri1 — Z 5571(“1(0137 Cas)C1s + Ua(Crs, Cos)cos — V' (ng)ng), T — 1 >t

s=1

I\ /

T
—Myp == 8" (ua(crs, ca0)crs + a(Crs, C20)cas — V' (n)ns)

s=1
The implementability constraint then implies that the last period transfer is non-negative:

My > 0.

]

With this proposition in hand, we can define the second-best policy problem in this



dynamic setting as:

T

max Z (5"/71(’&(017&, car) — v(ny)}
{e1t,c2eme 34 —1

T
6.3 (L4+7) " (er + Plea)eu + Gy — Amy) =0
=1
T
Z 8" (uy (ear, car)ere + ug(cay, car)car — v (ng)ng) > 0.
=1

The following proposition is a generalization of Proposition 3. The notation 7., and 74om
refers, as in that Proposition, to within-period income elasticities of imports and non-imports

respectively.

Proposition. Suppose u has decreasing marginal rates of substitution. Suppose too that

(3B, 5B nPB)L| solves the above second-best policy problem and that (cFP,cEB nFBYL |

solves the analog first-best policy problem without the implementability constraint. Assume
that the standard optimal tariff revenue does not raise sufficient revenue to fund the stream

of government purchases:

T
D (1) rsrp(ey”) P(es)es” — Gi) <0

t=1

Then:

Nimp (CftB ) CgtB) = Tldom (CftB ) CgtB) :>TtSB = TSTD (Céth)

nimp(cftB> CgtB) > ndom(ciB> CgtB) = TtSB < TSTD(CgtB)

Nimp (1> 50 < Naom (77, 57) = 798 > 797p(c57).

Proof. Let A be a multiplier on the resource constraint and p be a multiplier on the im-

plementability constraint. Then at any date t, (7P, c52,n7P) satisfies the same first order



necessary conditions that arose in the proof of Proposition 3:
SB SB
ur(cyy s e ) — A

o SB _SB\ .SB SB _SB\ .SB SB SB
= —pun(cgy o )Cry — puar(cr; s Cop )Cop — pur(Cr; 5 Cop )

u(cy?, e3%) = AP'(¢37)e5" = AP(c3")

_ SB SB\ .SB SB SB\ .SB SB SB
= —pura(cyy , Cop )Crp — pua(Cr; 5 Cop )Cop — Hin(CT; 5 Cop )

As long as p > 0, we can follow the proof of Proposition 3 to use these first order conditions

to prove the current Proposition.

sB .SB ,SB\ _ (.FB ,.FB , FB
)= ( )

All that is left to prove is that ;1 > 0. Suppose p = 0, and (¢7°, ¢5,°, n;

for all t =1, ..., T. The first-best allocation satisfies the optimality conditions:

ul(ciB7 Cgl‘fB)At = U/<n53>7t = 17 7T
ul(CﬂB7C§B)

U2 (CﬂB7 Cg;tB)

uy (Clev Cng) = 6t71(1 + T)litul(cﬂBv CgtB)vt =2,.,T

= P(c3P)(1 + 1orp(chP)),t =1,..,T

Then, we can plug these into the implementability constraint:

T
Y0 (e e +us(er s — o' (nfP)nfP)
t=1

T

_ Z 5Ly (cFB, cEB)(cFB us (et CthB)CFB _ v'(nf") nFB)

- 1t » =2t 1t 2t t
P ui(cf?, i) ui(efy?, ebP)

FB _FB

=ui(er)” ) ) (L4 7) 7 (er” + Pley,”) (1 + msrp(ey 7))ey,” — Ay ™)

[M]=

t=1

FB _FB

=uy(cyy ¢y ) (1+ T)l_t(CﬂB + P(CQB)(l + TSTD(CgB))CgtB - At”fB)

™=

t=1

T
= w (e, e50) Y (L+1) " (rsro(es ) Ples P)ey,” — Gy

t=1

< 0.

Cit »Cor > Ty



The assumption that ;= 0 leads to a contradiction and so p > 0.



