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A Additional tables and figures
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Figure A.1: Results of simulation of the migration model with unconfounded matching

Note: These figures present results of simulating the model described in section 3.1 with unconfounded matching for
a false match probability of m = 0.25. The true migration rate is 0.25 and the probability of a link is 0.25. Panel
(a) presents estimates of the false match rate m and the true value. Panel (b) presents the corrected and uncorrected
estimates of the migration rate, as well as the true value. Panel (c) presents the estimated standard error of the
migration rate, as well as the standard deviation of the estimates as the “true” value.
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Figure A.2: Results of simulation of the migration model with confounded matching

Note: These figures present results of simulating the model described in section 3.1 with confounded matching. Panel
(a) presents estimates of the false match rate m and the true value. Panel (b) presents the corrected and uncorrected
estimates of the migration rate, as well as the true value. Panel (c) presents the estimated standard error of the
migration rate, as well as the standard deviation of the estimates as the “true” value.
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Figure A.3: Results of simulation of the migration regression model with unconfounded matching

Note: These figures present results of simulating the model described in section 3.2 with unconfounded matching.
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Figure A.4: Results of simulation of the migration regression model with confounded matching

Note: These figures present results of simulating the model described in section 3.2 with confounded matching.
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Figure A.5: Results of simulation of the regression model with unconfounded matching

Note: These figures present results of simulating the model described in section 3.3 with unconfounded matching and
a false match probability of m = 0.25.
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Figure A.6: Results of simulation of the regression model with confounded matching

Note: These figures present results of simulating the model described in section 3.3 with confounded matching.
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B Mathematical appendix

B.1 Asymptotic Properties

This appendix section theoretically justifies that (2.3.3) and (2.3.4) consistently estimate the re-
spective components on the right-hand side of (2.3.2). The same argument applies to establishing
the consistency of (2.3.10) and (2.3.11) for (2.3.9).

We start by fixing some notations to be used throughout this appendix section. Suppose that
there is a set I of IV individuals in common between census ¢ = 1 and census ¢t = 2. Thus, we
have N = ZNll Z 1 Rij. This leaves the set K1 of Ny — N individual appearing only in census
t = 1 and the set ICg of Ny — N individuals appearing only in census ¢ = 2. In total, there is a set
KUKi UKz of N+ (N1 — N) + (N2 — N) unique individuals in the two census. We write ¢ = i(k)
to denote the index of individual k£ € K|J K in census ¢t = 1 and write j = j(k) to denote the index
of individual k£ € K|J K2 in census ¢t = 2.

Assumption 1. (R;)j(x)> Dik)jce)s Yik)jcn) Zik)je)> Witk)je)) = (ks i, €xs) where the sequences,
{o}22y and {{ers}32 02y, of random vectors are i.i.d. and independent from each other.

This assumption states that R;;, D;j, Yij, Zi; and W;; for i = i(k) and j = j(k) are generated
by individual attributes, oy and «, possibly with idiosyncratic shocks e, which may reflect data
processing error for example. Some coordinates of ay, and e, may be observed by a researcher, but
they need not be observable. For example, one can suppose that a; contains a coordinate storing
the true identity agp of individual k, which generates R;yjx) = f1(ou, @k, ere) = Haor = aox}
for all k, while a researcher does not observe such a latent identity ag;. Under Assumption 1, we
have independence across the individuals {a4}7°,. However, it does not imply the independence
across the N1 x Ny units in the array {(Rij, Dij, Yij, Zij, Wij) : 1 < i < Ni,1 < j < N}, since
each individual £k € K in common between the two censuses show up repeatedly in this array
N7+ Ny — 1 times for example. Hence, we cannot directly apply the standard law of large numbers
to a double sum of the form ]\71_1]\72_1 Zf\;ll ;V:Ql &j where &; = g(Rij, Dij, Yij, Zij, Wij). However,
by appropriately decomposing such a double sum into the sums of i.i.d. individuals k£ € K |J K1 | K2,
we can obtain the starndard asymptotic properties. The following lemma uses this idea.

Lemma 1. Let&;; = g(Rij, Dij, Yij, Zij, Wij) such that E[|k)j(x)l] < 0o for allk, k and E[§;4yj(x)] =
0 for all k, k with k # k. If Assumption 1 holds, then N 1N2 21:11 j-vjl &ij 20 as N — .

Proof. Decompose the double sum as

1 2
N1N2 ZZ&J N No N ZA1k+

i=1 j=
M ZA2 N 21 L= gy

N1Ny N N2 N P
- Z Ay A Z Asp, (B.1)
ke, 1 ker,
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where

Atk =&ik)j(k)
Aok =E[&i(k)j(e) [ ti(r)] (k # k),

1
Asp, =N, = 1}{%%(&(@;‘(@ — Bl j(n)|igi)])s
Kk#k

Ay = [fz ()| i(w)] (k # k), and
Asp = N Z 51 (k)j(x éz (k)j(r) |az(k)])

KEK2
By the law of iterated expectations, we have E[Ag;] = F[Ask] = E[A4k] E[Asr] = 0. Note also
that the assumption of the lemma directly gives E[|A1x]] = E[[&;)j(r) ] < 0o. We also have

El|Aok|] =E[|El&iw) i) iml] < Ell&ir)jm ] < 00 and
El|Az]] <E[l&iw)im 1] + EUEEir) i)l < 2B 18wyl < o0,
where the second inequality in each line follows from Rao-Blackwell inequality. Similar arguments

show E[|A4k|] < oo and E[|A5k|] < o0o. Note that {Alk}kEIQ {AZk}k:elCa {A3k’}kelCa {A4k}k:EIC17
{Ask ek, are ii.d. Therefore, by Assumption 1, we can apply the weak law of large numbers to

each of the five components in (B.1) to conclude Ny 1N, 1S Z L Xii 5o, O

This lemma is auxiliary for the following theorems.
Theorem 1. Suppose that Assumption 1 holds, Y has a finite moment, and Pr(D = 1) > 0. Then,
EY|D=1 3 E[Y|D=1] as N = .
P’/’OOf. Setting Q(Rija Dija Yvij, Zij7 Wzg) = YVZ‘]‘Dij — E[YD] in Lemma 1 yields

N1 N2

T 2 2 YDy — EVD] = oy(0).

=1 j=1

Similarly, setting g(R;j, Dij, Yij, Zij, Wi;) = D;j — E[D] in Lemma 1 yields

Therefore, by the continuous mapping theorem,

S 3% YDy p E[YD] _

Zﬁ\; ;V:Q1 D E[D]

E[Y|D=1] = E[Y|D =1]

follows as claimed in the theorem. O

Theorem 2. If Assumption 1 holds and Y has a finite moment, then E[Y] & E[Y|R = 0] as
N — oo.
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Proof. First, observe that the weak law of large numbers yields

1 2
1
N1N2 Z ZYURU N1N2 N %Yi(k)j(k) = op(1)

=1 j=1

under Assumption 1. Setting g(R;j;, Dij, Yij, Zij, Wij) = Yi;(1 — Ri;) — E[Y (1 — R)] in Lemma 1
yields

zwaXWJ—w ~EY(1 - R)] = op(1).

=1 j=1

Similarly, setting g(Rj, Dij, Yij, Zij, Wi;) = (1 — Rj) — E[1 — R] in Lemma 1 yields

N1 Na
th}:E: E[1 — R] = 0p(1).
i=1 j=1
Finally, note that
N1N2 =i 1 N1N,

Therefore, putting all these pieces together, we have

N1 N N1 N»
NlNQZZEJR’J+N1NQZZY;J — Rij)
i=1 j=1 i=1j=1

L X N2Y( —Rij) N{Ny— N
ZZYZJsz“‘NlNZZ Z J . 14V2

N1N2 i=1 j—1 N11N2 ZfV11 ¥ (1 - Ryj) N1z
r.,, EIY(Q-R)]
0+——= 1=FE[Y|IR=0
B0+ 2 VIR = 0]
as claimed in the theorem. O

Theorem 3. Suppose that Assumption 1 holds and Pr(D = 1) > 0. Then, E[Z|D =1] & E[Z|D =
1] as N — oc.

Proof. The theorem can be proved as in Theorem 1, except that Y is replaced by Z. O
Theorem 4. If Assumption 1 holds, then E[Z] 2 E[Z|R = 0] as N — cc.
Proof. The theorem can be proved as in Theorem 2, except that Y is replaced by Z. O

Theorem 5. Suppose that Assumption 1 holds, Y has a finite moment, and Pr(D = 1|W = w) > 0.
Then, EY|D =1,W =w] & E[Y|D =1,W = w] as N — .

Proof. Setting g(Rij, Dij, Yij, Zij, Wij) = Y3 Dijj 1{W;; = w} — E[Y D1{W = w}] in Lemma 1 yields

1 N1 No
Y;iD;i1 = E[Y D1 = —
NN, 2 2 VoDt = w) = EY DLW = wl] = oy(1)
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Similarly, setting g(Rij, Dij, Yij, Zij, Wij) = Di; 1{W;; = w} — E[D1{W = w}] in Lemma 1 yields

N1 N
1 1 V2

N. N, Z ZDiﬂ'l{Wij =w} — E[DI{W = w}] = 0,(1).
i=1 j=1

Therefore, by the continuous mapping theorem,

S Y02 Vi Di I{Wi; = w}
Zﬁ\gl Z;V:QI Dijﬂ{wij =1}
» E[YDUW = w}]

_)
E[DI{W = w}]

EY|D=1,W =uw] =

= E[Y|D =1,W = w]

follows as claimed in the theorem. O

Theorem 6. If Assumption 1 holds and Y has a finite moment, then E[Y|W = w] B E[Y|R =
0,W =w|] as N — 0.

Proof. Using the same argument as in the proof of Theorem 2 with Y replaced by Y 1{W = w}, we

have
N1 Ny

S Vi {Wy =w} B EYH{W = whiR = 0]
i=1 j=1

1
N1N»

as N — oo. Likewise, using the same argument as in the proof of Theorem 2 with Y replaced by
1{W = w}, we have

N1 N;
1 1 2

N1N, ;; 1{Wi; = w} 5 E[1{W = w}|R = (]

as N — oo. Therefore, by the continuous mapping theorem,

Sy R Vi 1{Wi; = w}

E[Y|W =] = =512
Zﬁill ;’V:Ql {Wi; = w}
p E[YI{W =w}|R = 0]
=FY|IR=0W =
E[L{W = w}|R = 0] Y] W=ul
follows as claimed in the theorem. O

Theorem 7. Suppose that Assumption 1 holds and Pr(D = 1|W = w) > 0. Then, E[Z!D =
LW =uw] % E[ZD=1,W =uw| as N - cc.

Proof. The theorem can be proved as in Theorem 5, except that Y is replaced by Z. O
Theorem 8. If Assumption 1 holds, then E[Z|W = w] 5 E[Z|R = 0,W = w] as N — co.

Proof. The theorem can be proved as in Theorem 6, except that Y is replaced by Z. O
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B.2 Standard Errors

Assumption 2. D;; > R;; almost surely. mw(w) = Pr(R;; = 0|D;; = 1,W;; = w) = Pr(R;; =
0|Dsj = 1, Wij = w, Yy, Zijr, Wijr, Yirj, Zij, Wy ;) whenever i # 1 and j # j'.

The first part of this assumption requires a monotone false matching in that, if unit ¢ in census
t = 1 and unit j in census t = 2 are actually an identical individual, then they are matched in data.

Theorem 9. Let &; = g(D;j, Yij, Zij, Wij) such that E[&;] = 0 and E[||€;5]1?] < oo. If Assumptions
1 and 2 hold, then

N1 N2 N1 N2 N1 No
DD G| =E (D DD iy | +E ZZZ%] +E DD &5k

i=1 j=1 i=1 j=1j'£j i=1 i'£i j=1 i=1 j=1
tE ZZZZSU ij! 7T 1] z] + B ZZZZ&] z] 7T z]))ffg/j/
i=1 i =1 A i=1 i =1 A

Proof. First, we decompose the variance as follows.

N1 Na [Ny N N W
DD G | =B DD D S
i=1 j=1 | i=1 =1 j=1j/=1
N1 Na
1) 3 S AT ) 3 3 1S
Li=1 j=1j'#j i=1 ¢/#q j=1
N1 Na
S ST RN 5 3 wp wrTeH
=1 j=1 1=1 i/#4 j=1 j'#j

The last term on the right-hand size can be rewritten in turn as

Ny N2
B\ DD Gty

Li=1 i j=1 £

=E Z 2. 2 S| TED D D Sy

kG’CZ/#%( ) 373 (k) kel j'#35(k) i#i(k)
1 2 1 2
=E Y 3 3N GiRy&y | +E DD YD &R
=1 i j=1j'#j i=1 i'#i j=1 j'#]
= ZZZZ&J i/ (1= m(Wign))&rye | + B ZZZwa i (1= (W)€ |
=1 v j=1j'#j i=1d'#i j=1 j'#j

where the first equality is due to the independence in Assumption 1, the third equality is due to
Assumption 2. O
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This proposition motivates the following variance estimator for the double sum vazll ;V:Ql &ij-

N1 No
DIPIRZ

i=1 j=1

N No
2200 &by (1-

i=1 il j=1 ' £

ZZ > Gty + ZZZ@J@] +ZZ&]€U

= 11’#1] 1

TICTES 3 % ) o

=1 j=1j'#j

i=1 i'#i j=1 j'#j

=1 j=1

=7 (Wi;)&y- (B1)

It is worthy to remark that, if the true match R;; were fully observable, then the data are essentially
dyadic so that the existing Central Limit Theorem for dyadic data can be applied to entail the

variance of the form

N1 No
YD G| =

i=1 j=1

+E ZZZZSW}%@J +E ZZZZEW w’fu

AT AR DT

i=1 j=1j'#j

i=1 i'#i j=1 j' £

i=1 ¢/#4 j=1

i=1 i/ j=1 j'#j

N No
Z Z &ii&i;

i=1 j=1

Since R;; is not observable in our framework, however, this variance formula is not estimable.
Proposition 9 shows how to estimate this variance by replacing R;; with D;;(1 —m(Wj;)) in the last

two terms.

B.2.1 Standard Errors for (2.3.5) Under Conditions (2.3.1) and (2.3.8)

Based on (B.1), the variance of E’debiased[Y\R = 1] in (2.3.5) can be estimated by

~

VEdeblased [YIR 1}
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where

ﬁ%: (NlNQZ 12 Zij) (NlNQZ 12 Y;j) (NlNQZ Z DZ]ZZJ>
[(ﬁ Zivzll Z;V:Ql Dij) (ﬁ 25\21 21\21 Zij) - ﬁz 12 DUZZJ:|
(v S0 0 25) (e T 02, DY)

1 N N. 1 N N. 1 N N.
[(NlNQ Zizll Zj:21 Dij) (NlNg Zizll Ej:21 Zij) ~ NiN, Zi:ﬁ 23:21 DijZij]
N N.
— NN Lict 21 DijZi

2

AY) =
' (]\/11\/2 Z 12 Dij) (N1N2 Z =1 Z Zij) N1N2 Z Z DUZ@J
z% _ N1N2 Z =1 Z 1 DigYij
<N1N2 Z Z DZJ) (W Ei:ll Ej=21 Zij) - ﬁ Z =1 Z 1 DijZij
(MQ o 12 Dm) (wivs N 30020 Y5 ) (s o0 2021 Dy 245 )
[ N1N2 N ) (N1N2 N Nz ) N1N2 M Z;-Vi DijZij]Q’
<N1N2 ]\il DU) (N1N2 Ail ZZJ) ( 12 DZ]YZJ>
[(NlNQ Nl Dw) (N1N2 Aﬁ ZZ]) N1N2 1 Z DUZW]Q
A%Y _ N1N2 Z =1 Z
<N1N2 Z 12 Dij) (N1N2 Z 12 Zij) N1N2 Z 12 DZJZw
30 _ (NlNg Z 12 Zij) (ﬁ 25\21 Zévzzl Dinij)

2 (s o 3, 1) (s 0
(i 204 )%

Z Zij) - ﬁz 12 DlJZU}

w) <N1N2 Z 12

1%s)

B N N.
(3 S 5002, Dy ) (NINQZ P Zz-j)—*NSNZZ " Y Dy 2y
Nlsz 12 YVU

(ﬁE 12 Dzy)(z\/lNzZ Z Zij) N1N2Z 12 DzJZm

and V is a 5 x 5 matrix defined by

N1 N N1 N
V= N2N2 )IPIPILIEIS 35 3) SETARS 3 petet

=1 i'#i j=1

Ny No
85 3 9 D) JEH I

i=1 j=1j'#j

N No
2,222 =y

i=1 il j=1 j'#j

i=1 i'#i j=1 ji#j
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with the short-hand notation

Dy — wing Lo 3021 Dy

Yirjr — ﬁ ZzN:ll j’vil Yij

Eirjr = Ziry — i i 2021 Zig
DijYyj — i oM N2 DY

N S N1 N2y o
Dy j Zir 1 N1 N3 Zi:l j=1 DijZi

for each (7', j').

B.2.2 Standard Errors for (2.3.16) Under Conditions (2.3.8) and (2.3.14)

Let € = Yj; — X{ﬁdebiased denote the OLS residual, where Edebiased is defined in (2.3.16). The
k-th coordinate of X;; will be denoted by Xjji. In other words, X;; = (Xjj1,...,Xijkx) where K

denotes the number of coordinates. Let € denote the K x K matrix whose (k, £)-th entry is defined
by

N ~0 R0 0 x0 'S R0 R0 R0 R0 w0
Qe = (AD,k’ AY> AZ,k’ ADY’ ADZ,k) Vké(AD,lv AYa AZ,Z? ADY? ADZ,E)?
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where
N N. ~
X <N1N2 Z =1 Z Zij) (NllNQ Zizll Zj:QI Xijkeij) (N1N2 Z Z DUZZJ)
Dk —
’ N N
[<N1N2 Z =1 Z Dij) (N11N2’ zz‘:11 Zj:21 Zij) - NllNQ' Z =1 Z DZJZU}
2 1 N N2 i~
<N1N2 it 52 Zz’j) <7N1N2 21 252 Dinijkez'j>
N N. N N.
[(NlNQ Z Z Dij) (4N11N2 21:11 Z ':21 Zij) - 7N11N2 E’L:ll 23:21 DijZij]
_N11N2 Z =1 Z DlJZU
N N.
<N11N2 Zi:11 Zj:21 Dij) (N1N2 Z =1 Z Zij) NlNg Z Z D%JZw

1 1 2 X P
NG N1 N2 Zizl Zj:l DijXijreij

2

0
Ay =

AZ’k - 1 1 Ny N» 1
<N1N2 Z 12 Dw) <N1N2 Zi:l Zj=1 Zij) ~ NiN, Z =1 Z 1 DijZi
N N. ~
(N 1 Z Dw) (ﬁ Zi:ll Zj:21 Xijkeij) (N1N2 Z Z DZJZU)
N N1 «—N: ’
[( PIALD B Dz‘j) <N1N2 PIAEDIpE ) — NN i1 2o Disz'j}
N N.
(N 12 Dm) (ﬁ >t Zj:21 Zij) <ﬁz 12 DzJngkew)
N N N.
[( N1 N 11 Zj:21 Dij) (ﬁ Zi:ll Z ':21 Zij) N1N2 Z =1 Z DZJZW}
30 _ N1N2 Z =1 Z
DY =
<N1N2 Z 12 Dij) (N1N2 Z 12 Zij) N1N2 Z 12 DZJZU
N N. ~
R0 B <N1N2 Z Z Zij) (NllNg > Zj:21 Dinijkeij)

DZk [(NlNQ Z =1 Z Dij) <N1N2 Z Z Zz’j) - ﬁ Z 3 Z DUZU}
<N11N2 Zivzﬂ Eé‘\gl Xijkgij) <ﬁ vazﬂ Z;-V:Ql DijZij>
(ks S0 0, D) (e S 0%, 2i) — g S0 0%, Dy 2]
g o S0 Xkt

(ﬁz 12 Dzy><N1N2z Z Zij) N1N2Z 12 DlJZU’

and V is a 5 x 5 matrix defined by

1 2 1 2
Vie = N2N2 Z Z Z “Uk“w’é + Z Z Z EijkEi jet Z Z “zﬂk“‘

i=1 j=1 j/#j =1 3/#4 j=1 1=1 j=1
N1 No N1 No
+ = Dl-/(l—%):( L, + =.. D-/-(l—%):{ .
._uuk; ] ‘_‘Z/jlf ‘—‘Z]k i'j ‘—‘Z/j/f
i=1 i'#i j=1 j/#] i=1 ' j=1j'#j
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with the short-hand notation

. 1 N1 N2y
Dl’J’ ~ NN, Zz}:\fl j]\:fl DZJ
~ 1 1 2 A
Xi/j/kei'j/ ~ N1N, Z&:l E i=1 X’L]k‘e’L]
Ty — U | 1 2 7
=i'j'k = Zij ~ NNy 2im1 =1 Zij

= 1 Ny No vy v >

Diy Xijw€iy — w5, Z]@:l > =1 DigXijres;
S, 7., — 1 1 2 LT
DijZiy — w53 2= j=1 DijZij

for each (¢/,j"). With the above definition of SAI, the covariance matrix of Bdebiased in (2.3.16) can be
estimated by R A
= Edebiased[X X'|R = 1] QEqcpiasea X X'|R = 1] 71,

ﬁdebiased

where Egepiased|[X X'|R = 1] is defined in (2.3.15).

B.2.3 Standard Errors for (2.4.6) Under Conditions (2.4.1) and (2.4.2)
Let 1} = 1{W;; = w} for a short-hand notation. Also, let

1 N1 N» 1 N1 Nz
D(w) = D 1% Zij1Y
( ) N1N2;jz; 1] g NlNZ;jZ; ] 1y
N1N2 p e 1] =) Ty N1N2 po 19

Based on (B.1), the variance of Edebiased [Y|R=1,W = w] in (2.4.6) can be estimated by

~

VEdebiased [Y|R=1,W=w] —

ANw ANw ANw w ANw Aw /i}w Nw ANw ANw ANw Aw Aw
( DWH» 2YWHr =2ZWyr =DY W =DZW > W) ( DWH»=2YWHr S ZWHr =DYWHr = DZW W)?
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where

1 Ny N2 CTw 1 Ny Na - Tw 1 Ny Na 7w
v <N1N2 >imt =1 Zij ]lij> <N1N2 i Zj:l G ]]'ij> <N1N2 2 Zj:l Dij Zi; 135
DW D(w)2
2
1 Ny Na W 1 Ny No LYW
<N1N2 Doimt 2ojo1 Zig Ilij) (N1N2 21 221 DijYi; ]lij>
D(w)? ’
1 N1 N2 7 qw
Yw __ NiNs Zi:l Zj:l DZJ Zw ]lij
w D) |
1 Ny No p o yoqw
w NN >y 2o DijYi 1
ZW D(’Uj)
1 Ny No Cqw 1 Ny N2 v qw 1 N1 N2 7w
N (71\71]\/2 doith =1 Dij ]lij) <N1N2 >t =1 Yij ]lij) <N1N2 >t o1 Dij Zij 135
D(w)?
1 N1 Na CTw 1 Ny N2 CTw 1 N1 Na CVo.Mw
<N1N2 D1 221 Dij ]lij> (N1N2 Doim1 21 Zij 1@‘) (N1N2 Do 221 Di Y 1
D(w)? ’
1 Ny Na MW
~w NN, > o1 Zig 13
DYW — D(w) )
1 Ny N» Cqw 1 Ny N2 VW 1 N, N2 qw
Av <N1N2 > it =1 Zij 11‘3‘) <N1N2 >t Ej:l D;;Yij ]lij) <N1N2 >t =1 Lij
DZW — D(w)2
1 N1 No v/ 1w 1 N1 Na 7oqw 1 Ny No qw
(N1N2 doith =1 Yij ]lij) (N1N2 doith o1 DijZi ﬂij) (N1N2 > j=1 135
D(w)?
1 Ny N2 v qw
NN >oith =1 Yij L]
D(w) ’
1 N1 Na 7 qw 1 Ny N VoW 1 N1 N 7w
N <N1N2 > i1 Zj:l Zij ]lij> <N1N2 it j=1DijYi; ]lz'j> (N1N2 it j=1DijZij ﬂz’j)
v D(w)?
2
1 N1 Ne v qw 1 Ny Na 7w
(NlNQ it =1 Yij 12‘3‘) (NlN2 2t =1 DijZij ]lij)
D(w)? ’
and V% is a 6 X 6 matrix defined by
1 N1 N2 N1 N2 Nl N2
v — =W/ Zwow! =wmw!
4 T N2N2 ZZZ“Z‘J“M’ +ZZ =iy =g +ZZ“U“@J
1972 =1 j=1jr#j i=1i'#i j=1 i=1 j=1

Ny No Ny No
Y YD N EEDy (L= FWi)ERh + > Y > EEDi(1 - ®(Wi)EWS

i=1 ' j=1 j'#j i=1 i'#i j=1 j'#j

60



with the short-hand notation
Divji 1%, — e Som Y82 D1
Y;’j’]lq{l')j’ - ﬁ vazll §y=21 Yij]l%’
Zyp 1% — i oM Y02 Zy 1
Dy Yyl — s Somy Y012 Dij Vi1
Dyjr Zy Vs = woivy iy 2 Dig Zig 1,

w 1 Ny 2 w
]li’j’ T~ N1V, Zizl j=1 ﬂij

e —
e

for each (7', 5').

B.2.4 Standard Errors for (2.4.11) Under Conditions (2.4.1) and (2.4.2)
The variance of Edebiased [Y|R =1] in (2.4.11) can be estimated by

~

— -~ ~ 2
VEdebiased[Y‘Rzl] - Z VEdebiased [Y|R:17W2w}w(w) ’
w

where V4 is defined in Section B.2.3.

Edebiased [YIR:LWZW]

B.2.5 Standard Errors for (2.4.14) Under Conditions (2.4.2) and (2.4.12)

We continue to use the short-hand notations 1} = 1{W;; = w} and

1 N1 No 1 N1 Nz
D(w) = D;;1% Zii 1%
( ) NlN?;jz; 1] *13 NlNZiz;jz; ] 1y
N1N2 pr 1] ) Ty N1N2 po 1]

from Appendix B.2.3.

Let €;; = Y;j — Xz(jgdebiased denote the OLS residual, where B\debiased is defined in (2.4.14). The
k-th coordinate of X;; will be denoted by Xjjr. In other words, X;; = (Xjj1,..., Xijx) where K
denotes the number of coordinates. Let Q% denote the K x K matrix whose (k, £)-th entry is defined
by

oW _ (Aw Nw Aw Aw Nw Nw \NTrw/ ANw Aw Nw Nw AN w AN w
Qe = (ADws AV AZw ks ADyws ADzwse AWk) Vit (ADw.e AV ws AZw.e, ADyws ADzw.e Aive)
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where

N N. ~
(N1N2 Z 12 Zijﬂl’?) <N11N2 Zizll Zj:21 Xijkeijﬂ;w <ﬁz 12 1 DijZiz 13 )

Ay =
Dk D(w)?
2
<N1N2 Z =1 Z Zij]l%’) (N1N2 Z =1 Z DZ]XUkeZ]ﬂ )
D(w)? ’
Rw — v oy S Dy Zi1y
v D(w) |
N N ~
Aw N11N2 >t Zj:21 Di; X;jreil
ZW.k D(w)
N N ~
n <N1N2 Z Z 1 Dij ﬂw) <N11N2 Zi:ll Zj:zl Xijkeijﬂl’g') (NllNg Z 12 1 DijZis 13 )
D(w)?
N N. N N. ~
<N1N2 Z Z D ﬂw) (ﬁ Zz’:ll Zjil Zijl%) (ﬁ Zi:ll Zj:QI Dinijkeij]l%)
D(w)? ’
N w _ N1N2 Z =1 Z Zijﬂ%}’
DYW D(w) ’
N N
o (i T 5 Zo1) (s S % DiXin@isth) (s S0 3202 1)
DZWk — D(U))2
N N,
<N11N2 Z =1 Zj 1 XZ]kel] ’Lj) <N1N2 Z Zj 1 'DZ]ZZ] ]]'Z]) (NllNQ Z7,:11 Z]jl 1%)
D(w)?
N N. ~
B N11N2 >t ijl Xijreij L3
D(w) ’
N N N N N
A _ (NllNQ'Z =1 Z 2 1 Zij ﬂw) <N11N2 21:11 Zj:zl Dinijkeij]l%> <N1N2 Z =1 Z 2 1 Dij Zi 13 )
Wik — D(w)?
2
N
<N1N22 12 Xijreijl g) (NlNQZ Z 2 Dij Zij 13 )
D(w)? ’
and ‘A/klﬁ is a 6 x 6 matrix defined by
Ni Ny N1 Ny Ni Ny
D D I ICTETES 3 3) LTINS 3 BT
i=1 j=1 j'#j i=1 i/ j=1 i=1 j=1
N, Ny N Ny
+ Z Z Z Z EikDijr (1 =7 (Wign))Eifng + Z Z Z Z Bk Dy (1 =7 (Wir))Eif
=1 i'#£i j=1j'#] =1 i'#£i j=1j'#]

62



with the short-hand notation

LW 1 M No . quw

Dl/]/ li/j/ - N1No ZZEI ‘7;1 D’L] llj
Lo w1 1 2 o qw
XZ'J'kel'J']li’j’ N1 N> Ei:l > =1 Xijk€ij ]lij

Loqw 1 Ny 2 Cqw
Zl’J']li’j’ N1 N, Zizl Zj:l Zij ﬂij

=w i
—i'j'k o~ w 1 N1 N2 V..o Tw
Dy Xijweij Uity — N ZJ@:I 221 DijXijei; 13
L7, w1 1 2 7w
DZ’J’ZZ’J’]li/j/ NiNs Zizl =1 Dij Zij ﬂij
1w, — 1 ZNl 2 1w
o5’ N1 N2 1=1 £4j=1 ~ij

for each (7', 5'). R ~
With the above definition of 2%, the covariance matrix of Sqebiased i (2.4.14) can be estimated
by

~

ﬁdebiased

= Edebiased[XX/|R = 1]71 <Z waﬂ(w)Q) Edebiased[XX/|R = 1]717

w

where Edebiased[XX’|R = 1] is defined in (2.4.13).
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C Analytical computations for estimation with large datasets

This appendix presents the analytical simplifications of our estimates of the false match rate, the
corrected parameter of interest, and the standard errors, which are necessary in order to make the
computation of the estimators tractable. These simplifications are specific to the cases that we
study—computation of a population parameter based on a binary based on linkage (as in estima-
tion of the migration rate), estimation of a regression of a second-period outcome on first-period
regressors (as in intergenerational mobility), and estimation of a linear probability model of a binary
outcome based on linkage on first-period regressors (as in the migration selection example). We also
assume unique matching, so that each individual ¢ in the first census can match to at most one
individual j in the second census, and vice versa. Other cases that researchers might encounter can
be simplified similarly. Throughout this appendix, we omit subscripts unless they are essential for
clarity. The simplifications made in this appendix do not account for blocking of possible matches;
in such a case, summations across ¢ or j must simply be limited to observations within the same
block as the observation in question.

C.1 Migration with unconfounded matching

The simplest case of the simplification is for migration with unconfounded matching. This case
provides the potential for simplification because it is not necessary to actually compare each ob-
servation in census ¢ to each observation in census j to determine if that match would result in
an observed move; instead, it is possible to simply compute the number of potential matches for
each individual ¢ that would result in a move with knowledge of the total number of observations in
census 2 and the number of observations in census 2 that are in the same location as individual 4.

The first set of quantities can be simplified as follows. First, both F[Z|D = 1] and E[Y|D = 1]
are straightforward to compute from the linked sample. The next set of simplifications are useful
for the subsequent ones:

— N70)
Elz N1N2 ZZZ” N1N2
Si(Ny — NJ)
ElY N1N2 Z Z Yij = Ny Ny
E[D N1N2 Z Z N1N2
N
ElDZ] = N1N2 ZZDUZU B N1£]V2
N
E[DY] =

N1N2 ZZD”Y” NNy’

where Ny is the number of observations in the first census, Ny is the number of observations in the
second census, N, Z-ZO is the number of observations j in the second census with (; = (; for observation
i in the first census (that is, the number of observations in the second census that would not appear
as a discrepancy if linked with observation 1), NZ-Y 9 is the number of observations in the second
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census that are in the same location as observation ¢ in the first census, N, is the number of links,
NZZ1 is the number of links in which Z =1, and NZY1 is the number of links in which Y = 1. Notice
that these values can be computed either from the linked sample (E[D], E[DZ], and E[DY]) or
from the first census alone, without needing to “cross” it with the second census (F[Z] and E[Y]).
Define also NiZOY1 as the number of observations in the second census with the same value of Z
as individual 7 in the first census but in a different location, and define NiZOYO, NiZ 1Y0, and NZ-Z 11
analogously.

Now, we can simplify separately each set of summations in the definition of V. Note that we
use simplified notation to refer to the components of Z;;. In particular, define

)

IS

)

NI <

<.

%
DY ;;

-

We begin with 25\7211 Z;\Zl E;jEij. The idea of the simplification is to express analytically
E;-Vﬁl Ei;Ei; for each 7 so that the number of observations that must be considered in computing
the double summation is /Ny instead of N1 No. The matrix E’UEU has 25 elements, and we approach

each separately, noting that the matrix is symmetric, meaning that only 15 distinct components
must be computed. The simplifications are as follows.

—> [ N2E[D]? i unlinked
~ ) (1—E[D])24+(N2—1)E[D]? i linked.

N OE[DIE[Y]—(N2—N, ) E[D](1-E[Y]) i unlinked
>"Di;Yij={ (1—E[D)(1—E[Y])+N, ° E[D]E[Y]—(Ns—N7® —1)E[D](1—E[Y]) i linked mover
i

—(1—E[DDE[Y]+(N,° —1)E[D]E[Y]—(N2—N/O)E[D](1—E[Y]) i linked stayer
N70 B[D|E[Z]—(Ny—N70)E[D](1- E[Z]) i unlinked
>"Di;Zij={ (1—E[D])(1—E[2])+N/° E[D]E[Z]—(No—N7® —1)E[D](1—E[Z]) i linked discrepancy
i —(1—E[D) E[Z]+(N/0 —1)E[D]E[Z]—(No—N7®)E[D](1—E[Z]) i linked non-discrepancy

N2 E[D]|E[DY] i unlinked
ZD,;jYi,-—{ (1—E[D]))(1—E[DY])+(N2—1)E[D]E[DY] i linked mover
J —(1—-E[D])E[DY]+(N2—1)E[D]E[DY] 4 linked stayer
NoE[D|E[DZ] 4 unlinked
ZDMZ”:{ (1—E[D])(1—E[DZ])+(N2—1)E[D]E[DZ] i linked discrepancy
J —(1—-E[D])E[DZ]+(N2—1)E[D]E[DZ] 4 linked non-discrepancy

SV =N BY P+ (N2 N0 (- B[Y])

J
S VijZi;=N, 270 BY|E[2)-N° P  E[Y)(1-E[2]) - N1 70 (1-B[Y)) E[2]+ N, P (1 BE[Y))(1- E[2))
J

- - NYOE[DY]E[Y]—(Na—N O)E[DY](1-E[Y]) i unlinked or linked stayer

DYDY 5= 1 o Yo L

> (1-E[DY]))(1-E[Y])+N,; ° E[DY]E[Y]-(N2—N, O —1)E[DY](1-E[Y]) i linked mover
N OE[DZ]D[Y]—(N2—N®)E[DZ](1-E[Y]) i unlinked or linked non-discrepancy
(1-E[Y]))(1-E[DZ])+N, OE‘[Y]E[DZ]f(NngiyO —1)(1—E[Y])E[DZ] i linked mover discrepancy

NYi;DZi= —E[Y](l—E[DZ])+(N7.y0 —1)E[Y]E[DZ]—(N2—NXO)(I—E[Y])E[DZ] i linked stayer discrepancy

J 7(17E[Y])E[DZ]+N:/0E[Y]E[DZ]f(NngiYD71)(17E[Y])E[DZ] 4 linked mover non-discrepancy
E[Y]E[DZ]«%(NiYO 71)E[Y]E[DZ]7(N27N1.YO)(1*E[Y])E[DZ] i linked stayer non-discrepancy

373, =N0B[2)? +(N2 - N70) (1~ E[2))?
J
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NZ0E[DY]D[Z]—(Na—N/0)E[DY](1-E[2]) i unlinked or linked stayer
(1-E[Z]))(1—E[DY])+N; 0E[Z]E[DY]—(NQ—NiZU—1)(1—E[Z])E[DY] i linked mover discrepancy

Ziz‘iji]‘: 7E[Z](17E[DY])+(N.ZO 71)E[Z]E[DY]7(N27N1.ZO)(17E[Z])E[DY] 4 linked mover non-discrepancy

J —(1-E[Z]) E[DY]+N; OE[Z]E[DY]—(NQ—NiZO—1)(1—E[Z])E[DY] i linked stayer discrepancy
B[Z)E[DY]+(N7° 1) E[Z]E[DY]—(N2—N/9)(1— E[2]) E[DY] i linked stayer non-discrepancy
N7 B[Z]E[DZ]—(N2—N70)(1—E[2]) E[D Z] i unlinked or linked non-discrepancy

;Z” Z”:{ (1-E[DZ]))(1—-E[2)+ N0 B[DZ]E[Z]—(N2—N7° —1)E[DZ](1—E[DZ]) i linked discrepancy

——2 Ny E[DY)? i unlinked or linked stayer
2 DY5=1 (1 2 _ 2 4y
5 (1-—E[DY])“+(N1—1)E[DY] i linked mover
N2 E[DY]E[DZ) i unlinked or linked stayer non-discrepancy
27_ DZ. .= (1-—E[DY])(1—E[DZ])+(N2—1)E[DY|E[DZ] ¢t linked mover discrepancy
5 WTTH Y —E[DY](1-E[DZ])+(N2—1)E[DY|E[DZ] i linked stayer discrepancy
—(1—-E[DY)])E[DZ]+(N2—1)E[DY|E[DZ] i linked mover non-discrepancy
Zﬁg _ NQE[DZ]2 i unlinked or linked non-discrepancy
~ 7] (1—E[DZ])2(Na—1)E[DZ]? i linked discrepancy

Next, we consider vazll Z;Vﬁl > oy EQJEU/. The idea of the simplification is to express analyt-
ically Z;le > oy E;]Eij/ for each ¢ so that the number of observations that must be considered in

computing the double summation is IV instead of N1/No. The matrix E;]Eij/ has 25 elements, and
we approach each separately. The simplifications are as follows.

+. = _J Na(N2—1)E[D]? i unlinked

%%D”DU’*{ —~(1~B[D])(N>~1) B[D]~(Na ~1) B[D]{~ (N2 ~2) E[D]+(1~B[D]) i linked

~B[DINO{~(N,O ~1) B[Y]+(N2—N;0) (1~ E[Y])}
—E[D](N2—N}O){—NOB[Y]+(N2—N 0 —1)1—E[Y])} i unlinked

<1—E[D]>{Y—Nf°E[YYH(NQ—NXD—1><ly—E[Y]>}
5 v —E[D]N; °{— (N, —1)E[Y]+(N2—N,; O)(1-E[Y])}
zj:jng” Vi = —E[D](Na—N;0—1){=NOE[Y]+(N2— N0 —1)(1—E[Y])} i linked mover

(1—E[DD{~ (N0 —1)E[Y]+(N2—N, ) (1-E[Y])}
—B[DI(N}O —1){~ (N0 —1) B[Y]+(N2—N,0) (01— B[Y])}
—B[D](N2—N;0){=NO E[Y]+(N—N O —1)(1-E[Y])} i linked stayer

—E[DIN/O{~(NO—1)E[Z]+(N2—N/®)(1-E[Z])}
—E[D](N2—=N/0){=N70 B[Z]+(N2— N0 —1)(1—E[2])} i unlinked

(1-E[D){~N/O B[Z]+(N2— N0 —1)(1-E[2])}
S D7, = BN (N DE(ZI+(Na—NTO)(1-BL2)
ot g —E[D](Na=N70—1){-N70 B[Z]+(No—N70 —1)(1—E[Z])} i linked discrepancy

J
(1—E[DN{= (N0 1) E[Z]+(N2—N]0)(1- E[Z])}

—B[DJ(NJO 1) {- (N0 1) E[Z]+(N2=N0)(1- E[2])}
—B[D](N2—N/°){~N70 B[Z]+(No— N0 —1)(1— E[2])} i linked non-discrepancy

o N2(N2—1)E[D]E[DY] 4 unlinked
Z D;; DY, ;1=4 —(1—E[D])(N2—1)E[DY]-E[D](N2—1){—(N2—2)E[DY]+(1-E[DY])} i linked mover
J j'#j5 —(1—E[D])(N2—1)E[DY]+E[D](Ny—1)2 E[DY] % linked stayer
o N2(N2—1)E[D]E[DZ] i unlinked
Z Z Di;jDZ; ;1= —(1—E[D])(N2—1)E[DZ]—E[D](N2—1){—(N2—2)E[DZ]+(1—E[DZ])} i linked discrepancy
i'#i

J —(1—E[D])(N2—1)E[DZ]+E[D](N2—1)?E[D Z] 4 linked non-discrepancy
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N OB[Y](Na—1)E[D]—(Na—N, ©)(1—E[Y])(N2—1) E[D] i unlinked

o ~(1=E[Y)(Na=1)E[D]=N;© BY|{~(N2=2) E[D]+(1= E[D) }+(N2 = N; 0 1) (1-E[Y])}
222 YiDiy={ —(N2-2)E[D]+(1-E[D])}
J

i linked mover

E[Y](Na—1)E[D]— (N0 —1) E[Y]{— (N2 —2) E[D}+(1— E[D]) }+ (N2 —N; ©) (1— E[Y])}
—(N2=2)E[D]+(1-E[D])}

3 ViV =N O EY - (VO ) EY ]+ (N2 - N0 (1- E[Y])}

7 linked stayer

J §l#5
+(Na =N O (1-E[Y]){- N0 BIY]+(N2— N0 —1)(1-E[Y])}
S S ViiZ, =N BY{~ (N0 ~1)B[Z)+ (N2~ N70)(1-E[2])} - N, 0L B[Y]{~ N[0 B[Z)+ (N2~ N7O 1) (1~ E[2])}
7 §l#i
+N 120 BYD (- (N0~ E[Z]4+ (N2~ N0 (- E[ZD} N1 2L 1By {~N]0 B[Z]+(N2 - N[0 —1)(1-E[2])}
N0 B[Y](Ny—1)B[DY]—(Na—N,0 (1- E[Y])(N2—1) E[DY] i unlinked or linked stayer
;j,#jy” Vi T) (- BV (N2~ ) BIDY )~ N YO BIY|{~(N2~2) BDY]+ (1~ E[DY])}
+(N2—NiY0—1)(1—E[Y]){—(N2—2)E[DY]+(1—E[DY])} 4 linked mover
NP B[Y](No—1)B[DZ]—(N2—N,© (1—E[Y])(N2—1)E[DZ] i unlinked or linked non-discrepancy
- ~(1-B[Y[)(N2~1) E[DZ]- N, B[Y]{~ (N2 ~2)E[DZ]+(1~ E[DZ])}
S 3 YiDZ={ +(Na—N,9—1)(1—E[Y]){—(N2—2)E[DZ]+(1—E[DZ])} i linked mover discrepancy
i g'#i
E[Y[(N2—1)E[DZ]—(N1YO—l)E[Y]{—(N2—2)E[DZ]+(1—E[DZ])}
+(N27N1.Y0)(le[Y]){*(Ng*?)E[DZH»(l*E[DZ])} 4 linked stayer discrepancy
N7 B[Z](N2—1) B[D]—(Na—N70)(1—E[Z])(N2—1) E[D] i unlinked
o ~(1-E(2])(N2—1) E[D] - N;0 B[Z]{~ (N2 —2) E[D]+(1— E[D]) }4+-(N2 — N0 — 1) (1- E[Z])}
Z Z Zi.iDij’: —(N2—2)E[D]+(1-E[D])} 7 linked discrepancy
i 55

E[Z)(N2—1)E[D]—(N7° 1) B[Z]{~ (N2 —~2) E[D]+(1— E[D])}+(N2—N7°) (1~ E[Z])}
—(N3—2)E[D]+(1—B[D])}
S 7Y, =— NP0 B2~ (N0~ 1) B[Y]+(N2— N ©) (1= E[Y )}~ NP0 B[Z){~ N0 B[Y]+(N2— N —1) (1~ E[Y])}

7 linked non-discrepancy

3 3'#d
+N70 B2 (- (VO D) BY ]+ (N2 =N O) - BY D)} N (1 B[2) {~ N0 BIY]+ (N2~ N0 1) (1~ E[Y)])}

S S 747, =— NP0 BIZI{~ (NP0 —1) B[Z]+(N2—N]0)(1- B[2])}

J “ij
i3
+(N2 = N0 (1= B[Z){~ N[O E[Z]+(N2— N0 -1)(1-E[2])}
N70 E[2)(N2—1)E[DY]—(Ny—N70 (1-B[Z])(N2—1) E[DY] i unlinked or linked stayer
| ~0=BZDW2 ) EDY]- N0 B[Z]{~(N2~2) E[DY]+(1- E[DY])}
S 3" ZiDY;={ +(Na—N70—1)(1—E[Z]){—(N2—2)E[DY]+(1—E[DY])} i linked mover discrepancy
i3
E[Z[(N2—1)E[DY]—(N1~ZO—1)E[Z]{—(N2—2)E[DY]+(1—E[DY])}
+(N27N1.Z0)(17E[Z]){7(N272)E[DY]+(17E[DY])} % linked mover non-discrepancy
N7OB[Z)(Ny—1)E[DZ]—(N2—N7° (1-E[2])(Na—1) E[DZ] i unlinked or linked non-discrepancy
2 2 ZuPZia =) L1 B2y EDZ)- N7 BZ){ - (Na-2)ED 2]+ (- EIDZ))
S +(N2—N70 —1)(1—E[Z]){~(N2—2) E[DZ]+(1-E[DZ])} i linked discrepancy
Ny E[DY](N2—1)E[D] i unlinked
> DY ;D; ;1= —(1—-E[DY])(N2—1)E[D]—(N2—1) E[DY]{—(N2—2)E[D]+(1—-E[D])} i linked mover
T i E[DY](N2—1)E[D]—(N3—1)E[DY]{—(N2—2)E[D]+(1— E[D])} i linked stayer
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—NOEDYH-(N]O 1) E[Y]+(N2—N;0) (1= E[Y])}
—(Na—NO)YE[DY{-N, O B[Y]+(N)2—N 0 —1)(1—E[Y])} ¢ unlinked or linked stayer

; DYisVii =\ (- BDYD (- NYO B[]+ (Na—NYO _1)(1- E[Y])}
—NOB[DY{~ (N0 —1)B[Y]+(N2—N, ) (1-E[Y])}
—E[DY](N2—N?—1){=NO B[Y]+(Na—N,;0—1)(1—E[Y])} i linked mover
~NPOBDY{~ (N0 1) E[Z]+ (N2~ N70)(1-E[2))}

—(Na—N79)E[DY|{~N70 B[Z]+ (N>~ N7 —1)(1-E[2])} i unlinked or linked stayer

(1—B[DYD{-N/0 B[Z]+(N2— N7 —1)(1-E[2])}
— —NPOBDY{~ (N0 —1)B[Z]+(N)2—N70)(1-B[2))}
; > DY —(Na—N70 —1)B[DY{~N/0 B[Z]+(N2a—N70 —1)(1—E[2])} i linked mover discrepancy
(1—-E[DYD{~(NO -1 E[Z]+(N)2-N0)(1- E[2])}
—(N7O 1) E[DY){~ (N7 —1)E[Z]+(N)2-N]0)(1-E[2])}

—(N2=NPO)EIDY{-N7O E[Z]+(N2— NP0 —1)(1-E[2])} i linked mover non-discrepancy
= +v _J N2(N2—1)E[DY]? i unlinked or linked stayer
XJ: = _DY”DYU'_{ —(1—E[Dy])(N2—1)E[DY]—(N3—1)E[DY]{—(N2—2)E[DY]+(1—E[DY])} i linked mover
J'#i
N2 E[DY](N2—1)E[DZ] 4 unlinked or linked stayer non-discrepancy
Z Y. PZ. . — —(1—E[DY])(N2—1)E[DZ]+(N2—1)?E[DY|E[DZ] 4 linked mover non-discrepancy
T © © —(1—-E[DY])(N2—1)E[DZ]—(N2—1)E[DY]{—(N2—2)E[DZ]+(1—E[DZ])} i linked mover discrepancy
3 E[DY)(N2—1)E[DZ]—(No—1)E[DY|{—(N2—2)E[DZ]+(1—E[DZ)])} 4 linked stayer discrepancy
Ny E[DZ](Na—1)E[D] i unlinked
ST DZ;jD;;={ —(1-E[DZ])(N2—1)E[D]—(N2—1)E[DZ]{—(N2—2)E[D]+(1-E[D])} i linked discrepancy
3 g'#j E[DZ](N2—1)E[D]—(N2—1)E[DZ]{—(N2—2)E[D]+(1—E[D])} 4 linked non-discrepancy

~NOE[DZ]{~(N;° —1) E[Y]+(N2—N,;0)(1-E[Y])}
—(N3—NO)E[DZ){-NOE[Y]+(N2—N°—1)1—E[Y])} i unlinked or linked non-discrepancy

(1—E[DZD{—N,OE[Y]+(N2—N; 0 —1)(1—E[Y])}

" 57,7 -NOBDZI{~ (N0~ E[Y1+(V)2-N0)(1-E[Y])}

~ ' —(N3=N;O—1)B[DZ){—N} O BE[Y]+(N2— N0 —1)(1—E[Y])} i linked mover discrepancy

(1—B[DZ){~(N° —1)E[Y]+(N)2—N,0)(1-E[Y)])}
— (N0 1) B[DZ]{~(N 0 —1)B[Y]+(N)2—N,0)(1-E[Y])}

—(Na=N}O)E[DZ){-N}OE[Y]+(N2—N 0 —1)1—E[Y])} i linked stayer discrepancy

—NPOBDZ{~(N70 1) E[2)+(N2—N]0)(1-E[2])}
—(N3—N79)E[DZ{~N]? BE[Z]+(N)2—N79 —1)(1—E[2])} i unlinked or linked non-discrepancy

; PZZi51=\ (1 BD 2 (N7 Bl2)+ (N2~ NP0 1) (1- B[z}
3'#3 Z Z Z
~NOE[DZI{-(N]°~1)E[Z]+(N2—N[°)(1-E[2])}

—E[DZ](N2—NFO —1){—N7O E[Z]+(N2— N0 —1)(1—E[Z])} i linked discrepancy

N2 E[DZ|(N2—1)E[DY] i unlinked or linked stayer non-discrepancy
Z Z 5%, DYV, = —(1—E[DZ])(N3—1)E[DY|+(N2—1)2E[DZ]|E[DY] 4 linked stayer discrepancy
— © w —(1—E[DZ])(N2—1)E[DY]—(N2—1)E[DZ]{—(N2—2)E[DY]|+(1—E[DY])} i linked mover discrepancy
74 E[DZ](Ny—1)E[DY]—(No—1)E[DZ]{—(Na—2)E[DY]+(1—E[DY])} i linked mover non-discrepancy
Z 5%..DZ. vl:{ No(Ny—1)E[DZ]? 4 unlinked or linked non-discrepancy
e T —(1—E[DZ])(N2—1)E[DZ]—(N3—1)E[DZ]{~(N3—2)E[DZ]+(1—E[DZ])} i linked discrepancy

The other triple sum, ZzNzll Z;le Do 4 EngZ-/j is simplified analogously, but instead of deriving
Z;V:Ql >4 Sy analytically for each i, we derive Sh > iz Zi;Eirj analytically for each j,
meaning that the total sum can be computed in the second census. It is simply necessary to replace
N, with Ny, N with N}, and so on.

Finally, we consider > Z;Vil D irpi 2jrtg ZigDin(1 = 7). Since we can factor the (1 — 7)
from the quadruple summation, we ignore it in our simplifications here. The idea of the simplification
is to express analytically vazll Zi/# > ] E;jDi/ ;=4 for each j so that the number of observations
that must be considered in computing the double summation is Ny instead of N;No and it can be
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computed from the second census. The matrix EijE;j/ has 25 elements, and we approach each

separately. Let NB:O denote the value of Niy0 for the observation ¢ in census 1 to which individual j
is linked, and define other terms analogously. The simplifications are as follows.

Z Z Z ﬁijDi/jﬁi/j’:

{ 0 4 unlinked
il gl A

(N1 —1)(Ny—1)E[D]? j linked

0 unlinked
SN Y DiyDi V= —E[D](Nl—1){—N::‘3E[Y]+(N2—Ni};0—3(1—E[Y])} j linked mover
il il £ —E[D](N1-D{—=(N; 2 -1 E[Y]+(N2—N,;2)(1-E[Y])} j linked stayer

<.

0 unlinked
— — Z, Z PR .
Z ST DijD;1;Zr 1= 7E[D](N171){7N1§E[Z]+(N2—Ni*071Z)(1—E‘[Z])} j linked discrepancy
il il A —E[D](N1-1){—(N;.° -1) E[Z]+(N2—N,.°)(1-E[Z])} j linked non-discrepancy

<.

— _ 0 j unlinked
D;;D, . DY, .=
ZZ >_ DijDyr DY o {E[D](Nl—l)(Ng—l)E[DY] j linked
i il g ]

Z Z Z 51'J'Di’jﬁi/j’:

{ 0 7 unlinked
ioil Al A

E[D](N1—1)(Na—1)E[DZ] j linked

0 J unlinked
>3 > YijDyDyji= N;XO(szl)E[D]E[Y]—(leN]YO71)(1—E[Y])(N2—1)E[D] j linked mover
i il il 5 (N0 —1)(N2=1)E[D]E[Y]~ (N1 =N, 0)(1-E[Y])(N2—1)E[D] j linked stayer

0 j unlinked

~NOBY{ND BY]+(N2 - N2 —1)(1-E[Y])}

S S ViD= +(N1 =N~ 1) (1= E[YD{- NP B[Y]+(N2—= N2 ~1)(1-E[Y])} j linked mover
il Aig A
~ (N0 ) BIY{ND B[Y]+(N2 - N0 1)1~ E[Y])}
+H(N1=N]O)(A=E[Y{- NP E[Y]+(N2— N0 -1)(1-E[Y])} j linked stayer
0 7 unlinked
—NOEY|{NO E[Z]+(N2— N0 —1)(1-E[2])}
+(N1—N;’0—1)(1—E[Y]){—Nf*0 E[Z]+(N2—N7° ~1)(1-E[Z])}  j linked mover discrepancy
~(NJO—1)B[Y{N/O B[Z]+(N2~ N0 —1)(1-E(2])}
3 YiiDy Zor = +(N1 =N 0) (1= BY){~ N0 B[Z2)+(N2~ N0 —1)(1- B[2])} j linked stayer discrepancy
ioilFigl #j

~NOB[YI{(N20 ~1)B[Z]+(N2 - N20) (1~ E(2])}
+(N1=NO 1) (1= BY){~ (N0 ~1) B[Z]+ (N2~ N/0)(1-E[Z])} j linked mover non-discrepancy

(N D) BIY{(NO 1) B[Z]+(N2~ N/20) (1~ E[2])}

+(N1 =N (1= B[Y]){~ (N0 ~1) B[Z]+ (N2~ N/20) (1~ E[2])} j linked stayer non-discrepancy

0 7 unlinked

S S VD DY = —{—N]YO E[Y]+(N1—N;/0—1)(1—E[Y])}(N2—1)E[DY] 4 linked mover

R —{—(N;ZO—1)E[Y]+(N1—N;,0)(l—E[Y])}(NQ—l)E[DY] j linked stayer
0 J unlinked

S S ViDy;DZy = ~{~NIOB[Y]+(N1-N;O~1)(1-E[Y])}(N2—1)E[DZ]  j linked mover

i il i ] —{~(NO-D)E[Y]+(N1—N;9)(1-E[Y])}(N2~1)E[DZ] j linked stayer

0 7 unlinked
3 ZijDy1 ;D= N]-ZO(Ng—l)E[D]E[Z]—(Nl—N.ZO—1)(1—E[Z])(N2—1)E[D] j linked discrepancy

J
i il A (N70—1)(N2—1)E[D]E[Z]~ (N1~ N 0)(1~E[Z])(Na—1)E[D] j linked non-discrepancy
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0 J unlinked

~NJOE[Z]{N;P B[]+ (N2 - N2 1) 1-E[Y])}

F(N1=N70-1)(1-B[Z){~ NP E[Y]+(N2 =N} 0 ~1)(1-E[Y])}  j linked mover discrepancy
—(NZO 1) BIZ|{N0 B[Y]+(N2— N2 —1)(1-E[Y])}
S Y ZDy Y= F(N1 =N (1-E[Z){~ NP E[Y]+(N2— N0 —1)(1-E[Y])} 4 linked mover non-discrepancy
i il iyl ]
~NZOB[ZI{(N 0 —1)B[Y]+(N2—N0)(1-E[Y])}

F(N1=NZO 1)1 B[Z){~ (N2 ~1) E[Y]+(N2=N2)(1-E[Y])} j linked stayer discrepancy

—(NZO—1)BIZ]{(N]? —1) E[Y]+(N2— N 2)(1-E[¥])}
+(N1—NjZO)(1—E[Z]){—(N7ZP—1)E[Y]+(N2—Niy*0)(1—E[Y])} j linked stayer non-discrepancy

0 J unlinked

—NTOBZYN/D EIZ]+(N2a— N2 —1)(1-E[Z])}

i

— — Z, Z, Z, P .
3> ZijDy;Z={ +(N1-Nj O—1)(1-E[Z){-N.0 E[Z]+(N2—N;,0 =1)(1-E[Z])} j linked discrepancy
il A
Z, Z Z
—(N; O —1)E[Z{N.0 E[Z]+(N2— N0 —1)(1-E[Z])}
F(N1 =N (1-E[Z){~NZ0 B[Z]+ (N2 - N2° ~1)(1- E[2])} 4 linked non-discrepancy
0 J unlinked
— J— Z, Z P .
>S5S Zij Dy ;DY =4 —{=N; 0E[Z]+(N1—Nj 0_1)(1-E[Z])}(N2—1)E[DY]  j linked discrepancy
i il iG] —{~(NJO—1)B[2)+(N1 ~N7°)(1-E[Z])}(Na—1) E[DY] j linked non-discrepancy
0 j unlinked
S %Dy DZyy= —{—NjZD E[Z]+(N1—szo—1)(1—E[Z])}(N2—1)E[DZ]  linked discrepancy
i il A —{~(NJO—1)B[2)+(N1 ~N]°)(1-E[Z))}(Na—1) E[DZ] j linked non-discrepancy
—_ — 0 7 unlinked
DY ;D). D=
ZZ Z Rt i { (N1—1)(No—1)E[D]E[DY] j linked
il A #]
0 J unlinked
S S DYDY =4 —BIDY(N1=1){~NDE[Y]+(Na~ N0 ~1)(1-E[Y])}  j linked mover
i il A ~E[DY](N1~D{~(N? D) E[Y]+(N2—N)(1-E[Y])} j linked stayer
0 j unlinked
S S DYiDyZ =4 —EDYI(N1—D){-N0B[Z]+(Na~ N0 ~1)(1-E[2])}  j linked discrepancy
il Eig £ ~B[DY](N1 ~D{~ (N0 ~1)B[Z]+(N2—N/0)(1-E[Z])} ;j linked non-discrepancy
_ 0 7 unlinked
S5 S0V, 0,, 5%, , 0
T2 2 v v (N1—1)(N2—1)E[DY] j linked
— — 0 7 unlinked
DY;;D, . DZ, 1=
Z_Z__Z_ Kt At {(Nl—l)(Ng—l)E[DY]E[DZ] j linked
iodl#ig #j
— — 0 7 unlinked
DZ;;D,; . Dy =
ZZZ Rttt { (N1—1)(No—1)E[D]E[DZ] j linked
L S ]
0 J unlinked
SN S DZi;Dy V=3 —EDZ)(N1-D){~NDE[Y]+(Na~ N0 ~1)(1-E[Y])}  j linked mover
i il A ~E[DZ)(N1~1){~(N,;? ~1) E[Y]+(N2—N}2)(1-E[Y])} j linked stayer
0 J unlinked
SN S DZi;Dy 7y =4 ~EIDZ)(N1—1){-N0E[Z]+(Na~ N0 ~1)(1-E[2])}  j linked discrepancy
il Eig #) ~B[DZ)(N1~1){~ (N2 ~1)E[Z]+ (N2~ NZ°)(1-E[2])} j linked non-discrepancy
_ 0 7 unlinked
DZ;D. DY 1=
ZZ 2> DZijDyr DY 50 {(Nl—l)(Ng—l)E[DZ]E[DY] j linked
i il A
— — 0 7 unlinked
DZ;iD,) . DZ.1.1=
Z_Z__Z_ KA Rt {(lel)(Ngfl)E[DZ]z j linked
il Fig #]

The other quadruple sum, ZzNzll Zj\]jl > irzi 2z SijDigr (1 — )=y can be simplified anal-

70



ogously, but 1nstead of deriving Zl 12 it Z] I D, 1; X5 analytically for each j, we derive
Z] Dy it Z] 125 S5 Digr B for each ¢, meaning that the total sum can be computed in the first
census. It is s1mply necessary to replace N7 with Ny, N ; Y0 with N; 0, and so on.

C.2 Migration with confounded matching

The case of migration with confounded matching can be simplified in a manner similar to the
simplification for migration with unconfounded matching. We make these simplifications under the
assumption that W;; = W;; that is, that matching is confounded based on variables observed in
the first census. There are several added complications. First, each quantity must be defined for
each value of W rather than for the sample as a whole. Define the variable w; as an indicator
equal to one if observation ¢’s value of W; is equal to w. The quantities E[Z|D =1, W = w] and
E[Y|D =1,W = w] for each w are straightforward to compute from the linked sample. We can
also simplify

> Zj Zijw _ 2o wi(Ng — Nz‘ZO)
> Zj Yijw _ 2 wi(N2 — Nz‘YO)

Next, we define analogs to the values E[Z], E[Y], etc. from above to incorporate w;. In particular,

3 wi( Ny — N7°)
ElZ Zijw; = i
[w NlNQZZ Wi NN,
S wi(Ny — N
ElYw| = Y iw; = i i
Yol NlNQZZ i NNy

E[Dw] = N1N2 Z Z D;jw; = N1N2

wZy

Ny
E[DZw] = N1N2 ZZDijZijwi =N
— &

NwY1
E[DYw] = N1 i Z ZD”YUwZ - W

D Wi
E e (i
)= iy T T -
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where N are the number of links with W = w, NUI"#1 is the number of links with W = w and
Z;j =1, and N %Y1 is the number of links with W = w and Y;; = 1. Define also

ﬁwij
Wij
cw _ | _Zwi
~i " | DY w;;
DZw;;
wi

We begin with Zfﬁl Zj\gl E;’;"Efj’ The idea of the simplification, as above, is to express an-

alytically Z;\El EZIJE;”; for each 7 so that the number of observations that must be considered in
computing the double summation is N instead of NiNy. When w; =1 (i.e., W; = w), the sim-
plification is analogous to that for unconfounded matching. So, for instance, when w; = 1 we can
simplify

ZD72 | NyE[Dw)]? i unlinked and w; =1
; 771 1= E[Dw])? + (N — 1)E[Dw]? i linked and w; =1

In what follows, we present the simplifications when w; = 0 or when the new term w; is involved.

mej:{ N2E[Dw]?  w;=0
J

Dw;;Yw;;={ NyE[Dw]E[Yw] w;=0

J J

J
Zmuﬁ”:{ N2 E[Dw]E[Zw] w;=0
J

Dw;jDYw;;j=9 NoE[Dw]E[DYw] w;=0
- J J
J

> Dw;DZw;;j={ N2E[Dw]E[DZw] w;=0
j

Ny E[Dw]E|[w] w; =0
Zmi_jﬁi: — Ny E[Dw](1—E[w]) w;=1 and 7 unlinked
J (1—E[Dw]))(1—E[w])—(N2—1)E[Dw](1—E[w]) w;=1 and % linked

S Vwl={ N2E[Yw]® w;=0

j

> Vwi;Zwij={ N2E[Yw]E[Zw] w;=0

j

ZYwijDYw,;j:{ N2E[Yw]E[DYw] w;=0
j

ZYwi]-DZwij:{ Ny E[Yw|E[DZw] w;=0
j

—— | N2E[Yw]E[w] w; =0
%:Yw”w“{ —NOE[Yw](1- Elw])+(N2— Ny 0)(1— E[Yw])(1—E[w]) w;=1

Zzwfj:{ NoE[Zw]?  w;=0

j

ZZwijDYwij:{ N2 E[Zw]E[DYw] w;=0
J

> Zwi;DZwi;={ N2E[Zw]E[DZw] w;=0
j

Zﬁ"ﬁ‘: NoE[Zw]E[w] w;=0
=TT =N PO BZw] (1- Blw])+ (N2 = N0) (1- B[Zw]) (1-E[w])  w;=1
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Y DYwi;={ N2E[DYw]? w;=0
j

S DYw,;DZw,; :{ N2E[DYw]E[DZw] w;=0
7

N2 E[DY w]|E[w] w; =0
> DY w;;w;=4 —Nz(1—E[w])E[DY w] w;=1 and i unlinked or linked stayer
J (1—E[w])(1—E[DYw])—(N2—1)(1—E[w]) E[DYw] w;=1 and i linked mover

> DZwij={ N2E[DZw]* w;=0
i

Ny E[DZw]E[w) w; =0
ZDZwijEiz —N3(1—E[w])E[DZw] w;=1 and i unlinked or linked non-discrepancy
J (1—E[w])(1—E[DZw])—(N2—1)(1—E[w])E[DZw] w;=1 and ¢ linked discrepancy

_o [ NaE[w]? w;=0
;wi_{ Na(1—E[w])? w;=1

. Ni N - . e
Next, we consider ;™ 3702 37, E¥EL,.  As above, the idea of the simplification is to

=lw=

express analyticall Nz g =WEY, for each 4 so that the number of observations that must be
y Y 2ij=1 24545 =ij =ij

considered in computing the double summation is Ny instead of Ny No. When w; = 1 (i.e., W; = w),
the simplification is analogous to that for unconfounded matching. In what follows, we present the
simplifications when w; = 0 or when the new term w; is involved.

>3 DwiDw,yr={ Na(Na—1)E[Dw]?  w;=0

i 4
P Dwi;Yw,1={ Na(No—1)E[Dw]E[Yw] w;=0
J'#d
DD Twijﬁij,:{ N3(Na—1)E[Dw]E[Zw] w;=0
J §l#5
P Dwi;jDYw, 5 ={ Na(N2—1)E[Dw]E[DYw] w;=0
i
P DwijDZw,;;={ Na(Na—1)E[Dw]E[DZw] w;=0
3 '#d
o N3 (Na—1)E[Dw] E[w] w; =0
3> Dwiywi={ —Na(N2—1)(1—E[w])E[Dw] w;=1 and 4 unlinked
J j'#j (1—E[Dw])(1—E[w])(Na—1)— (N3 —1)?(1— E[w]) E[Dw] w;=1 and 4 linked

>3 YwijDw,yr={ Na(Na—D)E[Yw]E[Dw] w;=0

i '#d

Z > ﬁijﬁi].,:{ Na(Na—1)E[Yw]? w;=0

i g'#i

Z z#: Wijﬁij,:{ Na(No—1)E[Yw]|E[Zw] w;=0

7 §'#d

>3 Wijmij,:{ Ny(Na—1)E[Yw]E[DYw] w;=0

i '#d

P YwiDZw,;={ Na(Na—1)E[Yw]E[DZw] w;=0

i g'#i

;jgjﬁ”m:{ EVAZ;:]—V;:YIO)fJ[VYﬁf([?]—E[w])(1—E[Yw1)—NZ°(Nz—l)(l—E[w])E[Yw] zj

>3 %UDTU”,:{ N3(Na—1)E[Zw]E[Dw] w;=0
i '#

S ZwyVw,y={ Na(Na—1) E[Zw] E[Yw]  w;=0
i 3'#i
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>3 ﬁijﬁ”/:{ Ny (Na—1)E[Zw]?  w;=0

i i
ZZZw”DYw v ={ N2 (N2 1) B[Zw] E[DYw] w;=0
J gl #i
> 3 ﬁijDZwij/:{ N3(Na—1)E[Zw]E[DZw] w;=0
i 3
T N3 (N2 —1)E[Zw]E[w] w; =0
Ej:jgjzw” ‘ {(Nz—NfO><N2—1><1—E[w1>(1—E[Zw1>—Nf0<Nz—1>(1—E[w]>E[Zw] wi=1

> > DYwiDw,y={ Na(N2—1)E[DY w]E[Dw] w;=0

J§'#d
DS DYwMYwij,:{ N (No—1)E[DYw]E[Yw] w;=0
i §'#d
>3 DYwiZw,={ Na(Na—D)E[DYw]E[Zw] w;=0
J g5
>3 DYwi DY w,={ Na(Na—1) E[DYw]?  w;=0
J§'#d
S DYwMDZwM,:{ N3(N2—1)E[DYw]|E[DZw] w;=0
J§'#d
No(N3—1)E[DY w]E[w] w;=0
Z Z DY w;jw;={ —N2(N2—1)(1-E[w])E[DY w] w;=1 and ¢ unlinked or linked stayer
J §'#5 (1—E[DYw])(1—E[w])(N2—1)— (N2 —1)?2(1—E[w]) E[DYw] w;=1 and i linked mover

>3 DZwi;Dw,yr={ Na(Na—1)E[DZw]E[Dw] w;=0

i 5'#d
>3 DZwi;Vw,;={ Na(Na—1)E[DZw]E[Yw] w;=0
7 3'#
DD DZwUﬁU,:{ N3 (Na—1)E[DZw]E[Zw] w;=0
i 3'#

>3 DZwi;DYw, ;i ={ Na(Na—)E[DZw]E[DYw] w;=0

I
ZZDZw”DZw v ={ Na(N2—1)E[DZw]? w;=0
J§'#]
N3 (N2—1)E[DZw]|E[w] w; =0
Z Z DZ’LUijw,;—{ —N3(N2—1)(1—E[w])E[DZw] w;=1 and % unlinked or linked non-discrepancy
3 §'#5 (le[DZw])(l*E[w])(Ngfl)f(Ng71)2(17E[w])E[DZw] w;=1 and i linked discrepancy

N3 (No—1)E[w]E[Dw] w; =0
Z Eliw”/ — N3 (No—1)E[Dw](1—E[w]) w;=1 and ¢ unlinked
3 j'#j —(N2—1)E[Dw](1—E[w])+(N2—1)(1—E[w]){—(N2—2)E[Dw]+(1—E[Dw)} w;=1 and % linked
Na(N2—1)E[w]E[Y w] w; =0
;J-/#jmyw”’ (1 E[w]){(Nz— YO =N OB w4 (N =N} O —1) (1= E[Y w])]
—l)E[Yw] (Ny—N+iY0)(1—E[Yw])]} wi=1
NQ(NQ*].)E w]E[Zw] w; =0

22 WA= (1 B[ul){(Nz=N;0)[=N{® B[Zu]+(N2= N[0 —1) (1= E[Zu])]

+NZ0[—(NZ0 1) B[Zw]+ (N2 — N+i%0)(1—- E[Zw))]} wi=1

N3 (N3 —1)E[w]E[Dw] w; =0
Z w; DY w; ;1= —N2(Nz2—1)E[DYw](1-E[w]) w;=1 and 4 unlinked or linked stayer
J j'#j —(N2—1)E[DYw](1—E[w])+(N2—1)(1—E[w]){—(N2—2)E[DY w]+(1—E[DYw)} w;=1 and ¢ linked mover

N3 (N3 —1)E[w]E[Dw] w; =0

—N2(N2—1)E[DZw](1—E[w]) w;=1 and ¢ unlinked or linked non-discrepancy

Z. W; DZw, ;1=
’ ~(N2=1)E[DZw](1-B[u])
+(N2—1)(1—E[w]){—(N2—2)E[DZw]+(1-—E[DZw)} w;=1 and i linked discrepancy
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_ __f Na(N2—1)E[w]? w; =0
;.2““’1’*{ Nz(N2=1)(1-B[w))®  w;=1
J J

Unlike in the unconfounded case, the other triple sum, Zfﬁl Zjvjl Zi,# EZE% ; cannot be sim-

plified analogously. This is because the data available in each census are no longer symmetric, since
w; is observed only in the first census. Thus, we simplify it separately here. Analogous to the prior

cases, the idea is to derive Zf\f:ll o 4 E;jEi/j analytically for each j, meaning that the total sum
can be computed in the second census. Define N{* as the number of observations in census 1 with
Wi = w, w; as the value of w; for the observation 7 in census 1 to which an observation j in census
2 is linked, NV JY 0%l as the number of observations in census 1 with the same location as observation

jand W =w, and N, jZOU“, etc. analogously. Define also Yj«; as the value of Y;; for observation j in
census 2 and the observation i* to which it is linked in census 1, and define Z;+; analogously. The
simplifications are as follows.

— —  _[ Ni(Ni—1)E[Dw]? j unlinked
Zi:’.gti”Dwi/J—{ —(N1—1) E[Dw](w;* — E[Dw])— (N1 —1) E[Dw]{w;+ —(N1—1) E[Dw]} j linked

~B[Dw]{N1[N{ =N 0%l —(N1 1) B[y w]] - (N{" =N} 0*1)} 4 unlinked

Dw;:Yw.,.=
ZZ# YT (wie — B[Dw])) {N N0 (N1 —1) B[Y w]—w;« Yy ; }
k2 T

—B[Dw]{(N1—1)[N¥ =N 0¥ —(N; 1) B[Y w]]— (N{ = N;O“1 —w;x ;s )} j linked
—B[Dw]{N1[N{* = N0l —(N; —1) E[Zw]] - (N} ~N70*1)} 4 unlinked

Dw;; Zw,s ;= A
Zlgl A (wix —B[Dw]){N{* =N O (N1 —1) B[Zw]—w;= Z;* ;}

~B[Dw]{(N1—1)[N¥* = N0l _(N) ~1) B[Zw]] = (N{* = N7O%T —w,« Z;+ )} j linked
— —=—— | Ni(N1—-1)E[Dw]E[DY w] j unlinked
Zi:igti”Dywi’i*{ —(N1-1)B[DY w](w;s — E[Dw]) — (N1 —1) E[Dw]{w;= Y;+ ; — (N1 —1)E[DYw]} j linked
= =5— _ ) Ni(N1—1)E[Dw]E[DZw] J unlinked
;igiD’””DZ“’“F{ —(N1—1)B[D Zw](w; — E[Dw]) = (N1 —1) E[Dw]{w;x Z;x ; — (N1 —1) E[DZw]} j linked
—N1 E[Dw](N{'—(N1—1)E[w])+N{’ E[Dw] j unlinked

ZZ,Z;D““ i = (wy — E[Dw]) (NF — (N1 — 1) Ew] —w;s ) — (N1 —1) E[Dw] (N — (N1 1) E[w])

+(N{’ —w;* ) E[Dw] j linked
7(N}“7Nf0“’1)(N171)E[Dw]+N1E[Yw](N171)E[Dw] j unlinked
Yw;; Dw;, .=
;Lél R *(wi*Yi*j*E[Y“’](Nl*UE[D“JH(NI”*N]YU"“*wi*Yi*j)[wi*7(N171)E[Dw]]
—(N1—1)[w;x —(N1—1)E[Dw]| E[Y w] j linked
> T Y Y Y
Do YwiYwy =Ny =NO)(N{ =N O (N1 —1) B[y w]) - (N}’ =N 0%1)
il #i
~ N1 E[Yw](N}* =N O"1 (N~ 1) B[Y w]+ (N}’ =N O 1) B[V ]
S S Vwi Zwy j=(NY =N OV (NP - NZOY1 —(Ny —1) B[Zw]) - N 171%1
ioql i
—N1 B[y w](N}’ = NP1 — (N1 —1) B[ Zw]) +(N}* = NZO¥ 1) B[y w]
—(N{”—N;/Owl)(Nl—1)E[DYw]+N1E[Yw](N1—1)E[DYw] j unlinked
Yw;; DYw,s .=
Z»':fgi I i —(wi*Y,i*j—E[Yw])(Nl—1)E[DYw]+(N{”—N]YOw1—wi*Yi*j)[wi*Yi*j—(Nl—l)E[DYw]]
—N1—1)[wx Y% j—(N1—1) E[DY w]| E[Y w] 4 linked
7(N1“—N;/0w1)(lel)E[DZw]Jer E[Yw](N1—1)E[DZw) j unlinked
Yw;i DZw,, .=
zz:u%:l “ i 7(wi*Yi*j7E[Yw])(N171)E[DZw]+(N{“7N;/0w1 —wix Yin ;) [wix Yix ;— (N1~ 1) E[DZw]]
—N1—1)[wix Yy ;—(N1—1) E[D Zw]| E[Y w] J linked

33 Vwiw =(N{ = N0V (N} — (N1 —1) E[w]) — (N}* =N 0“1) = Ny E[Y w] (N}’ — (N1~ 1) E[w]) + N} E[Y w]
ioql i
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— (NP 71\7].2‘J “1)(N1—1)E[Dw]+N1 E[Zw](N1—1) E[Dw)] j unlinked

>3 Zwi;Duwy =

i gl #£4

—(w;x Zx j— E[Zw](N1—1) E[Dw]+ (N} NZU“’I —w;x Zix ;) [wix —(N1—1) E[Dw]]
—(N1—1)[w;+ —(N1—1)E[Dw]]|E[Zw] j linked

Zng”Yw/ =(N}P = NP1 (N} = NJO¥T (N —1) B[Yw]) - N 1 Y11

— N1 E[Zw](N{" =N O¥1 — (N1 —1) E[Y w])+(N{’ =N} 0“1 B[ Zw)]

ZZZw”Zw/ =(N} = NZOW1) (N} - NPOW1 —(Ny —1) B[Zuw])— (N}’ ~ NTO¥1)

e
— N1 B[Zw](N{’ = NZO%T (N, 1) B[Zw]+ (N}’ =N Z0“1) B[Zw)]
—(N;“—N],Zowl)(N1—1)E[DYw]+N1E[Zw](N1—1)E[Dyw] j unlinked
Z ZEUDY“’UJ: w Zow1
T —(wx Zix j = B[Zw])(N1—1) E[DY w]+(N{’ — N —wix Zix ;) [wix Zix j—(N1—1) E[DY w]]
—Ni—1)[w;x Z; ;—(N1—1) E[DY w]| E[ Zw] j linked
7(N{“7Nj20w1)(lel)E‘[DZw]Jer E[Zw](N1—1)E[DZw)] j unlinked
Zw;iDZw, ;= 7
21:1,2#:1 “ I —(wix Zye j— BIZw]) (N1 —1) EIDZw]+ (NP = NSOV —w i Ziw ) [win Zyw j—(N1—1) E[D Zw]]

—N1—=1)[w;x Zj» ;—(N1—1)E[DZw]] E[Zw] j linked

33 Zwijwy =(NY N0V (N — (N1 —1) E[w])— (N}* =N /0"1) =Ny B[Zw] (N}’ — (N1 —1) E[w])+ N}’ E[Zw]
i gl #q

[ N1(N1—1)E[Dw]E[DY w] j unlinked
Zi:igiDyw“ Dy { — (N1 -1)B[Dw](w;« Yi» j— B[DYw])— (N1 —1) E[DY w]{w;+ —(N1 —1)E[Dw]} j linked
~EB[DYw]{N1[N{* = N;O¥1 —(N; 1) B[Yw]]—(N{ = N;0“1)} 4 unlinked
S Y DYwi;Yw, T\ (wix Yisj—BIDYw)){N{ —NO¥1 (N1 —1)B[Y w]—w;= Yi+ ; }

i il i
7E[DYw]{(N171)[N}”7N].0“]1 (N1 —1)E[Yw]]— (N — NYU“’1 —w;xY;«;)}  j linked

~EB[DYw]{N;[N}* ~N70*1

—(N1=1)E[Zw]]— (N —NF0¥1)} § unlinked
DYw;jZw, ;=
22> DYwijZw, (w;x Yix j— BE[DY w]) {N{* =NZO¥1 _(N| —1) B[ Zw] —w;« Z; ; }

T il —B[DYw]{(N1~1)[N{ ~N70"1 —(N; —1) B[Zw]]—(N}* — N 0"

—w;xZ;x;)} j linked

——— =—— _ | Ni(N1—-1)E[DYw]E[DYw] j unlinked
D DY’UJijDYﬂ)‘,/j*{ —(N1=1)E[DYw](w;« Y;x; — B[DY w])— (N1 —1) E[DY w]{w;« Y;x ; —(N1 —1) E[DYw]} j linked

T
;igimijmi’ 2{ Jj(ll(\ljjl—_l)l)EE[L[)DZi;]U(]ui[*DYfZ]—E[DYw])—(Nl—1)E[DY1u]{wi* Zpe j—(N1—1)E[DZw]} j Eﬁ:ﬁed
— N1 E[DY w](N¥ —(Ny —1)E[w])+ N¥ E[DY ] j unlinked

ng@: (W= Yie ;= E[DYw) (N} = (N =D E[w]—w;») = (N1 =D E[DYw](N} = (N1 =D E[w])

+(NY —w,«)E[DY w) j linked
;igim“m” i { Jj(ll(\ljjl—_l)l)EEfg?uﬁ]uEz[*DZZiU]v—E[DZw]) (N1—1)E[DZw]{w;x —(N; —1) E[Dw]} j ﬁzllj:i(ed

~B[DZw]{N1[N{’ =N 01 —(N; —1) B[y w]] - (N}* =N 0*1)} 4§ unlinked

;lngzw”Yw 3T\ (wix Zye j— EIDZw]) NP =N (N1 —1) B[Y w]—w;« Y ;}

—E[DZw]{(Nl—l)[Nl NjOwl—(Nl—l)E[Yw]]—(N{”—NJYOwl—wi*Yi*j)} j linked

~E[DZuw]{N1[N{’ - N70%1

~(N1=1)E[Zw]]- (N ~N70*1)} 4 unlinked
DZw;; Zw, .=
2> DZwijZwy, (wix Zyw j— E[DZw]){NF =N7O"1 _(N; —1) B[ Zw]—w« Z;=; }

i gl 4
—B[DZw]{(N1—-1)[N{* =N 0! — (N1 —1) E[Zw]] - (N{"— NZle

—w;x Z;x;)} j linked

N1 (N1—-1)E[DZw]|E[DY w] j unlinked
2.2 DZwyDYw, ’J'_{ —(N1=1)B[DY w](w;x Z;x j — B[DZw]) — (N1 —1) E[D Zw]{w;x Y;x ; — (N1 —1) E[DYw]} j linked

i gl £ i*j
Z Zﬁ DZw N1 (N1—1)E[DZw]|E[DZw) j unlinked
[ w,, .=
~ i, i i7 ~(N1=1)E[DZw](w;x Z;x j— E[DZw])— (N1 1) E[DZw){w;x Z;x j—(N1—1) E[DZw]} j linked
il #i
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— N1 E[DZw](N{ —(N1 —1) E[w])+ N E[DZw]

szijmi/:

T (wix Zix

+(N{’ —w;)E[DZw)]

{—(N“’ N1 E[w]) (N1 —1) E[Dw)
—(w;+ —FE

Next, we consider SN Z] 1Dt D 343 = =i

simplification is to express analytically Zrl > £i Z zj 2

ZZ#:F [w]) (N1 =1) E[Dw]+(N}’ —w;x — (N1 —1) E[w]) [w;» —(N1—1) E[Dw]]
33wV =NV Ny O (N1 =1 B[y w]) = (N =N 01— Ny Bluw] (N} — N0 -
il £i
ZZE =N} (N} = NZO% (N1 =1) E[Zw])— (N}* =N Z0“1) = Ny B[w] (N}’ — N7O¥1
il i
2

Dij(1 = wt(w))Ef
7(w)) from the quadruple summation, we 1gnore it in our simpliﬁcations here.

J unlinked

j —E[DZw])(N{’ —(N1—1)E[w]—w;x)— (N1 —1) E[D Zw](N{’ — (N1 —1) E[w])

j linked

7 unlinked
J linked

(N1 =1 E[Yw])+(N{ =N 0“1) B[]

—(N1—1)E[Zw])+(N{ =N 70"“1) E[w]

W, DY w., .= —(N{’—=N1E[w])(N1—1)E[DY w] j unlinked
i ‘ Y| —(wix —E[w])(N1—1) E[DY w]+ (N7’ —w; —(N1—1) E[w]) [w;= Yyx ; — (N1 —1) E[DYw]]  j linked
— 7 ) ~(N{"=N1E[w])(N1—1)E[DZw] j unlinked
zi:i,¢iw7'Dzw"'j_{ —(wix —Blw]) (N1 —1) E[DZw]+(N{’ —w;x —(N1 =1 E[w])[w;x Z;» ; — (N1 —1) E[DZw]] j linked
S wiw, =Ny (N —(N—1-1) E[w]) =N}’ = N1 E[w](N}* —(N1 —1) E[w])+ N}’ E[w]
@il F#d

. Since we can factor the (1 —

The idea of the

DZ =5 I , for each j so that the number

of observations that must be considered in computing the double summation is No instead of N1 Na
and it can be computed from the second census. The simplifications are as follows.

7 unlinked
j linked

B - 0
> E:DwijDi/jD'wi/]-/:{ _ B )
i il 2ig! A (N1—1)(Nz—1)E[Dw]

0

(N1—1)E[Dw](Ny—1) E[Y w]
—E[Dw](N1 ~1){~N} BlY w]+(N2— N0 ~1)(1- B[Y w])}
—E[Dw](N1 ~1){— (N0 —1) B[Y w]+(N2—N,0) (1- B[y w])}

S5 S DuwyDy Yy =

il i A

0

(N1 —1)E[Dw](Na—1) E[Zw]

— B[Dw](N1 —1){ =N/ B[Zw]+(N2— N0 —1)(1- B[Zw])}
— B[Dw](N1 —1){—(N/20 —1) B[Zw]+(N2—N/20)(1- B[Zw])}

Z Z Z mijDi/j%i/j/:

R

J— [ 0 7 unlinked
Dw;; D,/ , DY w,/ /=
ZZZ Wig Ll g EY Wi gl {E[Dw](Nl—l)(Ng—l)E[DYw]  linked
ioilEigl #j
- 0 J unlinked
Dw;;D, , DZw, 1=
ZZZ WijHat g Wi {E[Dw](lel)(Ngfl)E[DZw]  linked
iil#ig #j
7 unlinked

j linked and w;* =0
j linked and w;* =1

0
S ZDwijDi/]-wi/—{ (N1—1)(N2—1) E[Dw]E[w)]
il Eigl —(N1—=1)(N2—1)E[Dw](1-E[w])

unlinked
linked and w;x =0

linked mover and w;* =1

[

linked stayer and w;x =1

unlinked
linked and w;* =0

linked discrepancy and w;x =1

[CT R S

linked non-discrepancy and w;x =1

0 7 unlinked
Z/Z /Z YwijDiry Dwis o= —(N{ = N1 —Yiu jwn ) (1= E[Yw]) (N2 —1) E[Duw]
il A
+(N1 =Ny +NY0‘“1 —(1=Y;x jw;«))E[Y w](N2a—1) E[Dw] j linked
0 7 unlinked
Yowy

—(N{ = N1 (1~ B[Y w]) (N2 —1) E[Y w]+(N1 - N{"+ N

[(N{?—NTO™1_1)(1— BlY ul)-

x{=N; 2 E[Y w]4+(N2—N,

B[Yw](N1 —N{+N;0%1)]
o _1a-EBlyw)}

ZZ ZﬁijDi/jﬁi/j/:
R
[(N{? =N 0"y (1— E[Yw])— B[Y w] (N1~ N{ + N 01
) {—(N}0 1) B[y w]+(N2—N0) (1- B[y w])}

)

7

—1)E[YW]?(Ny—1)

j linked and w;* =0

j linked mover and w;x =1

j linked stayer and w;==1



(NP =NYOU Y i ) (1 B[Y w))

Touny,
Y0V (1Y jwin ) BIY w]] (N2 —1) B[ Zw]

—(N1 =N +N;
(V=N 0™ e ) (1= B )
—(N1 =N 4N O — (1= Y jw; ) BY ]
x {=N70 B[Zw]+(N2— N0 —1)(1- E[Zw])}

S S Vi Dy g =

R

(V=N Y01y, wp ) (1= B[Y )
Y(
(NI~ NP 4N (1Y jwie) E[Y w]]

x {—(N70 —1) E[Zw]+(N2 = N/20) (1- E[Zw])}

0

Z Z Z WijDi’jDYwi’j’:

Y Y
—[(N{* =N 0L ¥ jwyx )A=E[Yw]) = (N1 —N{"+N; 01

boilEigl
X (N2—1)E[DY w]
0
D3 > Ywiy Dy DZwy = Yowy Yowi
i i’j i’j —[(N{"=N; —Yix jwix ) (A-E[Yw])— (N1 —Ny"+N;

X (N2 —1)E[D Zw]
0
D20 > YwiDywy=

i il #igl #j
e X (N2 —1)(w;+ — Blw])

222 2 Zwi Dy Dwy = —(N{=NZ0¥1 _Z, sw,x ) (1= B[Zw]) (N2 —1) E[Duw]
il Eijl J

(N1 = NP+ NZ0Y1 (1= Z,0 jw;x ) B[ Zw] (Na —1) E[ Duw)]

0

—[(N{=NZO¥1 Z,s swye ) (1- B[ Zw)])
—(N1= NP+ NZOY (1= Z jw;w ) B[ Zw]} (N2 —1) E[Y w]
(N} =NZO™1 Z,u ;) (1- B[ Zw))
—(Ny = NP N0V (1= Zu jw i ) B[ Zw]]
) (=N 2 By wl+(Na— N2 1) (1-E[Yw])}

i

Z Z Z %ijDi/jWi/j/:

R

(N2 = NTOY1 Ziu s ) (1~ B[ Zw])
—(Ny =N+ N7OYY (1= Z,u jwix ) B[ Zw])
}{—(N}O —1) E[Y wl+(N2—N}0) (1 - E[Y w])}

0

—(N{ = NZ0¥1) (1= E[Zw])(N2 ~1) E[Zw]+(N1 — N{’ + N’
(N =N70"1_1)(1—E[Zw])— E[Zw] (N1 — N+ N7 0"1)]
x {=N70 B[Zw]+(N2— N0 —1)(1- E[Zw])}

ZZ Z%ijDi’jﬁi/j/:
iil#ig A

[(N{? =N70%1)(1- B[Zw])~ B[Zw] (N1~ N{ +N 701 -
x {—(N70 —1) B[Zw]+(N2 —N/20) (1— B[ Zw])}

Zowi

D]

0

S>3 > Zwi;Dy;DYwy =

Zowy

(NP =NPO¥1 _Z )(1—E[Zw])— (N1 —N{+N;

ioil i A J
X (Na—1)E[DY w]
0
Zw;iD.y.DZw,s .= P
Zz;é Z?é POTHITEIIT SN N SO 2 ) (1= BlZw]) — (N - NP NSO
k2 1] J
X (Na—1)E[DZw)]
0
220 2 Zwig DW=y v NP0V g (1 BlZw])— (N - N4 NFOPL (1
i il £ig! £ 1 j 3% Wik w 1 1 j

X (N2 —1)(w;x — E[w])
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Zowl

J unlinked

7 linked and w;* =0

j linked discrepancy and w;x =1

j linked non-discrepancy and w;* =1

Y Y(
—[(N{* =N O™l ¥ jawx )(A=E[Yw])—(N1—N{'+N; 01— (1=Yjx jw;= ) E[Y w]]

J unlinked
—(1=Y;x jw;x ) E[Y w]]
J linked
7 unlinked
—(1=Y;x jw;» ) E[Y w]]
J linked
J unlinked
7 linked

J unlinked

j linked

7 unlinked

j linked and w;x =0

j linked mover and w;x =1

j linked stayer and w;x =1

J unlinked

—1)E[ZW]?(N2—1) j linked and w;+ =0

j linked discrepancy and w;* =1

j linked non-discrepancy and w;* =1

7 unlinked

(I=Zx jw;x ) E[Zw]]
7 linked

7 unlinked
(1=Z;x jw;x ) E[Zw]]
7 linked
7 unlinked

Zix jw;x)) E[Zw]]
7 linked



2_2 > DYwi;Dy;

iodl il #g

2.2 > DYwi;Dy,

il Aijl )

D22 D> DYw;Dy;

-Zwi/j/:

R

D> > DYwyDy;

iil#igl A

2.3 > DYwi; Dy,

ERBZ

2222 > DYwi;Dy;

W=

il A

D22 > DZwiyDyy

R

Z Z Z DZwijDi/J

il A

2.2 > DZwiDy;

'Zwi’j’:

R

X Y BZu, by,

R

2.2 > DZwiDy;

R

222 > DZwiDy;

W=

iG]

DI mipi,jmi,j,:{ 0

—(N2=1) E[Dw{(N{’ —w;* ) (1= E[w]) = (N1 = N{" —(1—w;x)) E[w]}

il ijl £

Z Z Z EiDi/jmi/j/

R

Z Z Z EiDi’j%i’j’

R

YT @Di,jTYwi,j,:{ 0

il £ij! A

SN ZEiDi/jDZwi/j/:{ 0

—(Na—1)E[DZw]{(N{’ —w;= ) (1 - E[w]) = (N1 =N’ —(1—w;x)) E[w]}

il i A

22> EiDi’jEi’:{ 7

i il i )

. 7{ 0 7 unlinked
i3’ ) (N1 —1)(Ny—1)E[Dw]E[DYw] j linked
0 J
Vo e (lel)(Ngfl)E[DYw‘]YE[Yw] . j
T —BDYw](N1—1){-N, QL E[Yw]+(N2— N, 0 -1)(1-E[Yw])}
—E[DYw](N1—1){—(N,2 —1) B[Y w]+(N2 =N, 2)(1-E[Yw))} j

0 J
(N1—1)(Na—1)E[DY w| E[Zw] j
—B[DY w](N1~1){~ N0 B[Zw]+ (N2~ N0 —1)(1-E[Zw])}  j
—B[DY w](N1~1){~ (N2 ~1)E[Zw]+ (N2 —~N/0)(1-E[Zw])} j

Ve _J o 7 unlinked
i V3’7 (N1—1)(Na—1)E[DYw]? j linked
57 0 J unlinked
DZw,, ., =
3’7\ (N1=1)(No—1)E[DYw]E[DZw] 7 linked
0 7 unlinked

(N1—1)(N2—1)E[DY w] B[w]
—(N1-1)(N2—1) E[DY w](1- B[w))

j linked and w;x =0
j linked and w;* =1

oTT _Jo 7 unlinked
i P Wi T (N1 —1)(N2—1)E[Dw]E[DZw] j linked
0 J
. (N1 —1)(N2—1) E[D Zw] E[Y w] J
Yw, = —E[DZw](N1~1){~N,? B[y w]+(Na =N 0 —1)(1-E[Yw))}  j
—E[DZw](N1~1){~(N,;? 1) B[Y w]+(N2— N} Q) 1-E[Yw])} j

0 J
(N1=1)(No—1) E[DZw] B[ Zw] j
—E[DZw](Ny~1){~ N0 B[Zw]+(N2—N/ 0 ~1)(1-E[Zw]))} ]
—E[DZw](N1~1){~ (N0 —1)E[Zw]+(N2—N0)(1-E[Zw))} j

ve _Jo 7 unlinked
i 3’7\ (N1 =1)(Na—1)E[DZw]E[DYw] j linked
—_— 0 j unlinked
. DZw., .1 =
wirj { (N1—1)(Nas—1)E[DZw])? j linked
0 7 unlinked

(N1—1)(N2—1)E[DZw]E[w] j linked and w;* =0
—(N1—1)(N2—1)E[DZw](1-E[w]) j linked and w;+=1

0

{(~ (N0 —(1-Yi ) E[Y wl+ (N2 = N2~ ) (1- E[Y w])}

X{(N{" —w;») (1= E[w]) = (N1 =N} = (1—w;« ) E[w]}
0

{(~(NJ0 —(1-Z4. ) BIZw]+(N2 = N[0 — Z,x ;) (1 - B[ Zw])}
X LN —w;e ) (1= Blw]) = (N1~ NP’ —(1—w;+ ) Elw]}
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—(N2=1D)E[Yw]{(N{’ —w;=)(1-E[w]) = (N1 = N{’ —(1—w;)) E[w]}

—(N2=1D) E[Zw{(N}’ —w;» ) (1= E[w]) = (N1 =N’ —(1—w;=)) E[w] }

~(N2=1)B[DY w]{(N}* —w;) (1~ E[w]) — (N1~ N}’ —(1=w; ) E[w]}

unlinked

linked and w;x =0
linked mover and w;x =1
linked stayer and w;x =1

j unlinked
j linked and w;* =0

linked discrepancy and w;* =1

j linked non-discrepancy and w;x =1

j unlinked

linked and w;x =0

j linked mover and w;x =1

j linked stayer and w;x =1

j unlinked
j linked and w;* =0

linked discrepancy and w;x =1

j linked non-discrepancy and w;x =1

J unlinked
J linked

7 unlinked

j linked, w;x =0

j linked, w;x =1

7 unlinked

j linked, w;+ =0

j linked, w;x =1

7 unlinked
j linked

7 unlinked
7 linked

J unlinked

(N2 =1)(w;x —E[w)) {(N7’ —w;»)(1—E[w]) = (N1 = N{’ —(1—w;»)) E[w]} j linked



Finally, we consider )_;

N1 N: =
~1 Zj:zl Zi/;éi Zj’;éj :?}pDij’(l
(1 — 71(w)) from the quadruple summation, we ignore it in our simplifications here. The idea of the
simplification is to express analytically Zl = > it > e = i Dij Ei, for each i so that the number
of observations that must be considered in computing the double summation is N7 instead of N1V

Since we

and it can be computed from the first census. The simplifications are as follows.

2.3 > Duwib

J il i #5

2.3 > Dwib

J il i #j

222 > DuwyD

7 il #is A

2.3 > Duwib;

J il i #5

222 > DuyDy

J il #ig #j

D22 > DuwyDyywy=

J il #ij #5

i unlinked

D =
g W= i linked

0
i { (N1—1)(N2—1) E[Dw]?

0
Yw =
3= {—(Nz—n{Nl N (N = D E[Y w]—w;Y;

0
g1 2wt ’*{ —(Na—1){N} —NZOwl —(N1—1)E[Zw]—w; Z,;+ } E[Dw]

BYVw 0 7 unlinked
W=
i’ i'3'7 E[Dw](N1—1)(Na—1)E[DYw] i linked

—_— 0 4 unlinked
S DZw, .=

et { E[Dw](Ny—1)(N3—1)E[DZw] i linked

0 7 unlinked
—(Ng—1)E[Dw]{N{® (N1 —1)E[w]—w;} i linked

35 YE[Dw]

% unlinked
i linked

% unlinked
i linked

can factor the

S5 S Ywi;DyDwy = 0 v i unlinked
- ij Dy i’ —(N1—1)E[Dw]{(N2—N, Uinjw(er[Yw])f(Ni —(1=Y;;#)E[Yw]} i linked
0 7 unlinked
Z%ﬁ: ,2#: Ywij Dy Ywr = {N{“—N;;Dw1_(N1_1)E[Yw]—w,-Yij*}
J i ij J v, v, -
X{(N2=N; O =Y, ) (w; —E[Yw])=(N;© = (1-Y;;+))E[Yw]} i linked
0 % unlinked
Z z Z Yw;; D /Zw il = (N® Nzowl*(lel)E[Zw]fwiZij*}
J il #igl #j
x{(N2—N, Oinj*)(wifE[Yw])f(Ni —(1=Y;;#)E[Yw]} i linked
_ __ 0 i unlinked
Z Z Z YwijDij/DYwi,j,: Yo z Ltn inke
J il #igl #j ~(NM1-DE[DYw{(N2—N, 7Yij*>(wi*E[Yw])*(Ni —(1=Y;;+))E[Yw]} i linked
0 i unlinked
D200 > YwiD; iyt DZw,s 1= Yy v o
J il £ig £ —(N1-1)E[DZw]{(N2—N; =Y ;%) (w; —E[Yw])—(N; —(l—Yij*))E[Yw]} i linked
S S YwiDywy= 0 v v i unlinked
. ij i Wq {N{ = (N1 =1) E[w]—w; H(N2—N; O =Y, %) (wi —E[Yw])—(N; © —(1-Y;;+))E[Yw]} i linked

2230 > ZwyDb,

7 il i #j

D200 D Zwyb,

J il #ig #j

/Yw i’ 1=

Z Z Z ﬁijDij/ﬁi/j’:

7 il i #j

> > > ZwijD;yyDYwy =

0
/DZ’LU il =

J il #ij #5

2.3 > Zwiib;

J i i #5

g1 Dw,s 1= {7(N171)EDw]{(N27 Z0_ 7, ) (w; — E[Zw])— (NZO (1=2Z;;+))E[Zw]}

4 unlinked

(NP - Nyowl—wl—l)E[Yw] wiYige)
x{(N2— —Z”*)(w1 E[Zw])— (Nz —(1=Z;;x))E[Zw]} i linked
% unlinked
{N“’—Nzowl—(zvl—lw[ wl—wiZije )
x{(N2— N 0—Z,; %) (wi— [Zw])f(Ni —(1=Z;;x))E[Zw]} i linked
0
{*(N1*1>E[DY“’]{(N2* —Z ) (wi— E[Zw))— (N0 ~(1-2;, j* ) E[Zw]}

—(N1=1)B[DZwl{(N2—N70 —Z, ;%) (w; — B[ Zw])— (N0

80

—(1-Z;;+))E[Zw]}

i unlinked
4 linked

% unlinked
i linked

i unlinked
7 linked



222 > ZwyD

_ { 0 i unlinked
=
i
ERZr

{N{’—(N1—1)E[w]—w; }{(N2— N —Z”*)(wl [Zw])—(Nl. —(1=Z;;+))E[Zw]} i linked

—_ —_ 0 % unlinked
DYw;: D, Dw.). =
;gugj WijLagl Wy { (N1—1)(N2—1)E[Dw]E[DYw] i linked

- - 0 ¢ unlinked
2.2 2 PV Dy V1= (N 1) BIDY wl{ N~ N9 (N - 1= 1) E[Y w]—w; Yije} i linked
J il #ig! #5 7 ’
S — 0 7 unlinked
23 5 PV Dy 1=\ Ny ) E[DY wl{NF - NZOU (N 11 B(Zul-wiZ,0) 1 linked
J il #ijl#£j5 7 !
0 % unlinked
DY DYw =
ZZ Y DYwi; D DY wy = { (N1—1)(N2—1)E[DYw]? i linked
J il #ij #j
0 4 unlinked
DY DZw, =
ZZ > DYwi; Dy DZwy 0 { (N1—1)(N2—1)E[DYw]E[DZw] i linked
J il Fij #j
[ 0 7 unlinked
DY w;; D
S5 S0 P *  povave v e

J il #ij! #j

0 7 unlinked
ZZ?& § DZwi; D50 Dw, ’J’_{ (N1—1)(N2—1)E[Dw]E[DZw] i linked

57 DT 0 ¢ unlinked
Z,Z_ ,Z‘ Wi Tig TG T (N2 —1) BIDZw]{ N} =N O¥1 -(N—1-1)E[Yw]—w;Y;;*} i linked
J il #ijl #5 J
0 i unlinked
DZw;jD; ;1 Zw, =
2200 > DZwig Dy Zwyy { —(N2—1)E[DZw]{N¥ — NZO“’1 (N—1-1)E[Zw]—w;Z;;+} i linked
J il #igl£j 7

—_— 0 ¢ unlinked
DZw;;D, . DYw
ZZ Z Wig gl S Wl 1= { (N1 —1)(N2—1)E[DZw]E[DYw] i linked

J il #igl #5
—_— — 0 % unlinked
S5 3 07w, 07w, i
T2 w v (N1—1)(No—1)E[DZw] 4 linked
0 7 unlinked
DZw;;D, /W, =
220 3 DZwig Dy { —(Na—1)E[DZw]{N (N1 —1)E[w]—w;} i linked
il A

4 unlinked

%:g]g]@ ig! DW= {7<N271)(w1 Blw])(N1—1)E[Dw] i linked

% unlinked

D, Yw
z]:zg“gjw g1t {7(1\7271)(% Blw){N}* =N 0" (N = D) E[Yw]—w; Y;j«} i linked

D o 7 unlinked
ZZ > WiD;ji Zwisji= 7(N271)(w1 Elw]) {NY — sz*gwl—(lel)E[Zw]—wiZij*} i linked

J il #ij #5
Z Z Z @D { i unlinked
T2 —(N2—1)(w; —E[w])(N1—1)E[DYw] i linked

4 unlinked
Z,Z > @iD;y DZwy, /7{ — (N3 —1)(w; — E[w])(N1—1)E[DZw)] i linked
J il #igl #5

% unlinked

S5 S w050~ {1y ey (v (Bl ey L
T2 (N2 —1)(w; —E[w]){N{"—(N1—1)E[w]—w;} i linked

C.3 Regression with confounded matching

The final case that we consider is regression with confounded matching (which subsumes as a special
case regression with unconfounded matching). The components consisting only of Dw, Zw, DZw,

81



and w are identical to the regression case specified above, so we provide only the simplifications
that differ. The assumption necessary to implement these simplifications is that the regressors are
from the first census and the outcome variable is either from the second census or a binary based
on linkage (such as migration). This allows us to simplify terms that will arise below of the form
> ; Yij to either > i Yi (which can be computed easily from the second census) or to Ny — Nl-YO.

We begin by noting that E[XX'|D =1,W = w|] and E[XY|D =1,W = w] can be easily ob-
served from the linked sample. We can also simplify

Z > TikTigw; _ D TR Tiew;
DD Wi D2 Wi

E[XY|W = wly, = Zlngm:ﬁj = Zlgkfj]wz
it Laj Tt i Wi

EIXX'|W = w]y

Define also

> TikWi Zj Yij
Z Z TikYijW; =

E[XY
[(XYwly, = NN,

N1N2

1
E[XXw] N1N2 Z Z:Ezkxwwz = N, ;wikxiﬁwi

E[Xew), = E[XYw], — Z@E [X X W],
V4

and define F[DXew]y, as the sum of w;D;;x;1€:; in the linked sample.
Finally, define
Duw;;
X EWijk

—w Zwij
Zijk = DXS’LUZ‘jk
DZwij
w;

We begin with ZNl ;\721 Efka%g The idea of the simplification, as above, is to express

analytically Z;V21 :;";"k:z 0 for each i so that the number of observations that must be considered in

computing the double summation is Ny instead of N1N5. As above, let i* indicate the individual
in census 1 to which a census-2 individual is matched and j* indicate the individual in census 2 to
which a census-1 individual is matched. The simplifications are as follows.

> Dw;jXew;jp=w;z;)y;;+ Di—Diw; (wixikzﬂiwil+E[xyw]k*ZBEE[XX’W]I@Z>
F] 7 7

—E[Dwlw;mik Y _yi;+ N2 E[Dw] {wimikzﬂém1l+E[XY1ﬂlk*ZBZE[XX“]]IM}
J £ l
> Dw;jDXew;jp=w;ziky;j= Di—Dj |:wixik25z$1(+erE[DX5w]k—E[Dw]wﬂiksztie}
J ¢ ¢
—E[Dw]w;z;ky;;+ Di+ N2 E[Dw]E[D Xew]y
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- 2
ZXEwijkXEwijm,:wizikzim,Zyij —W; Tk (wzzqm S Bewip+E[XY w]m —ZBZE[XXU’]WLZ> > iy
5 j ¢ ¢ J

—WiTim (wiwikZﬁzwie+E[XYM]k *ZBZE[XXUJ]M> S i
¢ ‘ J
+N2 (wizikzﬁfzil‘i’E[wa]k *ZﬂeE[XXw]kz> (wilim,Zﬁinz+E[XYw]m*ZBZE[XXUJ]”LZ)
¢ ¢ 3 ¢

SN Xew i Zwij=winie > yij Zig—wizip BZw]> yi;—w; (wiwikz:ﬂzwiz-FE[XYw]k—ZﬂzE[XXw]kz> SNz
- - - Z Z ~

J J J
+N2E[Zw] (wizikzﬁizil“'E[walk_ZBEE[XX"“]kZ>
¢ ¢

—— 2
D Xew;jk DXew;jm=wiT ik Tim Vi % Di—wiTipTim Yy Dip Bewig—wizip E[DXew]m Y vij
J 2 j

- <wixik Zﬂemie+E[XYw]k*ZﬁeE[XXw]ke) WiTimYij* Di
7 z
+ (wlzzk Zﬁlzil+E[wa]k*ZBZE[XX'w]kZ) (wizimZBeIie) D;
7 7 7

+N2E[DXew]m <wizikZﬁﬂiﬁE[XYw]k*ZﬁzE[XXw]kz)
3 ¢

> Xew;ju DZwij=wiwmip Zijx vy jx Di—wizipn E[DZw]Y yi5— (wixikZBzxiz+E[XYw]k—ZBEE[XXw]M> w; Z; 5% Dy
J J ¢ G

+N2 (wilikZﬂzziz-"‘E[XY?U]k—ZﬂzE[XXw]kz> E[DZw]
¢ 3

> Xew; Wi =(w; — Blw)w;z;k d_yij—Na(w; — E[w]) <wixik252wil+E[wa]k*ZB[E[XX“’]IM)
J J 4 £

> Zwi; DXew;jp=w;w;) Z;j» Yijx Di— (wixikzﬁgccm> Z;jx Di—E[DXew|pyw;y  Zij—E[Zwlw;mipy; jx Ds
j 2 J

+E[Zw]Dswizik Yy _Bemip+ N2 E[Zw]E[D Xew]y
£

o 5
> DXew;j DXew;jm=wiTi)Tim Diyij» —wiTik@im Divij* y_Bewi¢—E[DXew]lmw; @y Di
p] 7

2
—Wi T Tim Divije D Be®ie+wiTipwim Di (ZBMM)
[ ¢

+E[DXew]mwiz;xD; Y Bewip—wiTim B[DXew]y Dy, =
3

+E[DXew]pw;Tim D; y_Bexig+ N2 E[DXew], E[DXew]m
L

ZDXEwijkDZwij:wixikyU* Z;ijx Dy —E[DZw]w;x;py;jx Di—w;wik Z;;+ DiZﬂg:c“g-!—E[DZw]wi:cikDiZﬂg:c“g
J 4 4
—E[DXew]yw; Z;jx Di+N2E[DXew]y E[DZw]

> DXew; W =(w; — E[w]) (wiwikyij* Di*wixmDz‘ZBewiz*J\hE[DXEw]k)
J 4

Next, we consider SN Z;le Dt EiE As above, the idea of the simplification is to

express analytically Z;V:Ql Zj,;éj E;;”kE;;/m for each 7 so that the number of observations that must
be considered in computing the double summation is N; instead of NiNs.

w
Jj'm’

> DwinEw,',j/k:_wixikDiyij*+Diwi{wixikzyij_(N2_1) (wixikZﬁNw‘FE[XY“’]k—ZBEE[XXW]M> }
i ¢

J §l#5 J £
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+wﬂikE[Dw]qutj—N2E[Dw] {wizikzyij—(Nz—l) (wizikzﬁézié+E[XY“7]k_ZﬁZE[XX“)]kZ> }

J J £ 12

S5 qu‘,jDXEwij/k:*wﬂikyij*Di+w7:zikDiZBewuz+wq‘,Dq‘,{wizikyi_j*Dq‘,*wiwikDizﬁeziz*(N2*1)E[DX€w]k}
J gl #i L 0

+E[Dw]w; 2 y; ;= Di—E[Dwlw;z;, D;y_Bezip—Na E[Dw] {wz‘mikyij* Di*wizikDizﬁle*(NZ*l)E[DXEw]k}
7 7

> Xewsji Dw, i =(Dijw;—(Na—1) B[Dwl)wimik Yy yij—wiwipysj+ Di
J ' #5 j

—N» (wizikZBzzw+E[XYw]k*ZB@E[XXW]M> (Djw; —(N2—1)E[Dw])
7 7
+D;w; (wizikZBZZievLE[XYw]k*Z/J’ZE[XXWJM>
¢ 3

— = 2
S ngijkXswq’,j/mz_wixikwiwnzyu+wi7)ik{wiximzyi]‘_(N2_l) (w'ixirnzﬂéxié"!‘E[XYw]m_ZﬂZE[XXU’]mZ> }Zyu
J j € € J

J §l#5 J

+ (wizikZBZZie-FE[XYw]k—ZﬁeE[XXw]kz> WiTim D Yij
¢ 3 7
—Ng3 (wizikZﬁzzinrE[XYw]k*ZBZE[XXUJ]M>
‘ ¢

X {wwimzym‘ —(N2-1) <wiwim2ﬂzwiz+E[XYw]m—ZﬂeE[XXw]mz) }
j ¢ ‘

J

Z Z Xewiijwij/:—w,;zikaijZ,Lj-&-{w,;zzij—(Ng—l)E[Zw]}w,;zikaij

J j'#5 J J J

+ (wilikZBemiz+E[XYw]k*ZﬁzE[XXw]ktz> wy Y Zij
¢ 13 J

J

—Ng3 (wirikZ»@zl‘iHE[XYw]k*ZB@E[XXw]M) [wizzij*(N2*1)E[Zw]:|
7 7 i

~ .. e 2
ST XiwijkDzawij/m:*wizikIimDiyqzj*+wizz'kzimDiyij*Zﬁzmi/z
7 i'#i £

+

wizz‘myij*Di*wiwimDiZBlmil*(NZ*l)E[DX€w]m:| WiTik Y Yij
4 J
+ (wiwikZlﬁszHE[XYW]k*ZWE[XXUJ]M> WiTimYij* Di
7 7
- (wﬂmZBZIWrE[XYw]k*ZBZE[XXW]M> WiTim D Y BeTip
I 7 7
—Na [wﬂikZﬁzziz+E[XYw]k—ZﬁeE[XXw]ke}
3 ¢
X l:wﬂimyij* Di_wiximDizﬂemM—(NQ_I)E[ngw]7n:|
7
Do Xewijk DZw,jr=—wimigy;jx DiZijx +(wiDi Z;j» —(No—1) E[DZw])wizik Y yij
T i ~
+ (wirqikZﬁeﬂfieJrE[XYw]k*ZWE[XXW]M> w;D; Z 5+
7 7

- <wizikZB2112+E[XYUJ]k*ZBzE[XXw]u) (wiD;Z;j+ —(N2—1)E[DZw]) N2
3 7

ST Xew, ;Wi =(N2—1) (w; E[w]) |:w7‘,zikzy7‘,j_N2 (wizikzﬁlziZ‘FE[wa]k_ZBZE[XX"U]kZ>:|
J

7 i'#i £ L
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J j§'#5 J

—EB[Zw] wimik Dy yij—(Na—1) | wizin Y Bemip+E[XYw]p—> BeE[XXw]ge | ¢ Na
F] z 7

Fwi @ik B[Zw]Y yij+wi{ wizim D vij—(Na—1) | wiminy Bewig+EXYwl—Y BeE[XXwlke | 0D Zij
J J £ 4

Z Z Zw;j Dacawij/k:—wixikyij* DiZij* +w1-:c,;kDiZij* Z,@@xie
7 §l#i £

Fwi Wiy Di—wizip DY Bewig—(No—1)E[DXewly 0> Zij
£ J

+E[Zw|w; @iy« Di—E[Zwlw;z;,D;» Bewip
3

—E[Zw] {wz‘l‘ikyij* Di*wizikDiZBZ“"M*(NZ’*l)E[DXE'w]k}N2
7

Z Z DXew;jl Dw, i1 =—w;iT;py;j* Di+wizikDizﬁzzm+E[DXsw]kwiDi
Jg'#i 2

+(Djw; —(N2—1)E[Dw]) (wﬂikyij* Di*wimeiZBzzu>
7

—NoE[DXew]y(Djw; —(N2—1) E[Dw])
o 2
>3 DXew;jpXew; 1, =—wiTigDiTimyix +wiZipyij* Di®im
J §'#5
FwiTim Y vij—(Na=1) [ wiZim D Bemip+E[XYwlm—> BeE[X Xw]me
b 3 7

X | wimipy;jx Di—wiwiDi Y Bewip
‘

+E[DXew]pw;iTim »_yij—Na E[DXew]y
J

X {wizimZyij*(szl) (wizimzﬁlzi2+E[xyw]7n*ZBZE[XXW]ML@> }
I 7 7
Z Z DXew;jpZw;;1=—w;T;kY;j* DiZ;jx +wiwi Di Z; 5+ Zﬁez,ig+E[DXsw]kwiZyij

I §'#i ¢ J

+wid Zij—(Na—1)E[Zw] § { wizipy;j= Di—wiwip Diy_Bewig— N2 E[DXew]y,
J ‘
2

[ 5
> > DXew;ji DXew, 1, =—witip Di@imy; = +2w0izik Diim »_Brxir—w;zik Diim | D Bewis
J jl'#5 £ l

+| wiimyijx Di—wixim Dy Bewig—(N2a—1)E[DXew]m | | wizspy;j= Di—wizipDiy Bowip
3 ¢
—E[DXew]g | N2wiTimyj* Di—NowiTim Di Y Be@ip—wiTimy, x Ds
‘

+w1'ZimDiZB/zZuz*N2(N2*UE[DXEw]m)
7

S DXew;jk DZw, ;1 =—w;T;py; DiZjx 4wz DiZyj= > Bowig
J§'#d g
—EB[DXew], (Now; Z;j+ Di—D; Z; j+ w;— Na(Nz—1) E[D Zw])

+(w; Z; ;% Di—(N2—1)E[DZw]) [ w;@;y; 5% Di—wiz; Di Y Bexip
¢

3D DXew;jpWi=(w;—E[w]) [ wizpy;j» Di—wiziDiy_Bewig— N2 E[DXew]y | (N2—1)
' ¢
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Z Z DZw;jTew, 1, =—wiT;ky;jx DiZ; 5% +E[DZw]wia:ikaij
J §'#i J
+{wixikzyz’j—(1\72—1) (wifikzﬁexie+E[XYw]k_Z/BZE[XXW]Id) }
J 14 4
X[w; D; Z; j« — Nz E[DZw]]
Z Z DZw.LJDzswU/k—fw TikYijr DiZijx +E[DZwlw;zigy;j* Ditwizip Di Z;j+ ZB[Il[

J gl'#5
—E[DZwlw;z;, Dy Bewig
2

{w Tipyi% Di—wimi D; ZB@:D 57(N271)E[DX5w]k}(D w; Z;j+ —No E[D Zw])

i TE i_;”k:(wi—E[w]){—wifcikzyi]‘

+N2

w; Izkzyw N2*1)<w ILkZBzILHE[XYw ZB@E[XXw] >} }

UlDzaw”/k:(wi*E[w]){*wimikyij* Di+w;ziDiy Brwig
7

7 §'#i

+N2 | wimigyj* Di*wirikzﬁéxw*(N2*1)E[DX5w]k:| }
7

. Ny No —lw =w . . . . .
Next, we consider » ;7 > 72 > ., B ER. . As above, the idea of the simplification is to
express analytically Zf\ill Do 4i E;g’kEi‘/jm for each j so that the number of observations that must
be considered in computing the double summation is Ny instead of N1 No
ZZ Dw;jXew, 1= Wik Tk Yy e DjFwis @ik D ZB[(L *p+E[Dw] Zw zipYij—E[Dw] Zw szzﬁglle

i il

+{waikyij—ZwiﬂcikZBMiz—(Nl—l) (E[XYw]k—ZﬁeE[XXw]u) }
i i ‘ ¢

X(Djw;x —N1 E[Dw])

Z Z DwijDXswi/jszwi* TixpYis* Dj4w;*x;+, D ZB(I *p
2

i il £i
+Djw;x {w‘*z‘*kyij* DJ-7wi*a:i*ijZB[zi*gf(Nl71)E[DXsw]k}
14

+E[D’LU]{’LU,L* Tk Yix Dj—w;x zi*ijZB(Zzi*é}
£

—Nl{w # T Yiix Dj—wix zi*ijzﬁgzi*[—(Nl—l)E[DXsw]k}
£

>3 Xew;jp Dwys j=—wis Tox Yy Dj+wimin Dy Bewixg
et ‘

+(Djw;x —(N1—1) E[Dw]) (Zw TiRYij— Zw szBem)

+ (E[XYw]k—ZBZE[XXw]M> Djw;x
14

1 (E[XYw]k*ZBZE[XXw]M> (Djw;x —(N1—1)E[Dw])
7

ZZXsw”szw/ =

i gl #g

2
—Zw z; kf%my” +22w TikYijTim ZBZZ'LZ_Zw TikTim (ZB@%@)

86



+<E[XYw ZﬁzE[XXw ){Zw TimYij— Zw anZﬁsz}
+{Zwﬂimy“—Zwixm;ﬁﬂw—(z\zl—l) (E‘[XYw]m—;ﬂgE[XXw]ml> }
X {Zwi%‘kyijfzwiwmgﬂﬂw}*Nl <E[wa]k*¥5€E[XXw]ke>
{Zw TimYij— Zw IlmZBz%e*(lel) (E[XYw ZB@E XXw]mé) }
D> XewijpZwy ;= Zw zlk:yl]Zl]JrZw E@kZmZﬁe%e+{Zw1 ij (lel)E[Zw]}

ioql £

X (Zwimikyij—zwiwiszﬁewie) + (E[XYw]k—ZﬂeE[XXw]ke) > Zijws
i i 7 ] i

—N; (E[XYw ZB[E XXw]M) {ZZijwif(lel)E[Zw]}

i

2
E E Xew;jpeDXew;s;, =—w;xxixp Djx; *my7 jF2wixxix gy 5+ Djx; xmg Be®ix p—Wix Tyx . Djx i, E Bexixg
g #4 £

+<E[XYw]kszgE[XXw]kz> (wi*z‘*my”*D 7wi*zz‘*mD]’ZBlzi*£>
£ 4
+<wi*z i*mYijx Dj—wix zi*ijZﬁgzixe—(Nl—l)E[DXsw]m) (Zwizikyij_zwizikzﬂézié>
£ i i £

1 (E[XYw]k—Z,BeE[XXw]M> <wi*:c *mYij* D; '—wi*xi*ijZﬂgx,i*e—(Nl—l)E[DXaw]m>
14 4

Z Z XewijpDZwr j=—wix Tix pYyjx Dj Zx jtwis Tix . Dj Zi
i il g

+(DjZ,i*jw +—(N1—1)E[DZw] ) (Zw TikYij— Zw 9”719252%@)
+ (E[XYw ZB(E XXw]ke) N’ =Ny (E[XYw]k*Z,BZE[XXw]u) (N7 —(N1—1)E[w])
£

SN Xewjw=— Zw TikYij Zw szﬁﬂvaNf”*(Nl*l)E [w]) (Zw TikYij— Zw ZmZﬁz%z)

i il i

+ (E[XYw]k*ZB/zE[XXw]u) N’ =Ny (E[XY“J]IC*ZWE[XXUJ]M> (N7’ =(N1—1) E[w])
I 7

S ZwiXew == wiwigyij Zij+p wiwikZij Y Bewie+E[Zw] (sz%kyu *ZW%kZBNu)
i i 7 7 7 7

i qf#q

+{sz‘zikyij*ZwizikZBZIiz*(lel) <E[XYw]k*25eE[XXw]kz> } (Zzijwi*NlE[ZwD
i i z 7 7

ZZZwijDXswi/j =—wik Ty Y5 Dj Zix +wi*zi*ijZi*jZBgzi*g+E[Zw] <wi* Tix Y% Dj—w;x Ii*ijZBZIi*I{>
i gl #4 14 £

+{wi*zi*kyij*Djfwi*zi*ijZBgzi*éf(Nl71)E[DXaw }(Zzzﬂ% NlE[Zw]>
4

i

ZZDXawUka i/ j == Wik Ty Yk Djtwiwxyx g, Dy ZB@I st (Djwix — (N1 —1) E[Dw]) | wi* ;% Y5 5% Dj*wi*zi*ijZBZIi*l
i3l A4 1A
+E[DXew]pDjw;+ —N1 E[DXew]y (Djw,;+ —(N1—1) E[Dw])

2
Z Z DXew;jp Xew;r;,=—w;* zi*ijIi*myi jF2wix@ix gy 5+ Dz, *mZBEIi*Ziwi*Ii*ijzi*m Zﬁﬁzi*ﬁ
i3l A4 e £

87



+E[DXewlp | Y wiTim¥ij— P WiTim Y BeTis
i i 3
D wimimYij— Y wiTim Y _Bewig—(N1—1) [ B[XYw]m ZB[E[XXUJ]
i i 7

X (wi* Tix Y% Dj—wix Zi*ijZB[Ii*e*NlE[DXETU]k
14

ZZDXEwIszw i = Wik Tk Yk Dy Zyw j+wixxix, Dy Z,L*JZB[CL‘ *[+E[DX£w]kZZ”wl
i il 4 i

+ (ZZiwif(Nflfl)E[Zw]) (wi* Tk Yix Dj—wix zi*ijgﬁlmi*é>

k3

— N1 E[DXew]y, <2Zijwi—(N1—1)E[Zw])

i

2
ZZDXsw,;jkDXswi/jm —wk Tx g Dy xb*myl*JJrZw *Tyx g Ygix Djaix Zﬁgm w g =Wk Tk g Dy, Z,Bgac *4)
il Hd

+E[DXew|g wi*xi*my”*D'—wi*:ci*ijZngi*e
14
QWi Tixo Yy jx Dj—wis @ix y Dj Zﬂgz xp—(N1—1)E[DXew]|m

X (wi* Tk pYijx Dj—wix zi*ijZBgzi*nglE[DXsw]k>
£

> DXew;jxDZw, j=—waksydZps j+wi ey DjZix ;> Bewie g+ E[DXewlg Djwix Zyx 5
i il £ £

+(D_7»Zi*]~wi* 7(N1—1)E[DZw]) Wik @y Y e Dj—wys zi*ijZB,zziw)
L

—N1E[DXew](D;jZ;x jwyx —(N1—1)E[DZw])

ZZ DXew;jpW;r =—wix T p Y% Djtwixxixp, Dy Z,B[x « o+ N{"E[DXew]y
i il i

+(NY —(N1 =1 B[w]) [ s z% y; 5% Dj—wi= %1, D5 > Bewxp | —N1 E[DXew]) (N7’ — (N1 —1) E[w])
£

ZZ DZw,JkXEwZ/Jk:—w * Tix g Yqx Dy Zyx j+wis wiw g Dj Zz*]ZBNC *p+E[DZw) Zw TikYij— Zw xlkz,61{$7[
i3l i

Swizipij— Y wizied Bezie—(N1—1) | BXYw]p—> BeB[XXw]ie | p(DjZ;# jw;«—N1E[DZw])
i i £ 12

ZZDZ“’kaXsz’Jk:_w *Tix i+ D2, *J+wi*:ci*ijZi*jZBgaci*z-!—E[DZw] Wik Tx Yy j* Dj—wi*xi*ijZ[ie:ci*[

i il #q £ 14

F{ Wk @iy gx Dj—w,x wix, DY Bemixy—(N1—1)E[DXew]y (Dj Zi jw;x —N1 E[DZw])
4

> > wiXew, :—Zw @ ky”-s-szmeBn +E[w Zwlw kYij— szmeﬂewlz
S wizinyig—D wizin Y Bewie—(N—1-1) (E[XYw]k*ZﬁzE[XXw]ke (N1’ = N1 E[w])
i i 0 ¢
Z Z w;DXew, i =T Wik Tk Y Dj+w; xi*ijZngi*e+E[w] Wik Tyx Y% Dj—wix Q?i*ijZﬁZwi*e
i il #£q 14 4

+ wi*zi*kyij*Djfwi*:L‘i*ijZ,Bzzi*['f(Nl71)E[DX5w]k (NF*NIE[’UJ])
1

88



Next, we consider SN Z;V:Ql Doinzi 2ugrry SippDirg (1 — 7t (w))E,,,. Since we can factor the
(1 = (w)) from the quadruple summation, we ignore it in our simplifications here. The idea of

the simplification is to express analytically ST Doirzi 2 Sk Ding =

w
i'j'm

for each j so that the

number of observations that must be considered in computing the double summation is Ny in-
stead of N1No and it can be computed from the second census. The simplifications are as fol-

lows.
0 j unlinked
2> ZDw’UDi’jXEwi’j’k: —(N1-1)E[Du]
bl A£Gl A X{wi*wi*k(_yi*j"'zj'yi*j)
—(No—1) (e @% ;3 Bewn g+ E[XYw]— 3 B¢ E[X Xw]pe) }  J linked
R [ 0 7 unlinked
Dw;;D.,.DX -
i w ew Ni—1)E[Dw](Na—1)E[DXew i linke
ZZZ ij =il g i’ j'k 5 & J linked
il i A
0 j unlinked
>SS 3 Xewjp Dy yDwyr = —(Na—=1)E[Dw]
iil gl #£j ><{Ziwi%‘kyu—ZiwwikZz/ﬁ%iz—wi*ﬁi*kyi*j‘*'wi*xi*kzeﬁzxi*e
—(N1—1)(BIXYw]p =, Be B[X Xwlpe) } 4 linked
0 J unlinked
Wik T — Sy
S S XDy, Koy =] 1 (v )
T2 2 v vom —(N2=1) (wix @i Yo g Bewix g+ E[XY wlm =3 Be EIX Xw]me) }
' X2 WiT ik Vi — 2o WiTik 2 gBeTig — Wi Typx Y jHWin Tix D0 BoTyng
—(N1=1)(BIXYw]—3 B¢ EIX Xwlke) } J linked
0 7 unlinked

SF 3 ey, F ] (i (~Zies-5 ) - Ei)

bl A] ><{Ziwimikyij*Ziwizikzeﬂzzie*wi*li*kyi*frwi*Ii*ngBNi*e
—(N1=1)(EXYw]—3 B E[X Xwlge) } J linked
0 7 unlinked
ST S Xewji Dy DXews i1, =4 —(N2—1)E[DXewlm
ioilEig £ ><{Ziwimmyij*ZiwizikZzﬂzzie*wi*Ii*kyi*frwi*Ii*kZzBlﬂi*e
—(N1—1)(E[XYw]—Y 1 Be E[X Xw]ge)} j linked
0 J unlinked
S50 > Xewji Dy jDZwy =4 —(N2=1)E[DZw]
ioil#igl £ X{Ziwz‘l‘ikyij*Eiwizingﬁzzw*wi*Ti*kyi*j+wi*zi*k2eﬁzzi*z
—(N1—1)(E[XYw]—Y 1 Be EIX Xwlre)} j linked
0 7 unlinked

S5 S Xewin Dy wy—q (N2=1)(w;—Blw])

R

X{Elwlmlky” =i Wik 3 BeT i — Wik Tk Yk Wk Tk 2 Beyn g
— (N1 —1)(BIXYw]— B B[X Xw]ie) } j linked

0 7 unlinked

Z Z Z %ijD,i/szwi/j/k: {ZiZijwifZi*jwi* 7(N171)E[Zw]}

il £ijl A

S > ZwiDyDXewy =

R

Z Z Z ngwijkDi/ijilj/=

iG]

X wi*xi*k(—yi*j+zjyi*j)

—(No—1)(wix@;x > pBexix g+ E[XY W] —3 B¢ E[X Xw]ke)}  J linked

0 J unlinked
{ 7{ZiZijwi7Zi*jwi*7(N171)E[Zw]}(N271)E[DX5w]k j linked

0 7 unlinked
(N1—-1)E[DXew](N2—1)E[Dw] j linked

89



R

Z Z z DXew;j,D;r 5

.Xswi/j/mZ

Z Z Z DXawijkDi/J

0 J unlinked

—(N1—1)E[DXew],
X {wi* Ti% o, (—yi*j-ﬁ-zjyi*j)
—(No=1)(wix @i, 3 Beain g+ E[XY W]y =3 g B¢ E[X Xw]png) } linked

J unlinked

_ 0
Z”“J":{ —(Nl—l)E[DXew]k{wi* (—Zi*j—zjzi*j)—(Ng—l)E[Zw]} j linked

R
[ 0 7 unlinked
DXew,;;xD, . DXew
222 > DXewijuDis; DXew,sjr,= {(N1—1)E[DXew]k(NQ—I)E[DXew]m j linked
R
_— —_— 0 7 unlinked
DXew; x D, DZw,) . =
ZZZ EWigk Ll AWl 5 {(N1—1)E[DXew]k(N271)E[DZw] J linked
iil A #]
— _ 0 J unlinked
5SS S DXewjx Dy W=
i I A {<N1—1>E[Dxfw]k<N2—1>(wi—E[wJ> j linked
voil#ig #j
0 7 unlinked

2_2° > DZwiDy;

-Xawi/j/k:

@il il ]

ZZ Z DZw;;D; ’j

ioil#ig #j

SN Y wiDy Kew =

il A

>3 > wiDy;DXew,

il A

Finally, we consider Z 4 Z] 1 Qi Dgrtg Sk D
(1 =7 (w)) from the quadruple summation, we ignore 1t in our simplifications here. The idea of

the simplification is to express analytically Z;le Doirgi 2y S

lows.

222 > DuwyD

il Ail#]

223 > DuwyD

il A

D200 > Xewy Dy,

R

>0 > XewiynDy,

"Xswi’j/m*

R

—(N1—1)E[DZw)
X Wi* Tix *yi*jJijyi*j)

—(No—1)(wix @i > pBexix o+ E[XY W] —> ;B¢ E[X Xw]ge)} J linked
PXew 0 J unlinked
EW =
i'3'k T\ (Ny—1)E[DZw](Na—1)E[DXew];, j linked
0 7 unlinked
(N7’ —w; — (N1 —1)E[w])
X wi*zi*k(*yi*jJrEjyi*j)
—(No—1) (wix x4, g Bex v p+E[XY W] =3, Be E[X Xw]e)} 3 linked

7 unlinked

—w; —(N1—1)E[w])(N2—1)E[DXew] j linked

0
’ '/k:
N RO

i (1

w .

U =W
gkt = j'm

0 i unlinked
ijr Xewy =1 —(N2—=1)E[Dw]
X{Ziwixq‘,kyij* =2 WiT kD g BeTi e — Wi Tk Y%
FwizipdpBezie—(N1—1) (E[XYw]p—3 B¢ B[XXw]ke)} i linked
/DXEw = 0 ’L gnllnked
(N2—1)E[Dw](N1—1)E[DXew]) i linked
0 i unlinked
Dwy = —(N1—-1)E[Duw]
J
X{wiwm (*yij*Jijyij)
—(N2—1) (wizip > pBezio+EXYw]p =3 Be E[X Xw]ge)} ¢ linked
0 i unlinked

{Ziwirinwi;‘*
Fwizim > Bexig—(N1—1) (BIXY w]m
XqwiTik (—viix+2,Yij

—(N2=1)(w; i3 Bewio+E[XY w]y

7Eiwiri7n226€xie7wixi7nyij*
—2¢BeB[X Xw]mye) }

—>¢BeE[X Xwlke) } 4 linked

90

— #(w))E},,,,. Since we can factor the

for each j so that the

number of observations that must be considered in computing the double summation is N in-

stead of N1y and it can be computed from the second census. The simplifications are as fol-



0 i unlinked

SO S Xewiju Dy Zwg = (SiwiZije = Zijwwi— (N1~ 1) E[Zuw] )

T il2ij A sc{wizin (—yije+5,vi5)
—(N2=1)(wiz; 3 Bexip+E[XY w] =3 Be EIX Xw]pe)} 4 linked
0 i unlinked
S > Xewij Dy DXewy i, =4 —(N1—DE[DXew]m
i il #igl#j X{wizik (—yij*“'zqu:j)
—(N2—1)(wizip X Bezie+EXY W] —> 0 Be E[X Xwlge)} i linked
0 ¢ unlinked
S > Xewiju D,y DZw =4 —(N1—1)E[DZw]
il A x{wizin (=yiz+3;vi5)
—(No2=1)(wizik 3 pBexig+E[XYw]—3 0 Be EIX Xw]pe)} 4 linked
0 7 unlinked
SN S Xew i Dyyw =4 (N1=1)(w;i—E[w])
il x{wiwin (—vij+3;vi5)

—(N2=1)(wizii 3 Bexig+E[XY w]—3 0 Be EIX Xw]ge)} 4 linked

0 7 unlinked

SN S T Dy K= (wi(=2ij%+5;2i5) ~(N2—1) B[Zw))
i oilFigl g X{Ziwizikyij*7Ziwizikzgﬁfzil7wizikyi]‘*
twiwig Y Bewie—(N1—1) (B[XYw]—3Be E[X Xw]ge)} i linked

% unlinked

0
;12”2#21%] it DXew, 1= { (wi(721-].*+ijij)7(N2—1)E[Zw])(lel)E[DXaw]k i linked

_— _ 0 ¢ unlinked
2> > DXewyDijiDwy gy { (No—1)E[DXew]y(N1—1)E[Dw] i linked

i iltij )
0 7 unlinked

SY Y DXew D,y K =] ~(Na D EDXculy

REZ T X2 Wi Tim Y% — D WiTim 2 BeTif —WiTimYyjx

Wi Tim > pBeTir—(N1—1)(EB[XYw]m—YBeE[XXw],;,e)} i linked
DXew: 1D ., 7w 0 % unlinked

ZZ Z ewijk D1 Zws j1= 7(N271)E[DX€w]k(ZiwiZi'*7Zi'*wi7(N171)E[Z'w]) i linked

@il g 2 Y J

0 ¢ unlinked
DXew;j, D,/ DXew
;g 2 EWijk Ligr DR EWil j m = {(N271)E[DXaw]k(N171)E[DXaw]m i linked
il #ijl #j

—_— —_ 0 7 unlinked
DX 0. D. ., DZw.; .=
Z > > DXewijuDij DZwry {(Ngfl)E[DXaw]k(lel)E[DZw] i linked
R

STS S BXewi i Dy wy =] O i unlinked
; 1R 55T (Ny—1)E[DX ew]y, (N1 —1)(w; —E[w]) i linked
T i A

0 ¢ unlinked
Z Z Z DZw;;D /Xsw i = —(N2—1)E[DZw]
il il £ X Wi ik Yi% =20 WiTik D pBeTip—WiTik Y *
twizig > pBexie—(N1—1) (B[XYw]p —3, B¢ E[X Xw]ke)} i linked

0 i unlinked
DZ DXew,s 1, =
ZZ > DZwi; Dy DXewy i, {(Ng—l)E[DZw](Nl—l)E[DXEw]k i linked
ioil#ig A

91



0 4 unlinked

DD D WDy Xewy =1 (N2=1)(w; —E[w])
iil i £ X{Ziwwikyiﬁ—Ziwi%‘kzeﬂz%‘z—wixiky”*
+wiik Y Bexio—(N1—1) (E[XYw]y =32, B¢ E[X Xw]ke)} i linked

Z Z Z EiDijlliewi/j,k;:{ 0 % unlinked

T2 —(N2—1)(w; —E[w])(N1—1)E[DXew] ¢ linked

92



