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Abstract

This appendix provides supplemental materials for the paper titled “Al-Powered Trading,
Algorithmic Collusion, and Price Efficiency” (Dou, Goldstein and Ji, 2024). Section 2 presents
additional explanations for the model and sketches proofs for the propositions and lemmas.
Section 3 provides detailed heuristic justifications and intuitions for Al equilibria. Section 4

provides supplemental material for the simulation results.
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1 Further Literature Background

Our paper contributes to the growing literature on algorithmic collusion without explicit agree-
ments, communication, or coded intent by introducing a novel mechanism, Al collusion through
over-pruning bias in learning, and providing a comprehensive analysis of the theoretical bench-
marks for different types of Al collusion and their underlying algorithmic mechanisms. Addition-
ally, we examine which mechanism dominates under various market environments. Unlike our
paper, which examines dynamically sophisticated Q-learning with endogenous state variables,
earlier studies primarily focus on stateless Q-learning or simpler multi-armed bandit algorithms.
Waltman and Kaymak (2008) show that even stateless Q-learning algorithms can sustain algo-
rithmic collusion, provided the forgetting rate is high and the relative gains from collusion are
substantial. More recently, Dolgopolov (2024) extended these results. However, their findings
rely on the Boltzmann exploration scheme. When exploration follows a fixed-probability rule,
such as the simple e-greedy scheme used in this paper, their conclusions no longer hold. This
distinction highlights that their algorithmic collusion mechanism is fundamentally different from
ours, as it neither relies on price-trigger strategies nor stems from over-pruning bias in learning.
Additionally, unlike this paper, some studies adopt a Markov perfect equilibrium framework. For
example, Klein (2021) simulates a simplified sequential pricing duopoly where firms set prices
alternately, focusing on Markov perfect equilibrium, similar to Brown and MacKay (2023), rather
than simultaneous pricing, as examined in many other studies. While Klein (2021) also shows that
Q-learning algorithms can coordinate on supra-competitive prices, its framework and underlying
algorithmic mechanism are fundamentally different from ours by design.

In a contemporaneous study, Banchio and Mantegazza (2024) introduce a novel algorithmic
collusion mechanism in stateless Q-learning, termed spontaneous coupling. This mechanism arises
endogenously from statistical linkages between Q-learning algorithms” price estimates, leading
to self-reinforcing cycles where firms sustain supra-competitive prices on average. Simulations
confirm that spontaneous coupling can sustain price-fixing and market division. Importantly,
learning rate asymmetries reinforce collusion, while greater noise disrupts it. This contrasts
with the algorithmic collusion mechanisms highlighted in this paper, which operate through
fundamentally different channels. Building on a similar stateless framework, Hansen, Misra and
Pai (2021) show that duopolies using autonomous but dynamically unsophisticated reinforcement
learning algorithms — specifically, upper confidence bound algorithms, a type of multi-armed
bandit — can also sustain supra-competitive prices over time. In their setting, algorithms designed
to learn demand through pricing experiments may misinterpret price sensitivity by failing to
account for competitors” pricing behavior. This leads them to systematically overestimate their
own price sensitivity. When firms engage in similar pricing experiments, their pricing decisions
become correlated, further reinforcing supra-competitive pricing outcomes. A key difference
between this mechanism and that in Banchio and Mantegazza (2024) is the source of correlation.

In Hansen, Misra and Pai (2021), it arises through the timing of experimentation, while in Banchio



and Mantegazza (2024), it stems from statistical coupling in price estimates generated under fully
random experimentation. The mechanism in Hansen, Misra and Pai (2021) is fundamentally
different from ours, because in stateless reinforcement learning, Al collusion cannot be sustained
through price-trigger strategies, which require tracing past prices as state variables; additionally,
greater noise strengthens Al collusion in our setting due to over-pruning bias in learning, whereas
in Hansen, Misra and Pai (2021), greater noise weakens Al collusion. Lambin (2024) challenges
Hansen, Misra and Pai (2021) by arguing that simultaneous exploration and slow learning,
rather than price sensitivity overestimation, are the true drivers of correlated pricing and Al
collusion. However, standard multi-agent reinforcement learning frameworks do not inherently
require simultaneous moves in exploration, rendering Lambin (2024)" argument irrelevant for
our proposed algorithmic mechanisms underlying Al collusion. Along similar lines, Abada and
Lambin (2023) argue that Al collusion can arise from insufficient learning, particularly due to
insufficient exploration. When reinforcement learning algorithms fail to sufficiently experiment
with alternative pricing strategies, they may converge to stable outcomes that closely resemble
collusive equilibria. However, Asker, Fershtman and Pakes (2024) show that while increasing
exploration can reduce collusive tendencies, it does not eliminate algorithmic collusion. Expanding
on this insight, a central contribution of this paper is to identify a novel mechanism underlying
Al collusion: over-pruning bias in learning. This bias systematically and prematurely eliminates
aggressive strategies from the set of potential optimal actions, thereby distorting the learning
process. Its root cause lies in the asymmetric effect of exploitation, where adverse and beneficial
shocks influence learning in fundamentally different ways. Exploitation reinforces strategies
that appear successful based on past experience, while discouraging the reconsideration of those
previously rated poorly due to past performance. As a result, reinforcement learning algorithms
behave as if they are risk-averse to randomness in rewards. Since aggressive trading strategies are
more vulnerable to adverse shocks from noise trading flows, they are disproportionately penalized
and pruned prematurely from the learning path, reinforcing the over-pruning bias. This bias, in
turn, embeds an implicit form of risk aversion into the algorithm’s behavior, ultimately giving rise

to Al collusion.

2 Model and Proofs

2.1 More Explanations on the Theoretical Benchmark

Further Explanations on the Model Setup. Analogous to Kyle and Xiong (2001), the demand
curve (3.2) in the main text can be justified by a rational portfolio choice made by the information-
insensitive investor under certain assumptions. These assumptions are summarized in Lemma 1

and the proof follows.

Lemma 1 (Demand Curve). If the information-insensitive investor possesses exponential utility with an



absolute risk aversion coefficient of €, then the demand curve has the functional form of (3.2) in the main
text, where the slope ¢ is given by 1/ (ec?).

Proof. The information-insensitive investor solves the following portfolio optimization problem
for a given p;:
max E [—e—e(”t—wz /e} : (IA2.1)

z

Because v; — p; is distributed as N(v — py, 05), the first-order condition with respect to z is
0= [(5 — pt) — ezaﬂ e ex(T-pi)H(e2)05/2 (IA.2.2)

Thus, the optimal holding, z, is characterized as

1

z=—
€02

(pt — ). (IA.2.3)

l

The rationale behind this specification is straightforward: the information-insensitive investor
focuses solely on the ex-ante expected fundamental value, 7, and tends to buy more of the asset
when p; — 7 is more negative, interpreting this as a stronger indication that the asset is currently
undervalued. The demand curve is proportional to the spread between the ex-ante expected
fundamental value and the market price. Graham (1973) names this spread a safety margin.

The average asset holding of the information-insensitive investor, denoted as z, is often
substantial. This implies a small price elasticity of demand, given by ¢ = E[(dz;/dp;)(ps/zt)] =
—CE[pt/zi] = —C/z, as E[p:] is close to v = 1. Studies indicate that information-insensitive
investors with low price elasticity of demand play an important role in shaping asset prices (e.g.,
Greenwood and Vayanos, 2014; Vayanos and Vila, 2021; Greenwood et al., 2023).

Moreover, the concept of specifying exogenous demand curves within the framework of a noisy
rational expectation equilibrium shares similarities with studies conducted by Hellwig, Mukherji
and Tsyvinski (2006) and Goldstein, Ozdenoren and Yuan (2013), among others. The fundamental
idea is to capture relevant institutional frictions and preferences in a parsimonious and tractable
manner. Notably, our demand curves can be reinterpreted as “noisy supply curves” in these prior
works by introducing a new variable z; = —(u; + z;). Specifically, Z; represents the total trading
supply provided by the noisy trader and the information-insensitive investor to absorb the trading
demand of informed speculators. The total supply z; follows an exogenous noisy supply curve
defined as:

zt = —ur+¢(pr —9), (IA.2.4)

where —u; can be reinterpreted as the unobservable demand or supply shock in the context of the
above prior works.

Trading occurs through the market maker, whose role is to absorb the order flow while



minimizing pricing errors. The market maker observes the combined order flow of informed
speculators and the noise trader, represented by y; = 21-121 x; ¢ + u, as well as the order flow z; of
the information-insensitive investor. However, the market maker cannot distinguish between order
flows from informed speculators and the noise trader. Thus, the market maker can only make
statistical inferences about the fundamental value v; based on the combined order flow y; rather
than individual order flows. The market maker sets the price p; to jointly minimize inventory and

pricing errors according to the following objective function:

n}yin]E (yi +21)* +0(pr — vy)?
t

yt] , (IA.2.5)

where 6 > 0 represents the weight that the market maker places on minimizing pricing errors.
Here, E [-|y:] denotes the market maker’s expectation over v;, conditioned on the observed
combined order flow y; and its belief about how informed speculators would behave in the
equilibrium.

The market maker’s objective function (IA.2.5) captures both the inventory cost and asymmetric
information faced by the market maker. Because the market maker takes the position — (y; + z¢)
to clear the market, the term (y; + z;)? represents its inventory-holding costs. The quadratic
form is adopted for tractability, consistent with the literature (e.g., Mildenstein and Schleef, 1983).
The term 6(p; — v;)? captures the market maker’s efforts to reduce pricing errors arising from
asymmetric information. The weight 6 serves as a reduced-form way to capture the various
benefits of reducing pricing errors, such as increased trading flows from a growing client base or
enhanced competitive advantages over other trading platforms.! As 6 approaches zero, the price
pt is primarily determined by the market clearing condition, y; + z; = 0, as in the model of Kyle
and Xiong (2001). Conversely, as 0 increases towards infinity, the price p; is primarily determined
by the pricing-error minimization condition, p; = E [v¢|y;], as in the model of Kyle (1985).

Because multiple informed speculators engage in a repeated game of trading in our model,
multiple equilibria may emerge. We identify three types of equilibria: the non-collusive benchmark,
the perfect cartel equilibrium, and the collusive equilibrium sustained by price-trigger strategies.
Throughout our analysis, we assume that the market maker is aware of the specific equilibrium in
which informed speculators are participating. Specifically, we consider the linear and symmetric
equilibrium in which the trading strategy of the informed speculators is characterized by

Xy = x(v¢ —0), foralli=1,---,1I. (IA.2.6)

ISimilarly, in the context of e-commerce platforms, it is often assumed that the platform aims to maximize a
weighted average of per-unit fee revenues and consumer surplus (see, e.g., Johnson, Rhodes and Wildenbeest, 2023).
The weight on consumer surplus in this context is a reduced-form way to capture various aspects of increasing
consumer surplus. For example, increasing consumer surplus allows the platform to dynamically expand its consumer
base over time and better compete with rival platforms.



The first-order condition of the minimization problem (IA.2.5) leads to

p= ot o+ o E oy
t €2+9t €2+9 (:2_'_0 tiYyt],
where E [v¢]y:], according to Bayesian updating, is
Efoy] =+ ye, withq = — X
tiyt] = YYt, Y= (IX)2+U'5/0'5
Therefore, the market maker’s pricing rule is
_ X Oy +¢
pr =0+ Ay, with A = T

While the impact of the pricing error term may be minimal in practice, we choose to treat
6 as a tiny, universally fixed positive constant in both our theoretical and simulation analyses.
By fixing 6, we exclude it from the comparative-static analysis. This approach creates a more
conceptually coherent theoretical framework or laboratory, featuring two meaningful extreme
benchmarks. Specifically, as & approaches infinity, the price p; converges to 7 + &~ y;, set by the
market clearing condition y; + z; = 0, as in Kyle and Xiong (2001). Conversely, as ¢ decreases
towards zero, p; shifts to the efficient price E[v¢|y¢], as in Kyle (1985), if 6 > 0.

One of the main reasons for requiring 6 > 0 is to ensure a meaningful benchmark as { —
0. If & = 0, the market price is determined solely by the market-clearing condition, leading
topr = 0+ g’,‘_lyt. As a result, in the extreme case where ¢ — 0, the benchmark becomes
uninformative and does not provide a useful reference point for our analysis. Specifically,
according to Propositions IA.1 and IA.2, it becomes evident that no informed speculator would act
on their private information v;, with XN — 0 in the non-collusive Nash equilibrium and XM — 0
in the perfect cartel benchmark, when ¢ — 0. This occurs while noise trading risk ¢, remain
unchanged. As a result, the market price is pN = 7+ H%(vf — ) + & 'u; in the non-collusive
Nash equilibrium, and it is pM =7 + %(vt — ) + & luy in the perfect cartel benchmark. Clearly,
when ¢ — 0, the market price is infinitely volatile, solely driven by the noise trading flow u;.

Suppose all informed speculators adopt the same trading strategy characterized by yx as in
(IA.2.6). We define the trading profit function IT(x, A) as follows:

II(x,A) = E[(v; =7 — A(Ix(vr — 0) + us)) x(vr — )] = (1 — Alx) xo2. (TA.2.7)

Non-collusive Nash Equilibrium. We use the superscript N to denote the variables in the
noncollusive Nash equilibrium. At the beginning of each period ¢, each informed speculator i



solves the following problem:

N(

v¢) = argmax E [(vt — Pt) X; vt} , (IA.2.8)

Xi
where E [-|v¢] is informed investor i’s expectation conditional on the privately observed v; and its
belief about how the market maker would set the price in the equilibrium as p; = pN(y;). The
equilibrium pricing function pN(-) is given by:

0yN +¢ N N
0T 2 and 7" = (IA.2.9)

N _ = N . N _

where y; is the combined order flow of informed speculators and the noise trader, given by
yr = x; + (I—1)xN (vp) + uy. (IA.2.10)

The non-collusive Nash equilibrium can be summarized in the following proposition.

Proposition IA.1. The order flow of informed speculators and price in the non-collusive Nash equilibrium

are
N( N(vy —o) and p™(y;) =0+ ANy, respectively,

xN(v) = x

where xN and AN satisfy

N IxN

1 oyN +& .
N N

and AN = with = )

T W (0u/00)?

AT U DAN 0+ &2

The expected profit of informed speculators is

N _ Ni N\ .N_ 2 _ o

Perfect Cartel Benchmark. Consider a cartel that consists all I informed speculators under
perfect collusion. The cartel is a monopolist who chooses each informed speculator’s order flow to
maximize total profits. Because informed speculators are symmetric, the cartel solves the following
problem

xM(

vy) = argmax E {(vt — P X

X

vt} ) (1A.2.11)

where E [-|v¢] is informed investor i’s expectation conditional on the privately observed v; and its
belief about how the market maker would set the price in the equilibrium as p; = pM(y;). The
equilibrium pricing function pM(-) is given by:

M I M
07" 6 and oM = X I1A.2.12)

M _ = M ; M _
p (yt) - v—i_)\ ytl Wlth )\ - (IXM)2+ (O_u/o_v)zl




where y; is the combined order flow of informed speculators and the noise trader, given by
Y = Ix + uy. (IA213)

The perfect cartel benchmark can be summarized in the following proposition.
Proposition IA.2. The order flow of informed speculators and price in the perfect cartel benchmark are
M(

xV(vr) = XM(Ut —70) and PM(Uf) =0+ /\Myf, respectively,

where xM and AM satisfy

The expected profit of informed speculators is

o2

M = (1 — AMIXM> Mo = m
Collusive Nash Equilibrium. Information asymmetry in capital markets makes grim-trigger
strategies ineffective for sustaining tacit collusion, as investors cannot accurately observe or
monitor each other’s actions.2 However, tacit collusion can still be sustained under information
asymmetry through price-trigger strategies with imperfect monitoring. If an informed speculator
can reliably infer other informed speculators’ total order flows from the market price, collusive
incentives can be created.

The concept of tacit collusion sustained by price-trigger strategies was first introduced by
Green and Porter (1984). Even with imperfect monitoring, agents can establish collusive incentives
by allowing noncollusive competition to occur with positive probabilities. Abreu, Pearce and
Stacchetti (1986) further characterize optimal symmetric equilibria in this context, revealing two
extreme regimes: a collusive regime and a punishment regime featuring a noncollusive reversion.
In the collusive regime, informed speculators implicitly coordinate on submitting order flows in
a less aggressive manner than what they would do in the noncollusive Nash equilibrium. If the
price breaches a critical level, suspicion of cheating arises, leading to a noncollusion reversion. In
the punishment regime, informed speculators trade noncollusively and obtain low profits.

We now describe the collusive Nash equilibrium sustained by price-trigger strategies under
information asymmetry, as studied by Green and Porter (1984). Specifically, we focus on the

symmetric collusive Nash equilibrium in which all I informed speculators choose the same

2Tacit collusion sustained by grim-trigger strategies has been extensively studied since the pioneering work of
Fudenberg and Maskin (1986) and Rotemberg and Saloner (1986), among others. Recent studies delve into the impact
of such tacit collusion sustained by grim-trigger strategies on pricing in capital markets (e.g., Opp, Parlour and
Walden, 2014; Dou, Ji and Wu, 20214,b; Dou, Wang and Wang, 2023).



collusive order flow, denoted by x(v;). Such trading strategies are sustained by a price-trigger
strategy: Informed speculators are initially in the “normal” state, sg = 0, in period 0, and submit
their respective order flows x(v;). Informed speculators will continue to do so until the market
price falls below a trigger price q(v;) if vy < U or goes above a trigger price q(v;) if v; > 7 in
some period t > 0. Then, in period t + 1, they will enter the “reversionary” state, sfﬂ =1, with
probability #, or stay in the normal state, stCJrl = 0, with probability 1 — 7. If they enter in the
reversionary state in period t + 1, they will trade noncollusively and continue to do so with the
same probability 7 in each subsequent period up to period t + T. Thus, the reversionary episode
can lasts for at most T periods.

Similar to Green and Porter (1984), we assume that the state variable stc is common knowledge
among all agents. We characterize the equilibrium order flows and prices in each period ¢. There
are two cases: when s& = 1, the state of world is reversionary, and thus the equilibrium order flows
and prices follow the noncollusive equilibrium in Section 3.2 of the main text; and when s& = 0,
the state of world is normal. In this case, we focus on linear policy functions and characterize the
equilibrium order flow x°(v;) and price p¢ as follows:

xC(v) = x (v —79), (IA.2.14)

0vC +¢ Ix¢

d 7€ = .
o+ T T O+ e2/02

p(y) =7+ A%y, with AC =

(IA.2.15)

The price-trigger function g(v) is specified based on the expected price when all informed
speculators trade coordinately according to x©(v) conditional on v, namely, 7 (v) = E [p¢(y)|v].
Specifically, plugging (IA.2.14) into (IA.2.15) and taking expectation over u, we obtain that
7°(v) =7+ ACIx (v — D). The price-trigger function q(v) is specified as follows:

_C C . —
TR C(U) A, 1o =T (IA.2.16)
p-(v) —Aouw, ifv <o,

where w > 0 is a parameter that characterizes the tightness of the price trigger.

Equation (IA.2.16) warrants further discussions. First, when v > 7, informed investors have
incentives to buy a large amount of the asset, which boosts up its price. As a result, whenv > 7, a
meaningful price-trigger strategy would punish the potential deviating counterparty by reverting
to the noncollusive Nash equilibrium once the market price goes above a certain high-level
threshold g(v). In contrast, when v < 7, informed investors have incentives to sell a large amount
of the asset, which suppresses down its price. As a result, when v < 7, a meaningful price-trigger
strategy would punish the potential deviating counterparty by reverting to the noncollusive Nash
equilibrium once the market price falls below a certain low-level threshold g(v). Second, there
is no price threshold when v = 7 because no informed investor would have incentives to trade
in this case. Third, although there are infinitely many alternative ways to specify the functional
form of the threshold g(v), we focus on a specification that is not only statistically meaningful but

10



also ensures a linear model solution as in Kyle (1985). If no one deviates from the coordinated
trading, each informed speculator can infer that the noise order is iy = [p; — p*(v)]/ A€ based on
the observed price p; = pc(yt). If iy is excessively positive when v; > 7, say iy > woy, for some
constant w > 0, the informed speculator would suspect that some other informed speculators
might have deviated from the implicit agreement. Analogously, if if; is excessively negative when
vy < U, say Uy < —woy for some constant w > 0, the informed speculator would suspect that
some other informed speculators might have deviated from the implicit agreement. Fourth, the
multiplier o;, ensures that the probability of price-trigger violation is independent of the magnitude

of noisy trading, 0y, in the collusive Nash equilibrium.

2.2 Proof of Lemma 1

The information-insensitive investor solves the following portfolio optimization problem for a
given py:
max E [—e*(vt—Pf)Z/e} . (1A.2.17)

z

Because v; — p; is distributed as N(v — p, 05), the first-order condition with respect to z is
0= [(5 —pt) — ezag} e ex(T-pr)H(e2)05/2 (IA.2.18)

Thus, the optimal holding, z, is characterized as

1

z=—
€02

(pt — 7). (IA.2.19)

2.3 Proof of Proposition 3.1

Impossibility of Price-Trigger Collusive Nash Equilibrium. Given that s* = 0 (i.e., informed
speculators are in the collusive regime in period t), let J();) denote each informed speculator i’s
expected present value of future profits, when investor i chooses x;; = x;(v; — 7) and all other
I — 1 informed investors choose x*(v;) = x“(v; — ). The value of J();) satisfies the following

recursive relation:
J<(xi) =E [(Ut - Pc(yt)> Xi(or — 6)} (IA.2.20)

Xi,xc}
T

Y- (o) [N ree) + (1= ) ()| + (P’?)T]C(Xi)]

=1

+0J(x;) x P {Price trigger is not violated in period ¢

+ poE

X [1 -P {Price trigger is not violated in period t‘ Xis XCH ,

11



where p©(-) is the pricing function of market makers in the collusive Nash equilibrium and

_ . 0y + ¢ Ix©

Cli) — C C_ c_

p-(ye) =0+ Aty;, with A~ = o1 2 and 7~ = O (0al o) (IA.2.21)
yt = xi(or —0) + (I = 1)x" () + ur. (IA.2.22)

The probability that the price trigger is not violated in period ¢ is

Xilxc}
=E[P (pr < g(ve)[o) Hor > 0} + E[P (pr > q(ve) |or) Hor <7}
= [@(0; " (6~ x0) (00~ ) + @)1{or > 0} + B [@(0y (15— x) (01— 0) + w)1{or <9},

P {Price trigger is not violated in period ¢

where ®(-) is the CDF of the standard normal distribution.
Evaluating equality (IA.2.20) at x; = x€ leads to

JEGE) = (1~ 210) (502 + pI (1) b(eo) + PLEZ P (o) (1 o)

n p(1—17) Jrl(_lgﬂp)(P’?)TH]c(Xc) 11— ®(w))]. (1A.2.23)

Thus, we can obtain that

_ T
(1 _ )\CI)(C> XC‘TS + P [1 — (P’?) }]E [NN(Z))] [1 _ q)(w)]
1C(xC) = . f 1 - . (IA.2.24)
1—p<I>(w)—p( _77)—1_1(_;79)(9’7) [1—@(&))]

The first-order derivative of the both sides of (IA.2.20) with respect to )x;, evaluated at x; = xS,

is

VIC(©) = [1 =AU+ 1D)xC| o3 + —M[ll__ LPWW)T] Ulu<i>(w)1E [lo—3I)E |7V (v)]
p(L—1n)+ (1 —p)(py)"™ 1 ~
v . ~ 0| 16 (@ [~ ] (1A225)
_ _ T+1
. [VIEGO)] @) + EEDEEZ NI [916:)] 1 - o),

where ¢(-) is the probability density function of the standard normal distribution.

Because v — 7 is distributed as N(0,02), it follows that [E [|v — 7|] = 054/ % Plugging it into

12



(TA.2.25), we obtain that

VIG) = [ - A+ 12 02 + L el = (on)T] Z_Z"’(“’)\/?E )]

1—pn
+ [p(l 1) —|—1(_1p—17p)(p17)T+1 } JE(x )au(l)(“’)\/g (1A.2.26)
+p [V]C(XC)} CI)(CU) + p(l _ 77) 4—1(_1;;7p)(p17)T+1 [VIC(XC)] [1 _ q)(w)] ,

The policy variable x* constitutes a collusive Nash equilibrium if speculator i has no incentive
to deviate by setting x; # xC. The first-order condition with respect to x;, characterized by
VJ¢(x%) =0, leads to

0= [1- 290+ 12 o2 + PO e 2 o)

n [P(l —1) J:(_1;70)(077)T+1 } €(x )UM(P(W) % (IA.2.27)

We first consider the condition (i) that ¢ is tiny relative to 6. In this case, /0 ~ 0, and thus,
according to (IA.2.21), AC ~ 4. As a result, the market resembles the setting of Kyle (1985), where
the demand from information-insensitive investors is negligible. Given that A© = 7€, it follows
that

N = T and yM =-2% (IA.2.28)

Given the system’s continuity, it suffices to show that no solution x* € (0, x") exists such

that TT(xC, AC) > TI(xN, AN) in the Kyle (1985) environment, where I1(-, -) is defined in (IA.2.7).
X X y

Let x© = x“%, and define ™ = }

solution ¢ € (0, xN) such that H()’{C‘;—Z,AC) > H(XN‘TM AN).

In the Kyle case, E [nN (v)} =1 Iiul?\ﬁ' Therefore, equations (IA.2.24) and (IA.2.27) can be

and xN \[ Then, it is equivalent to show that there is no

rewritten, respectively, as follows:

e 024 Pl L= )] (| ey Tl
10 = (1 y“Ix )x A e 1 sz( )] RN 1h29)
— ~ . . 2.
1 pdo(w) — LA =1 +1(—1p;7p)(p;7) 1— o(w)]

and

0= [1_7C(1+1)XC] 2 4 1077[ (P’?)T] Z_Z(P(w)\/z( Ou0y

1—pn T (I+1)V1
_ T+1
X {P(l 1) ‘|‘1(_p17p)(P77) p} ]C(XC)Z_:‘P(‘U) % (IA.2.30)
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After plugging (IA.2.29) into (IA.2.30) and rearranging terms, we obtain that XC is the root of
the following quadratic equation:

1 1(sC\2 ~C 1 —cy2] €1 —p)
0=1—I(7°) 19{;( —(Hl)ﬁ[u(zx)}—p_]c } (1A.2.31)
where the coefficients are
_ (o —x)¢(w) 2
0 11— p®(w) —k[1—D(w)] V7’ (1A2.:32)
o =LA =m) + (1= p) ) (1A233)
1—pn
T
¢ :fm[lli—ig)]. (1A.2.34)

The algebra is cumbersome in the general case with 7 € (0,1). To simplify, we focus on
n = 1 without loss of generality, ensuring that punishment occurs with probability one when
the price trigger is violated. The case with 7 € (0,1) is isomorphic to the case with 4 =1
after recalibrating w and T to achieve the same intensity and expected profit loss of punishment.
Therefore, restricting attention to 7 = 1 preserves generality in our proof.

_ _ T+l _ p(1=p") -
When 7 = 1, we have x = p and € = Thus, equations (IA.2.29) to (IA.2.32) are

simplified as follows:

— ®(w)] _ Gufo

1-p")
1 (I+DVT

]C( C) ) (1 _,YCIXC> XCUZ%JF P(l —
* 1= p0(w) —p" 1 [1 - 0(w)]

(IA.2.35)

and

0= [1 —7C(I+1)Xc} o2 +

p(1— PT) Ou0y Oy 2
o Ux 1V + (p”l — p) ]C(xc)] —¢(w)\g. (1A.2.36)

Therefore, x* is the root of the following quadratic equation:
1
0=1-I(x)?-0x"— ———= |14+ (IX°)?| ¢, 1A.2.37
(%) {x N (1A2.37)
where
S P(w) J2 (IA.2.38)
— L1 -Pw)V T

p_pT+1
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Solving the above problem, we obtain

+ |-2vT+ 9]

I
—21 + 2001

There are three cases, which we examine below.

Case 1: if =21+ L‘r—%ﬁ <0and —2I + 219%}(1 < 0, the larger root is

0+ <_2\/T+ %4’%19) 1

X = =—F==X
I
—21 + 2001 Vi

and the other root, which is smaller, is given by

o= <_2\/T+ ﬁ_%@ VI+ iy

VI IV/I’
_2I+2191+1 _I+l91+1

7 =

which is negative. Thus, there does not exist a solution x* that lies in (0, %), meaning that the
collusive Nash equilibrium does not exist.

Case 2: if —2/1+ L‘r—%ﬁ <0Oand —2I + 2195}[1 > 0, the smaller root is

o+ (—2vI+1519) I

X~ = =—==X"
I
—21+ 2011 VI

and the other root, which is larger, is greater than or equal to xV. Thus, there does not exist a

solution x* that lies in (0, %), meaning that the collusive equilibrium does not exist.

Case 3: if —2/T+ ﬁ—%ﬂ > 0. In this case, we can prove that

11 I 1 I
—21+2191— f[ 2f+2191+—J f{—H—leﬂH—l = 9V1>0.

Thus, the larger root is
+ <_2\/T + %4’% l9> 1

I pr prm
—21 + 2001 Vi

and the smaller root is
2V 1 I-1 9

I I
—21 + 2011 —1+191{1
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For the smaller root to lie in (0, %), we need —I + ¢ I—\(l > 0 given that @ > 0, which implies

I+1

Since 1L < 2/1 %, the existence of a collusive Nash equilibrium requires that ¢ > 2V1 %Jj—% in

0>

VI
this case. To rule this out, we need to show the condition ¢ < 2+/1 %, which ensures that Case 3
does not arise. Since p_lp_—fH is always positive for any p € (0,1), it follows that
2
B <4/ ;H(a)), (IA.2.39)

where H(w) = ¢(w)/ [1 — ®(w)] is the hazard rate function of the standard normal distribution.
Because H(w) is monotonically increasing when w > 0, it follows from (IA.2.39) that, when @ = 8,

/2
0 < %H(GJ) = 6.0515. (IA.2.40)
On the other hand, it is straightforward to show that, for any integer I > 2,
I+1
\/_ L > 6.666. (IA.2.41)

Combining results from (IA.2.40) and (IA.2.41), we obtain

8 < 2\ﬁ%. (IA.2.42)

Therefore, Case 3 cannot occur.
We then consider the condition (ii) that oy, is large. In this case, according to (IA.2.21), 7¢ =0

and thus A® ~ %. As a result, the market approximates a trading environment in which price

recovery through market makers’ learning about the fundamental value, based on the total trade

2
flow of informed speculators and noise traders, is negligible. Given that 05, /0y, ~ 0, N~ I}r—l%

and xYM ~ L 925 Due to the continuity, it suffices to show that no solution x© € (0, xV) exists

such that H()(C, 5 ng) > TI(x"N, 5 ng) in the trading environment, where Il(-,-) is defined in
(IA.2.7). Let x© )Zcetf and define yM = 21 and YN = I+1

that there is no solution ¢ € (0, x) satisfies H()(Cﬁ L) > TT(xN e Cax S ). In this case,

Then, it is equivalent to show

X . é’ ’ 9+§2 (’; s 9+€2
E [N (v)] = (Ij'r—vlﬂ% Given that 0y, /0, ~ 0, equation (IA.2.27) simplifies to:
1 1 [+10,1
C C u
- — — ——1 =0. 1A.2.43
(X 1+1) {X [(I+1) I 0,0 ( )
According to the definition of x© here, which is ¢ = XC%, the equation above can be further
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rewritten as:

1 1 I+10, ¢ 1

>C =C u

N _ _ u “|=o, 1A.2.44
( 1+1> {X i+ T oo+ee) 0 ( )
Solving for x* yields x© = Ii_l or X¢ = I(++1) + %‘;—Zr%zl%, with the second root becoming

arbitrarily large as 0, /0y, — 0. This implies that no solution exists within (0, x"V). Consequently, a
collusive Nash equilibrium does not exist when ¢, /0, ~ 0.

Existence of Price-Trigger Collusive Nash Equilibrium. Given that s* = 0 (i.e., informed
speculators are in the collusive regime in period #), let J°();) denote each informed speculator i’s
expected present value of future profits, when investor i chooses x;; = x;(v: — U) and all other
I — 1 informed investors choose x“(v;) = x*(v; — 7). The value of J¢(x;) satisfies the following
recursive relation in (IA.2.20). If 8/ ~ 0, it must hold that A€ ~ 1/¢.

When AC = 1/¢, it holds that YN = I%, xM = 5, and E [V (v)] = (Eﬁ’z)z. Because the
system is continuous, it is sufficient to show that there exists a solution x© € (0, x) such that

I1(x%,1/&) > I1(xN,1/¢) in this environment. Without loss of generality, we focus on the case
with 7 = 1, allowing us to rewrite Equations (IA.2.24) and (IA.2.27) as follows:

_ oT+1 2
(1-7") xo? + EE— fp [1-®(w)] —(I‘”?’l)z

JC(x°) = (IA.2.45)
1= p®(w) — p 1 [1 - B(w))
and
T+1 2
_ [ _ A1 cl 2 |.;CrCy_P—P §0y  Ti1;c.,Cy| To 2
0=|1-& {1+ 1)x"] 7 {p} 0) -5 e >] S p@h
(IA.2.46)
Therefore, x© is the root of the following quadratic equation:
0=1-¢ (I+1)x" 9 {(1—51195) xc——ufl)z},
where
By = 09— T8 Plw) \/Z (1A.2.47)
Tu quTTijLl—CD(w) T
Solving the above problem, we obtain
O + 1 4 |81 11
¢ I+1 ¢
x© = 55T ‘ (IA.2.48)

¢

There are two cases.
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Case 1: if % % < 0, then the smaller root is

I+1 O,(1-1)  I+1
C_‘90+T+( 171 _T>_ N
A 20,1 =X

4

Thus, the larger root must be strictly greater than xV, ruling out the possibility of a collusive Nash
equilibrium. To guarantee the existence of a collusive Nash equilibrium, we must show that this

scenario never arises when 6/¢ and ¢, are both small. Specifically, to ensure that this case never

occurs, it requires that 9, > &1 IH) , which, according to (IA.2.47), holds when o, is sufficiently
small.
Case 2: if 19‘71(i11) Hg‘l >0,ie, 0 > 1{ ) , then the larger root is

I+1 O (I-1) 141
c_‘9"+T+( T _T>_ N
X = 20,1 =X

¢

The smaller root is

bo+ 1 — (M 1) g

c_ 4 eS|
X© = T R (IA.2.49)

g
It is obvious that the smaller root lies between 0 and xN. To show that Equation (IA.2.49)

characterizes a valid collusive Nash equilibrium, we need to verify that (IA.2.49) satisfies

I1(x%,1/¢) > T1(xN,1/¢), (IA.2.50)

when 6/¢ and o, are both small. To prove the inequality in (IA.2.50), it suffices to show that

8C 808

+141 +14+1 -

<1 e 8,1 ) - 8,1 (1 - 146—1) Hil (1A2.51)
[0 o

which can be further simplified into
(1 - T) (1+e)>1, (IA.2.52)

with e, = (I +1)%/(&6,).
The inequality in (IA.2.52) is equivalent to

o< 1I—1, (IA.2.53)
which can be rewritten as )
I+1
Ey > % (1A.2.54)
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According to the definition of ¢, in (IA.2.47), the inequality (IA.2.54) holds as long as oy is
sufficiently close to zero. Therefore, with all other parameters held constant, a collusive Nash

equilibrium through price-trigger strategies exists if both ¢ is large relative to 6 and oy, is small.

2.4 Proof of Proposition 3.2

We first show the existence of a collusive experience-based equilibrium with trading strategy x© €
(XM, xN) for any ¢ > 0 and ¢, > 0, where xN and x™ characterize the optimal trading strategy
of informed investors in the non-collusive Nash equilibrium and the perfect cartel benchmark,
respectively. We show that, for any X such that YM < xC < xV, there exists an experience-based
equilibrium, in which informed speculators uniformly undervalue aggressive trading strategies,
perpetuating an incorrect system of outcome evaluation that remains uncorrected. Along the
equilibrium path, the market price p*(y) satisfies

0vC + ¢ ¢

0+ ¢?

Ix

d +¢ = :
A GV S sy

pC(y) =7+ Ay, with AC =

where y is the total order flow of informed speculators and noise traders.
If x© characterizes the trading strategy in an experience-based equilibrium, the “correct”
outcome evaluation of any possible strategy y is given by:

J(x) = E | (0 = pS(n))x (o = 9)] + 0T (XO), (1A.2.55)

where y; = x(v —0) + (I — 1))(C(vt —0) + uy. It thus follows that
J(0) = [1= A% = A0 = 1A X0 + I (:O)- (1A.2.56)
As a result, the optimal trading strategy x* and its evaluation J(x*) in an experience-based

equilibrium X must satisfy the following condition:

(72

J(x©) = ﬁ (1 — /\CIXC> X© (IA.2.57)

Below, we establish existence by construction. Specifically, we construct a distortion function

D(x) that is strictly increasing in y;, i.e., aDa—)((X) > (, and ensures that that )(C can be sustained as
an experience-based equilibrium outcome by an evaluation system

J°(x) =1(x) - D(x), (IA.2.58)

If such a distortion function D(x) exists, its strict increase in x implies that the perceived value

of more aggressive trading strategies is systematically lower, leading informed speculators to
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undervalue them.

Particularly, we construct a distortion function as follows:

D(x) =c¢“[1 — (I+1)Ax 102 (x — x©) + gaﬁag [7(2 — ()(C)z] , where ¢© > 0. (IA.2.59)

It is obvious that D() is strictly increasing in x for x > 0. This follows from

oD

%") =cC [1 —(I+ 1)ACXC} 02 + guAozX. (IA.2.60)
Because x© < xV, it holds that A xC < ANxN following the proof provided in Online Appendix
2.5. Thus, [1— (I+1)A x| 02 > [1— (I+1)ANxN] 02 = 0. Thus, the first term on the right-
hand side of (IA.2.60) is positive. Since the second term on the right-hand side of (IA.2.60) is also

clearly positive for x > 0, we conclude that

dD(x)

o >0, for )y >0. (IA.2.61)

Now, we verify the three conditions for the experience-based equilibrium. First, the trading
game clearly follows a recurrent Markovian state process.

Second, the optimality condition for the experience-based equilibrium stipulates that the
strategies must be optimal, given the evaluations system J¢(x) in (IA.2.58). Consequently,

C
9 (x) = 0, leading to the condition that 9J(x) _ 9DX) . Thus, the first-order
oX x=x° X x=x° oX x=x°
condition requires that
0= (1) [1 —(I+ 1)ACXC} 02 + coa?xC. (1A.2.62)

As a result, as long as the two free parameters ¢ and ¢ are chosen to satisfy the first-order
condition (IA.2.62), the distortion function D(x) is consistent with the optimal trading strategy x°.
The optimality condition also requires the Hessian condition at x*:

a2 C
é (27() <0. (IA.2.63)
L P
21C 2 2
The second-order derivative is sl (ZX) = o] (g) _9 D(ZX) . Thus, it follows that
N ly=xc X" Ix=xc X" ly=xc
21C
i (2X) = =207 — ¢opoy < =2 ¢ 05 — gogog < 0. (IA.2.64)
X x=x¢ 0+¢

It is clear that the inequality in (IA.2.64) ensures that the condition in (IA.2.63) is satisfied. Given a
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chosen ¢ > 0 that satisfies (IA.2.63), the remaining free parameter ¢© € [0,1) can be set to ensure
that the first-order condition in (IA.2.62) holds exactly.

The third condition for the experience-based equilibrium stipulates that equilibrium path
behaviors yielding expected discounted net cash flows consistent with equilibrium path evaluations.
Specifically, this condition requires that J(x*) = J<(x*), which holds true since D(x¢) = 0 as
specified in (IA.2.59).

We next show the existence of a collusive experience-based equilibrium driven by over-
perceived aversion against noise trading risk. If x© characterizes the trading strategy in an
experience-based equilibrium, the “correct” outcome evaluation of the strategy x* is given by
J(x) in (IA.2.56). However, the “incorrect” outcome evaluation of the strategy x* due to the

over-perceived noise trading risk aversion is given by
JE00 = |1 =A% = AS( = 1)x€] xe? = D) +pI (X, (1A.2.65)

where D(x) is a distortion function specified as in (IA.2.59) with ¢* set to be zero.

In other words, the outcome evaluation is systematically biased purely due to the over-perceived
noise trading risk aversion, captured by D(x) in equation (IA.2.65). Our proof below focuses on
demonstrating that there exists x© € [x™, xV) and ¢* such that the trading strategy x* and the
“incorrect” outcome evaluation system can be sustained in a collusive experience-based equilibrium
driven by over-perceived aversion against noise trading risk. We consider ¢¢ = 0. The evaluation
of the equilibrium trading strategy x* is consistent with the valuation relation on the equilibrium
path:

o2

_ 0 _2C7.C\ LC
_—1_p<1 Alx))(. (IA.2.66)

JEOEC) = (1=20C) 3 + /() = TGO
This implies that J©(x©) = J(x©), that is, the equilibrium path behavior x* yielding expected
discounted net cash flows consistent with equilibrium path evaluations.

Moreover, the equilibrium trading strategy x is optimal under the “incorrect” outcome evalua-
tion system of ), which is characterized as follows:

x© = argmax J<(x), which is defined in (IA.2.65). (IA.2.67)
X

The first-order condition of the above maximization problem is

1

C

X" = : (IA.2.68)
(I +1)AC 4 ¢o?

As specified in (3.4) of the main text, # ~ 0 holds under the assumed specification. When 6 = 0,
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the first-order condition can be simplified into

1 1
C N 2
- - . IA. .

Thus, as long as 6 is sufficiently close to zero, the continuity implies that x© < x™N.
At the same time, as long as ¢ is sufficiently close to zero so that ¢o? < (I —1)&~}, it holds that

1 1
C= > = M. 1A.2.70
A I S e Ry A ( )
L 97 (x) Cg2 2 : :
In addition, SFva . —2AC02 — ¢o2c? < 0. Thus, x© is the optimal trading strategy
X=X

according to the evaluation system J< ().

Finally, we verify that the “incorrect” outcome evaluation system is biased relative to the
“correct” system, leading to a uniform underweighting of aggressive trading strategies. In fact, it
is clear that

oD
ﬂ = ¢xo2o? > 0, because y > 0. (IA.2.71)

9x
2.5 Proof of Proposition 3.3

Informed speculators’ order flows are given by x(v;, x) = x(v: — 7), where x is determined in

equilibrium. We denote A(x) = 9( +,)§;r5 with y(x) = (17()2+I(+%)2 As defined in (IA.2.7), the

profit function satisfies that

IT(x, A(x)) = E[(or =0 — A(x) (Ix(vt, x) + ur))x(01, )]
= [(vr — o — A(x) (Ix(vr — ©) + ur)) x (0r — 0)]
= [1—A(0)Ix] x5

:[1— 0 (Ix)? g
6 +¢% (Ix)? + (ou/0v)? 0+

I X] Xag.
The first-order derivative of IT (x, A(x)) is

(IA.2.72)

dit(x, A(x) _ - - 01  IPx*+3(0u/0v)* 281
dx 9+§2[12+(Uu/%)2/)(2]2 9+§2X'

By definition of the perfect cartel benchmark, we have yM = argmaxIT (x, A(x)), which implies

H(X’—/;(X)) = 0. Equation (IA.2.72) shows that Cm(é—;:(m is decreasing in x. Thus, for x > x™,
x=xM
we have % < 0. Consequently, defining 7t = T1(x’, A(x?)) for i € {N, M, C}, it follows

that 7¢ € (7N, ], which implies A® € (0,1], since x© € [xM, xN).
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2.6 Proof of Proposition 3.4

We prove the proposition in the environment where 6 = 0 to simplify the derivation. More
general environments with sufficiently small 6 > 0, can be handled similarly with more complex

derivations. By continuity, if the results hold for 6 = 0, they also hold for sufficiently small 6 > 0.

Proof for part (i). Given the assumption of this proposition, we can restrict the analysis to
parameter choices that ensure the existence of a collusive Nash equilibrium.

Proof for the profit ratio AC. Suppose 7N, 7€, and 7 are defined as 7' = T1(x,A(x')) for
i € {N,M,C}, where Il(-,-) is defined in (IA.2.7). When 6 = 0, the expected profit associated

with x' can be expressed as follows:

= (1—-¢1Ix)x'o?, forie {N,M,C}.

N

Thus, ¢ — 77N can be expressed as follows:

nc—nN:( I I+1){ ¢ +I+1 » &g
I(

[+1 0. [+1) " 8l |7 U+r1)?
$(w) oy |2 ~ M_ N
where 9, = = R At the same time, 77" — 717 can be expressed as follows:
—p_prH—l-l—cb(w) i
2 2 132
oM _ N _ 6% GO0y ¢ (I-1) o2,
41 (I+41)? 41(I41)?
Thus, A€ is
4 (I+1)? (I41)? 41
A = I— 1 — . IA2.7
(1_1)2{ 6. H TTee |-y (14.2.79)
When [ is sufficiently large, it follows that
2 _
(I;;) > ! > 1. (IA.2.74)
(o

Within this range of parameter space, it holds that A® is increasing in d,. Because 9, is decreasing

in 0, A® is decreasing in 0. The subjective discount rate parameter p affects AC only through its
impact on 9. Clearly, AC is increasing in p if and only if pl:pp 7 is decreasing in p. We know that

1—p 1

= =77 (IA.2.75)
P = pT Z]Tzll P]

pl__Pp T is decreasing in p, establishing the result.

Since Z]-T;f o/ is increasing in p, it follows that
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Next, we show that A€ is decreasing in I. The first-order derivative is
IAC 4

ol 0,¢ ZGJ—FD (_(1—21)2> (1_1_ (Iz;(t;y) * <%>2 (1_2(%61))

4 (I+1)(I1-3) , 2(I+1)2
S8 (I-1)2 {_ﬂocu—l)}'

Thus, % < 0, when 9,¢ < z(ﬁi)z as in (IA.2.74). The condition is true when I is sufficiently large.
Intuitively, when ¢,/ 0y, is sufficiently small (as required to ensure the existence of the collusive
Nash equilibrium sustained by price-trigger strategies), it follows that

4(I+1)?
A~ 1A.2.76
- 1)0: (14.276)
which implies that A€ is increasing in [ when [ > 3.
Proof for the price informativeness Z©. By definition, the price informativeness Z¢ is
IC—<I C>2(U/(7)2— & I+l (Y (IA.2.77)
) el = T T e, ) ) -
2
where 8 = —— Plw) (%\ | =. The price informativeness ZM is
— P 1w VT
p—p
5 E\2 [ 0,\2
M _ M 2_ (= il
™ = (IX ) (00/0u)? = (2) (Uu) . (IA.2.78)
Thus, the relative price informativeness Z¢/ZM is
A 2 2(I4+1))?
= . IA.2.79
™ [1 1 0 1 ( )

Clearly, when [ is sufficiently large so that 8,¢ < (I + 1)?, it follows that Z¢/ZM is increasing in I.
Moreover, since Z€/ZM is decreasing in ¢,, which, in turn, is increasing in p and decreasing in oy,
it holds that Z¢/ZM is decreasing in p and increasing in ;.

Proof for the mispricing £C. When 6 = 0, by the definition of mispricing and substituting out x©
using (IA.2.49), the mispricing £ Cis

8,8
7=+ 14+1 1 I+1
£ = (1-21x%) |Ut—5|=<1—6‘11”1—) |vt—5|=<1——— . >|vt—6|.

(IA.2.80)
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The mispricing in the perfect cartel benchmark, denoted by £ M g

EM = (1= AMpM) Jor - 3] = (1 - g*z%) o — 7| = |v; — 3| /2. (IA.2.81)

Thus, £€/EM is equal to

LI 1) . (IA.2.82)

C/eM
=2(1-— —
E-/E ( [+1 0,8
Obviously, £€/EM is increasing in ;. Since ¥ is increasing in p and decreasing in o, £</EM is
increasing in p and decreasing in ¢y. In addition, when I is sufficiently large so that 8,& < (I +1)2,
it follows that £€/EM is decreasing in I.

Proof for the market liquidity L£C. By definition, the market liquidity £¢ is

1 1
C
= = ) [IA.2.83
d|ze +ye|/ouy 1 —EAC ( )
In this environment with /& ~ 0, the market liquidity £* can be expressed as follows:
1 1 & E( ¢ o021
LC = A =2 =2 (IX +E—). (IA.2.84)
‘1 _ geg-i_;z'g ‘1 _ 59’76;5‘ 0y 6 o5 Ix

When 0, /0y is sufficiently small (as required to ensure the existence of the collusive Nash
equilibrium sustained by price-trigger strategies), it follows that

LC ~ gIXC (IA.2.85)

The market liquidity in the perfect cartel equilibrium, £M, is

2 2 2 2
M g M 0y 1 g C 0y 1 1 g 2(714
- 6 ( X +0’% I)(M) 6 ( 21 o2 [% sl2t o2 ( 56)

When 0, /0, is sufficiently small (as required to ensure the existence of the collusive Nash

equilibrium sustained by price-trigger strategies), it follows that

LM ~ C—Z. (IA.2.87)
26

Thus, the relative market liquidity £¢/ LM can be expressed as follows:

C
£ LI 1) . (TA.2.88)

= -1 C: e
o =% I 2(1+1+19gé

Obviously, £¢/£M is decreasing in 8. Since 9, is increasing in p and decreasing in o, £/ LM is

25



decreasing in p and decreasing in ¢;,. In addition, when I is sufficiently large so that 8,& < (I +1)2,
it follows that £¢/£M is increasing in I.

Proof for part (ii). Given the assumption of this proposition, we can restrict the analysis to
parameter choices that ensure the existence of a collusive experience-based equilibrium sustained
by an over-perceived aversion to noise trading risk, captured by ¢ > 0. According to the proof for

Proposition 3.2 in Online Appendix 2.4, we focus on the case with

co2E <I—1. (IA.2.89)

Proof for the profit ratio AC. Suppose 7V, 7€, and 7 are defined as 7' = TI(x!,A(x')) for
i € {N,M,C}, where Il(-,-) is defined in (IA.2.7). When 6 = 0, the expected profit associated

with x' can be expressed as follows:

C

= (1—¢1Ix)x'e?, forie {N,M,C}.
Thus, based on (IA.2.70), 7€ — N can be expressed as follows:

4 4 o2 _ Zo?
(I+1)+¢o2Z| (I4+1)+¢o2¢ ° (I+1)2

o 6ol [(1+1) (I-1) —goyd]

¢ — N =|1-¢"11

= . (IA.2.90)
(I+1)? [(I+1) + go2e]”
At the same time, 77 — 77N can be expressed as follows:
2 2 2
M_ N _ % oy (I-1)" »
- = — = . [IA.291
Y B () YT e (1A.2.91)
From (IA.2.90) and (IA.2.91), we know that
C— 4l 5 (I+1)(1_1)ZZ_1, where z = ——. (IA.2.92)
(I-1)% [(I+1)z+1] cO2E

Clearly, AC is not affected by p at all. The first-order derivative of A® with respect to z is

OAC  4I(I+1)2 1—(I—-1)z

= IA2.9
52 = (1—12 [I+1)z+1P (14.2.93)
When the inequality in (IA.2.89) holds, it follows that
IAC
—— IA.2.94
5 <0 ( )
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implying that A® is decreasing in z, and consequently, it is increasing in 2.

After arranging terms, the derivative of A© with respect to I in its compact factorized form is:

oAC —4(T+1)[(I-1)z—1](IPz+2z+1)

= , Where z = ——. (IA.2.95)
ol (I-1)3[(I+1)z+1) o2
When the inequality in (IA.2.89) holds, it follows that
IAC
57 < 0, (IA.2.96)

implying that AC is decreasing in I.
Proof for the price informativeness Z¢. When 6 = 0, by definition, the price informativeness Z¢ is

5 I 2 70N\ 2
C _ C 2 _ =
¢ = (Ix°) (eu/on) = ((I+1)+g05é‘) (Uu) . (1A.2.97)
The price informativeness ZM is
9 B2 [0,\2
M _ M 2_ (= el
™ = (I)( ) (00/0u)? = (2> (O_u) . (IA.2.98)

Thus, the relative price informativeness I€/TM is

¢ [(1-1)—go2t ]
7= et (14.2.99)

Clearly, Z¢/ZM is not affected by p at all, and it is decreasing in ¢2. Since the inequality in

(TA.2.89) holds, it follows that g:;—;gﬁg is between 0 and 1, and thus it is increasing in I. As a
result, Z€ /M is increasing in I.

Proof for the mispricing E. When 6 = 0, by definition, the mispricing £¢ is

£C = <1 —/\CI)(C> vy — 7|

1
— |1 -1 vy — T
{ ¢ (I+1)§—1+gaﬁ}|f |
1+ ¢o2¢ _
— —7l. IA.2.100
T+1) +eozz 7 ( )

The mispricing in the perfect cartel benchmark, denoted by & M s

EM = (1 - AMIXM> oy — 7] = (1 - 511%) oy — 3| = |v; — 3] /2. (IA.2.101)
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Thus, £¢/EM is equal to

1+ go2¢
EC/EM =2 : : 1A.2.102
=2 (142102
Clearly, £€/EM is not affected by p at all, and it is increasing in ¢, because ﬁ% is between
0 and 1. It is straightforward to see that £</EM is decreasing in I.
Proof for the market liquidity L. By definition, the market liquidity £C is
1 1
C
= = . [IA.2.103
8|zt+yt|/8ut 1—6/\(: ( )
Because 0/ ~ 0, the market liquidity £* can be expressed as follows:
1 1 & C ( c o021
L¢ = = =2 (It +2—). (IA.2.104)
C c C 2 [4C
‘1_§g+§§ ‘1_ ’Y+§ T Oy 0 o5 Ix

The market liquidity in the perfect cartel benchmark, £, is

2 2 2 2
M_G(m, Ty 1 (6  oul L(es, 20y
— 2 I _u — < I_ _— = — _— . IA.2.1
£ 9(?‘ +051XM) 9<21+0215 o\2 " 2 (14210

Thus, the relative market liquidity £¢/L£M can be expressed as follows:

N

(o

§

£C IX + (T% IX
o A o (IA.2.106)
2 02 ¢

Given that ¢o2& < I — 1, it follows that when /& ~ 0 and ¢,/ 0, is sufficiently small, £¢ /LM can

be further simplified as:
LC 1r. C 21
R 20 Ixt = .
oM N2 I = Ty F et
Thus, it is straightforward to see that £C/LM is increasing in I and decreasing in ¢2. Clearly,

L/ LM is independent of p.

(IA.2.107)

3 Heuristic Justifications and Intuitions for Al Equilibria

In this subsection, we present intuitions and heuristic proofs on how interactions among Q-
learning algorithms may or may not lead to a collusive trading equilibrium, sustained by one of
the two distinct mechanisms examined in Section 5, in various trading environments. A heuristic
proof refers to an argument or reasoning that offers an intuitive explanation for a result, often

relying on approximations or informal reasoning rather than strict mathematical rigor.
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To capture the key ideas, we assume each informed speculator selects between two strategies:
the non-collusive Nash equilibrium strategy, xV, and a more conservative alternative, x*. Specif-
ically, our discussion on intuitions and heuristic proofs is based on a simple model with I = 2
and X = {xV, )(C}. For simplicity, we also set v; = v + 0y, with 0, normalized to 1 throughout
this paper. These assumptions make Q-learning speculators” behavior semi-tractable analytically,
allowing us to heuristically characterize the properties of the steady state. In this case, the steady
state arises from interactions and learning among multiple Q-learning speculators, manifesting
as either (i) an Al collusive equilibrium sustained by price-trigger strategies, (ii) an Al collusive
equilibrium sustained by over-pruning bias in learning, or (iii) the non-collusive Nash equilibrium.
We emphasize that, in general, deriving theoretical convergence results for multiple interacting Q-
learning algorithms is extremely difficult, which makes it even more challenging to gain analytical
insights into the properties of their steady states.

We ftirst consider the case where ¢ is not close to zero, relative to 6, with two sub-scenarios:
one where 0, is low and one where ¢, is high. In the first sub-scenario, with low ¢y, informed Al
speculators using Q-learning algorithms can learn price-trigger strategies to collude. However,
achieving an Al collusive equilibrium sustained by over-pruning bias in learning is impossible in
this case. In the second sub-scenario, with high ¢y, informed Al speculators can reach and sustain
an Al collusive equilibrium due to over-pruning bias in learning, but they cannot learn to achieve
an Al collusive equilibrium sustained by price-trigger strategies.

Next, we examine the case where ¢ is close to zero relative to 6, regardless of the level of ¢;,. In
this scenario, informed Al speculators using Q-learning algorithms can reach and sustain an Al
collusive equilibrium, where the conservative trading strategy x* is chosen due to over-pruning
bias in learning, regardless of the level of noise trading risk ¢,,. However, they cannot sustain a
collusive equilibrium with x© chosen due to price-trigger strategies, irrespective of oy,.

To elaborate further, the so-called “Al collusive equilibrium” is fundamentally connected to
the theoretical concept of collusive equilibrium formalized in Definition 3.1 in Section 3.2 and
Definitions 3.2 and 3.3 in Section 3.3 of the main text. However, these Al equilibria are reached
and sustained through algorithmic mechanisms rather than theoretical assumptions or economic

reasoning.

3.1 Significant Presence of Information-Insensitive Investors (i.e., Large ()

We consider the case where ¢ is not close to zero, relative to 6, indicating a significant presence of
information-insensitive investors, and thus a negligible effect of pricing error minimization in the
market maker’s objective, as specified in (IA.2.5). For transparency, we assume without loss of

generality that 6 = 0. Thus,

xS <xN=¢/3 and x© > M=¢/4 (IA.3.1)

29



Let the focal speculator be i, and the other speculator is denoted by —i. At ¢, the market price, p;,

is
pi\] 55+2§_1XN+§_1111}, if (XI'IX—Z') — (XNIXN)/
pr=1q pr=0+20 X"+ tu, if (xi,x-i) = (x5 x°), (IA.3.2)
PP =0+ Cil(XN + )(C) + Cilut, otherwise,

NN — g1 Ny, with 7N = (1 -2 1xN) x N, if (xiox—i) = (N, xN),
_— ﬂz;— C‘_lxcut,wi'th mt = (1- 26_‘1xc) o if (i x-1) = (X, x%),
’ N — &1 Cuy, with 7N = [1— 271 (xC + xM)] xS if (xiox—i) = (XS aN),
NC — 2N uy, with wNC = [1 =& 1 (xC + XM aN, if (xi x—i) = (XN x°).

(IA.3.3)

It is straightforward to show that p¢ < pP < pN. The following inequalities hold

7N < 7NN « 7CC < 7NC and
N 4 7C¢ < 7NN 4 7 NC, (TA.3.4)
The inequality (IA.3.4) can be shown as follows:
NN 4 oNC _ (nCN + nCC) _ (XN . XC) [2 . 35—1()(1\1 +Xc)] (IA.3.5)
> (N = x%) [2 — 3¢ N+ xN )} ~ 0. (IA.3.6)

The simplified model, with a significant presence of information-insensitive investors, essentially
resembles a prisoner’s dilemma game in product market competition, where a “nature” player
submits demand with an amount randomly drawn from a zero-mean normal distribution.

In the presence of a significant force of information-insensitive investors, that is, when ¢ is not
close to zero, relative to 6, we first demonstrate in Section 3.1.1 how an Al collusive equilibrium
driven by price-trigger strategies can robustly arise in a low-noise trading environment. Conversely,
we explain why an Al collusive equilibrium sustained by over-pruning bias in learning cannot arise
in the same trading environment. In Section 3.1.2, we then show how an AlI collusive equilibrium
sustained by over-pruning bias in learning can arise in a high-noise trading environment, while no
collusive equilibrium driven by price-trigger strategies can occur in the same trading environment.
These findings confirm the results of our simulations, particularly those illustrated in Figure 2 of

the main text.

3.1.1 Low Noise Trading Risk ¢, with Large ¢

We first consider the case where o, is low. For illustrative purposes, we assume ¢, = 0, meaning

monitoring is perfect. Although rigorous mathematical proofs for the convergence of multiple
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Q-learning algorithms in this simplified model have been demonstrated (e.g., Cartea et al., 2022;
Possnig, 2024), they offer little in terms of intuitive explanation or insight, relying mainly on
the application of stochastic approximation results. Specifically, these proofs for the simplified
model depend on directly applying existing results in stochastic approximation, which primarily
involves verifying high-level regularity conditions and emphasizes technical details. As a result,
they lack intuitive insights. Our heuristic proofs add significant value by providing clear intuition
behind the convergence of multiple Q-learning algorithms, which can be extended to more general
settings, as outlined in our main model, even though we use this simplified model for illustration.

In this scenario, the market price in (IA.3.2) becomes

pN =0+ 2@ if (xi,x—i) = (XN/XN),
pr=1q p-=0+20"" if (xio x—i) = (X5 x°), (IA37)
PP =0+¢ (X +x%), otherwise,

and the trading profit in (IA.3.3) becomes

NN — (1 —26_17(1\]) XNr (er?( z) = (XNIXN)/
€ = (1-2¢1x%) xS, if (xi, x-i) = (x5 x°),
= IA3.8
it AN =1 xS+ axM]xS i (x-i) = (X aN), —
N = (1= 1 (xC + M) A, i (ox—i) = (XN x6).

And, in this scenario, the state variable s; can take one of three values: {p®, pN, pP}. To elaborate,
based on the state variable s; specification in Section 4.1, we define s; = pc if and only if
X1i-1 = X24-1 = xC, st = pN if and only if x1:-1 = X2,i-1 = AN, and s; = pD in all other cases.
According to the theoretical recursive relation of the Q-function in (2.3), the theoretical Q-
function associated with the collusive equilibrium sustained by the price-trigger strategy under
perfect monitoring with perpetual punishment, can be summarized as follows:
If the state is s = p*,

7CC prtNN
Qi(s, x°) = = and Q;i(s, xN) = nNC + ﬂ, fori=1,2; (IA.3.9)
if the state is s # p*,
(e ~C) _ ~CN preNN (e vNY NN _
Qi(s,x>)=m" + 15" and Q;(s,x") = T fori =1,2. (IA.3.10)

Result 1:  In a market environment where 0, = 0 and ¢ is large relative to 6, no Al collusive equilibrium
sustained by over-pruning bias in learning can be achieved by multiple informed Al speculators using
Q-learning algorithms.
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Below, we provide a heuristic justification for Result 1. Intuitively, in a low-noise trading
environment, the exploration-exploitation tradeoff works effectively, avoiding severe over-pruning
bias in learning. As a result, Al collusive equilibrium sustained by over-pruning bias in learning
cannot be achieved or sustained by multiple informed Al speculators.

In theory, this collusive experience-based equilibrium represents a steady state where informed
speculators have learning bias that leads to an overvaluation of conservative trading strategies. In
this equilibrium, Q;(s, xV) < Qi(s, x©) for all i = 1,2 and all s, indicating that the conservative
strategy x* is consistently preferred over the aggressive strategy x"V, and Q;(s, x©) represents an
on-path evaluation that satisfies the consistency condition of an experience-based equilibrium. As
a result, the following holds:

7.[CC

. Cy —
Qi(s,x™) = 1- o’

fori =1,2and all s, (IA.3.11)

and Q;(s, xV) can take arbitrary values as long as:

ccC

Qi(sl XN) < 17-(

fori =1,2 and all s. (IA.3.12)

Specifically, we prove Result 1 by contradiction. Assume that the system of multiple Q-learning
algorithms converges to the collusive equilibrium sustained by learning bias, described above in
(IA.3.11) and (IA.3.12). In this case, an Al collusive equilibrium sustained by over-pruning bias in
learning would be achievable.

Thus, after many iterations in the exploitation-intensive stage, the estimated Q-function Qi,t
approaches its theoretical counterpart Q;, so that Qi,t(s, AN < Q,-(s, X©) fori = 1,2 and all s, for
sufficiently large .

What would Qilt(s, xN) and Q;(s, x°) converge to in this scenario? During the exploitation-
intensive stage, the following recursive relationship holds:

Qit,, (P5 x°) = (1= a) Qi (P&, x°) +a [7C+p max_ Qi (p<, X) (1A.3.13)
xe{xCxN}

where f; is the index of the iteration in which i visits the state-and-action pair ( p©, x©) for the
T-th time.

For sufficiently large T, given that x* is preferred over x, the maximum value simplifies to
Qi,tT (p©, x©), and we have:

Qi y (P5,X°) = (1 — a+ ap)Qyr, (p, X©) + amr™C. (1A.3.14)

~ cc
Thus, as T grows large, Q;; (p©, x©) approaches 17T_ 5 for i = 1,2, described in (IA.3.11). Thus,
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~ cc ~
Qi+ (p%, x©) approaches fTTp, as t approaches infinity. Similarly, we can show that Q; (s, x*)

cc
approaches 17T_ o as t approaches infinity, for i = 1,2 and all other s. During the exploitation-

intensive stage, the following recursive relationship holds:

Qit, (P5 xN) = (1= a) Qi (pC, AN) +a 7N +p max_ Qv (PP, x) (1A.3.15)
xe{xCxN}

where t; is the index of the iteration in which i visits the state-and-action pair (p%, xV) for the
T-th time.

For sufficiently large T, given that x* is preferred over xV, the maximum value simplifies to
A T

o and we have:

Qi (1S AM) = (1= 0)Qup, (P, 2™) + & [N + 00y, (P, 1) (IA.3.16)
R cc
~ (1 _ “)Qi,tr(pC/XN) +u (7TNC + %) . (IA.3.17)

Thus, as T grows large, Qi,tT(pC, xN) approaches NC 4 anp fori =1,2. As a result, Q,-,t(pc, M)

cC
converges to the same value, 7V¢ + anp, for i = 1,2, as t approaches infinity.

Since 7NC > 71€C, as stated in (IA.3.4), it follows that Q;:(pC, xN) > Qi(pC, xC) for both
i = 1,2. This contradicts the assumption that the system of multiple Q-learning algorithms
converges to the Al collusive equilibrium sustained by over-pruning bias in learning. Therefore,
by contradiction, we conclude that the collusive equilibrium sustained by over-pruning bias in
learning cannot be achieved by multiple Q-learning algorithms when the noise trading risk oy, is

low.

Result 2:  In a market environment where 0, = 0 and ¢ is large relative to 0, an Al collusive equilibrium
sustained by price-trigger strategies can be achieved by multiple informed Al speculators using Q-learning

algorithms with a sufficiently small forgetting rate .

Below, we provide a heuristic proof and key intuitions for Result 2. By the nature of rein-
forcement learning algorithms, both in the simple e-greedy method in (4.3) of the main text and
in more general exploitation-exploration trade-off specifications, random exploration dominates
the early iterations, referred to as the “exploration-intensive stage” (Phase 1). As the explo-
ration rate &; approaches zero, exploitation becomes dominant in the later iterations, marking the
“exploitation-intensive stage” (Phase 2). After sufficient iterations in these first two stages, the
system of estimated Q-functions Qi,t(s, x) for i = 1,2 stabilizes within a small neighborhood of
the steady state. This is referred to as the “absorbing stage” (Phase 3).
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In line with the three phases described above, we illustrate the intuition behind the convergence
process through the following three steps, consistent with the nature of reinforcement learning
algorithms:

Phase 1 (“The Exploration-Intensive Stage”): We provide a heuristic proof that, after a

sufficient number of iterations in the exploration-intensive stage, it holds that Qi,t (s,x%) <
Qilt(s, xN) for all s, as shown below.

When exploration dominates and exploitation is minimal, that is, &; ~ 1, the two actions
x© and xVN are randomly chosen with equal probabilities in each iteration, regardless of
the state variable s. As a result, the Q-learning algorithms behave as if they lack dynamic
sophistication, not tracking any state variables. Consequently, the Q-functions do not depend
on the state variable s after many iterations in the exploration-intensive stage. As a result, in

this stage, when t is sufficiently large, for any state s, it holds that
Qi,t(s, x%) < Qi,t(s, xN), for any state s, (IA.3.18)

and specifically, it holds that

Q. (S XC) N 7.CCC+ n.CN N p(r(NC—l—T(NN)
l,f 7 2 2(1 _p)
n_NC+ n.NN

2(1—-p)

, and (IA.3.19)

Qirl(s, xN) = (1A.3.20)

Below, we prove (IA.3.18) by contradiction. Suppose Qi,t(s, x©) > Qi,t(s, M), for any state s.
As a result, the following cumulative updates hold:

R —1
Qit, (SIXC) = Z a(1— ‘X)h
h=0

Dhncc+(1—Dh)7tCN+p max Qi,tfh(s,x)] , (IA.3.21)

xe{xCxN}
T—1
— Y a(1—a) [Dhncc + (1= Dy)N +00;, (s, XC)] , (1A.3.22)
h=0

where t; is the index of the iteration in which i visits the state-and-action pair (s, xV) for the
T-th time, and D}, are i.i.d. Bernoulli variables with mean 1/2, capturing random exploration.
When 7 is sufficiently large, there exists sufficiently large 7y such that the following conditions
are satisfied: (i) 10 < 7, (ii) (1 — )™ ™ is sufficiently tiny, and (iii) Qi,tT/ (s, x%) =~ Qi,tfo (s, x%)
for all 7" > 1 in the exploration-intensive stage, including iteration index 7. Therefore, the
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following approximation works:

Qi (5, x°) Z a(1 = )" [ Dy + (1= D) AN +pQy._, (5,1

+ 2 a(1— o) [Dhncc +(1=Dy)N + 00y, . (s, XC)] (IA.3.23)

h=T—15+1
i_: (1-a) [Dhﬂcc + (1= D) N +pQiy. (s, xc)} (IA.3.24)
i 1—a) [Dhncc +(1- Dh)nCN} +0Qi4. (5, x°). (IA.3.25)
Thus, it follows that
Qir. (s, x°) ~ ﬁ hém — )" [DhnCC + (1 - Dh)nCN} . (IA.3.26)

To understand how the Law of Large Numbers (LLN) approximation applies to the right-
hand side of equation (IA.3.26), we examine the following two terms:

00 i cc CN
E|Y al—a) [DhnCC +(1- Dh)nCN} T “ZL T, (IA.3.27)
= |
- Y cc _ cN]| & cc_ _cN\?
var hgtx(l «) [Dhﬂ +(1—Dy)m } TP (n 4 ) . (1A3.28)

Applying Markov’s inequality, it follows from equations (IA.3.27) and (IA.3.28) that as «
approaches zero, the following LLN approximation becomes increasingly accurate:
0 7CC 4 7CN

Y a(l- )" [DhTCCC +(1—- Dh)T[CN} ~ 5
h=0

(IA.3.29)

Since « is small, the Law of Large Numbers implies that, as t becomes sufficiently large,

1 7TCC—|—7TCN
1—p 2

Qir(s, x°) ~ (1A.3.30)
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In the meantime, we would have

-1
Qir.(5,xN) =Y a(l—a)" | DN+ (1 = Dy)7e"N +p  max Qs ,(5,x)| (IA3.31)

h=0 xe{xCxN}
-1

= ¥ a(1= )" D€+ (1= D) 400y, (5,1C)] (1A.3.32)
h=0
T—T R

- a(l— zx)h [DhﬂNC +(1-— Dh)nNN + in,tT_h(S/XC)]
h=0

+ Y a(1l-a) [DhnNC +(1—Dy)N 4 in,tT,h(s,xC)]

h=1—19+1
(IA.3.33)
T—Tp R
~ Z w(1—a) [DhT(NC + (1= Dyp)e"N + 0Qi 1. (s, Xc)} (IA.3.34)
Z (1-a) [DhnNC +(1- Dh)nNN} +00ir (5, x5) (IA.3.35)
00 CcC CN
2 (1—a) [DhnNc+(1—Dh)nNN} n 1fp” Jg” (1A.3.36)

where t; is the index of the iteration in which i visits the state-and-action pair (s, xV) for the

T-th time, and Dy, are i.i.d. Bernoulli variables with mean 1/2, capturing random exploration.
As w« is small, the Law of Large Numbers implies that, as ¢ is sufficiently large,
aNC + 7NN 0 7CC + 7CN

A. N _
Ql,t(S/X ) 2 1_p 2

(IA.3.37)

Comparing (IA.3.30) with (IA.3.37), the inequality (IA.3.4) results in a contraction. Therefore,
it follows that the inequalities in (IA.3.18) must hold after numerous iterations, by the end of
the exploration-intensive stage.

Given the inequalities in (IA.3.18), we now show that the results in (IA.3.19) and (IA.3.20)
hold. The following relationship exists between the estimated Q-function and its cumulative
updates from the past:

T—1
Qir.(5,xN) =Y a(l—a)" | DN + (1= Dy)7e™N +p max Qs ,(s5,x)|, (IA3.38)
h=0 xe{xxN}
-1
— Y a(1—a)" [DhnNC + (1= D) +00;, (s, XN)] , (IA.3.39)
h=0

where t; is the index of the iteration in which i visits the state-and-action pair (s, xV)

for the 7-th time, and D, are i.i.d. Bernoulli variables with mean 1/2, capturing random
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exploration. When 7 is sufficiently large, there exists sufficiently large 1) such that the
following conditions are satisfied: (i) 19 < 7, (ii) (1 — )" ™ is sufficiently tiny, and (iii)
Qi,tT/ (s, xN) ~ @i,tfo (s, xN) for all T > T, including iteration index 7. Thus, the following
approximation works:

T—T

Qurelrx™) = L a1 =a)" [Dy€ + (1= D)™ + 00y, (5,6

+ Z a(l— zx)h [DhrcNC +(1- Dh)nNN + p@,-,ch(s,)(N)}

h=1—19+1
(TA.3.40)
T—T -
~ Y a(l—a) [DhnNC + (1 — Dy) NN in,tT(s,XN)] (IA.3.41)
h=0
~ Y a(l—a) [DhnNC +(1— Dh)r(NN] +0Qis (s, xV). (IA.3.42)
Thus, it follows that
~ 1 ©
Qe (s:xN) = L a1 =) [DyNC + (1 - D) N (IA.3.43)

Since « is small, the Law of Large Numbers implies that, as t becomes sufficiently large,

1 7TNC—|—7'L'NN

ta(SX ) 1_P 2

(IA.3.44)

With the result in (IA.3.20) established, we now demonstrate that the result in (IA.3.19) also
holds. For sufficiently large T, the Q-function for trading strategy x*©

-1
Qir.(5,x) =Y a(l—a)" |Dy“C + (1= D)7 +p max_ Qs . (s,x)| ([A3.45)

h=0 i xe{xCaNy
-1 _

= Y a(1—a) (D + (1 = DY) N + Qs (s, xN )} (IA.3.46)
h=0 B

~ Y a(l—a) [DyrCC + (1 - Dh)nCN] +00ir (5, 2N) (IA.3.47)
h=0 B
o - NC NN

~ Y a(l—a)" D+ (1= DN+ BT tr (IA.3.48)
=0 - 1—p 2

where ¢ is the index of the iteration in which i visits the state-and-action pair (s, x*) for the

T-th time, and D}, are i.i.d. Bernoulli variables with mean 1/2, capturing random exploration.
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Since « is small, the Law of Large Numbers implies that, as t becomes sufficiently large,

7'(CC+7'L'CN 0 7.[NC+7.(NN

: . . (IA.3.49)

Qi,t(sl XC) ~

Phase 2 (“The Exploitation-Intensive Stage”): After many iterations in the exploration-

intensive stage, Phase 1 achieves convergence with the estimated Q-functions stabilizing
around the limits in (IA.3.19) and (IA.3.20). We now show that as the algorithms transition
to Phase 2, the estimated Q-function Qi,t converges toward the true Q-function Q; for
i = 1,2, after many iterations of exploitation during the exploitation-intensive stage, where
the exploration rate is near zero (i.e., & ~ 0). Notably, this convergence is driven by the

reinforcing nature of the algorithms.

We show that, in the exploitation-intensive stage with ¢; ~ 0, the estimated Q-functions
converge to their true counterparts, specified in equations (IA.3.9) and (IA.3.10), after

numerous iterations of exploitation. Below, we first consider the four cases with s; # pC:

— When the state is s; = pN and x;; = ;(N , the other speculator, —i, will also choose
strategy xN based on exploitation, as it was favored over x* after numerous explorations
in Phase 1. As a result, the state in the next iteration remains s;; = p", leading to the
following update:

Qip (PN, AN) = (1= a)Qip, (PN, AN) +a |7V +p max  Qir. (PN, x)| (1A3.50)
xe{xCxN}

=1—-a+ ocp)@i/tr(pN, AN + anN, (IA.3.51)

where t; is the index of the iteration in which i visits the state-and-action pair (p", xV).

R NN
As T increases, Q; s, (pN, x") converges to Q;(pM, xN) = {T —p

~ NN
in (IA.3.10). Therefore, Q; ;(pN, xV) approaches 17(_ 5 for both i = 1,2 as t approaches

fori = 1,2, as described

infinity.

— When the state is s; = pD and x;; = XN , the other speculator, —i, following the rule of
exploitation, will also choose strategy x, as it was favored over x* after numerous

explorations in Phase 1. Consequently, the state in the next iteration becomes s; 1 = p~,
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leading to the following update:

Qity (PP xN) = (1 —a)Qys. (p
=(1-a)Qis (p

~(1— “)Q\i,tT(p

PNy +a|n™™ 4o max Qi (pN,x)| (1A352)
xe{xCxN}
Do)+ | NN 4 00y (PN, ) | (IA.3.53)
D _N NN N
X))+ +pr— ) (IA.3.54)

where t; is the index of the iteration in which i visits the state-and-action pair (p?, xV).

As T grows large, Q; ;. (pP, xV) approaches Q;(pP, xV) =

~ NN
in (IA.3.10). Thus, Q;;(pP, xV) approaches 7=—

7TNN
I—p

fori = 1,2, as described

1o fori = 1,2, as t approaches infinity.

— When the state is s; = pN and x;; = XC, the other speculator, —i, following the rule

of exploitation, will continue to choose strategy xV, as it was favored over x© after

numerous explorations in Phase 1. Consequently, the state in the next iteration becomes

si11 = pP, leading to the following update:

Qi,tT+1(PN/7CC) =(1- “)Qi,tr(P

= (1-a)Qis (p

TN 4 0 max

: Qir. (PP, x)] (IA.3.55)

xe{xCxN
NS +a [nCN +0Q;r. (PP, XN )} (IA.3.56)
NN
~ (1—a)Qir (PN, x6) + (nCN + p%) , (IA.3.57)

where t; is the index of the iteration in which i visits the state-and-action pair (p, x©).

N NN
As T grows large, Qi,tT(pN, x°) approaches Qi(pN, xC) = N + anp fori =1,2, as

N NN
described in (IA.3.10). Thus, Q;(pN, x¢) approaches 7N + % fori =1,2, as t

approaches infinity.

— When the state is sy = pP and x;; = x©, the other speculator —i, following the rule

of exploitation, will choose strategy xV, as it was favored over x* after numerous

explorations in Phase 1. Consequently, the state in the next iteration becomes s;, 1 = p?,

leading to the following update:

Qitey (PP x°) = (1 — ) Qi (p°
=(1- “)Qi,tT(PD

~(1— “)Qi,tT(PD

x6) +a [N 4 0 max @i,tT(pD,x) (IA.3.58)
xe{xCaN}
XC) +a |7+ 00y, (P 1M | (TA.3.59)
C CN NN
X)) Falm +pq , (IA.3.60)
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where t; is the index of the iteration in which i visits the state-and-action pair (p?, x©).

. NN
As T grows large, Qi,tT(pD ,x©) approaches Qi(pP, xC) = N + % fori =1,2, as
. NN
described in (IA.3.10). Thus, Q;;(p?, x*) approaches 7N + % fori = 1,2, as t
approaches infinity.

Now, we consider the case where the state is s; = pC. We first show that there must
exist some € such that Q; ,c(p¢, x©) > Q; ,c(pS, xV) for both i = 1,2. We then show that,
if this condition holds, for any t > t©, the state p© and the associated optimal strategy
x© will continue to be reinforced during the exploitation-intensive stage (Phase 2). This
reinforcement enables the estimated Q-functions at state p© for both actions x* and xV,
denoted by Qi,t (pS, x©) and Qi,t(pc, x), to converge toward the theoretical values Q;(p®, x*)
and Q;(pS, xN), respectively, defined in (IA.3.9), as t approaches infinity. Combining the
convergence results for Q-functions evaluated at state p© (derived below) with those at
pP and p!N (derived above in (IA.3.50) to (IA.3.60)), we find that informed Al speculators
using Q-learning algorithms reach and maintain an Al collusive equilibrium, sustained by
price-trigger strategies. This occurs because x* is the optimal strategy at state p©, which
keeps the system in pC. If one informed Al speculator deviates from x© to x, the state
shifts from p© to pP, where xN becomes the optimal strategy, eventually leading the system
to state pV in subsequent periods.

— We first show that there must exist some t* such that Qi,tc (p©, x©) > Qi,tc (pC, xN) for
both i = 1,2. As the system of Q-learning algorithms transitions from the exploration-
intensive stage (Phase 1) to Phase 2, both speculators have Q,-,t( pC, x%) < Qi,t( <, xN)
at every t in the beginning of the exploitation-intensive stage (Phase 2). Thus, for each

i =1,2, we have:

Qi,tT+1(pC/ XN) = (1 - a)@i,tT(pC/ XN) +a

N 4o max Qi,tT(pN,X)] (IA.3.61)

xe{x“xN}
= (1= 0)Qyr, (P, 2™) + [ TN 40011, (PN, 1) | (1A3.62)
R NN
~ (1—a)Qiyp (p5, xXN) + <7TNN +prp> , (IA.3.63)

where t; is the index of the iteration in which speculator i visits the state-and-action
pair (p©, xN) for the 7-th time. In this case, (p©, x*) would be insufficiently, even
rarely, updated from the beginning of the exploitation-intensive stage (Phase 2) for
both i = 1,2. Consequently, Qi,t( p©, x©) would be remain close to its initial value at the
beginning of the exploitation-intensive stage (Phase 2), as given by equation (IA.3.49),
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which implies that

cc CN NC NN
A c ooy +T (Ve + VN
Qz,t(P X ) ~ 2 + 2(1 _ p) ’

(IA.3.64)

~ NN
which is strictly greater than Qilt(pc, AN) ~ {T—p’ derived from (IA.3.63), for sufficiently

large t. This is true because 77N¢ > 7NN and

7CC 4 7CN _ o NN _ (1 _ 25_1XC> XC 4 [1 _ é—l(XC +XN)] XC ) <1 . 26—1XN> XN

= (xN - x%) (46‘1XN +3¢ 140 - 2) (IA.3.65)
> (xN — x%) (45—1XN F3E LM 2) (due to (IA.3.1))
(IA.3.66)
v o (4 3
= (xN = x°) (5 +5- 2) > 0. (IA.3.67)

Therefore, after many iterations from the starting point of the exploitation-intensive
stage (Phase 2), the estimated Q-value Qi,t(pc, xN) will become lower than Qi,t( p<, x©).
This shift in Q-values will lead both speculators to increasingly prefer x© over xV at the
state p©. The exploitation iterations will further reinforce this preference, as illustrated
by the following process.

We next show that, if there exists t© such that Q\i,tc(lﬂc, x©) > Qi,tc(Pc, xN) for both
i = 1,2, the state p* and the associated optimal strategy x* will continue to be reinforced
during the exploitation-intensive stage (Phase 2) for any t > t“. Consequently, the
system of Q-learning algorithms converges to a collusive equilibrium sustained by

price-trigger strategies, as t approaches infinity.

Because Q-functions and profits are bounded, once the system reaches t€ where

~ ~

Qic(pS, x°) > Qi1 (p°,xN), forbothi=1,2, (IA.3.68)

a substantial number of updates at state p* would be required to reverse any of these
inequalities, if reversal is possible at all, particularly with a sufficiently small forgetting

rate a3

To elaborate further, given that Q-functions and profits are bounded, they are unlikely to

3From this point, we observe that a small a plays two critical roles in the convergence of multiple Q-learning
algorithms. First, it ensures that the Law of Large Numbers holds as a reasonable approximation during the
exploration-intensive stage (Phase 1), allowing the algorithms to accurately learn the ranking of all strategies without
considering collusive equilibria based on past behavior, as previously emphasized. Second, it facilitates convergence
to a collusive equilibrium sustained by price-trigger strategies in the exploitation-intensive stage (Phase 2), where
the focus shifts to exploiting the strategies that have been learned and correcting over-estimated Q-values of the
aggressive trading strategy x" in the state p*.
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change much in the short run. Once x© becomes the better choice in state p*, that pref-
erence tends to persist and gets reinforced over time. Reversing the inequality (IA.3.68),
i.e., reaching a point + where Qi,t(pc, x") might become greater than Q,-,t( p©, x©) again,
would require an exceptionally large number of updates to the Q-functions at state
pC. This is especially true when the forgetting rate, g, is sufficiently small. A small a
restricts the rate at which recent experiences influence the Q-values, thereby making
Q-values slow moving and insensitive to individual updates. Consequently, once the
inequality in favor of x* is established, it is likely to remain for a prolonged period, or
potentially indefinitely, as the system continues to reinforce the choice of x© at state p©.
In fact, before any possible reversal of the inequalities in (IA.3.68) could happen, the
system would already be effectively “locked” in the state p*, with both speculators

choosing strategy x* as the optimal strategy due to the following Q-learning recursive
relationship:

Qi,tHl(Pc/XC) = (1- “)Qi,tT(PC/XC) +a

7°C +p max Qi,tr(pc,x)] (IA.3.69)

xe{xxN}
= (1= 0)Qis (p, x€) + & [1°C + pQy, (p°,2C)] (IA.3.70)
= (1 —a+ap)Qir. (pC, x€) + art®C, (IA.3.71)
where t; is the index of the iteration in which i visits the state-and-action pair (p©, x°)
for the T-th time. As T grows large, Q; ;. (pC, x©) approaches Q;(p<, x°) = 17TECP for
i = 1,2, as described in (IA.3.9). Thus, Q;;(pS, x©) approaches 17TECP fori=1,2,ast

approaches infinity.

As a consequence of the convergence result for Q,-,t( pC, x©) discussed above, the follow-
ing convergence result for Qi,t(pc, x) also holds after sufficiently many iterations in
the exploitation-intensive stage (Phase 2):

Qi,tm(PC/XN) =(1- “)Qi,tf(pCrXN) ta

NC 40 max Qi,tr(pD,X)] (IA.3.72)

xe{xxN}
= (1= 0)Qyr, (0, 2™) + & [TV 4 Qi (0P, x™) | (1A.3.73)
R NN
~ (1—a)Qir, (P, xN) + & (nNC + %) : (IA.3.74)

where t. is the index of the iteration in which i visits the state-and-action pair (p©, xV)

for the T-th time. As T grows large, Q;, (pC, xV) approaches Q;(pC,xN) = 7NC +
oreNN _ R oreN
T—o for i = 1,2, as described in (IA.3.9). Thus, Q; ;(p<, xV) approaches TN¢ + E———
fori = 1,2, as t approaches infinity.
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cC

In summary, we have shown that Qi,t(pc, X©) =~ {TTP as t approaches infinity, and
~ pnNN cc
Qi(pC, xN) =~ NC + T—pas t approaches infinity. Since 17T_ 0 is significantly greater

NN
than 77N¢ + % as long as the discount factor p is sufficiently close to 1, the system of

multiple Q-learning algorithms will converge to the long-run steady state where x* is
preferred over xN at state pC (i.e., Q;,(pC, x€) > Qi +(pS, xN) for any sufficiently large
t). This inequality will hold consistently, preventing any reversion of the inequalities in
(IA.3.68).

Phase 3 (“The Absorbing Stage”): Finally, we show that the collusive equilibrium, sustained

by the price-trigger strategy under perfect monitoring, constitutes the long-run steady state
of the multi-agent Q-learning system and, importantly, is stable. Specifically, in what follows,
we show that, once Qi,t reaches a small neighborhood of the theoretical Q-function Q; for all
i = 1,2, described in (IA.3.9) and (IA.3.10), the system remains within this neighborhood
permanently.*

To be more specific, we show that, once Q; (s, x) = Q;(s, x) + Uj (s, x) with [U; (s, x)| <
for all s, x, and i, for some arbitrarily small § > 0, the asynchronous update in Q-learning
algorithms ensures that Q;;.1(s, x) = Qi(s, x) + Ui 41 (s, x) with |U; 411 (s, x)| < 6 for all s,
x, and i. Below, we illustrate the case for (pc, XC), with similar arguments applying to all
other cases. If (p©, x*) is not updated for speculator i in the iteration ¢, the claim is obviously
true. If (p¢, x©) is updated for speculator i in the iteration ¢, according to the Q-learning
recursive relationship, we have

Qi1 (pSx%) = (1= ) Qip(P,x°) +a |7 +p  max Qi (pS, x) (TA.3.75)
xe{xCxN}
= (1= ) Qu (P x9) + ¢ | 1 + pQis (p, x°) | (1A.3.76)
= (1—a+ap) [Qi(pS,X°) + Ui (pS, )| +am (1A.3.77)
= Qi(pS x°) + Ups1 (5 x), (IA.3.78)
where U; ;. 1(p%, x°) = (1 — a + ap)U; 1(p, x©). Therefore, it holds that
Wi (p, XO)| = (1= a+ap) Ui (p°, xO)| < 6. (IA.3.79)

“This demonstrates that the collusive equilibrium, sustained by the price-trigger strategy under perfect monitoring
with perpetual punishment, can be achieved by multiple Q-learning algorithms through effective learning, rather than
insufficient learning, despite the theoretical stochastic instability of the limiting equilibrium. The convergence remains
approximate when the forgetting rate « is a small constant, rather than decaying to zero over the iterations. The key is
that, with any finite number of iterations, small but positive approximation errors and exploration rates lead to an Al
equilibrium with limited punishment for deviations, ensuring stochastic stability throughout the learning process,
even if not for the limiting equilibrium.
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3.1.2 High Noise Trading Risk ¢, with Large ¢

Result 3:  In a market environment characterized by a high o, and a large ¢ relative to 0, no Al collusive
equilibrium sustained by price-trigger strategies can be achieved by multiple informed Al speculators using
Q-learning algorithms.

When o, is high, the state variable p; becomes very noisy, providing little useful information
for the Q-learning algorithms to track. Consequently, the algorithms learn to make optimal
decisions with minimal reliance on the state variables, effectively behaving as if no state variable
is being used. In this scenario, the optimization problem becomes static, and the Q-learning
algorithms operate more like bandit algorithms, lacking dynamic sophistication. When price is not
an informative state variable, the mechanism behind price-trigger strategies becomes ineffective,
as the state variable p; is now primarily driven by noise trading flows u; rather than by the
trading behavior of informed Al speculators. As a result, no Al collusive equilibrium sustained
by price-trigger strategies can be achieved by multiple informed Al speculators using Q-learning
algorithms when oy, is high, even if ¢ is large.

Result 4:  In a market environment characterized by a high o, and a large & relative to 0, an Al collusive
equilibrium sustained by over-pruning bias in learning can be achieved by multiple informed Al speculators
using Q-learning algorithms.

While AI collusion via price-trigger strategies is infeasible in this scenario, an alternative
mechanism for Al-driven collusion emerges. High noise trading risk disrupts the exploration-
exploitation tradeoff, a critical factor for effective learning in reinforcement learning algorithms
like Q-learning. In scenarios with high noise trading risk, where Q-learning algorithms become
effectively static, we assume without loss of generality that p = 0. Thus, Qi,t()() follows the

recursive relation:
Qipt1(Xit) = (1 —a)Qir(xit) + artiy, (IA.3.80)

where 71;; is defined in (IA.3.3) and

i = { argmax cr,c vy Qit(X), with probability 1 — &; (IA.3.81)

randomly drawn from {x©, xN}, with probability ;.

In line with the three phases described in Online Appendix 3.1.1, we illustrate the intuition
behind the convergence process through the following three steps, consistent with the nature of

reinforcement learning algorithms:

Phase 1 (“The Exploration-Intensive Stage”): We provide a heuristic proof that, after many

iterations during the exploration-intensive stage with ¢; ~ 1, the Q-function values Q; ;(x°)
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and Q,-,t (xN) are

-1
Qi/tr()(c) = 2 a(l— oc)h [Dhﬂcc +(1- Dh)nCN — c:,‘*l)gcutc J , and (IA.3.82)
h=0

1
Qi (XN) = Y a(1—a)" [DhnrNN + (1= Dy)NC — g 1yN uty_h] ) (IA.3.83)
h=0

where ¢ and Y denote the indices of the iterations when the actions x© and " are visited
for the 7-th time, and D, are i.i.d. Bernoulli variables with mean 1/2, capturing random
exploration. Thus, given a sufficiently small «, the Law of Large Numbers provides the

following approximations:

cC CN 2\ 172

~ T~ + 7T _ 0

Qi,t(XC) ~ — _Z 1XC (ﬁ) zc, (IA.3.84)
NC NN 2\ 1/2

A~ T+ 7T _ oo

Qi,t(XN) ~ — .y 1XN (ﬁ) ZN, (IA.3.85)

where z¢ and zy are independent standard normal random variables, defined as follows:

wo2 \ VE
— u
Zc = ( 5 (X) hgutg_h, (IA.3.86)
2\ —1/2
no;;
= . 1A.3.87
N (2 — oc) h;) utf—h ( )

To further elaborate on the derivation of the approximations in (IA.3.84) — (IA.3.87) above, let
us focus on Qi,t( x°) as an illustrative example. Similar to the proof for (IA.3.29), it follows
that

-1 cc CN
Y a(1—a)" Dy + (1 - D) N] ~ % (1A.3.88)
h=0
In addition, it holds that
-1 ao?
Z a(l— zx)hutc \ is a normal random variable with zero mean and variance _”{X

h=0

Importantly, when ¢, is sufficiently large with « kept constant, the noise terms in (IA.3.84)
and (IA.3.85) dominate the constant terms. Consequently, unlike in a low-noise trading
environment, intensive exploration does not guide Q-learning algorithms toward adopting
or learning aggressive trading strategies. However, we emphasize that, if « is sufficiently
close to zero, even with a large 0, the constant terms in (IA.3.84) and (IA.3.85) may still

dominate the noise terms. As a result, even in a high-noise trading environment, as long
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as « is sufficiently small, intensive exploration does guide Q-learning algorithms toward
aggressive trading strategies, which is consistent with our simulation experimental results

discussed in Figure IA.9 of the main text.

Phase 2 (“The Exploitation-Intensive Stage”): From (IA.3.82) — (IA.3.85), it is clear that

aggressive trading behavior, xV, is particularly vulnerable to poor trading outcomes driven

by large noise trading flows moving in the same direction (i.e., when u; is highly positive).
In these cases, the algorithm “labels” xN as “disastrous action,” meaning that the estimated
Q-value, Q\i,t+1 (xY), is updated to a level significantly lower than @i’t+1 (x°).

As a result, during the exploitation-intensive stage, the algorithm is strongly discouraged
from revisiting xV, effectively pruning x" from the learning process and causing it to
remain persistently undervalued. In other words, when noise trading risk ¢y is high, the
Q-learning system becomes excessively noisy, amplifying the potential learning bias caused
by over-pruning during exploitation. At the same time, during the exploitation-intensive
phase, exploration not only becomes infrequent but also ineffective when it occurs due to
high noise. Taken together, the potential learning bias from exploitation cannot be fully
corrected by exploration, disrupting the balance of the exploration-exploitation tradeoff.
This imbalance leads to persistent over-pruning bias, where the agent’s policy prematurely

converges to a suboptimal solution, ignoring other potentially beneficial strategies.

To be more specific, suppose x" is initially preferred over x* for both informed Al speculators
using Q-learning algorithms at the start of the exploitation-intensive stage (Phase 2). After
many exploitation iterations during the beginning period of the exploitation-intensive stage
(Phase 2), the estimated Q-values Q\i,t( xN) fori=1,2are

. B “0_2 1/2
Qi (xN) m NN — g1y N (ﬁ) ZN, (IA.3.89)

where zy is a standard normal variable. During the iterations of the exploitation-intensive
stage (Stage 2), it is almost certain that a 3-standard-deviation positive noise trading flow
(uy = 3) will occur when zy takes a high value (zy ~ 3), corresponding to three standard

deviations above the mean of a standard normal distribution. This event drives the Q-value
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of XN down to an excessively low level: for i = 1, 2, it holds that

Qipr1(XN) = (1—a)Qi (XN) + a7ty

1/27
~(1—a) [ AN -3¢ 1N (%) +arm;; according to (IA.3.89)

1/27
~(1—a) |aVN =37 14N (%) +u [NNN — 3¢ 1xN| according to (IA.3.3)

1/2
— 7NN _3(1 — ) (;‘%) ~3ag LN (IA.3.90)

As a result, x° is likely to be preferred over xN following this large positive noise trading
flow, leading the exploitation iterations to focus on updating the Q-value of x*:

1/2
~ no; .
Qir(x©) = nC — g 1xC <ﬂ> zc, fori=1,2, (IA.3.91)

which can rarely go below Qi,t( AN) in (IA.3.90).

On the other hand, when noise trading flows move in the opposite direction (i.e., with a highly
negative 1), N may temporarily yield exceptional profits. This will cause the algorithm to
“label” xN as “favorable action,” meaning that the estimated Q-value, Q\Z’/t+1 (xN), is updated
to a level significantly greater than Qi,t+l (x©). This inflation in its Q-value, relative to x°©,
leads to repeated reinforcement of xN. For instance, a 3-standard-deviation negative noise
flow occurs (u; = —3) when zy takes a large negative value, say zy ~ —3, pushing the Q-
value of xV to an excessively high level (following the same reasoning as the approximation
in (IA.3.89)):

1/2
Qi (xXN) =~ 7N 4-3(1 —a)d 1xN (2“%) + 328 N, fori=1,2. (I1A.3.92)

In this way, the Q-value of Y can temporarily exceed that of x*, leading the algorithm to
“label” )(N as “favorable action” and reinforce its selection. However, over many iterations,
this temporary inflation effect, represented by the last two terms on the right-hand side of
(IA.3.92), will average out, resulting in the long-run Q-value for xN, specified in (IA.3.90).

Taken together, the exploration-exploitation tradeoff in reinforcement learning parallels the
bias-variance tradeoff in supervised learning and high-dimensional statistics. Both tradeoffs
seek a balance between pruning the choice space® and reducing the variability of the outcome.

In reinforcement learning, exploring (i.e., trying new actions) is necessary to minimize bias in

5The choice space varies across contexts: in reinforcement learning, it is the action space; in supervised learning
and high-dimensional statistics, it is the parameter space (e.g., Hastie, Tibshirani and Friedman, 2009; Hall and
Horowitz, 2007; Dou, Pollard and Zhou, 2012).
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estimating the optimal action, while exploiting (i.e., choosing believed optimal actions) helps
reduce action and reward variability. Much like shrinkage techniques in supervised learning
and dimensionality reduction in high-dimensional statistics, exploitation in reinforcement
learning serves to prune the choice space, reducing variability and introducing a degree of
bias to enhance learning efficiency overall.

Exploitation asymmetrically influences the learning process when responding to adverse
versus beneficial large noise trading shocks. After an adverse noise shock, the strategy chosen
is often “marked” as “disastrous action,” with a very low estimated Q-value assigned to
that strategy. Exploitation discourages the algorithm from revisiting this strategy, preventing
the correction of biased evaluations for such off-equilibrium actions. Conversely, after a
beneficial noise shock, the strategy is labeled “favorable action” and a very high estimated
Q-value is assigned. Exploitation ensures the algorithm continues to play and update this

chosen strategy, allowing any bias for this on-equilibrium-path action to be largely corrected.

Because more aggressive strategies are significantly more susceptible to large adverse shocks,
this asymmetry causes their persistent undervaluation. These aggressive strategies are
prematurely pruned from the set of potential optimal strategies. In the case with large noise
trading shocks, informed Al speculators using Q-learning algorithms eventually sustain
conservative strategies after the learning process, which aligns with collusive trading behavior
as defined in Definition 3.1.

3.2 Little Presence of Information-Insensitive Investors (i.e., Small ¢)

We now consider the case with high price efficiency, that is, the case when ¢ is close to zero,
relative to 6. Throughout Section 3, we consider I = 2. For illustration purpose, we focus on the
benchmark where ¢ = 0. According to Propositions IA.1 and IA.2, it holds that

xN = Noy, with RN =1/V1, (IA.3.93)
xM = Mo, with g1 =1/1. (IA.3.94)

Thus, the choice set can be further reduced to X = {¥V, ¥} with x™ < ¢ < xV.

A key characteristic of financial markets is that some investors infer the value of an asset by
observing the trading behavior of informed speculators. As a result, the asset’s demand curve
is endogenously shaped and varies across different equilibria, rather than being fixed. In the
equilibrium where informed Al speculators mostly opt trading strategy x*, the demand curve for
the asset set by the market maker is

C — ZC e 1 Ix©
pE(ye) =0+ A%y, with A = — (IA.3.95)

ou (IX€)* +1
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Thus, at t, the market price, p;, is

( C,N _ = (IX\C)(IX\N) I)/(\C ~ PPN ~N =N
=0+ ut, if (Xi,X—i) = , ,
Pi (1@2;1 (I)Ef():z—i—l t (X X—i) = (X", x")
- CC _ = (IX ) I)( ~ . ~ o~ __ /oC oC
= =7+ + iy, if (X, x_;) = , , 1A.3.96
ch_ -, UXOHI=Dx +Xx"] Ix- - ,
=70+ , otherwise,
.- (IR +1 (Ix)7+ 1"

where il = u; /0y is a standard normal variable, and the trading profit for speculator i is

e _ ¢
Ty — |1 — ———— (Xt + x_; 1Oy — ———————— X Uy, 1A.3.97
it (I)/(\C)z 1 (Xz,t X z,t) XitOu (I)/(\C)Z n 1Xz,t t ( )

where

aCNN _ ACy Ny, with 7CNN = (1- IAC)(N) XN, if (xi, x—i) = (x

S 7C.CC _)LCXCut; with 76€C = ( I/\CXC) C ( X ) ( C

M) RSN —ACxCu;,  with 7OON = [1— /\C(X FI-1x XS i (aox-i) = (xS xM),
aCENC — ACx Ny, with 7&NC = [1 - AC((I - 1)x“ +xM)] AN, if (i x-i) = (
(IA.3.98)
It is straightforward to show that ptc’c < ptC’D < ptC’N ,and 7N < gONN « 7CCC « gCONC and
7CCN + 7C.CC < 7CNN + 7CNC

On the other hand, in the equilibrium where informed Al speculators mostly opt trading

strategy X", the demand curve for the asset set by the market maker is

— . 1 IxN
N N N
=0+ Ay, with AY = — =y T I1A.3.99
pi(y) =70 Yt, Wi e N2+ 1 ( )
Thus, at t, the market price, py, is
( _ (IxN)? YN (%2 ) = (3N oN
pt = +(I)/(\N)2_tc1 (IX\N)ZN"}_lut, 1 (Xz/ —1) (X X )/
D I (1 I o e o ) (e <
Pt— Pt =0+ (125)2/_\‘61 (I)/(\N)i]—{—l ts N 1 (Xl/%*l) (X X )/
p?IDE —|—(IX )(XAI\-;_Z(I_DX ) AII\,XZ i1y, otherwise,
(Ix™V) +1 (IxV) +1
(IA.3.100)

where ii; = u; /0y is a standard normal variable, and the trading profit for speculator i is

N R N
A (Xit + X—it) | XitOu XitUt, (IA.3.101)

= |1— —75— — N 1
1,t I/\N 2+1 s 7 IX\N 2+1
X
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where

NN — ANX Ny, with ZNAN = (1 - IANEN) x N, if (xi x-i) = (¢, &™)

= HZE;_ ANXCuy, - with hCE = (1~ IANX®) 1, if (i x-1) = (¢, x°),
’ N — ANxCuy, - with TN = [1— AN (Y + (T =1)x™)] xS, if (i x-i) = (XA

tNE — ANxNuy, - with TNNC = [1— AN((T=1)x + ™M) AN, i (i x-1) = (X, x°)-
(IA.3.102)

It is straightforward to show that pi\]’c < pf\] P < pf\] N and NN < gNNN o 7NCC o 7NNC

and NN 4 aN.CC < aN.NN + N.NC

Result 5:  In a market environment characterized by a small ¢ relative to 0, no Al collusive equilibrium
sustained by price-trigger strategies can be achieved by multiple informed Al speculators using Q-learning
algorithms.

Regardless of the market’s equilibrium or the noise trading level, ¢, the maximum standardized

price deviation is given by

Ap(p) _ N _ o 1 1
=X —x < -—=-3 [A.3.103
o) N TN ST ( )
where Ap(p;) = |PtC’C - Pf’D| and o(p;) denote the maximum price deviation caused by the

deviation of an informed Al speculator, and the price volatility driven by randomness in the
model, respectively, in two different equilibria. Specifically:

C,D
t

— Ap(pt) = |p&C — pP| in the equilibrium where informed Al speculators predominantly
opt trading strategy X, and Ap(p;) = |pf\] N _ pi\] ‘P| in the equilibrium where informed Al

speculators predominantly opt trading strategy x'.

— 0(pt) denotes the standard deviation of pf’c (or pf’N or pf’D ) in the equilibrium where
informed Al speculators predominantly opt trading strategy x*, and the same notation (p;)
denotes the standard deviation of pf\] < (or pi\] N or pf\] P) in the equilibrium where informed
Al speculators predominantly opt trading strategy x™.

This implies that, regardless of 0y, the equilibrium market price remains too noisy to serve as an
informative state variable in Q-learning algorithms, preventing the sustainability of price-triggered
collusion based on private information. This is key to the theoretical result: collusion through
price-trigger strategies becomes unsustainable when ¢ is sufficiently small, all else being equal.
Intuitively, when ¢ ~ 0, informed speculators must trade conservatively relative to the noise
trading risk ¢, to earn information rents. Since information rents are the sole source of profits and
market makers learn about the fundamental value v; through trading flows, informed speculators
are compelled to trade conservatively. As a result, the equilibrium market price is significantly
driven by noise trading u;, rather than reflecting the fundamental value v;, regardless of the level
of 0y,.
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Result 6: In a market environment characterized by a small ¢ relative to 6, an Al collusive equilibrium
sustained by over-pruning bias in learning can be achieved by multiple informed Al speculators using
Q-learning algorithms.

Although Al collusion through price-trigger strategies cannot be learned once ¢ becomes close
to zero, relative to 0, a distinct mechanism for Al collusion begins to emerge. We now illustrate
the intuition behind collusion sustained by over-pruning bias in learning. As discussed in the
heuristic proof for Result 5 above, when ¢ is close to zero relative to 6, the state variable p;
becomes too noisy to provide useful information for the Q-learning algorithms to track. In this
case, the algorithms learn to make optimal decisions with minimal reliance on the state variables,
effectively behaving as if no state variable is being used.

Similar to the case with excessively large ¢, the endogenous trading profit is primarily
influenced by the noise trading flow u;. As a result, the observed trading profit lacks enough
information about the strategy choice to guide the selection of optimal trading strategies, rendering
the algorithms” exploration ineffective. Specifically, following the same reasoning in the heuristic
proof for Result 4 in Section 3.1.2, analogous to the case with excessively large ¢y, intensive
exploration during the exploration-intensive stage fails to enable Q-learning algorithms to adopt or
learn more aggressive trading strategies. Subsequently, during the exploitation-intensive stage, the
aggressive trading strategy x is under-learned due to over-pruning, as asymmetric exploitation
prematurely dismisses the aggressive strategy x.

4 Supplementary Simulation Results

4.1 Measures in Simulation Experiments

In each of the Ng;;;, = 1,000 simulation experiments, we compute the following measures over
T = 100,000 periods after Q-learning algorithms reach convergence at Tt.

Collusion Capacity A©. We compute AC as follows:

= _ =N
T — T

=, [A41
M — 7N ( )

1¢ c_
T 21 i with A
where 7T nl ZtC+T mt;; is the average profits of informed Al speculator i.° The values of 7T 7'(
ZTC+T 7'( y and 7T M ZTC+T . are the average profit that informed speculator i would obtain in
the theoret1ca1 benchmarks for the noncollusive Nash equilibrium and perfect cartel equlibrium,

respectively. Because informed speculators are symmetric, we have nz\i = N and 7] it = = M for

®By taking the average over a large number of periods, we smooth out the randomness in the underlying economic
environment, caused by the randomness in the noise trader’s order flow u; and the asset’s value v;.
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all i =1,..., I. Specifically, conditional on the realized values of v; and u; in period ¢, informed
speculator i’s profit in the theoretical benchmark for the noncollusive Nash equilibrium is

N = [vt — pN(IxN () + ut)] N(vy), fori=1,..,1, (IA.4.2)

where xN(v;) = xN(v; —9) and pN (IxN (v;) + uy) = 5+ AN(IxN (v;) + ;). Similarly, conditional
on the realized values of v; and u; in period ¢, informed speculator i’s profit in the theoretical
benchmark for the perfect cartel benchmark is

M = [vt — pM (1M (vy) + ut)} M(vy), fori=1,..,1, (IA.4.3)

where xM(v;) = xM(v; — 7) and pM(IxM (vy) + uy) = 7+ AM(IxM(v) + uy).

In principle, the value of A€ should range from 0 to 1. A larger A€ implies that informed

Al speculators attain higher profits. The value of AC can never be larger than 1 because 7T is
the highest theoretically possible average profit. In fact, because informed Al speculators can
only choose actions over discrete grids, by design, it is not possible to obtain A® = 1 in our
simulation experiments. However, it is possible to achieve a A® below 0 under the limit strategies
of informed Al speculators. This outcome implies that informed Al speculators failed to learn a
good approximation of the theoretical Q-matrix, and as a result, they achieve average profits lower

than those in the theoretical benchmark for the noncollusive Nash equilibrium.

Profit Gain Relative to Noncollusion. The A® measure is informative about collusive behavior.
However, it does not tell us the relative magnitude of supra-competitive profits. We thus also
calculate the extra profit gain relative to the profits that informed Al speculators would obtain in
the theoretical benchmark for the noncollusive Nash equilibrium. Specifically, the relative profit
gainis Y1, 7,/ YL, 7tN, where 7; and 7T are calculated similarly as those in equation (IA.4.1).

Trading Policy. In our model, each informed speculator’s order flows x;; are linear in the asset’s
value vy, as captured by x;; = x(vs — 7). Our model implies that informed speculators’ trading
policies are more conservative if there is implicit collusion. That is, the sensitivity of order flows x; ;
to the asset’s value v; — 7 is lower when informed speculators collude more, i.e., M < XC < xN.

In our simulation experiments, informed Al speculators directly learn x;; without imposing
the linearity restriction between x;; and v;. Despite this, we find that informed Al speculators
learn roughly linear strategies (see Figure IA.5 in Online Appendix 4.7). We estimate the trading
policy x© based on the recorded asset’s values and order flows {v;, xilt}tT;ET for each informed Al

speculator i = 1, ..., I, by running the following linear regression:
Xit = X5o + X{10t + €r. (1A.4.4)
Consistent with our model, the estimates based on the simulated data satisfy X%, ~ —7x%; in the
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unrestricted regression (IA.4.4). The estimate X, captures the sensitivity of x;; to v; corresponding
to the limit trading strategies of informed Al speculators after their Q-learning algorithms converge.
We further compute the average trading policy of informed Al speculators as x© = %Zle )?ZCI

Price Informativeness.  Consistent with Definition 3.4 in the main text, the degree of price

informativeness in our simulation experiments is measured by the signal-noise ratio as follows:

so _ var(xf) _ var(Li )

_ (12C\2 (5
var (ut) var(u)) (IX°)*(@a/ ou)?, (IA.4.5)

where 0, is the standard deviation of v; under our discrete grid points in V.
Market Liquidity.  Consistent with Definition 3.4 in the main text, the market liquidity in period

t is measured by the inverse sensitivity of the absolute value of the market maker’s inventory
my = —(z¢ + y¢) to noise order flows u;

-1
L€ = {am'] -t (IA.4.6)
oy 11— A4

where z; = —{(pr —7) = _C/)\\tyf and A; is given by equation (4.2) in the main text. The average
Tc+T EC
7

market liquidity is computed as £& = LiiT,
Mispricing.  Consistent with Definition 3.4 in the main text, the magnitude of mispricing in

period t is measured by the deviation of the conditional value of the asset’s price p; from the

asset’s value v;
EF = [Elptlv] — vf] = (1 - MXC> oy — 7], (IA.4.7)

where A; is given by equation (4.2) in the main text. The average mispricing is computed as
£C — Te+T &gC
=Ly, &

4.2 Testing If Outcomes Form An Experience-Based Equilibrium

In this appendix section, we formally test whether the simulation outcomes of informed Al specu-

lators constitute an experience-based equilibrium or a restricted experience-based equilibrium.

Test for Experience-Based Equilibrium. Let Q;(s,x;) and ¥;(s) denote the estimated Q-matrix and
limit trading strategies for each informed Al speculator i € J, respectively, after all informed Al
speculators’ Q-learning algorithms converge. That is, @i(s, X;) = Qi,TC (s, x;) if all algorithms con-
verge at Tc, and X;(s) = argmax,, Qi(s, x;). We adapt the test for the experience-based equilibrium
proposed by Fershtman and Pakes (2012) in our setting with Q-learning algorithms. Specifically,
Fershtman and Pakes (2012, Section IV.A) show that to test whether the output of an algorithm
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constitutes an experience-based equilibrium, one needs to check whether the three conditions that
define an experience-based equilibrium are simultaneously satisfied.

Condition 1 requires the Markov process generated by any initial condition sy = {p_1,v_1,v0} €
R and the transition kernel generated by the limit trading strategies {¥;(s)}._; to have R as a
recurrent class. Thus, with probability 1, any subgame starting from an arbitrary s; € R in period
t will result in sample paths that are within R forever. As noted by Fershtman and Pakes (2012),
condition 1 essentially requires one to find the recurrent class of states. Thus, we start with an
arbitrary state so and use the limit trading strategies {X;(s) }/_; to simulate a sample path {st}tTf{T,
with sufficiently large To and T. The first Ty periods are dropped as burn-in. The set of states that
are visited between Ty + 1 and Ty + T constitute a recurrent class R generated by {Q;(s, x;)}L_;.
In our test, we set Tp = 100,000 and T = 1,000, 000. We further verify that setting larger values for
Ty or T will not alter R.

Condition 2 requires that for each state s € R, trading policies are optimal for each informed

Al speculator i € J given its Q-matrix Qi(s, x;).7 That is, ¥;(s) solves

Tg&( Qi(s,x;) forall ie 9. (IA.4.8)

Condition 2 is satisfied by construction of Q-learning algorithms because a necessary criterion

for convergence is that all Q-learning algorithms are purely in the exploitation mode. In the

exploitation mode, all informed AI speculators choose order flows to maximize their Q values at
each state s.

Condition 3 requires consistency of values on R. Specifically, for each state s € R and each

informed Al speculator i € J,
Qi(s,xi(s)) = mi(%i(s), X_i(s)) +p Y Qi(s', xi(s")) prob(s'|s), (IA.4.9)

where 71;(X;(s),X_i(s)) is the profit that informed AI speculator i receives by choosing the limit
trading strategy X;(s), conditional on other informed Al speculators j € J and j # i choosing limit
trading strategies. In principle, 7r; also depends on the realized noise order flow u and the market
maker’s pricing rule. We omit this dependence to simplify the notations. The variable prob(s'|s)
captures the transition probability from the current state s to the state s’ in the next period. This
transition probability also depends on informed Al speculators” order flows, the noise order flow
u, and the market maker’s pricing rule.

To verify condition 3, we check the consistency of Q;(s, x;) with outcomes generated by the
limit policies X;(s) in each state in R. We follow the method of Fershtman and Pakes (2012) and

"Note that in our simulation experiments, the state variables s; = {p;_1,v;—1,v¢} only include public information
that is available to all informed AI speculators. Thus, each informed Al speculator’s own information set J;; is
identical to s;. Fershtman and Pakes (2012) consider the general setting by allowing J; ; to include private information
that is only available to agent i. In this case, s; = UiI:1 Jit
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directly use the simulated sample path from Typ + 1 to Tp + T to conduct the test. Specifically, for
each period t along the simulated sample path, we compute the perceived value as follows:

Vig(s1) = (o0 = p)Ti(si) + p max Qi(st11,x). (IA.4.10)

Then, for each state s € R, we find all the periods from Ty + 1 to Tp + T in which the state s
is visited. Let the total number of visits be N(s) and the period for the tth visit be #(7), with
T=1,2,..,N(s). The a-weighted average of the simulated perceived values across visits to the

same state s is computed as follows:

N(s)
i(s) = 21 (1= a)" Vi n(s)—re1) (5): (IA.4.11)
=
If the simulation results constitute an experience-based equilibrium, the value of ji;(s) should be
close to Q;(s, Xi(s)) for all s € R and i € J, when N(s) is sufficiently large.?

Formally, the deviation (i.e., bias) of fi;(s) from Q;(s, ¥;(s)) can be estimated as follows. For
each of the Ng;,, = 1,000 simulation sessions, we use the limit trading strategies {x;(s)}._; to
simulate K = 500 sample paths. When simulating each sample path, we start from an arbitrary s
and simulate for Tp + T periods, with the first Ty periods dropped as burn-in. Next, we compute
fii(s) for each sample path (from Ty + 1 to T) according to equation (IA.4.11). Let E[-] denote the
average value over K = 500 sample paths. The percentage bias squared of ji;(s) as an estimate of
Qi(s, %i(s)) is computed as follows:

Bias(s) = <1E[ﬁi(8)] - sz'(sffi(S))>2

Qi(s, xi(s))
. <ﬁi<s)~@(s»@<s)>)2 . (ﬁi@m[ﬁi(s)})z
Qi(s, xi(s)) Qi(s, xi(s))
=MSE;(s) — 5%(s). (1A.4.12)

The average percentage bias squared across all states s € R and all informed Al speculators i € J

8Because our Q-learning algorithm is different from the reinforcement learning algorithm used by Fershtman
and Pakes (2012), rather than taking a simple average, we compute the a-weighted average in equation (IA.4.11).
This modification for the computation of i;(s) in equation (IA.4.11) follows the idea of Fershtman and Pakes (2012).

Specifically, were we to substitute the true unbiased equilibrium Q;(s, x) and x;(s) for the Q;(s, x) and X;(s) in equation

(IA.4.10) to compute V;(s;), then fi;(s) computed in equation (IA.4.11) will also be the true unbiased equilibrium
Qi(s,x;(s)) as N(s) — co.
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is computed as follows:

Avg_Bias* =} w(s)Bias? (s)
sER

=¥ w(s (MSE 5) — ?(s)), (IA.4.13)

seER

where the weight, w(s) = #([SI\)[](” is determined by the average number of visits to state s
across K = 500 sample paths.

Test for Restricted Experience-Based Equilibrium. The test for restricted experience-based equi-
librium is similar to the test for experience-based equilibrium except that for each period t along
the simulated sample path, we compute the perceived value for each x € X. That is, equation
(IA.4.10) is modified as follows:

Vii(se,x) = (v — pr)x + pmax Qi(s¢p1,x") forall x € X, (TA.4.14)
x'e

The evolution of s; is still determined by the limit trading strategies {X;(s)}._;. Moreover, when
computing V; (s, x) for informed Al speculator i using trading strategy x, all other informed Al
speculators (i.e., j € J and j # i) still following their limit trading strategies.

Next, we modify equation (IA.4.11) to compute the a-weighted average of the simulated

perceived values for each x € X as follows:
fi(s,x) =) a(l- oc)Tflvi,t( N(s)—+1) (8, %). (IA.4.15)

We then use the analog of equation (IA.4.12) to compute the estimates of Z\//IS\Ei(s, x) and 0% (s, x)
for each x € X and average over x € X to obtain the estimates of MSE;(s) and 77(s). The average
percentage bias squared is computed using equation (IA.4.13).

Test Results. In Figure IA.1, we examine the test results in the environment with a significant
presence of information-insensitive investors (i.e., ¢ = 500). Panels A and B present the test results
in the environment with high noise trading risk (i.e., 0, = 10%). Specifically, panel A presents
the average bias based on the test for experience-based equilibrium. It is shown that the average
bias is fairly small, between 0.16% and 0.19% across the N;;,, = 1,000 simulation sessions. This
indicates that the simulation outcomes of informed Al speculators constitute an experience-based
equilibrium. Intuitively, informed Al speculators’ trading strategies are optimally derived from
their estimated Q matrix, which records the rewards associated with each state-action pair (s, x)
based on their past experience. By contrast, panel B plots the distribution of the average bias
based on the test for restricted experience-based equilibrium. The bias is large, ranging from 4.0%
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Note: For each simulation session, we compute the average bias according to equation (IA.4.13). We then plot
the distribution of average bias based on the tests for the experience-based equilibrium (EBE) and restricted EBE,
respectively, across all Ngj,, = 1,000 simulation sessions. Panels A and B represent the environment with high noise
trading risk (i.e., 0, = 10%) whereas panels C and D represent the environment with low noise trading risk (i.e.,
0y = 1071) The other parameters are set according to the baseline economic environment described in Section 4.2 in
the main text.

Figure IA.1: Test results for the experience-based equilibrium and the restricted experience-based
equilibrium when ¢ = 500.
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to 9.2% across the N, = 1,000 simulation sessions. This implies that the simulation outcomes of
informed AI speculators do not constitute a restricted experience-based equilibrium. The reason is
that non-optimal actions (i.e., x; # X;(s)) for each state s are not frequently visited once informed
Al speculators enter the pure exploitation mode, a necessary condition for algorithms to converge.
Thus, the outcomes generated by non-optimal actions, x; # X;(s) for each state s, are not consistent
with the estimated Q-matrix @i(s, x;) corresponding to these non-optimal actions, after Q-learning
algorithms converge. Panels C and D present the test results in the environment with low noise
trading risk (i.e., 0, = 10~ !). Similar to panels A and B, the average bias is fairly small in the test
for the experience-based equilibrium, indicating that the simulation outcomes of informed Al
speculators constitute an experience-based equilibrium. The average bias is relatively large in the
test for the restricted experience-based equilibrium. However, comparing panels B and D, it is
clear that the average bias is much smaller in the environment with low noise trading risk.

In Figure IA.2, we examine the test results in the environment with an insignificant presence of
information-insensitive investors (i.e., ¢ = 5). The results are similar to Figure IA.1. Regardless of
whether the environment has low or high noise trading risk, the simulation outcomes of informed
Al speculators constitute an experience-based equilibrium, but not a restricted experience-based
equilibrium.

4.3 Discussions of Price-Trigger Strategies of Informed Al Speculators

Our finding that informed Al speculators are able to learn price-trigger strategies is similar to
the finding of Calvano et al. (2020) that informed Al speculators learn grim-trigger strategies
to sustain collusion in a perfect-information environment with Bertrand competition. However,
different from Calvano et al. (2020), after punishment at ¢ = 4 (see panels A to C of Figures 3 in the
main text), rather than gradually returning to predeviation behavior, the informed Al speculators
in our experiments return to their predeviation behavior in just two periods. This difference is
mainly due to the information asymmetry introduced by noise trading risk (i.e., ¢, > 0) and the
stochastic asset value (i.e., 0, > 0). Both model ingredients make informed Al speculators more
difficult to sustain collusion by punishment threat, not just in the simulation experiments with
informed Al speculators, but also in the model in Section 3 in the main text.

In particular, our economic environment differs from that of Calvano et al. (2020) in two
main aspects. First, we consider a stochastic environment where the asset’s value v; in each
period is drawn from an i.i.d. distribution. In this stochastic setting, it becomes more difficult
for the two informed Al speculators to learn punishment strategies to sustain collusion than

in the deterministic setting with a constant v:.2 Second, the noise trader’s random order flows

°In one of the robustness checks, Calvano et al. (2020) consider stochastic demand and show that the average AC is
lower when aggregate demand can take two values randomly. We also find that with stochastic v;, the average A®
declines because it is more difficult for Q-learning algorithms to learn strong punishment strategies. The decline in
A€ would be smaller if the evolution of v; exhibits a smaller degree of randomness, either through a higher level of
persistence or a less dispersed distribution.
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Note: For each simulation session, we compute the average bias according to equation (IA.4.13). We then plot the
distribution of average bias based on the tests for the EBE and restricted EBE, respectively, across all Ng;,, = 1,000
simulation sessions. Panels A and B represent the environment with high noise trading risk (i.e., ¢, = 10%) whereas
panels C and D represent the environment with low noise trading risk (i.e., o, = 10~ 1) The other parameters are set
according to the baseline economic environment described in Section 4.2 in the main text.

Figure IA.2: Test results for the experience-based equilibrium and the restricted experience-based
equilibrium when ¢ = 5.
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generate information asymmetry to informed Al speculators, which makes grim-trigger strategies
infeasible. As a result, informed Al speculators have to adopt price-trigger strategies to collude.
In both the model and the simulation experiments with informed Al speculators, the value of ¢y,
plays a crucial role in determining the level of collusion.

The information asymmetry in our economic environment implies that peer informed Al
speculators’ lagged actions are unobservable. Thus, we use the lagged asset’s price p;_; as the
state variable in period t, rather than the lagged actions of the two informed AI speculators.
Compared to our baseline setting with state variables s; = {p;_1,v;_1,v:}, we also examine the
settings with alternative specifications of state variables. First, we consider a counterfactual setting
with state variables s; = {x;;_1,x_;;—1,v;_1,0:}. This setting essentially assumes that informed
Al speculators’ can perfectly observe peers’ order flows, which is close to the perfect-information
setting of Calvano et al. (2020) except for including v;_; and v; as additional state variables.
Second, we consider the setting where state variables are s; = {p;_1,x;;-1,v;_1,vt}. We find
that under the perfect-information benchmark (i.e., 0, = 0) with two informed Al speculators,
these two alternative settings have almost the same average A® after adjusting for f to maintain
the same exploration rates over state-action pairs. This is not surprising because under the
perfect-information benchmark, recording x;;_1 and p;_1 allows each informed Al speculator
to exactly back out its peer’s order flow x_;; ;. However, with information asymmetry (i.e.,
oy > 0), the first setting with s; = {x;;_1,x_;;_1,0;_1,0:} yields a considerably higher average A®
than the other setting with sy = {p;_1,x;¢—1,v¢—1,v¢}. In addition, we find that the average A€
in these two alternative settings is higher than that in our baseline setting with state variables
st = {pt—1,v¢1—1,v+}. Thus, incorporating informed Al speculators’ lagged actions as additional
state variables indeed helps informed Al speculators to learn collusive strategies, likely through
an improved learning of punishment strategies. However, lagged actions are not a necessary
ingredient because in both our model and simulation experiments with informed Al speculators,
including the lagged price p;_1 and value v;_; alone can already result in a significant degree of
collusion through the learning of price-trigger strategies.

When implementing the Q-learning algorithms, we accelerate the convergence speed by
computing the continuation value based on the expected value of v;, in period t + 1, rather than
the realized value of v; 1. This acceleration method is without loss of generality because informed
Al speculators can easily learn the distribution of vy, which is an exogenous state variable. This
method also follows the idea in the reinforcement learning literature (e.g., Sutton, 1991; Kearns
and Koller, 1999; Kearns and Singh, 2002; Senda, Fujii and Mano, 2006; Azar et al., 2011; Gu et al.,,
2016). All the results reported in this paper are robust if the reazlied value of v;; is used to

compute the continuation value, but the total computation time will be much longer.
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Note: The experiment is similar to that described for the “medium deviation” case in Figure 4 in the main text.
Panels A and B the percentage deviation of profit and order flow from their long-run mean for one informed Al
speculator, respectively, in the environment with low noise trading risk (i.e., ¢;, = 10~!). Panels C and D focus on the
environment with high noise trading risk (i.e., 0y, = 10%). In each panel, the dotted line represents the median value,
the boxes represent the 25th and 75th percentiles, and the dashed intervals represent the 5th and 95th percentiles
across Ng;, = 1,000 simulation sessions. The other parameters are set according to the baseline economic environment
described in Section 4.2 in the main text.

Figure IA.3: Confidence intervals for the IRF after an exogenous shock to u;.

4.4 Distribution of IRFs

In Figure IA.3, we conduct the same experiment as that in the “medium deviation” case in
panels A to C of Figure 4 in the main text, with { = 500. However, rather than plotting the
average impulse response, we plot the distribution of impulse responses across the N;,, = 1,000
simulation sessions. Panels A and B show that in the environment with low noise trading risk (i.e.,
0y = 1071), the [25%, 75%)] and [5%,95%)] confidence intervals indicate that price-trigger strategies
are consistently adopted by informed Al speculators, although the magnitudes of the deviations
in prices and trading flows differ significantly across simulation sessions. By contrast, panels C
and D show that in the environment with high noise trading risk (i.e., 0, = 10%), the percentage
deviation of profit and order flow from their long-run mean is virtually zero for t > 4 across

almost all simulation sessions.
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4.5 Identifying Collusion Mechanisms Through IRFs

To distinguish whether a simulation session converges to either mechanism of collusion, we rely
on the properties that emerge from the impulse response analysis conducted in Section 5 in the
main text. Specifically, conditional on each value of log 0;, along the x-axis in panel A of Figure 2 in
the main text, for each of the Ng;,, = 1,000 simulation sessions, we construct the impulse response
function to an unexpected exogenous shock ugock. For comparisons, across the experiments with
different values of log ¢, we calibrate the value of g S0 that the price deviation in py att =3
is always equal to 1.2%, similar to that in the scenario with “medium deviation” in panel A of
Figure 3 in the main text.

Based on the IRF function, we define a simulation session as converging to the steady state
in which informed Al speculators achieve collusion via price-trigger strategies if the order flows
of both informed Al speculators increase significantly at t = 4, as if they are punishing the price
deviation observed at t = 3. Thatis, (X;; — E[X;;])/E[X;;] > X att =4 fori = 1,2, where X is a
sufficiently high threshold. We define a simulation session as converging to the steady state in
which informed Al speculators achieve collusion via over-pruning bias in learning if the order flows
of both informed AI speculators change insignificantly at t = 4. That is, |X;; — E[X;;]/E[X]| < x
att = 4 for i = 1,2, where x is a sufficiently low threshold. For illustration purposes, we set
¥=10xand x =5 x 10°.

4.6 Robustness of the U-shaped Relationship

Complementary to panel A of Figure 2 in the main text, Figure IA.4 demonstrates that the
U-shaped relationship between the average A and log o, is robust across different values of .

4.7 Trading Strategy of Informed AI Speculators

We illustrate informed Al speculators’ trading strategies after their Q-learning algorithms converge.
Figure IA.5 presents the average trading strategy of informed Al speculators across N, = 1,000
simulation sessions. Panels A and B focus on the environment with low (i.e., 0;, = 10~!) and
high (i.e., o, = 10%) noise trading risk, respectively, with & = 500. The trading strategy in each
simulation session is calculated as X(vy) = Inim Y 2:1”:1 Y121 Xi(pm, 1, vk), which is the average
order flow of I informed Al speculators across all grid points of lagged asset price P and lagged
asset value V, after Q-learning algorithms converge. The dots on the blue solid lines represent
the average order flow corresponding to the discrete grid points of V. The black dotted and red
dash-dotted lines represent the theoretical benchmarks, Y™ (vx — ) and xN (v — D), in the perfect
cartel equilibrium and noncollusive Nash equilibrium, respectively.

It is clear that informed Al speculators learn an optimal trading strategy that is roughly linear
in the asset’s value after their Q-learning algorithms converge, even though the linearity restriction
is not imposed during the learning process. Moreover, the slope of a linear fit for the trading
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Note: This figure plots the average A of all Nj;,, = 1,000 simulation sessions as log o;, varies along the x-axis, for the
cases of ¢ = 1,30, and 100. The red dash-dotted and black dotted lines represent the theoretical benchmarks of the
noncollusive Nash and perfect cartel equilibria, respectively.

Figure IA.4: The U-shaped relationship is robust across environments with different values of ¢.
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Note: The trading strategy in each simulation session is calculated as x(vy) = ﬁ 21'1:1 ZZ’;l Y2y Xi(pms v, vk),

which is the average order flow of I informed Al speculators across all grid points of lagged asset price IP and lagged
asset value V, after Q-learning algorithms converge. The dots on the blue solid lines represent the average order flow
corresponding to the discrete grid points of V. Panels A and B focus on the environments with low (i.e., o, = 1071)
and high (i.e., 0, = 10?) noise trading risk, respectively, with & = 500. The other parameters are set according to the
baseline economic environment described in Section 4.2 in the main text.

Figure IA.5: The trading strategy of informed Al speculators.

strategy of informed Al speculators, i.e., X*, lies between M and xV. Thus, the trading strategy
learned by informed AI speculators is more conservative than that in the noncollusive Nash
equilibrium, which explains why informed AI speculators are able to obtain supra-competitive

profits.
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4.8 Impacts of Noise Trading Risk

We complement the analysis of noise trading risk in Figure 2 in the main text by studying their
impacts on informed Al speculators’ trading strategies, price informativeness, market liquidity,
and mispricing in financial markets. We show that in the baseline trading environment with
¢ = 500, Al collusion leads to more conservative trading strategies, lower price informativeness,
lower market liquidity, and higher mispricing, with the magnitude depending on the extent to
which informed Al speculators collude with each other, which is largely determined by the noise
trading risk oy,.

Panel A of Figure IA.6 plots the average trading policy relative to the theoretical benchmark of
the perfect cartel equilibrium, x¢/xM, across N;,, = 1,000 simulation sessions as a function of
log 0, The trading policy determines the sensitivity of informed Al speculators” order flow to
the asset’s value. Consistent with Figure 2 in the main text, x“/x™ displays an inverted U-shape
as log 0y, increases along the x-axis. By contrast, the relative sensitivity in the two theoretical
benchmarks xV/xM stays roughly unchanged as log ¢;, varies.

Panel B of Figure IA.6 plots the market’s price informativeness relative to the theoretical
benchmark of the perfect cartel equilibrium. By definition, the black dotted line shows that the
relative price informativeness in the perfect cartel equilibrium is ZM /ZM = 1. The red dash-dotted
line shows that the ratio of price informativeness in the theoretical benchmark of the noncollusive
Nash equilibrium and perfect cartel equilibrium, ZV /ZM, is greater than 1 and stays unchanged
as log o, varies. The blue solid line plots the average relative price informativeness, Z¢ /ZM, across
Nsim, = 1,000 simulation sessions with informed Al speculators. Its value is close to the relative
price informativeness in the theoretical benchmark of the non-collusive equilibrium when log o, is
around 2 due to the lack of collusion. When log 0, is very small or very large, the relative price
informativeness in our simulation experiments with informed Al speculators is significantly lower
than that in the theoretical benchmark of the noncollusive Nash equilibrium. The reason is that
informed Al speculators place orders in a more conservative manner, with x© < x~, as shown in
panel A of Figure IA.6.

Our findings suggest that perfect price informativeness is not achievable in the presence of
informed Al speculators. In our simulation environments, when the noise trading risk ¢, decreases,
informed Al speculators would withhold their private information about the asset’s value and
collude more through price-trigger strategies, placing orders more conservatively than what they
would do in the noncollusive Nash equilibrium. This Al collusion reduces price informativeness.
Crucially, informed Al speculators never need to communicate with each other, whether explicitly
or implicitly, the adoption of Q-learning algorithms automatically leads to such collusive behavior.

Panel C of Figure IA.6 plots the market liquidity relative to the theoretical benchmark of the
perfect cartel equilibrium. The red dash-dotted line shows that the ratio of market liquidity in

the theoretical benchmark of the noncollusive Nash equilibrium and perfect cartel equilibrium,
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Note: Panels A, B, C, and D plot the average trading policy, price informativeness, market liquidity, and mispricing
relative to the theoretical benchmark of the perfect cartel equilibrium, i.e., X/ )(M, T/IM L£/LM) and £/EM,
respectively, across Ngj,, = 1,000 simulation sessions as log ¢;, varies. The blue solid line represents the simulation
experiments with informed Al speculators; the red dash-dotted and black dotted lines represent the theoretical
benchmarks of the noncollusive Nash and perfect cartel equilibrium, respectively. The other parameters are set
according to the baseline economic environment described in Section 4.2 in the main text.

Figure 1A.6: x/xM, Z/IM, £L/LM, and £/EM for logoy, € [—5,5].

LN /LM, is greater than 1 and decreasing in log ¢;,.!% The blue solid line shows that the market
liquidity in our simulation experiments with informed Al speculators is higher than that in the
theoretical benchmark of the perfect cartel equilibrium and lower than that in the theoretical
benchmark of the noncollusive equilibrium. The blue solid line displays an inverted U shape
similar to panel A of Figure IA.6, indicating that the market liquidity is closer to the theoretical
benchmark of the perfect cartel equilibrium if there is a higher degree of collusion among informed
Al speculators.

Panel D of Figure IA.6 plots the average mispricing relative to the theoretical benchmark of the
perfect cartel equilibrium. Mispricing is higher in the theoretical benchmark of the perfect cartel
equilibrium (the black dotted line) than that in the noncollusive equilibrium (the red dash-dotted
line). The blue solid line shows that Al collusion increases mispricing, and the magnitude is larger
when there is a higher degree of collusion among informed Al speculators.

4.9 Environments with Efficient Prices

We now study the behavior of informed Al speculators in the economic environment with ¢ = 0,
where information-insensitive investors are absent. Consequently, the market maker sets prices
solely to maximize price discovery, meaning p; = E[v;|y;]. This economic environment is similar
to Kyle (1985) but features I = 2 informed speculators engaging in a repeated trading game.
Proposition 3.1 in Section 3 in the main text indicates that, theoretically, tacit collusion cannot
be sustained by price-trigger strategies in this environment due to efficient prices. Figure IA.7

19This is because AN < AM for all log o, Intuitively, in the perfect cartel equilibrium, the market maker knows
that informed speculators submit orders jointly like a monopoly, and thus the market maker adopts a pricing rule
that is more responsive to the combined order flow of informed speculators and the noise trader, i.e., ')/N < ')/M,
resulting in AN < AM | Ag log 0, increases, both AN and AM decline, so that market liquidity defined by equation
(TA.4.6) increases.
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Note: We consider the economic environment with efficient prices as in Kyle (1985). That is, we set { = 0, implying
that the asset’s price p; is determined to minimize pricing errors, with p; = E[v¢|y¢]. The blue solid line plots the
average values of A, 7¢/7N, x¢, 7¢/IM, £¢/ LM, and £¢/EM across Ny, = 1,000 simulation sessions as oy,
varies. The red dash-dotted and black dotted lines represent the theoretical benchmarks of the noncollusive Nash
equilibrium and perfect cartel equilibrium, respectively. The other parameters are set according to the baseline
economic environment described in Section 4.2 in the main text, except for ¢ = 0.

Figure IA.7: Implications of noise trading risk in the environment with ¢ = 0.

presents the average results across N;j,, = 1,000 simulation paths with informed Al speculators.
The blue solid lines in Panels A and B show that informed Al speculators can achieve an average
AC of approximately 0.86, and their average profit is about 5% higher than that in the theoretical
benchmark of the non-collusive equilibrium.

As discussed in Section 5.1 in the main text, collusion in this environment is achieved through
over-pruning bias in learning. Similar to the Kyle (1985) model, the profits of informed specu-
lators in the theoretical benchmark of the non-collusive Nash equilibrium and the perfect cartel
benchmark are linear in the noise trading risk ;. Consequently, as expected, the red dash-dotted
and black dotted lines in panels A and B are flat. Moreover, the collusive equilibrium formed
by informed Al speculators also has a constant A€ and 7€/7N as oy varies along the x-axis,
demonstrating a similar scaling property with respect to ¢;,. Panel C shows that the sensitivity of
informed Al speculators’ order flows to the value of the asset x* increases linearly with . This

scaling property with respect to ¢, mirrors that in the theoretical benchmarks of the non-collusive
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Nash equilibrium and the perfect cartel benchmark, a property that also holds in the Kyle (1985)
model.

Panel D shows that due to collusion, price informativeness in the environment with informed Al
speculators is lower than that in the theoretical benchmark of the non-collusive Nash equilibrium,
but higher than that in the perfect cartel benchmark. Moreover, as in the Kyle (1985) model, price
informativeness remains unchanged as ¢, varies along the x-axis. Panel E shows that market
liquidity is always equal to 1, that is, p; = [E[v¢|y;]. This can be directly seen from equation (IA .4.6).
In the absence of information-insensitive investors, the inventory of the market maker is equal to
—y = — Z{Zl x;+ — u¢. Thus, the sensitivity of the market maker’s inventory to noise order flows
is always 1, which holds regardless of the level of noise trading risk. Panel F shows that mispricing
in the environment with informed AI speculators is higher than that in the theoretical benchmark

of the non-collusive Nash equilibrium, but lower than that in the perfect cartel benchmark.

410 Computing Q-loss

We test the extent to which an Al speculator’s limit strategy after Q-learning algorithms converge
constitutes an optimal response to that of the rival informed Al speculators.

To perform this test, in each of the N;;;,, = 1,000 simulation sessions, for each informed Al
speculator i, we calculate its theoretical Q-matrix under the assumption that its rival informed
Al speculators use their limit strategies. Specifically, the theoretical Q-matrix is characterized as
follows:

Qi (st,xi¢) = E [71; |5, xi4] + pE max Qf (st41,x") st,xi,t] , (IA.4.16)

where s¢ = {ps_1,v:-1,v:}. The first expectation is taken over the noise order flow u;, and the

second expectation is taken over u; and v, ;. The price p; and profit 77;; are computed by

Pt =70 + /A\]/t,

usy: =(v; — pt)xi,t;

where 9) = EtTQ;CT Yo, and A= XtT:iT A¢ are simple averages of 7(; and A¢ over T = 100,000
periods after Q-learning algorithms reach convergence at T, with 7 ; and /A\t estimated by equation
(4.2) in the main text. The total order flow is vy = x;; + Z}zl,j i J”E]-(st) + u;, where J”E]-(st) is the
limit strategy of informed Al speculator j after Q-learning algorithms converge.

The recursive problem (IA.4.16) is solved using a standard approach of value function iterations
based on the same discrete grids, P x V x V x X, as the Q-learning programs. With p < 1,
convergence of value function iterations is guaranteed by the contraction mapping theorem.

After computing the theoretical Q-matrix from equation (IA.4.16), in each states € P x V x V,
we pin down the optimal response of informed Al speculator i to its rival’s limit strategies, denoted

by x7(s). Then, we compute the forfeited payoff of informed Al speculator i for playing its limit
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Note: Panel A reports the average Q-loss across all Ng;,, = 1,000 simulation sessions. Panels B and C decompose the
average QQ-loss into the loss in contemporaneous profit and continuation value, based on the first and second terms on
the right-hand side of equation (IA.4.16), respectively. We set 0, = 10~!. The other parameters are set according to
the baseline economic environment described in Section 4.2 in the main text.

Figure IA.8: Q-loss distribution in the environment with low noise trading risk (i.e., oy, = 1071
and significant presence of information-insensitive investors (i.e., ¢ = 500).

strategy X;(s) in state s as follows:

Q; (s, x7(s)) — Qj (s, Xi(s))
Qz’,loss (S) = Q;k (S, xlgﬁ (S)) ’

(IA.4.17)

which is referred to as the Q-loss. If X;(s) = x}(s), the resulting Q-loss would be zero, meaning
that informed Al speculator i learned to play the optimal response to the rivals” limit strategies
in state s. For any non-optimal responses, the resulting Q-loss would be positive, with a larger
magnitude reflecting more ineffective learning. In other words, the Q-loss reflects the deviation of
limit strategies from those in a Nash equilibrium.

We calculate the Q-loss along the equilibrium path for all Ng;,, = 1,000 simulation sessions.

Specifically, starting with an arbitrary state sy, we use the limit trading policies {¥;(s)}!_; to

To+T
t=1

as burn-in. In our test, we set Tp = 100,000 and T = 1,000, 000. We further verify that setting

larger values for Ty or T will not alter any results. For each informed Al speculatori =1, ..., 1

simulate a sample path {s;} with sufficiently large Tp and T. The first Ty periods are dropped

and each period t = Tp + 1, ..., Ty + T, we compute the Q-loss using equation (IA.4.17). Then, we
compute the simple average across all I informed Al speculators and T periods to obtain the
Q-loss of each simulation session.

Panel A of Figure IA.8 plots the distribution of the Q-losses across Nj;,;, = 1,000 simulation
sessions in the environment with low noise trading risk (¢;, = 10~!) and significant presence of
information-insensitive investors (i.e., ¢ = 500). The largest and average Q-loss across all sessions
are 0.38% and 0.27%, respectively, indicating that the Al speculators’ limit strategies are close to

optimal strategies. We further decompose the Q-loss into the loss in contemporaneous profit and
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continuation value as follows:

P?’Ofiti,loss (S) = E [ﬂi/t ’SI x;kQ(*S()i ;:]E:S[;T)i,t |S, fl(S)] ’
_ PE [maxyex QF (s, x')|s, x7 (s)]| — pIE [maxyex QF (s, x')|s, Xi(s) ]

Cont_val; 15ss(s) = HOEHO) . (1A.4.19)
i\

(IA.4.18)

Panels B and C of Figure IA.8 show that the loss in contemporaneous profit is positive, with
an average value of 2.33%, whereas the loss in continuation value is negative, with an average
value of —1.96%. This indicates that given the rivals playing their limit strategies, each informed
Al speculator should act more aggressively when placing their trading orders. In this way, the
contemporaneous profit would increase, which outweighs the decrease in continuation value
(caused by rivals playing punishment strategies after a price trigger). In other words, the results
in Figure IA.8 suggest that the punishment strategies learned by informed Al speculators are not
sufficiently significant to rule out all profitable deviations.

411 Q-Learning Market Maker

In the baseline economic environment, the market maker analyzes historical data to estimate the
pricing rule. We now consider the market maker adopting Q-learning algorithms to learn the
pricing rule. We find that all the results presented in the main text remain unchanged; they do
not depend on whether the market maker determines the pricing rule using statistical learning or
Q-learning algorithms.

Below, we describe the Q-learning algorithm of the market maker. We consider the market
maker adopting linear policies to price assets, given the combined order flow y; from informed
speculators and the noise trader:

pr = oMM 4 AMMy, (IA.4.20)

MM

where v;"" and /\iVIM are the market maker’s decisions learned from its Q-learning algorithm.

Specifically, the market maker’s state variable is s; = @ and action variables are a; = {vMM A\MM} ¢
V x A. The market maker updates its Q-matrix according to the following learning equation:

QMY (oMM AMMY = (1 — aMM)OMM (5, ay) + & | (yr — E(0M™M — 5 + AMMy,) )2
+0(oMM f AMMy, )2 4 oMM min QMM (/1Y) ], (IA.4.21)
eV, AN e

where the reward in period ¢ is

(e +26)* + 0(pe —v1)* =(y: — E(pr — 0))* + 0(pr — vp)?
= (v — E(MM — 5 4 AMMy )2 4 g(oMM L AMMy, _5)2. (IA.4.22)
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fVIM and /\iVIM are learned to minimize the Q-matrix. Similar to informed Al

The optimal choices of v
speculators” Q-learning algorithms, the market maker also conducts exploration with probability
eMM and exploitation with probability 1 — ¢MM. In the exploration mode, the market maker
randomly chooses actions v and A over the set V x A.

To implement the Q-learning algorithm for the market maker, we construct discrete grids
for vMM and AMM_ Specifically, we discretize the intervals [(1 — x)oMM, (1 + x)oMM] and [(1 —
1) AMM, (1 + 1) AMM] into ng and n, equally spaced grid points, ie., V = {0}, ., oMM} and
A = {AMM] ...,AHMAM }. The parameters oMM and AMM correspond to the optimal values in the
theoretical benchmark of the noncollusive equilibrium. The parameter ¥ > 0 ensures that the

values of v; and A; chosen by the market maker can be different from the theoretical values, oMM

and AMM,

For grid (v,iVIM, A}VIM ) € V x A, we initialize the market maker’s Q-matrix as follows:
~ 1 —
Qo™ (™, A}M) ZWIE [(yt = (™ =T+ AMMy))? + (o™ + AMMy, — Ut)z}

Substituting out y; = IxN (v; — T) + u;, we obtain

QM (™, 1) =1 [(1= EAPM((1xV 0+ o) + (o) — o]

- oM~ )2 4 (AMMEN —1)262 4 (AMMg, )2

1— pMM [<
The exploration rate is eMM = e Pt We set the parameters at MM = 1074, aMM = (.1,
pMM = 0.95, x = 0.5, and nz = n) = 31. The results are similar if we choose different parameter

values.

4.12 Hyperparameters

Hyperparameters « and . The behavior of Q-learning algorithms is governed by two key
hyperparameters: «, which controls the forgetting rate, and 8, which determines the rate at which
exploration decays over time. Panels A and B of Figure IA.9 show the average A* for varying «
and B in environments with low (0, = 107!) and high (0, = 10%) noise trading risks, respectively.
In Panel A, where Al collusive equilibrium through price-trigger strategies prevails, the collusive
trading profitability AC remains robustly high across hyperparameter combinations but peaks
along the diagonal line. This suggests that efficient learning to achieve Al collusive equilibrium
through price-trigger strategies requires striking a balance between « (the forgetting rate) and
B (the exploration decay rate), which ensures the effectiveness of the exploration-exploitation
tradeoff in figuring out the optimal trading strategies. In other words, efficient learning cannot be
obtained by tuning an individual hyperparameter value of « or B.

In Panel B, where Al collusive equilibrium through over-pruning bias in learning prevails, the
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Note: Panel A shows AC in an environment with low noise trading risk (¢, = 10~1), while Panel B displays A€ in an
environment with high noise trading risk (¢, = 10%). All other parameters follow the baseline economic environment
described in Section 4.2.

Figure IA.9: Implications of hyperparameters a and 8 on AC.

collusive trading profitability AC remains robustly high across hyperparameter combinations, as
long as « is not very close to zero. Importantly, for a fixed &, the exploration decay rate j has little
impact on the average collusive trading profit. In contrast, for a fixed B, the average trading profit
AC increases with a. This occurs because a higher a amplifies the over-pruning bias, reducing the

algorithm’s learning efficiency and reinforcing collusive behavior through this bias.

Heterogeneous Forgetting Rates (x; and «3). The algorithm with a lower a exhibits smaller
learning biases but requires more time and computational resources for training. In this context, «
can be interpreted as the “intelligence level” of the algorithm: a lower « indicates a more advanced
algorithm capable of more accurate learning.

This subsection conducts simulation experiments within the baseline economic environment
using standard Q-learning algorithms with heterogeneous, fixed values of a. In Online Appendix
4.13, we extend this approach by introducing a two-tier Q-learning algorithm with an adaptive
«, a form of Meta Q-learning. This extension enables informed Al speculators to learn not only
the trading strategies corresponding to a given a but also the optimal « values themselves. Our
results reveal that informed Al speculators using two-tier Q-learning algorithms can strategically
coordinate their choices of a at high levels (i.e., low “intelligence levels”) to maximize collective
benefits. Notably, the intuition behind the tacit collusion on a observed in two-tier Meta Q-learning
algorithms is already evident in the simulation experiments with heterogeneous, fixed a values
presented here.

Focusing on the baseline calibration, we allow the two informed Al speculators to employ
Q-learning algorithms with varying intelligence levels, represented by distinct values of «. Specif-
ically, each informed AI speculator i adopts an algorithm whose forgetting rate is «;, with
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Note: Panels A and B show A} and AS, respectively, in the baseline environment with o, = 10~1.

Figure IA.10: The Impact of heterogeneous a; and &, on A when ¢, = 107,

a; = 0.001,0.01,0.05 and 0.1 for i = 1,2. Panels A and B of Figure IA.10 plot the average Af
and A§ for informed Al speculators 1 and 2, respectively, in the environment with low noise
trading risks (i.e., 0, = 10~ !). Below, we highlight several key insights that emerge from these
results. First, the substantial average collusive trading profits sustained by price-trigger strategies
remain remarkably robust, even in the presence of significant heterogeneity in the algorithms
adopted by informed Al speculators. Second, adopting algorithms with overly low intelligence
levels, such as (a1, a2) = (0.001,0.001), is suboptimal. Obviously, both speculators achieve sig-
nificantly higher profits when using («1,a2) = (0.01,0.01) compared to employing algorithms
with higher intelligence levels, such as (a1, ap) = (0.001,0.001). This echos a key observation of
Figure IA.9 — efficient learning to achieve Al collusive equilibrium through price-trigger strategies
requires striking a balance between « and B, rather than solely tuning one hyperparameter value.
In the experiments of Figure IA.10, the value of B is fixed at its baseline calibration level (i.e.,
B =5x10"7), and a = 0.001 appears too low and fail to achieve the necessary balance with 5,
resulting in inefficient learning. Third, adopting algorithms with overly low intelligence levels,
such as (a1, ap) = (0.05,0.05) or (aq,a2) = (0.1,0.1), is also suboptimal. With B =5 x 1077, these
values of « fail to achieve the necessary balance between a and f, leading to inefficient learning,
as shown in Panel A of Figure IA.9.

Panels A and B of Figure IA.11 plot the average AS and AS for informed Al speculators 1
and 2, respectively, in the environment with high noise trading risks (i.e., oy, = 10%). Several key
insights emerge from these results. First, as in Figure IA.10, the substantial average collusive
trading profits sustained by over-pruning bias in learning remain remarkably robust, even with
significant heterogeneity in the algorithms adopted by informed AI speculators. Second, the
patterns in Figure IA.11 fundamentally differ from those in Figure IA.10, further highlighting
the distinction between the underlying mechanisms driving Al collusive equilibrium under high
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Figure IA.11: The Impact of heterogeneous a; and a; on A® when ¢;, = 102.

versus low noise trading risk scenarios. Third, an informed Al speculator has a strong incentive
to adopt an algorithm with a high intelligence level (i.e., low «) when the other speculator uses
an algorithm with a low intelligence level (i.e., high «). Importantly, however, both speculators
achieve significantly higher profits when using (a1, «2) such that a; > 0.01 for i = 1,2 compared
to employing algorithms with higher intelligence levels, such as (a1, a2) = (0.001,0.001).

The simulation findings on the strong potential for coordination at high levels of « (i.e., low
intelligence levels) among informed Al speculators are fundamentally consistent with the general
equilibrium effects in active management described by Stambaugh (2020). His model shows
that when all managers lack the ability to select positive-alpha stocks, collective profits remain
high. However, as a small fraction of managers gains skill, their profits rise at the expense of
less skilled managers. If many managers become skilled, profits for all of them would decline
due to strengthened price corrections and the resulting reduced alpha. Similarly, Dugast and
Foucault (2024) find that improved manager skills, driven by lower information costs or new
datasets, reduce average performance as asset prices become more informative.

4.13 Two-Tier Meta Q-Learning Algorithms

Algorithms. Each informed Al speculator i employs a two-tier Meta Q-learning algorithm. In
the lower tier, the speculator updates the Q-function Qi,t(st, x;t), where s; = {p;_1,v;_1, v} is the
state and x;; is the order flow, using a Q-learning algorithm with an adaptive forgetting rate «; ;.
The lower-tier algorithm follows the structure in Section 4.1 in the main text, with the addition
of the adaptive «; ;. In the upper tier, the speculator learns the Q-function Qﬁft(sf{t, w;t), where s,
is the state and a;; is the chosen forgetting rate, optimizing it to improve the lower-tier learning
process.

To ensure profits stabilize for any given «; ; in the upper tier, the lower-tier Q-learning algorithm
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runs for an extended period. Consequently, updates to «;; occur less frequently than updates to
x; ¢ in the lower tier. Specifically, each informed Al speculator i adjusts &;; only after completing
a lower-tier training epoch of T periods, where T is a large integer. Let T = 1, 2, ... denote these
training epochs, with epoch T spanning periods (t —1)T + 1 to TT. Within each training epoch
T, the upper-tier Q-function Q\Zt(s}ft, a;¢) and action «;; for each informed Al speculator i remain
fixed from (t —1)T +1 to 7T — 1. Updates to Ql?ft(sl?ft, a;¢) and a;; occur only at the end of the
epoch, at t = TT. The updated choice of &; .1 follows the standard exploration-exploitation
procedure.

The recursive learning equation for the upper-tier Q-learning algorithm, updated at the end of

each epoch T, is specified as follows:

Qt (e i1yr(ter @ier) = (1= &) Qf oy (sfop @ier) + 0 | 7tlioy + 0" max Qter (i rsnyr @) |
(IA.4.23)
for T = 1,2,... In equation (IA.4.23), anT is the reward in the training epoch 7, given by
Ty = %ZLT(FUT +1(vr — pr)x;, which is the average trading profit over the last T periods,
from (T —1)T 41 to TT. The parameters a* and p" are the forgetting rate and the subjective
discount rate for the upper tier Q-learning algorithm. For tractability, we choose the state variable
Sier = {nl?f(f_l)T}, which is the reward in the previous training epoch. The choice of «; .7 is made

as follows:

Ah . . .
- { argmax, 4 Qf 7 (st s o), with prob. 1 —¢%, (exploitation) (IA.424)

& ~ uniform distribution on A, with prob. &¥. (exploration)

The exploration rate is specified as e = e #'T, where B is the parameter governing the decaying
speed of exploration rates across training epochs.

Simulation Results. The two-tier Q-learning algorithm takes a substantially longer time to
converge because there are experimentations on both «;; and x;;. For the upper-tier algorithm,
we consider the following parameter values: a* = 0.05, 8 = 107, and p* = 0.95. Each training
epoch has a total of T = 10,000, 000 periods. The convergence criterion requires the decisions of
«;; to stay unchanged for 100, 000 consecutive training epochs. For tractability, we choose three
grids for the choice of w;;, with A = {0.001,0.01,0.1}. The parameters and grids for the lower-tier
Q-learning algorithm are similar to those described in Section 4 in the main text.

Table IA.I summarizes the number of simulation sessions that converge to each pair of (1, a2)
after algorithms converge. In the environment with low noise trading risk (i.e., oy, = 10~1), across
the Ni,, = 1,000 simulations sessions, 90.7% of the sessions converge to the best equilibrium with
(a1,22) = (0.01,0.01), which maximizes both informed AI speculators” profits. The remaining
9.3% of the sessions converge to either (a1, a) = (0.1,0.01) or (aq,a5) = (0.01,0.1), which yield
similar profits for informed Al speculators compared with (a1,ap) = (0.01,0.01), as shown in
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Table IA.I: Adaptive forgetting rates after the convergence of two-tier Q-learning algorithms.

Low noise trading risk (i.e., 0y, = 10’1) High noise trading risk (i.e., o, = 102)
(0.1,0.1) 0 0.028
(0.1,0.01) or (0.01,0.1) 0.093 0.194
(0.01,0.01) 0.907 0.716
(0.001,0.001) 0 0.002
Others 0 0.06

Note: This table reports the proportion of the Ny, = 1,000 independent simulation sessions that converge to each
pair of (aq, ) after the two-tier Q-learning algorithms converge.

Figure IA.10 in the main text. These results suggest that our two-tier Q-learning algorithm enables
the two informed Al speculators to learn to play the optimal equilibrium.

Turning to the environment with high noise trading risk (i.e., ¢;, = 10%). As shown in Figure
IA.11 in the main text, the two informed AI speculators face a situation that resembles the
prisoner’s dilemma. Specifically, given informed Al speculator i’s choice of a;, informed Al
speculator j can gain by adopting the smallest «; = 0.001. However, both informed Al speculators
would not make much profit if they reach the ungiue Nash equilibrium of (a1, a;) = (0.001,0.001)
of a one-shot game. Instead, both of them would attain supra-competitive profits if neither
informed Al speculator adopts a forgetting rate of 0.001, that is, when both informed Al speculators
adopt unadvanced algorithms to trade. In theory, the equilibria with high values of a can only be
sustained in a repeated game. In our simulation experiments, we find that across the Nj;,, = 1,000
simulations sessions, 2.8% of the sessions converge to the equilibrium with (a7, ;) = (0.1,0.1),
19.4% of the sessions converge to either («q,4;) = (0.1,0.01) or (a1,a2) = (0.01,0.1), and 71.6%
of the sessions converge to the equilibrium with (aq,a;) = (0.01,0.01). There are only 0.2% of
the sessions converging to the equilibrium with (a7, &) = (0.001,0.001), even though this is the
unique Nash equilibrium in a one-shot game.!! Our results indicate that in the environment
with high noise trading risk, the two informed Al speculators are able to learn to adopt less
advanced algorithms (i.e., high «), as if they are implicitly coordinating with each other. This sort

of coordination allows both informed Al speculators to obtain supra-competitive profits.
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