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1 An Alternative Proof of Theorem 1(i) in Allen et al. (2024,

AAL)

The system of equations (1) in AAL is

xih =
N

∑
j=1

fijh
(
xj·
)

,

where xj· ≡
(
xj1, . . . , xjH

)T. Taking logarithms, we obtain

ln xih = ln
N

∑
j=1

fijh
(
xj·
)

.
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Define the following notation: yih ≡ ln xih, yi· ≡ (yi1, . . . , yiH)
T, y·h ≡ (y1h, . . . , yNh)

T,
y ≡ (y·1, . . . , y·H)

T, and gih (y) ≡ ln ∑N
j=1 fijh

(
xj·
)
. The Jacobian entries are given by

Jih,jh′ (y) ≡
∣∣∣∣∣∂gih (y)

∂yjh′

∣∣∣∣∣ = fijh
(
xj·
)

∑N
j′=1 fij′h

(
xj′·
) ·
∣∣∣∣∣∂ ln fijh

(
xj·
)

∂ ln xjh′

∣∣∣∣∣ .

By assumption, there exists an H × H matrix A with entries Ahh′ such that∣∣∣∣∣∂ ln fijh
(
xj·
)

∂ ln xjh′

∣∣∣∣∣ ≤ Ahh′ for all i, j, h, h′ and all xj·;

and ρ (A) < 1.
Let g·h ≡ (g1h, . . . , gNh)

T and g ≡ (g·1, . . . , g·H)
T. By the mean-value theorem, for any

y and y′:
g (y)− g

(
y′) = J (ỹ) ·

(
y − y′) ,

where ỹ is some point between y and y′. We have

∣∣gih (y)− gih
(
y′)∣∣ ≤ H

∑
h′=1

N

∑
j=1

Jih,jh′ (ỹ)
∣∣∣yjh′ − y′jh′

∣∣∣
=

H

∑
h′=1

N

∑
j=1

fijh
(
x̃j·
)

∑N
j′=1 fij′h

(
x̃j′·
) ·
∣∣∣∣∣∂ ln fijh

(
x̃j·
)

∂ ln xjh′

∣∣∣∣∣ · ∣∣∣yjh′ − y′jh′
∣∣∣

≤
H

∑
h′=1

Ahh′ max
j

∣∣∣yjh′ − y′jh′
∣∣∣ . (1)

Up until now, we just repeated the setup and preliminary argument from AAL. From
here, AAL uses the Perov Fixed Point Theorem to argue that there exists a unique fixed
point of g. Instead, we are going to prove that g is a global contraction mapping with
respect to an appropriately chosen norm.

Let ρ̃ ∈ (ρ (A) , 1). Define v(H) ≡ (ρ̃I − A)−1 ι, where I is the H × H identity matrix
and ι = (1, . . . , 1)T. Since ρ̃ > ρ (A), the matrix ρ̃I − A is an M-matrix, and therefore
(ρ̃I − A)−1 is a nonnegative matrix with positive diagonal entries. Hence, v(H) is a pos-
itive vector. Also, (ρ̃I − A) v(H) = ι, and so Av(H) = ρ̃v(H) − ι < ρ̃v(H). Denoting the
entries of v(H) by v1, . . . , vH, the h-th component of the vector inequality Av(H) < ρ̃v(H)

is given by

∑
h′

Ahh′vh′ < ρ̃vh. (2)
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For any vector y ∈ RHN, define the vector norm ||y||v ≡ maxh

{
1
vh

maxi |yhi|
}

. We

can also write this norm as ||y||v ≡
∣∣∣∣D−1

v y
∣∣∣∣

∞, where Dv is a diagonal matrix with vector
v = (v1, . . . , v1, . . . , vH, . . . , vH)

T on the diagonal. We have

∣∣∣∣g (y)− g
(
y′)∣∣∣∣

v = max
h

{
1
vh

max
i

∣∣gih (y)− gih
(
y′)∣∣}

≤ max
h

{
1
vh

max
i

∣∣∣∣∣ H

∑
h′=1

Ahh′ max
j

∣∣∣yjh′ − y′jh′
∣∣∣∣∣∣∣∣
}

= max
h

{
H

∑
h′=1

(
1
vh

Ahh′vh′

)
·
(

1
vh′

max
j

∣∣∣yjh′ − y′jh′
∣∣∣)}

≤ max
h

{
H

∑
h′=1

1
vh

Ahh′vh′

}
· max

h′

{
1

vh′
max

j

∣∣∣yjh′ − y′jh′
∣∣∣} .

The first inequality above uses (1). The last inequality uses the property that for any
matrix B and vector b, we have ||Bb||∞ ≤ |||B|||∞ · ||b||∞, where |||·|||∞ is the matrix norm
induced by the sup vector norm. Using inequality (2), we obtain

∣∣∣∣g (y)− g
(
y′)∣∣∣∣

v ≤ max
h

{
1
vh

vhρ̃

}
·
∣∣∣∣∣∣yjh′ − y′jh′

∣∣∣∣∣∣
v
= ρ̃ ·

∣∣∣∣∣∣yjh′ − y′jh′
∣∣∣∣∣∣

v
.

Since ρ̃ < 1, we conclude that g is a global contraction mapping with respect to the vector
norm ||·||v.

2 Counterexample to the Application of the AAL Approach

to the ln F (L) Mapping

Consider the following parameterization of the economy from the main text: K = 2,
L̄ = 1,

A =

(
0.1 0.1
0.1 0.1

)
, L ≡ (I − A)−1 =

(
1.125 0.125
0.125 1.125

)
;

and αk = 0.8, εk = 1.5, θk = 0.5, Tk = 1, ek = 0, Ek = 1, and
[
pF

k
]−ε1 = 1 for k = 1, 2. Let

us check that the condition (UC) holds. We have for k = 1, 2:

εk (θ1ℓ1k + θ2ℓ2k) = 0.9375 < 1.

Set w = 1 and consider two vectors of labor allocations L(1) = (0.1, 10)T and L(2) =
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(10, 0.1)T. We have from the first step:

p(1) ≈
(

2.715
0.271

)
, λ(1) ≈

(
0.183
0.876

)
; p(2) ≈

(
0.271
2.715

)
, λ(2) ≈

(
0.876
0.183

)
.

The Jacobian matrices are given by

J
(

L(1)
)
≈
(

0.730 0.393
0.019 0.832

)
and J

(
L(2)

)
≈
(

0.832 0.019
0.393 0.720

)
,

with ρ
(

J
(

L(1)
))

= ρ
(

J
(

L(2)
))

≈ 0.88 < 1. The bound matrix J with elements Jks ≡

max
{

Jks

(
L(1)

)
, Jks

(
L(2)

)}
for all k, s, is

J ≈
(

0.832 0.393
0.393 0.832

)
.

And we have ρ
(

J
)
= 1.225 > 1.
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