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1 An Alternative Proof of Theorem 1(i) in Allen et al. (2024,
AAL)

The system of equations (1) in AAL is
N
Xip =) fipn (%j.)
=1
where xj. = (xj1,...,Xjn) T Taking logarithms, we obtain

N
In Xip = In Zf’]h (x]) .
j=1

“Contact: dbartelme@gmail.com, yuyangj@princeton.edu, konstantin.kucheryavyy@baruch.cuny.edu,
andres@econ.berkeley.edu.



Define the following notation: y;;, = Inxy, y; = (va, .. .,yiH)T, v, = (V1 - .,yNh)T,
y=(yy ...,y and gy (y) =In Z}il fijn (¥;.). The Jacobian entries are given by

fim (%)
2?121 fijn <xj’~>

agin (y)
ay]h/

Jinjw (y) =

d lnﬁ]h (x])
dln x]-h/ ’

By assumption, there exists an H x H matrix A with entries Ay such that

dln fi (x;.
‘fl]—h(]) S Ahh’ fOI' all i,j/ h/ h/ and au x]'

Bln .X]'h/

and p (A) < 1.
Letg, = (g -- ,gnn) and g = (81, .,g.H)T. By the mean-value theorem, for any
yand y':
g —-gW)=71@ (y—-vy),

where # is some point between y and y’. We have

H N
\gin () —gin (W) < X2 Y Jinjw ()

W=1j=1
Lo fin (%)

h'=1j=1 Z]I)]:l fij’h <5CJ/>

/
Yiw — Yiw

Jdln x]-h/

/
‘ ' ‘yjh’ ~Yiw

(1)

H
< h;1 Appy max ‘yjh/ — Yjw|-

Up until now, we just repeated the setup and preliminary argument from AAL. From
here, AAL uses the Perov Fixed Point Theorem to argue that there exists a unique fixed
point of g. Instead, we are going to prove that g is a global contraction mapping with
respect to an appropriately chosen norm.

Letp € (p(A),1). Define vy = (pI — A) ', where I is the H x H identity matrix
and 1 = (1,...,1)". Since > p(A), the matrix §I — A is an M-matrix, and therefore
(pI — A) lisa nonnegative matrix with positive diagonal entries. Hence, vy is a pos-
itive vector. Also, (I —A) vy = 1, and s0 Av gy = pv) —t < pv(p). Denoting the
entries of v(py) by vy, ..., vp, the h-th component of the vector inequality Av ) < pov (g
is given by

ZAhh’vh’ < ﬁvh. (2)
W



. 1
For any vector y € RHN, define the vector norm |y|, = max;, {v_ max; |yl } We
h

can also write this norm as |y|, = ||D,'y| .., where Dy is a diagonal matrix with vector

v=(v1,...,01,.. .,Z)H,...,Z)H)T on the diagonal. We have

|8 (¥) — g (¥)], = max { vlh max g (y) — gin (¥') I}

1
< max { — max
h [/

}

max EH 1 Ao 1 ma ‘ !
= — 1Ot | - | — X |\Yinr — Y.y
< oy O o Yiw = Yin

h=1

Z Ahh’ max ‘]/]h’ ]/]h/
h=1

)}

<m h { Z Ahh’vh’} . n’}?x {— max )y]h' y]h/

n=1"Yh on

The first inequality above uses (1). The last inequality uses the property that for any

matrix B and vector b, we have |Bb||., < |[|B||w - ||, Where ||| is the matrix norm

oo

induced by the sup vector norm. Using inequality (2), we obtain

1
ls () =g (¥, < max {U—hvhp} Ny = v =

P Hyjh/ ~ Yjw .

Since ¢ < 1, we conclude that g is a global contraction mapping with respect to the vector
norm -,

2 Counterexample to the Application of the AAL Approach
to the In F (L) Mapping

Consider the following parameterization of the economy from the main text: K = 2,
L=1,
01 0.1 _ 1.125 0.125
= , L=(I-A)"= ;
0.1 0.1 0.125 1.125
and ay = 0.8, ¢ = 1.5,6, = 0.5, Ty = 1,¢, = 0, Ex = 1, and [p}] " =1 fork=1,2. Let
us check that the condition (UC) holds. We have for k = 1, 2:

ek (0101 + 0205) = 0.9375 < 1.

Set w = 1 and consider two vectors of labor allocations L) = (0.1, 10)T and L) =



(10, 0.1)T. We have from the first step:

2.71 0.183 0.271 0.876
pV) ~ 2) A & NN A & ,
0.271 0.876 2.715 0.183
The Jacobian matrices are given by
. . 832 0.019
]<L(1)) ~ 0.730 0.393 and ](L(2)> ~ 0.832 0.0 ,
0.019 0.832 0.393 0.720
with p ( ( (1) )) o < )) ~ 0.88 < 1. The bound matrix | with elements J,, =
max {]ks < ) Jis (L(2 >} for all k, s, is

T x 0.832 0.393
10393 0832/
And we have p (J) =1.225 > 1.
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