Appendix A Aggregate Productivity with Place-Based Com-

pensation

In the body of the paper, we measure aggregate productivity by the amount of factor en-
dowments that can be saved after winners compensate losers using lump-sum transfers.
In this appendix, we briefly discuss how to extend this definition of aggregate productiv-
ity to cases where individual-level lump-sum transfers are not available, but place-based
redistributive policies are.

Suppose that instead of individual-specific transfers, location-level consumption taxes,
denoted by 7;, can be levied on households that choose location r. In this case, the budget

constraint of agent /1 is now:

2(1 +T)pecpl [l =1] = ZZwrahrl I, =1]+T,

7

where T is a uniform lump-sum rebate (the same for all households). Budget balance
requires that

T= /erprchrl [l = r] dh. (34)

All other conditions defining equilibrium are the same as in Section 2. We can now define
the feasible set of allocations that can be supported using these place-based tax instru-

ments:
CP2(t,Z) = {{cp, Iy Ynen supported via equilibrium given z(t), Z, and some consumption taxes} .

Given this feasible set, the definition of aggregate productivity, given place-based com-
pensations, is the same as before replacing C(t, Z) with C*?(t, Z).

Definition 7. Aggregate productivity with place-based compensation at ¢ is

APP(t) = max {Z_l {en ntwey € CPU(t,Z) and (cy, 1) =, (c,(0),1;,(0)) for every h} .
(35)
where ¢;,(0) and [;,(0) are the consumption and location of / in the status quo.

To see how this works in practice, consider the following one-good economy example.

Example 11 (One-Good Economy with Place-Based Policies). Consider the one-good
economy again: there is a single freely-traded consumption good produced linearly from

labor and productivity in each location 7 is z,. Assume all agents have homogeneous
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skills, as in Assumption 2. Hence, production in each location is
Yr = 2,()Ly = 2, (t) /zuzh — 1)dh.

The following shows that, in the one-good economy, A”?(t) is bounded above by A(t)
but that, to a first-order approximation, the two are the same.

Proposition 10 (Hulten’s Theorem for One-Good Economy). In the one-good economy with
ay, = 1 for every h and r, we have

AP (t) < A(t) forall t.

Moreover, around the status quo t = 0, the two measures coincide to a first-order approximation
and both obey Hulten's theorem:

Alog AP" ~ Alog A ~ Y_ A,(0) Alog z,.
r

To go beyond a linear approximation, rearrange the budget-balance condition, (34), as

_ Lywlly Yzl

z = =
Y PrerLy Y. crLy ’

(36)

where ¢, denotes per-capita consumption in location r, and we use the fact that the real
wage in location r is equal to z,(t) in this one-good economy. Using equation (35) and
(36), we can write

C

s up(cr, Iy(e)) > ul) for every h} ,

where L, (c¢) is labor supply in location r as a function of the vector of location-level per
capita consumption c.

If, in the solution to the problem above, for every location r € R, some agent h €
H stays in the same location as in the status-quo and all locations are non-empty, then
compensating the stayers requires ensuring that consumption per capita in each location
is at least as high as in the status quo. Hence, we can replace the H inequalities above
with just R inequalities:

pb — Lr Zr(t)Lr(C) coo> 0
AP7(t) max {—Zr oLi(c) cr > ¢, foreveryr ;.
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This is relatively simple constrained optimization maximization problem given the sup-
ply function.
To make it more concrete, suppose that L(c) is the iso-elastic labor supply function:

L(c)
27‘/ Lr/ (C) Zr/ Cf/ .

Then, it is straightforward to show that the solution to AP’ (t) satisfies:

zr(t)/z(0) < 0+1 0  z.(t) . [z(t)/z(0) S 6+1

b
() == O | = =T Y ariang | an ’

If the shocks are sufficiently small, % < % for every r, then the solution sets con-

sumption in each location equal to its status quo value c} b(t) = z,(0). This is achieved
by scaling aggregate factor productivity by 1/ AP?(t) and setting consumption taxes ap-
propriately. Since consumption is equal to its status-quo value in every location, no agent
switches locations, and hence every agent is exactly indifferent to the status-quo.
However, if region r experiences much faster productivity growth than average — in
the sense that % > % — then consumption in region r must exceed its status-quo
level to incentivize additional workers to move there. In this case, stayers in region r are
strictly better off than in the status quo. Given the optimal choices ¢/’ (t) and the implied
labor supplies L, (c?’(t)), the place-based aggregate productivity index APY(t) is obtained

from (36).
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Appendix B Proofs

Proof of Proposition 1. Define uy,(z,Z) to be the utility of household # in a decentralized
equilibrium given productivity vector z and aggregate factor augmenting productivity
Z. Since in equilibrium all households have the same utility, irrespective of their chosen
location, there are no lump-sum transfers in the compensated equilibrium. Hence, to

calculate A(t), we simply need to solve
up(2(t),1/A(t)) = un(2(0),1).
For any regions r such that L, (z(t),1/A(t)) x L,(2(0),1) > 0 we have that
g(cr(2(t),1/A(1))) + € = g(cr(2(0),1)) + €r.

The result follows from this equation. If, in addition, we know that g is logarithmic,
then a proportional change in consumption in every location has no effect on the mass of
households that choose a given location. That is, if ¢(c) = log(c), then labor supplied in
location ris L,(z,1/A(t)) = L,(2,1)/ A(t). Hence, we know that

cr(2(1),1/ A1) = cy(=(1), 1)/ A(t).

The second part of the proposition follows from this equation. O

Proof of Proposition 2. The expenditure function is

ep(w, p, u%) = min {Tj, : uy(cy, 1) > ug, and Zprchl[lh =r] < Zahrwrl[lh =r]+ Ty}
r r

Thrchrlh

Since utility is increasing in consumption, the weak inequalities above have to be equali-
ties. The first constraint implies that:

up(cn In) = (i) + €y, = 1y

Hence,

en(w,p,up) = min{Tj : Y pecw [l = 1] <Y apwed[ly = r] + Ty}
hsth r r
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The weak inequality above is strict at an optimum point, so substituting out for T}, yields

en(w,p,u)) = —rr}ax{Zahrwr 1, = 7] Zprchl} (1, =]}

h

The maximizer of this problem is the compensated choice I,°™" (w, p, u?). O

Proof of Theorem 1. Aggregate productivity solves

A(t) = max {Z*1 e ntpey € C(t,Z) and (cp, I) =y (cx(0),1,(0)) for every h} .

Let T* be a maximizer of the problem above. The indifference condition of each house-
hold implies that:

up (en(T*), 1,(T)) = uy,
or that
g(cn(T™)) + €y (1+) = uy
Hence,
cp(T*) =g (”2 - €hlh(T*)> = Cpiy (%)
ek
() (T*) Al (T

Anly, (T*)

p

Rearrange this to get that the optimal compensating transfers satisfies:

% *\ = g, (1) Wr,, (1) (T)
I, = Plh(T*)(T )iy (1) — A fli( |

The sum of these transfers must add up to zero, which implies that

)= apy, (7 )Wy, () (T™)
Y | Prr) (TF) iy ey — (") f’;( ) —0.
T

Rearranging this gives an equation that A has to satisfy given the optimal T :

Yo g, (1)W1, (74) (T)

A= .
Yo P1, ) (T*) iy (v

We know by definition that

W(T*) = 5,7 (w(T*)/ A, p(T*), uj)
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and we know that
Ty = en(w(T*)/ A, p(T*), up).

Using the fact that

L™ (w(T*)/ A, p(T*), u Zahr [P (w(T*) / A, p(T*),u)) = 1]

and the fact that

L) (T = 1 L (T A,p(T), ) Een(wo(T)/ A p(T ), )1 [ =
h

= E™P(w(T*)/ A, p(T"),u0),
we can write com
_ L (TH)L™P (w(T) /A, p(T), u°)
Zr comp( (T*)/A,p(T*),’uo)

where w(T™) and p(T™*) are prices and wages in the compensated equilibrium given com-

pensated location choices L;""F (w(T*)/ A, p(T*),u’) and compensated final demand
E,"P(w(T*)/ A, p(T*), u’) and total factor productivity 1/ A. O

Proof of Theorem 2. Define the expenditure function to be

w ‘ WXM'+_Th 0
eh(z,p, uy) = rrﬁn Ty, : maxg | —S——— | + ey > u,
r

p
Wrlpy
+ T,
= Ty + up |max {g <—h) +ehr} _”2] .
r Pr
Hence,

aeh "
—c = —Hn
du;,

Define the indirect utility function of the agent to be

w

wy, ap
vh(z,p, T,) = max {uh(ch,lh) Lpon = — 4 Th} .

A

Then, by the envelope theorem, we have
oo _ (AT L
0Ty, pi, i,
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For households that switch location, the derivative above needs to be evaluated from the
appropriate direction, see Milgrom and Segal (2002). However, this issue will not play
an important role in the proof, because the set of households that are exactly indifferent

between two locations is measure zero. We also have the identity that

w w
eh(Z/p/ vh(Z/p/ Th)) = T]’l

Differentiating this identity gives

aeh al)h
8uh 8Th
Combining equations, we have that
ST ) I
Hn = auh T, / ahlhAwthrTh .
8 Py,

We know that A satisfies the feasibility condition:
Z en(— 1 p, ”h = 0. (37)

For households that are not on the margin of switching locations, the expenditure func-
tion is totally differentiable in t. We totally differentiate in t and write w and p for the
wages and prices in the compensated equilibrium without explicitly writing the super-
script comp on every variable. The reason is that in this proof, we never refer to the
decentralized equilibrium — only to the compensated one. We have

dep(w/ A, p, up) = 4y ing (w)l lh(w) =i 1
d(w;/A) " p, P, b,
app, Wi App, Wi
P 1, 4T, Ty
= —ahlh M_’_T p_lg/( P )1 lh( P ) !
g/< Apzh h) h h h

hlh Ih
+ Ty, .
= —ay,1 [lh(P—z) 1] ,
h
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u’l 1
aeh(w/A,p,uh) _yhg/( llil4 Iy + h)l lh( lli,4 Iy +Th) _ hil, ®ly _‘_Thi
ap; P, P, P, P,
a w a w a w
_ P gt Ty T Ty [ T AT L
/ ﬂhz,;’zh +T pi, pi, P, P Iy
8 P,
ﬁhlhwzh + Th l ( ahl,jqwlh + Th) '
= — p\l——) = 1
plh plh
Total differentiating (37),
aeh A’p’ uh) Wy aeh(%/p/ u%) .
Ll 3w, /A] [AMZ,:; ap, =0
Substituting the expressions above,
ap1, Wi, - apl, Wi, T Ay, W, T
+ Th Wy —A + Th —A + Th
a1 | (—2—) =r|d || = —4 1 | (—E—)=7r|d
;; " [ P, ) LA ;; pi, i ( P, ] Pr
- Apy, Wi, i ﬂhzhwlh 7
—t+ Ty + Ty
Leompg [9r] = 4 | (—E—2)=r|d
; B ap? ; P, _ P, Pr
o ahlhwlh
comp 5 [Wr] _ A1, Wiy, 1 —+ Th =
;Lr a[= ;dlogpr;[ . +Th} L( o ) =r
comp [Wr [wr] _ comp
;L, [A}dlog_A_ ;Er dlog p, (38)
Yy Lo [%} dlog [A] =} L;"™F [%} dlog [w,] — Y E;°"Pdlog p,
' ' COlTlp [ :| ' Ecomp
dlog A = ZZLTpf]dlog [wr] =) Wp[_,}dlog Pr
T r r A

dlog A = ZArd log w, — Zer log p;.
r r

Shephard’s lemma for producer r implies that
dlogp; = —dlogz; + ) _Qjdlogp;+ ) Qjdlogwr,
j r

where w;, is the wage per efficiency unit of labor of type r in the compensated equilibrium.
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Inverting this system of equations yields
dlogp = —Ydlogz + ¥Fdlogw,

where ¥ = (I — Q)~! is the Leontief inverse and ¥7 is the matrix of factor contents.
Substitute this into the expression for d log A to get

dlog A=Y Ardlogw, — ) x; [—‘Fdlogz +‘{’Fdlogw}
r T
=Y Adlogw, + Y x,¥dlogz — Y x, ¥ dlogw
r T r
— ZArd ]og wy + Z Aid log Zi — ZArd log Wy
r r

iEN
= Z /\id log Zj.
ieN

By the fundamental theorem of calculus,

logA = / Z )Ll'dlogzl',
ieEN
as needed.
O]

Proof of Proposition 3. To get (18), log differentiate input demand for CES. To get (19) use
Shephard’s lemma, constant-returns-to-scale, and the fact that price equals marginal cost.
To get (20) log differentiate the definition of A, for r € R. To get (21), log differentiate
(6) (the equation is the same regardless of whether i is a factor or a good). All these
equations are equilibrium conditions that must hold in both the decentralized economy
and the compensated equilibrium. O

Proof of Proposition 4. The first part follows from:

w; en(w/ A, v, u
Lﬁomp(W/A'PC,u) = /ahr {r € argmlax{ahiAI;C + n( pCP n) +ehiH

Wi
= /ahr {r € argmiax {ah,-A—pc +ehiH

= L(w/A, p%) = L(w/(Ap),1),

showing that the compensated and uncompensated supply systems have the same func-

tional form.
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Equation (22) is just the total derivative of L,”"F with respect to t. This pins down the
equilibrium in conjunction with equations (17) to (21). The only unknown terms are the
ones involving x“™P in (21). However, since (2,; = Q,; for every r and 7" in R (common

consumption good), the terms involving x“°™P drop out of (21). In particular,
ZerQri + ZerQri = dQ)y;,
r r

since we know that ), dx, =0and }_, x, = 1. O

Proof of Proposition 5. For the uncompensated equilibrium, the result follows easily from
log-differentiating the definition:

wy L,

Xr=c——-
r Zr’ wr/Lr/

Now consider the change in the spending shares by location, dx“°™P ,in the compensated
equilibrium. To keep the notation more manageable, we do not include the superscript
comp on every variable and simply note that everything is in the compensated equilib-
rium.

Let T (e, t) be the compensating transfer at ¢ received by an agent with tastes €. Let
B, (t) denote the set of € that choose location r in the compensated equilibrium. Note that
it is defined by

w. (1)
=+ T(e,t)

10)
+ €, — max
) {g G

rll) 4 T(e,t)
_ 0
B,(t) = {6 - S(W

)—FGT/} <0} = {e: ¢(e,t) <0}.

Households on the margin of choosing r are defined by ¢(e,t) = 0. Then the change in

share of expenditures in each location satisfies:

dlog xr = dlog/ [prCy] 1 [1(h) = r] dh — dlogZ/ \prene) 1 [1(Rh) = '] dh,

J/

=X
= [ pwl 1000 =l dh - X

= /\lr {/Br(t) [prEr(e)]f(e)de} - X,

where ¢,(€) is the consumption-equivalent and f(€) is the density of households with
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tastes €. Using the fact that p,¢,(e) = % + T(e, t), we can write

dlog xr = /\lrd U [i’(((:)) 4 T(e, t)} f(e)de} _X

_ %/ [d%+%ﬂe/ﬂ] f<€)d€+%/ {

where the second line uses Leibniz’ rule. At the status quo, where we differentiate, we

wr(0)

have & A0 T T(e,0) = w,(0). Dropping time subscripts, we can write

ZX((:)) +T(e, f)] 6(¢p(z,€))f(€)|Vep(z,€)||de — X

dlog x, = )\lr/B [d—+ aatT(e t)} fle)de + — /wr €))f(e)||Vep(z,€)|de — X

The first summand is the change in the compensating income of each household in loca-
tion r and the second summand is the wage in location r times the mass of households

that move to location r in the compensated equilibrium. Hence, we can write

dlog xy = — /B (a5 +dT(e)] f(e)de} v % [w,dL,] — X

1
A
M

== —dp,/ e de} +—[wrdL]
1
) — [wydL,] — X
1

=dlogp,+dlogL, —

By definition, we must have
Ey [dlogx] =0,

hence,
X =E, [dlogp, +dlogL,].

This implies that, in the compensated equilibrium, we have

dlog x, = [dlog p; +dlogL,] — E, [dlog p, + dlogL,]|.
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Proof of Proposition 6. We start with the uncompensated equilibrium and then consider
the compensated equilibrium.

Uncompensated Equilibrium. Let B;(t) denote the set of € that choose i:

() = Je- wj(t) .. wi(t) . ;
Bt = {es g5 + ez g(CH) +au vk 1]
= {e: pi(t,e) <0},
where ) )
(t,€) = max{ (%% e — o(Y — €},
(Pl(t/ ) A {g(pk(t))+ k g(Pz(t)) 1}

The set of movers from i to j is given by

Lo = [ 1(e € B(0))1(e € By(t) f(€)de
:AN;@eBﬂmﬂaw.

duﬂzd[@mlwe&m»ﬂ@k]

zléwﬂuee&m»ﬂak]
={/1@%3&®N5@waeﬂﬂvﬂwaewfkﬁk,

where J is the Dirac delta function which means the integral is evaluated at the boundary
of B;(0), that is where ¢;(0,€) = 0 and 1(e € B;(0)). For any vector z, let h(x) be the
density of households with €; —€; = x; — xjand €; — ; > x; — xj and €; — € > x; — x;.
This the density of households that are indifferent between i and j (and prefer i and j to all
other options) given payoffs are x; = g(c;). Define €;; = x; — x; to be the cut-off between i

and j. Then we can write
dL;,j = —h(w(0)/p(0))de;;1 [de;; < 0]

=—h@@MQme»[g(“m%dFi]_g(%whdFﬁ

pl‘(O) 1 [de,-j < 0} . (39)

We relate this equation to cross-derivatives of the supply function L(p, w, T'). In particu-
lar, note that in the decentralized equilibrium, T' = 0, the supply function depends only
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on the vector of real wages w/p. Furthermore, consider a perturbation where only the
real wage in location j changes (all other real wages are held constant), then from the

equation above, we can write

aLi—>' ’
W = h(g(w(0)/p(0))g (w;(0)/p;(0)).
Since
JL; Ly oL
owj/pj) iz 0wi/pj) = 0(wi/p))
_ E)Li_>]~
o(w;/pj)
= —h(g(w(0)/p(0))g'(w;(0)/p;(0)), (40)

where the second line follows from equation (39). Using these equations, we can write

dLiy; = —h(g(w(0)/p(0)) | ¢ (w;(0)/pi(0))d | £ | — ' (w;(0)/p;(0))d % 1 [de;; < 0]
pi pj

oL; [w; ] dL; w; ||
O(wi/pi) Lpil  o(wi/pj) | pi]] i =)
[ oL [w; ] ] ;|
— | g ] - O G Y (g (w(0) /p(0))dey; < 0]

d(wi/pi) Lpil  o(wi/pj) | pj

oL [w; | oL; [w; ]| oL; w; oL; w;
— |7 g - = g1 21 —]d[_l}_—ld_f >0,
O(wi/pi) Lpil  o(wi/pj) | pj]] Ha(wi/pi) pil  Owi/pi) | pi]|

which is the expression in the proposition (swapping i and j for r and ).

Compensated Equilibrium. We now consider the compensated equilibrium. To show
how location choices change, to a first order, let T(¢, t) be the compensating transfer in
the compensated equilibrium for households with preferences €. The set of households

that are marginal movers between region 7 and j in the compensated equilibrium is

_ ). w;(t) 4+ T(e, t) - wj(t) + T(e, t) | wi(t) + T(e, t)
() —{ 8( "0 ) +€i = g( b0 oD

) +er, Vi & {f/i}}-
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For every € € F;(t), the following equation holds:

w;(t)/A(t) + T(e, t)
pi(t)

wi(t)/ A+ T(e,t)
pi(t)

€ij(t) = enj — eni = &( ) — &(
We call €;i(t) the cut-off values for i and j (this is different to the cut-off values in the
uncompensated decentralized equilibrium because of the compensating transfers). In the

status quo, transfers are zero, so the cutoff between regions i and j is

0 wo
&) =5(-5) ~8(-).
N Py
Differentiating the expression for €;;(t) with respect to  and suppressing dependence on
t gives:
de; — g,(wi/A + T(e))d {wi/A + T(e)} B g,(wj/A + T(e))d wi/A+T(e) |
pi pi Pj Pi

At the status quo, since A = 1 and T(¢,0) = 0, we have

ﬁ)d [d [w;/ Apj| + %dT(e)] .

w; 1
de;; = /(=2 |d [w;/ Ap;| + —dT }—'
€ij g(p,){ [w;/ Ap;] o (e) g(p] ]

1 1

Note that )
w
T(e, t) =e(—=, t,uoe,e,
(€)= e plt) (e,
where the fourth summand captures how the expenditure function varies as a function
of tastes, holding wages, prices, and utility constant. Hence, at the status quo, totally

differentiating with respect to t yields:

du?(e) w
gé‘ + 64(Z/ D, u2/ €) d€,

w

/D, u](,)l/ 6) : dp+ 63(le/ u](/)l/ 6)

w

A

w

A

w
dT(e) = e1(~,p,ud, €)-d [

A | +ea

where € € F;;(t) and de is evaluated for some path that remains in Fj;(z,t) as t changes.
However, in the status quo, T(e,0) = 0. Hence, moving in the cross-section of households

in the status quo, we have

w du? w
63(211)/ u(})zl e)d_eh + 64(2’1)’ u?l(e)le) = O’
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which means we can ignore change in the transfers due to changes in the identity of the
marginal household, and the expression above simplifes to just

w w w
AT(e) = er(, p,ufe) €) - d [Z] +e2(5 pufe) €) - dp,

where € is evaluated for some household that’s marginal between i and j. Using the
envelope theorem,

o= g [ [0 =] (a3 )|

t—0+ ZGR p 1
— i wr (g [Yi] L Yig,
_tgr& 1;%1{1,1 Py —z]( d[A}ijidpl)

where € € F;;(t). In particular, at the status quo, the change in compensating transfers dT
is the same for every household that is marginal between choosing i and j regardless of
the other values €. If de;; < 0 then households move from i to j in the compensated equi-
librium, else the reverse. Denote the change in compensating transfers for these marginal
households by the following symbol:

wr I R ) B
dT; = lim 121{1,1 . }( d[A}eridpl)]

i€eR

Hence, we can write

. . w
dT; = (_d [%] + %dpl) 1 [deij < 0] + <—d [Z} p]]dp]) 1 [deij > 0]

Substitute this into the expression for de;;, in the case where de;; < 0, so households move
from i to j, we get

,, Wi ' 1 L [wi wi .\ |
deij:g(?) {d[wi/APz]Jrﬁ{ d[A}erdplﬂ

1

g/(Z;J_;) [d [w]'/Ap]‘} —l—% (—d [%} + % pi)] .

J

Use the fact that

d[w;/ (Api)] + {—d [w;/ A] + %dpz} /pi=0
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to get

w; i
deij= ¢/ (5) ld [wj/ Ap] = L [wi/ (Apo)
Pj Pi

which requires that p;d [w;/Ap;| > pid [w;/ (Ap;)]. Similarly, if de;; > 0, we instead get

dei]' _ g’(%) [d [wj/Apj} — g—;d [wi/ (Ap;)]

1

The mass of movers from i to j is then given by
Li,j= /1 [I(p(0),w(0),0) =] 1[I (p(t), w(t)/A(t), Ty(t)) = j] dh.
dLi_>]' = —h(e%)deijl [dé’ij < 0]

= h(G%)g’(Z—;) [d [w;/ Apj] — Z—;d [wi/ (Api)]| 1 [pjd [w;/ Apj] > pid [wi/ (Ap;)]],

where h(e?j) is the density of households for whom € € F;;(0).
Note that in the uncompensated economy, in response to the perturbation d [w;/p;] >
0 — holding all other real wages fixed — (40) implies that

JL;

—_ .| = 0No! (7). /1. .
3 [w;/p]] d [w;/pj] = h(e;)g (w;/pj)d [w;/ pj] -
Hence, we can replace
oL;
- — (N (wi/p;). A1
a[w]/p]} (61])g (w]/p]) ( )

Using this we can rewrite

dLij = h(e%)g’(p—]],) d [w;/ Apj] — Z—jd [wi/ (Ap)]| 1 [pjd [w;/ Ap;] > pid [wi/ (Ap;)]]

oL, 1
= —mp—j pjd [wj/ Ap;] — pid [wi/ (Ap:)]] 1 [pjd [w;/ Apj] > pid [wi/ (Api)]] -
The change in the compensated labor supply of location i then follows from the equation
that:
dL; =Y dLi ;=Y dLi ;.
j#i j#i

60



Proof of Proposition 7. By Hulten (1978), to first-order, we have:

AlogY ~ Y A;(0)Alogz;+ Y A,(0)AlogL,.
i

reR

We then use the fact that to a first-order,

w,(0)

Ar(O)A log L, = Er’ W, (O)Lr/ (O)

AL,.

Proof of Proposition 8. From Hulten’s theorem, we know that

t dlog z;
MFP /,\ _ ‘ & Zi
log AV (1) —/0 Ei Ai(s) s ds

whereas from Theorem 1, we know that
t .
log A(t) = /0 Z/\fomp(s)%ds.
1

Note that, since €}, = € for every h and r, and there is a common consumption good with
the law of one price, we have that
0
L™ (w, p,uy) = In(w, p).
Furthermore, since there is only a common consumption good, Domar weights do not
depend on the distribution of spending (i.e. x(¢) and x“°™P (t) result in the same Domar
weights). Hence
Ails) = A s),

1

which implies that
A(t) = AMEP(p),

Next, since there is only one common consumption good, real output in this economy
is just the total production/consumption of that good: Y (t) = Y, ¢;,(¢)/ ¥ ¢,(0). Since
households only value the consumption good, the first welfare theorem implies that the

decentralized equilibrium at t maximizes the quantity of the consumption good produced
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at t. By Hulten’s theorem, we know that

dlogY ndlogz dlog L,

ieEN reR

where the second term is a reallocation effect. However, this term must equal zero, other-

wise, the equilibrium at  would not be maximizing Y. Hence,

dlogY(t)  dlog AMEP(t)
. dt

at every t. The result follows by integrating both sides. O

Proof of Proposition 9. Without loss of generality, let the common consumption good price

p¢ be the numeraire. The social surplus function is
U(w) =E [mrax {ahiwr + ehr}] ,

where w, is now the real wage in location . Then,

ou 0
30, — 9w, /mlax {apw; + €y} f(e)de

:/az)r {miax {ﬂhiwi‘Fehi}] f(e)de

— /ahrl {amw, + eny > apjwj + €,jVj} f(€)de

= L,(w).

Equation (38) in the proof of Theorem 2 states that with a common consumption good
comp & % _ comp & c
;L’ A o8 || ;L’ A dlos

where the wages and prices are the ones in the compensated equilibrium. Since the con-

sumer price index is the numeraire, this is the same as:

pae 2] g 2] <o

Equivalently,

;Li"mpd [%} — 0.
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Integrating between 0 and ¢ gives:

/ Z L™ () da = 0.

By Proposition 4, the compensated and uncompensated labor supply functions are the
same. Furthermore, given productivities z(t) and aggregate factor-augmenting produc-
tivity 1/ A(t), the compensated and uncompensated equilibrium real wages are the same.

Hence, we can write

substituting in 5 - au - from above gives

/w<t>/<A<t>> au
w(0) 7 0w,

which is equal to

by the fundamental theorem of calculus.
O

Lemma 1. In the one-good economy, for any preferences uy,(cy, 1) = f,(g(cy) + €p1), the follow-
ing is true. The problem where aggregate productivity is calculated by choosing feasible locations

agent by agent,
Y, [zl =r]dh
Y [ e dlly = r]dh’

yields the same answer as A with the same location choices. That is, A = A.

A~ max

(42)

Proof of Lemma 1. Let A be the value of the maximization problem in (42), and denote
by [ the corresponding optimal location profile. By Dinkelbach (1967), I also solves the

alternative problem

max [Z /

D>l|ﬁ

i —r]dh—Z/Ehrl[lh :r]dh],
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or equivalently
Zr
mzaXE, /(A Chr) [y =]

Given A, this problem is separable across , so it can be solved household by household:

, € argmax { =+ —¢
L & reR | A hr
By Proposition 2, the compensated location choice of household & when aggregate pro-
ductivity is 1/ A is
jComp

Zr
h € arg max Z —Chy ¢,

reRrR

sol, = l;omp for all h. By definition of A, the value of aggregate productivity that supports
this compensated allocation is precisely A = A, as claimed. O

Proof of Proposition 10. The first part of the proposition is a consequence of Lemma 1. The
lemma shows that, in a one-good economy, the value of aggregate productivity A(t) ob-
tained by maximizing over all feasible location profiles {I}, },cy coincides with A(t) de-
fined using individual-specific lump-sum transfers. Any allocation implementable with
place-based policies corresponds to some location profile, and hence is feasible in the fea-
sible agent-by-agent location problem. Therefore, place-based policies cannot achieve a

strictly larger value of aggregate productivity than individual-specific transfers, and
APP(t) < A(t) forall t.

For the second part, we construct an explicit feasible place-based policy that yields a
lower bound for APY(t) and then apply a squeezing argument. Let L? denote labor supply
in location r in the status quo. Define

Al () = Tz (O 43)

Y zr(0)L9
Consider the following policy. Scale productivities by 1/A®(t) and choose a vector of
consumption tax rates {Trlb }rer and a common lump-sum rebate T' such that, in the
resulting equilibrium,

Ib Ib
Zr(t)/1A+ gl)b +17_ ¢ =z,(0) foreveryr. (44)
:

In words, after taxes and transfers, consumption per capita in every location is exactly
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equal to its status-quo level ¢!. This implies that every household is exactly indifferent
to the status quo and has no incentive to move. Hence, location choices remain at their
status-quo values. Substituting (14 7/%)c) = z,(t)/ A (t) + T* into the budget-balance
condition (34), one can verify that such a pair (T, {7/'},) exists if A/’(t) is given by (43).

Since this policy keeps everyone indifferent to the status quo and is implementable
with place-based consumption taxes, it is a feasible solution for the problem that defines
APY(t). Therefore,

APP(t) > A™(t)  forall t.

In the one-good economy with exogenous labor supplies {L?}, the lower-bound index
A™(t) coincides with a standard aggregate productivity index: A’ (t) = ¥, z,(t)LY/ ¥, z,(0) LY
By Hulten’s theorem, its derivative at the status quo satisfies

d

- log A (1) ( Z/\ logzr() , (45)

t=0

where A, (0) = z,(0)L?/ ¥, z,,(0)LY,. On the other hand, the full-transfer index A(t) also
satisfies Hulten’s theorem at the status quo (by Corollary 1). So,

a logA ’ =) A(0 logzr( NI, (46)

t=0

Combining A (t) < APP(t) < A(t) for all t with A?(0) = APP(0) = A(0) = 1, we have
for t close to zero and t # 0,

log A'®(t) —log A™(0) - log AP (t) —log AP?(0) . log A(t) —log A(0)
t - t - t '

Using (45) and (46), the left and right terms converge to the same limit. By the squeeze
theorem, the middle term must converge to the same limit. Hence log AP’ (t) is differen-
tiable at t = 0 and

d
d—logAPb ’ =) A(0 logzr( )

r t=0

Rewriting this in terms of finite changes yields the first-order approximation in the state-

ment of the proposition. O
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Appendix C Implications of g(-) for behavior

Since utility is only pinned down up to monotone transformations, the function f; has no
observable implications. However, the shape of ¢(cj;) has testable implications, since it
controls the way income and substitution effects interact with each other. For example, if
g(c) is linear, then household choices are invariant to an additive increase in consumption
in every location (regardless of the distribution of tastes). On the other hand, if g(¢) is log,
then household choices are invariant to scaling consumption in every location (regardless
of the distribution of tastes).

The following proposition shows that the conditional labor supply function L(w|a),
mapping vectors of real wages into labor supply in each location conditional on skills a,

uniquely pins down g(cj,) up to an affine transformation.

Proposition 11 (Relation between L and g). Let the efficiency units of labor supplied by workers
given real wages w conditional on skill type a to be:

Li(wla) = / a1 [g(wia;) + eni > glajw)) + ey Vi) dh.

Given knowledge of L(w|a), the function g(c) is pinned down up to an affine transformation. A
notable implication is the following. The function L(w|a) has symmetric cross-derivatives in real

wages if, and only if, g(c) is affine.

That is, the functional form of g(cj) has testable implications. The linear case is note-
worthy because, under this assumption, some of our calculations dramatically simplify.

Intuitively, if g(cj,) is linear, then a lump-sum transfer (in consumption units) to house-

hold & will not change household /’s choice of location.*!

Proof. Suppose that preferences take the form

up(c,r) = g(c) + enr-

Consider the set of €’s marginal between i and j that also do not strictly prefer any other
region:

Pl-]-(w|a) = {e: g(aw;) — g(ajwj) = €pj — €ni g(ajw;) — g(axwy) > €pr — €pi, Yk # i}

41 As another example, the population share function without transfers L(p,w,0) has symmetric cross
semi-elasticities in real wages dL,/dlogw,/ /p, = dL,./dlogw,/p, if, and only if, g(cy) is a log function of
cp. The commonly used constant-elasticity Fréchet supply system is a special case and requires that g(cy,)
be log.
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Define the set that prefer region i by B;(w|a). We can write
Li(wla) = [ a;1[e € Bij(w|a)] f(€)de,

where f(e€) is the density of €. A marginal change in w; lowers the share in region i by:

JL;(w|a
a(w.| ) —aif (g(aiw;) — g(ajwj))a;g’ (ajwy).
]
Similarly
JdLi(w|a)
—]Bwi = —a;f(g(aiw;) — g(ajw;))aig (ajw;).
Hence, ol
JdL;(w|a
ow; 8 (ajw))
_angwm) - gl(awy)”

Define the function
aLl(w|a)/8w] . g’(a]w])

gij(wi/wj) = E)L]-('w\a)/awi - g’(aiwi)'

Hence,
' (ajw;) = gij(wi, w;)g' (ayw;).
By the fundamental theorem of calculus we have

g(wj) —g(1) = g’ (aw;) /1 ) gij(w;, x)dx.

aj

Specifically, at w; = 1/a;, we get

(wj) —g(1) = /(1) /wj/aj (1, x)dx
8 ] 8 =8 l/a]- gl] ’
g(wj) —g(1) — rwi/a o o
O /Wj gij(L x)dx = Gij(w;/a;) — Gy(1/ay),

where G;;(x) is the antiderivative of the function g;;(1, x). Hence, the function g is pinned
down up to an affine transformation. O
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Appendix D Additional Examples and Derivations

D.1 Cobb-Douglas and Logit Example

Every good is produced using a Cobb-Douglas production technology, so (5) implies that
the price of each good i € N can be written as

— Qi‘ Qir
pi=z TLp" TTwr,
JEN reR
where ();; and ();, are expenditure shares of i on j and r respectively (Cobb-Douglas im-

plies that these expenditure shares are constant). We can solve out for A, in the market

clearing condition, (6), to get that for every factor r:
Ay = Zxrqjc(r’)r/
r/

where ¥ = (I — Q)_1 is the Leontief inverse (which, again, is constant due to the Cobb-
Douglas assumption). This equation states that income of » must equal the dollar-weighted
average factor content of final consumption } e X ¥ (), where ¥ ,), is the total factor
r content of consumption by agents in location .

Suppose that all consumers consume the same consumption good, so that the factor

content ¥, is the same for every r’. The previous equation simplifies to

wyL,

A= —
Zr” Wyn Lr”

= Yor, (47)
where 0 is the index for the common consumption good and the right-hand side is a
constant, depending only on the Cobb-Douglas share parameters (Yo, is the rth element
of the Oth row of the constant Leontief inverse).

Suppose skills are homogeneous, a;, = 1 and normalize Z = 1. Utility functions are
given by uy,(cy, Iy) = fn(cy + €, 1[l;, = r]) where €, are drawn from type I extreme value

distribution and f, is any strictly increasing function. The labor supply function is

exp(0w,/p° + By)
T, exp 0w,/ + B)’

Ly(w,p,T) = (48)

where p© is the price of the final consumption good, and 6 and B, are parameters of the
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distribution of €y,. Given this functional form, equation (47) can be rewritten as

wrexp (6w, /p*+By)
Y w,exp(0w,/p¢ + B})

where the consumer price index satisfies
7\}{0] For
p-= | | z. ] | w, .

These equations pin down all equilibrium prices, up to the choice of numeraire, which

can then be used to pin down quantities.

D.2 Occupational Choice Example

Suppose that the common consumption good is a CES bundle of outputs from different

industries: .

1 6 90791
y= (Z:QOerr > 4

where the units of quantities are chosen so that (), are expenditures in the status quo.
Industry r’s output is
Xor = zrLy.

Suppose that workers utility functions can be written as
up(cp, 1) = cp + €py,

where €y, is type I extreme value. In this case, L(w, p, T') has the standard logit functional

form. This implies that

oL,
—— = 0L,L,.
d [wr’/PC]
Substituting this into (22) yields
dlog ;"™ = 6 (d [wi/ (Ap°)] — Epeome [d [w;/ (Ap°)]]), (49)

where the wages and prices are evaluated in the compensated equilibrium. We now apply

Proposition 3. The sales share of industry , in the compensated equilibrium, is given by
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its share of the wage bill:
dlog 7" = dlogw; + dlog L,"™" — E ycomp [dlogw + d log L<™P] . (50)

At the same time, the sales of share industry r, in the compensated equilibrium, is also
given by the share of household spending on industry r:

dlog A;"™ = (6p — 1) [dlogz; — dlogw; — Epeomp [dlogz — dlog w]], (51)

where we use the fact that dlog p, = dlogw, — dlogz,. Shephard’s lemma implies that
the consumer price index in the compensated equilibrium is

dlogp‘ = ZAlcomp [dlogw; — dlog z] . (52)
1

Finally, from Theorem 2, the change in aggregate productivity is:

dlog A =Y A:""Pdlogz;. (53)
i

Equations (49)-(53) form a system of ordinary differential equations that can be solved to
obtain A(t) without simulation methods. The boundary conditions are that at t = 0, ex-
penditure and population shares coincide with the status quo, and A(0) = 1. Solving the
system is simple: we discretize the productivity shocks, and iterate on the linear system,

updating variables each time.

D.3 Additional Details on Example 9

In this example, there is a measure-1 continuum of agents, 2 locations, no differences in
idiosyncratic skills, and a single good produced with labor in each locations. Agent h has
utility

up () = max{cre ),
r=1,2

where ¢y, > 0is i.i.d. Fréchet with shape parameter 6. Given a vector of consumption by
location, {c,}, the supply of labor in location r is

(cr)?

Lr:—

Y (CV’)G .
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The utilitarian social welfare function is
U= /uh(c) dh = K[Z(Cr)g
wherex =T(1—-1/0).

Maximizing social welfare function Consider the problem of picking {c?} to maximize
U subject to individual rationality, which implies labor supply (D.3), and the resource

Y L) =YL, (54)
r

7

constraint

Using the labor supply function, (54) becomes

(CO)O 9

ZZW( /) Z

r ’ /

or
9+1
D - g
Set the Lagrangian
=Y+ /\(Zcf“ — Zcfz,).
r r r
The FOC for ¢, is

0 (6 + 1)cy — 0z, is constant in r. Denote this constant by C:

0 C

0_p, _ 0_
0+1)c, —0z,=C = ¢ 9+1zr+9+1.

Multiply by LY and sum over :
60
} : 0.0 _ 0 } : 0
- brer = 9+—12r err+9+1 L.
Using ¥, LY = 1 and (54),

0 C
10,0 — 100 4 )
‘; m 9+1Z e +1

2
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SO

Substitute back to obtain equation (33) in the text:

0 1
; zr + Y L. (55)

U L 2

Proposition 12. If zy # zp, then the “optimal” allocation implied by (55) is Pareto-inefficient
and A > 1 if the status quo is the “optimal” allocation in (33).

In words, starting at the “optimal” allocation (33), there exist a set of lump-sum trans-
fers such that every agent can be made better off.

Proof. Applying Theorem 1 and the fact that in this simple one good economy w, = z,
and p, = 1, we obtain the expression for A in equation (15) of Example 2:

- 27’ fzrl[lzomp = V]dh

A= , 56
erc‘hrl[lzomp = r|dh ©e)
where

comp Z ~ _

I € argrl(ée}{x; [Zr — Chr] 1[I =r7]. (57)
By Lemma 1, we can also write
1|l =r|dh

A = max L)zl =] (58)

l eréhrl[lh = V]dh,

where the location of each agent is directly chosen. This problem can be solved by Dinkel-
bach’s method. Define the function F(x) to be

F(x) =) max {z, —x Lt
h lh:112 Shlh

By Dinkelbach (1967), the solution to (58) must have the property that F(A) = 0. We show
that A > 1by verifying that F(1) > 0. This proves that A cannot be equal to one and since

F(x) is decreasing in x, the true solution must feature A > 1. To see this, consider x = 1,

and define 0
€,,0C
hi) 19

on(r) =z — ,

Enr
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SO

F(1) = ; max ¢y, (1y).

I,=12
Under the initial choice lg,
0y . _ 0
Pn(lp) = 2o s
and from the resource constraint (54)

Y on(ly) =0.

h

Hence F(1) > 0. To show A > 1 it suffices to prove F(1) > 0 since F(x) is strictly
decreasing in x and must satisfy F(A) = 0.
Without loss, assume z; > z,. Consider any agent with initial location [} = 2:

€ c
12:2 = Cgﬁhzzc?'ﬁhl = ﬁz—é
Enm CZ
For such h we have
0 0 &n2
gbh(Z) :Zz—Cz, gbh(l) :Zl_cz —.
€m
The condition
on(1) > ¢n(2)
is equivalent to
€ e 71 —Z
zl—cgﬁ>zz—c8 — 2142 5 2
€n €n Cy

Consider the set of h with

=2 and ¢4(1) > ¢u(2),

or from the conditions above

0
Enn C Z1 — 22
G2 |9 g

This interval is nonempty because (¢j,1, €52) has a continuous positive density and
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using ¢ — ¢ = 9%(21 — zp) from (55) and z; > z. For those h,
max ¢y (r) = pu(1) > ¢(2) = Pu(ly),
and for all other 1 we have max; ¢, (r) > ¢y (1?). Therefore
F(1) = ;H}I?X%(lh) > ;%(12) =0.
Since F(1) > 0, and F(x) is decreasing, the root of F(x) must be greater than 1. The root

of F(x) is A, by Dinkelbach (1967) and Lemma 1. The case zp > z is symmetric.
[
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