Online Supplementary Material
F Omitted Model Details

We present here omitted details and proofs about the characterization of the model equilibrium.

F.1 Efficiency of Equilibrium in the One-Job Case

Although our model is one of imperfect competition in the labor market as firms are differentiated in
their technologies, the equilibrium does not need to be inefficient. Intuitively, wages are determined
by a second-price auction mechanism for a worker’s services, which, as any such mechanism, has
desirable efficiency properties. However, inefficiencies can arise because through employment, firms
allow workers to acquire human capital and generate information about their ability, but neither
human capital nor information about ability can be priced separately from a worker’s labor services.
Put differently, the pricing mechanism is not rich enough to align a worker and al/l firms’ incentives
to produce output, human capital, and information.

Yet, we are able to establish that equilibrium is efficient provided that the process of accumulation
of human capital and information and the risk of exogenous separation are similar enough across
firms that workers are able to internalize through their employment decisions the willingness of the
third-best firm, fourth-best firm, and so on to employ themF_Z] This result extends to the case in which
firms consist each of many jobs, as shown in Appendix [F.2] of the Online Supplementary Material.

Proposition F.1 (Efficiency). For any D such that |D| < D, whenever the process of human cap-
ital acquisition, the probabilities o(H,,1,d, e,) and B(H,1,d, e,) of high output for a high-ability
worker and a low-ability worker; respectively, and the probability of exogenous separation ¢(I'™1, d)
are sufficiently similar between any two firms d and d' for each realization of H, 1, e, and I},

where the required degree of similarity depends on D, the equilibrium is efficient.

Proof: Consider first the case in which |D| = 2. The proof of the result in this case is an extension
of Theorem 2 in Bergemann and Vilimaki| (1996). Although their result applies to a setting in which
a worker’s ability, unlike our case, is independent across firms—namely, a consumer’s taste in their
framework of two firms competing for a consumer is unknown to all and independent across firms—
no steps of the argument is reliant on this assumption. We note that for this case, the assumption that
the human capital process is sufficiently similar across firms can be dispensed with. When |D| > 2,
the assumptions of the proposition ensure that firms ranked third-best, fourth-best, and so on by the
worker can always be chosen to have technologies that are sufficiently similar to that of the first- and
second-best firms. Hence, the same argument as that under the case of |D| = 2 applies. ]

F.2 Multi-Job-Firm Case: Equilibrium, Efficiency, and Identification

We now argue that the probability of a worker’s employment at any firm in the market and allocation

to any job at the employing firm admits a pseudo-programming characterization, which only requires

41t is easy to construct counterexamples to efficiency when the market consists of three or more firms or each firm
consists of multiple jobs, if the human capital or informational process are unrestricted across firms.



knowledge of a worker’s wage in equilibrium. For this result, we consider the general case of our
model in which firms consist of finitely many jobs indexed by j—without loss, we assume the set of
jobs to be the same across firms. In this section, we denote by f a generic firm, by d the equilibrium
employing (first-best) firm, and by d’ the equilibrium second-best firm.

In this more general case, the definition of equilibrium extends straightforwardly; we note here
only the important differences. In particular, we denote by (wy, ¢ f, jn.t.f), With wy, ¢ f == w(Spt, €nt)
and j 1 r == jf(Snt, €nt), the wage and job offer strategy of a generic firm f and by {wy,+ ¢, jnt.f} rep
the collection of all offer strategies. We denote by l,,; r ‘= I7(Snts €nt, {Wnt.fs Jnitf} rep) the ac-
ceptance strategy of worker n for firm f’s offer—an indicator function, taking value one if f is the
employing firm and zero otherwise at a given state—and by {/,,.; ¢} rep the collection of all accep-

tance strategies. Given firms’ strategies, worker n’s strategy satisfies
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where j,,, s affects the exogenous separation rate ¢(-) and conditions the law of motion of the state,
as is apparent from the conditional expectation in the last line of (96)). Given worker n’s strategy and

its competitors’ strategies, firm f’s strategy satisfies

Hf(sn,ty En,t) = Hzlu%x (ln,t,f X {y(fa Sn,tvja En,t(faj)) -

+5[1_§( nla]t ! f ])]/ E[Hf(sn,t—i—laEn,t+1)|5n,t7faj}dFen,H-l} (97)

€n,t+1
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which shows how each firm now chooses a wage and a job for the worker, taking into account the
wage and job offers of all other firms—see the last line of (97). The cautious equilibrium refinement,
namely, condition (iv) of our equilibrium definition, requires that if firm d € D employs worker n at

state (Sy,¢, €n,¢), then for any other firm f € D,
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Two immediate implications of equilibrium are as follows. First, worker n must be indiffer-
ent between the offers of the first- and second-best firms, as discussed in the proof of Proposi-
tion (1} and weakly prefer either of these two offers to any other offers. Second, for each firm f,
maximizing profits is equivalent to maximizing the sum of its own value of profits and worker n’s
value of wages from accepting its offer. We denote this value by W(sm, €nt|f), which is the value

W(sm, €nty {Wnt ', Jnt.f } prep) conditional on the worker accepting firm f’s offer, after suppress-
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ing the notation for firms’ offers since they are function of the state (s, s, €,.¢)-

That maximizing profits is equivalent to maximizing match surplus follows from: (i) any firm f
different from the first-best firm d being indifferent between not employing the worker—in which
case its payoff is I1¢(s,, ¢, €,.4|d), the left side of (98)—and employing the worker—in which case its
payoff is IT¢(s,., €n¢|f), the right side of (98)); and (ii) worker n weakly preferring employment at
the first-best firm d to employment at any other firm f, (W(sm, €ntld) > W(Sn,t, €nt|f)). Summing
the two conditions TT(s,., €n4|d) = s (504, €nilf) and W (sps, €nild) > W (sS4, €ns|f) term by
term indeed gives that

Hf(sn,b En,t‘d) + W<3n,t; 6n,t|d) Z Hf(sn,b En,t‘f) + W(Sn,ta 6n,t|f)7

so maximizing profits is equivalent to maximizing match surplus for any firm f different from the
first-best firm d. As for the first-best firm d, since this firm must prefer employing to not employing
the worker, that is, I14(s,, ¢, €,¢|d) > ILi(Sp4, €4.¢] f), an analogous argument applies.

Thus, at any state at which a firm f is the employing firm d, we can rewrite the firm problem as

Vd(sn,ta En,t) = mjaX {y<d7 Snyts Js En,t(d7j)) +6[1 g( n,1s ]t_la d?])]/ E[Vd(')‘sn,ta d7j]dF€n,t+1 }7

€n,t+1

(99)

whereas at any state at which firm f is not the employing firm d, we can rewrite the firm problem as

Vf(sn,ta En,t) = max (wn,t,d+5[1 _§(Hn71a 12_17 d7 jn,t,d)]/ ]E[Vf() |Sn,t7 da jn,t,d]dan7t+1v

€En,t+1
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€En,t+1

E[Vy(-)|8ns, f,51d Q”+1}>, (100)

where w,, ; 4 is worker n’s wage at the first-best firm d. At each state, the solution to the subproblem
in (O9) determines worker n’s probability of job assignment at the employing firm (firm d) condi-
tional on employment at it, whereas the solution to the subproblem in (T00) determines worker n’s
probability of employment at firms different from the first-best firm (any firm f # d) together with
their job offer. By (99) and (100)), the best-response problem of any firm f can be represented as

e

max; {y(f, Snts Jr €nt(f5 7))
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\

which is a pseudo-planning problem up to the one-period match surplus value of firm f when it is not
the employing firm, given by the wage w,, ; 4 paid to worker n by the first-best firm. The collection

of all such match surplus values for all firms determines worker n employing firm and assigned job.
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By the discrete choice logic in Kristensen et al. (2015), it is easy to see that up to  and knowledge of
Y(f, 5nss 4, €ns(f, ) for one 7, say j, the remaining y(f, s,.1,5), €ns(f>5), j # J» are identified once
the remaining primitives are known—see Proposition [A.§| for the formal statement of this result.

In terms of the efficiency of equilibrium, recall that in equilibrium, worker n must be indifferent
between the first-best (d) and second-best (d’) firm and weakly prefer their offers to any other; the
employing firm must prefer employing the worker to not employing the worker; and each non-
employing firm must prefer not employing the worker to employing the worker. Respectively, in
equilibrium, for worker n to be employed at firm d, it must be that

Wnta+0[1 — s(Hp1, 15" d, nga)]
X / ]E W(Sn,tJrl; En,t+17 {wn,t+1,f’ ) jn,tJrl,f’}f’e’D) ’(Sn,tu d; jn,t,d dFEn’tJrl
€n,t+1 - i

Z wn7t,f+5[1 - g(Hn,la [;1_17 fv jn,t,f)]

X / E W(Sn,tJrla €n,t+1, {wn,t+1,f/ 5 jn,tJrl,f’}f’ED) lsn,ta f7 jn,t,f dFEn,t_H ;
€n,t+1 - -
with strict equality when f is the second-best firm d’; for the employing firm d, it must be that

ma’.x {y(d7 Sn,t7j7 En,t(d7j)) —w + 5[1_§<Hn,17 Irt;,_la d?j)]/ E[Hd<'>|8n,t7 d?j}dFen,tJrl}

w
sJ €n,t+1

> 5[1_§(Hn,17 [Fl? f7 jn,t,f)]/ E[Hd(')|5n,t> f> j”vt»f]dFen,t+l;

€n,t+1

and for any other firm f # d, it must be that

5[1 _g(Hn,h 12_17 d7 jn,t,d)]/ ]E[Hf<) |Sn,t7 d7 jn,t,d]dF€n7t+17

€En,t+1

> I?U%X {y(f7 Snits Jy €nt (f, 7)) —w+06[1=s(Hp1, 12_17 [ ])]/ E[TL;(+)|sn.t, [, j]dFEn,t+1 }
p €n,t+1

By summing term by term these three sets of inequalities and recalling the definition of (social)
welfare S(sy,¢, €,,¢) as the sum of values of worker n and all firms, namely, S(-) = W (-)+>_, I1;(-),
it is immediate that if the law of motion of the state and the risk of exogenous separation are similar
enough across firms and jobs or firms’ continuation profits are independent enough of the state (as
under perfect competition when they are zero), then any MPE is efficient. Intuitively, in this case, the
values of all players can be “passed through” the relevant maximization operators so that maximizing
match surplus is equivalent to maximizing total surplus. We note that this argument applies to all
MPEs, even those that do not satisfy the cautious requirement. In the general case, however, this
argument does not apply, and it is easy to see that the equilibrium need not be efficient (see also
Bergemann and Vilimaki, [2006). O



G Additional Identification Results

G.1 Micro-Foundation of Assumption (ii) of Proposition D.1

Lemma|G.I|shows that if the productivity shocks are “sufficiently independent,” then Assumption (ii)
of Proposition [D.1| holds. This corresponds to Corollary 4.1 of D’Haultfoeuille and Maurel| (2013).

Lemma G.1 (Moderate Dependence—Simplified Wage Equation (IT))). Let Assumption (i) of Propo-
sition|D.1| hold and, without loss, D == {0, 1}. For some q;(1) € (0,1], let

lim Pr(e,;(0) < €,4(1) + a|ene(l) > u) =q(1)  foralla €R. (101)

U—00

Then, Assumption (ii) of Proposition holds in that lim,,_, Pr(Dm =1 s, =8, wye(l) >

w) = q(1) for every s € S,. Moreover; if €,,(0) and €,,(1) are independent, then q,(1) = 1.

Proof: For simplicity, assume that the equilibrium is efficient. All the steps can be generalized to
the non-efficient case by leveraging the pseudo-planner problem representation in Appendix of
the Online Supplementary Material. Then. for any s € S; and w € R,

Pr(D,; =1 | Spt =S, Wn(1) > w)
= Pr(T(1,8) + €,4(1) > T(0,5) + €,0(0) | 50 =5, ©(1,8) + €n,4(1) > w) (102)
= Pr(e,,4(0) < €,0(1) + T(1,5) — T(0,5) | €ns(1) > w — (1, 5)),

where Y(d, s) + €,+(d) is the expected present discounted value of output for firm d in state s after

productivity shocks have realised.
Setu =w — ¢(1,s), sow — oo iff u = co. Applying (I01)) with a = Y(1,s) — Y(0, s) gives

lim Pr(e,:(0) < €n4(1) + a(z) | ent(1) > w — (1, 5)) = q(1). (103)

w—r00
By (102), (103) is precisely

llm Pr(Dnﬂf — 1 | Sn7t = S; wn,t(l) Z w) = qt(1)7

w— 00

which is Assumption (ii) of Proposition D.I]
Now, suppose €, (1) and €,,(0) are independent. Then, for any @ € R and u € R,

Pr(e,+(0) < eni(l) 4+ a| €ne(l) > u) = E[Pr(en,t(O) < é€ni(l) +a | €,(1))

= E[Fen,t(O) (Gn,t(l) + (l) €n,t(1) > ui|,

ens(1) > u]

(104)
where I, (o) is the CDF of ¢,,;(0) and the second line uses independence between ¢, (0) and €, ;(1).
Since F,

€n,t

(0) 1s nondecreasing,

Fo(u+a) < F,

€n,t

(0) (€n,t(1) + a) < 1 ontheevent{e,,(1) > u}.



Taking conditional expectations yields the bounds

anyt(g)(u —+ a) < E[ F€n,t(0) (Emt(l) —+ CL)

ent(1) > u] < 1

Letting u — oo and using lim, _,, F;

€n,t

)(7) = 1, we conclude that

lim Pr(e,(0) < e,¢(1) +a|e(l) >u) =1,

U—00
so (1) = 1. O
Remark. Suppose thate,, (1) and ¢, ;(0) are jointly normal—or lognormal. If cov(e, (1), €,.(0)) <
Var(e,, ¢(1))—or if cov(log(e, (1)), log(€,:(0))) < Var(log(e,.(1)))—then (I0I) holds. Similar
“sufficient independence” conditions can be given for many other parametric families, including

both thin-tailed (for instance, Normal, Exponential, Gamma, Logistic, Gumbel) and fat-tailed (for

instance, Pareto, Cauchy, Burr, Fréchet, log-logistic, and lognormal) distributions.

G.2 Proposition D.1) with Bounded Support

Proposition [G.I]establishes identification of the deterministic wage components entering our simpli-
fied wage equation in the case where the potential wages wy, +(d) | s,: = s and the observed,
selected wages wy, ¢+ | (Dn;+ = d,s,; = s) have different right endpoints. The identification result
retains the spirit of Proposition [D.1] but extra care is needed in taking limits because the two end-
points differ. We further show that, when finite, the lower and upper endpoints of the potential wages
Wy t(d) | spt = s and shock €, +(d) are nonparametrically identified (Corollary .

Proposition G.1 (Deterministic Wage—Simplified Wage Equation (I1]) with Bounded Supports).
Lett € {1,...,T} and d € D. Assume that the conditional wage distribution Pr (wm < w ‘ D, =
d, sp: = 3) is identified for each w € R and s € S; (see Proposition for sufficient conditions),
and that the conditional choice probability Pr(D,,; = d | s, = s) is identified for each s € S, (see

Proposition|A. 4| for sufficient conditions). Moreover, assume:

(i) (Supports.) For each s € S, wi(d, s) = sup{u : Pr(w,(d) < u | spy = s) < 1} < oo and
w™(d, s) = sup{u : Pr(w,; < u| Dpy = d,spy = 8) < 1} < wy(d, s), with wy(d, s) and

wob(d, s) potentially unknown.

(ii) (Relative Tail Decay.) For each s € S;, define rqs:(u) = Pr(Dm =1 Spt = s, wy(d) >
Qun s (d)smims(W0)), u € (0,1). There exists an (unknown) constant q;(d) € (0, 00) such
that, for every s € S; and a fixed reference s € S;, lim,,_.; ws—% = q(d).

Td,s,t

(iii) (Tail Regularity.) For each s € S, there exist (unknown) thresholds a,(d, s) < oo and a?™(d, s) <
wyPs(d, s) such that Fy,, ,(a)[s,=s and Fy, D, ;=ds.,—s are continuous and strictly increasing
on (a(d, s),00) and (a7™(d, s),ws™(d, s)), respectively. Moreover, F\, ,p, ,—d,s,,—s iS con-

tinuous at the endpoint: lim,,_, ovs(q ) Fuo,.,i| Dpa=dysni—s(W) = 1.

(iv) (Normalization.) There exists a known § € S; with o(d, s) = 0.

6



For each s € S, let {Téi-)’t}k21 C (0,1) be any sequence with Té?t — 1 as k — oo and define the

sequence {ngt}kzl C (0,1) where

k
Tcg,s),t =1-

Then,
. k k
lim [ an,t | Dy t=d,Sn,t=5 (Tcg,s),t) - an,t | D t=d,Sn,t=5 (Tcg,s’,),t) :| = gO(d, S) . (105)

k—o00

Hence, @(d, s) is identified for each s € S,.

Proof: To facilitate reading, we divide the proof into steps. Without loss, consider firm d = 1.
Step 1: Bayes rule. Let s € S;. For any real w, Bayes’ rule gives

Pr(wn,t(l) > W | Spr = s) Pr(Dnvt =1|spt=s5, wy(l) > w)
Pr(D,; =1] s, = s)

_ (w) Pr(Dm =1|spt =35, wy(l) > )

o ’wn’t(l)|5n,t:8 PI‘(Dn’t = ]_ | Snt S) '

Swn,tan,tzlysn,tZS(w) =

(106)

Define
rst(u) = Pr(Dm =180t =5, Wpt(1) > Quy o (1)]s0.1= S(U)), u € (0,1).

Evaluating (106) at w = Qu,, ,(1)s,,—s(w) yields

715 (1)
Pr(Dpy=1|8u:=5)

Swn,t|Dn,t:1,sn,t:3(an,t(1)|Sn,t:3(u)) = (1 - u) € (Ov 1)' (107)

Step 2: Behavior of the composed survival near the observed endpoint. By Assumption (iii), there
exist thresholds a;(1,s) < wy(1,s) and af™(1,s) < w™(1,s) such that F,, ,(as, s iS contin-
uous and strictly increasing on (a;(1,s),w(1,s)), and F, ,|p, ,=1,s,,=s iS continuous and strictly

increasing on (a2 (1, s),wf™(1, s)). Define

ui,s,t = Fwn,t(1)|5n,t:5(a’t(]‘7 s)), 7—1*,3,75 = Fl i|Dny=1,50,0= S(G?bS(L s)),

SO Qu, ,(1) 1)|sn,t=s - <u>1k,s7ta 1) = (as(1,8),wi(1,s)) and an,tan,z:Lsn,Fs : (Tik,s,tv 1) = (a Obs<1 s), Obs(l s))
are strictly increasing. Because w?™ (1, 5) < wy(1, s), set

s = 5up {0 € (U o4, 1) + Quy (D] i=s() <wi™(L8)} € (uf 4, 1)

Then, Qu, ,(1)jspi=s(t) — wi(1,s) as u — Uy Since Qu, ,(1))s,.—s() is increasing and
wyP*(1, s) is finite, there exists @y 54 € (u} ,, U1,s¢) Suchthat Q. ,(1js,,=s (1) € (af™(1,5), wi™ (1, 5))

for all u € (@ 54, U1,5¢). On that interval, the map

u = Swntant 1,sn,t= S(ant |5nt 5(“))’
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is a composition of a continuous, strictly increasing function (the potential quantile) with a continu-
ous, strictly decreasing function (the observed survival on its tail), hence it is continuous and strictly
decreasing on (U s ¢, U1 s ¢). By the endpoint continuity in Assumption (iii),

hgl Fwn,t\Dn,tZLSn,t:S(w) = 17
w—ws(1,s)

and therefore
lim Swn,tIDn,t=1,sn,t=8(an,t(l)Isn,t=s(u)) =0. (108)

U—UL, st

Step 3: Exact tail matching. By the continuity and strict decrease of u > Sy, 1D, ;=1,5,.c=5(Quwn.o (1)[sn.c=s (1))
on (y,sy¢,U1,s,:) and its limit 0 as u — 1 ;, there exists 715; € (77, 1) such that for every

T € (T1,54, 1) there is a unique uy 4 (7) € (Uy 54, Uy,s) SOlving

Swn,zIDn,t=1,sn,t=s(an,z(l)lsn,t=s(ul,S,t(T))) =1-7

Combining this with Sy, D, ;=15 ,=s(Quy (| Dp1=1,5,,=s(T)) = 1 — 7 forall 7 € (77, 1) and the
strict decrease of w — Sy, D, =1,5,.=s (W) on (agP(1, s), wiPs(1, s)) yields

met\Dn,t:l,sn,t:s(T) = met(l)\sn,t:s(ul,s,t<7—>) forall 7 € (7:1,5,& 1) (109)
Moreover,
lim Ut 54 (T) = Unsz- (110)

Step 4: Cross-v T-alignment and the product identity. Fix 5 € S; satisfying Assumption (iv). Let

{Tl(gt}k21 C (0,1) be any sequence with Tl(gt — 1 as k — oo and define the sequence {Tl(li)t} k>1 C

(0,1) where

k) Pr(Dn;=1]s,: = 3) k)
=1 — 1—72). 111
st Pr(Dys =1 s, =5) (=ma) (i

k k k . k k
(k) g,g,t = ulggﬁt(rﬁg)’t). Using (107) at u = ugs)t and u = ugg’l,

(k) ._
Letu;,, = uy (7 ,,) and u

k
Tl,s,t(ug,s),t> 10 _ (1— ut®)
st = 1,5t

(k) (k)
1-—
( uLS’t) Pr(Dnvt =1 | S?’L,t = 3)7 1,5t

1- Tist —

Divide the two equalities and use (I11)) to obtain

= 1. (112)

k _ k _ . _ )
By (110), ug gt — 1 54 and ug S)t — Uy g ¢. SINCE Uy 5¢, Uy ¢ < 1 and ryz4(+),71.54(-) are continuous
8



near those limits (by Assumption (iii)), (112)) implies

. 1_ugks)t
lim (1;)’ =1,
k—o0 1 u1,§t
and therefore
1; & _ By _q
Jim (uff), — i) =0 (113)

Step 6: Identification by differencing. By exogeneity of €, (1),

Qup e (lsne=s(t) = @(1,8) + Qc,,y(u)  forallu e (0,1).
_ (k) _ (k) :
Apply (I09) at 7 = 77/, and at 7 = 7, , to obtain

(k)
an,t|Dn,t:1asn,t:3 (7—1 s t)

k)
an,tIDn,tZLSn,t:S (7—1( 3 t)

o(1,8) + Qe (uF)),
y(1,5) + Qer <<’“>t>.

(114)

By (1T3) and continuity of @), ,(1) near the upper tail,

tim Qe () = Qi) = 0.

k—o0

Subtracting the equations in (114)) and using (1, 5) = 0 (Assumption (iv)) yields the identification
result:

lim an,t | Dy t=1,8nt= S(Tl(’z)t) - an,t\Dn,tZLSn,t:g(Tl(,kg),t)] = ()0(17 5)' L

k—oo

Remark. The only substantive difference between Proposition|D.I]and Proposition|G. I}—apart from
the support restrictions in Assumption (i)—is that Assumption (ii) in the unbounded case is replaced,
in the bounded case, by a relative tail decay condition. For reference, Assumption (ii) of Proposi-
tion [D.1] posits that there exists an (unknown) constant ¢;(d) € (0, 1] such that, for each s € S,

lim  Pr(Dy;=d | sps = s, wui(d) > w) = g(d). (115)

w—rwe (d,s)
The requirement (113) is too strong—and in fact necessarily violated—under a strict support gap
woP(d, s) < wy(d,s) (Assumption (i) of Proposition |G.1). To see this, Bayes’ rule (Step 1 of the

proof) implies, for any s € &; and any w,

Pr(Dy,: =d| spt =3, wp(d) > w)
Pr(Dy,; =d| sps = ) '

Swn,t|Dn,t:d,$n,t:S(w) = Swn,t(d)|5n,t:5<w)

For any w € (w{™(d, s),w:(d, s)) we have S, i, ,=d.sn,=s(w) = 0 while Sy, ,(a)[s,..=s(w) > 0
and Pr(D,; = d | s, = s) > 0, hence

Pr(D,; =d| sps =5, wns(d) >w) =0 forallw e (w™(d,s),w:(d,s)).

9



Therefore, the tail selection probability collapses to zero as w — wy(d, s), forcing ¢;(d) = 0 in
(TT3). A positive limit could arise only in the case w™(d,s) = w;(d, s), which is excluded by
Assumption (i). This is why we adopt a relative tail condition in place of (IT5]), which governs the
rate at which tail probabilities vanish across s (via ratios) rather than imposing a common nonzero

limit that cannot hold under a support gap.
G.2.1 Identification of Support Endpoints

Corollary shows that, when finite, the lower and upper endpoints of the potential wages w;, ;(d) |
snt = s and shock €, .(d) are nonparametrically identified. Intuitively, for each s, the lower and
upper endpoints of the observed, selected wage distribution, (denoted by w®”(d, s) and w™(d, s),
respectively), are read directly from extremal quantiles: very low quantiles approach the lower end-
point and very high quantiles approach the upper endpoint. Because the deterministic part of wages
¢(d, s) is already known by Proposition |G.1}, we can “shift” the observed w?™(d, s) and w?(d, s)
to learn about the latent lower and upper endpoints of both the shock ¢, ;(d) (denoted by w,_(d) and
we(d), respectively; time-invariant for simplicity) and the potential wage w,, (d) = ¢(d, s) + €,.+(d)
(denoted by w,(d, s) and w,(d, s), respectively). Namely, selection trims the extremals, so the ob-
served support sits inside the latent one: w9™(d,s) > w,(d,s) and w™(d,s) < wi(d,s), with
wi(d,s) = ¢(d, s) + we(d) and w,(d,s) = ¢(d,s) + w.(d). Taking the best (tightest) such shifts
across s gives bounds:

Sgp{w?bs(% s) = p(ds)} Swe(d),  w(d) < inf{wi™(d,s) — p(d, 5)},

and adding back ¢(d, s) yields corresponding tighest bounds for w;(d, s) and w,(d, s). Moreover, if
there exists a state value s* where selection does not truncate the top (w™(d, s*) = w;(d, s*)), the

upper latent endpoint is revealed by the extremal quantile at s*:

weld) = 1m0 { Qu 15, = s (7) = 9ld,2") },

T—1

and then wy(d, s) = ¢(d, s) +w.(d) for every s. A symmetric argument applies to the lower endpoint
if selection does not truncate the bottom at some s'.

Corollary G.1 (Identification of finite right and left endpoints of €, .(d) and w, +(d)—Simplified
Wage Equation (I1)). Lett € {1,...,T} and d € D. Maintain the assumptions of Proposition
implying that ¢(d, s) is identified for each s € S,. In addition, assume finite and distinct endpoints,
with two-sided tail regularity: for each s € S;,

(d,s) =1inf{u : Pr(w,(d) <u|spt=35) >0} > —o0,

wi(d, s) =sup{u : Pr(w,(d) <ul s, =s) <1} < oo,

€

w(d, s) = inf{u: Pr(w,; < u| Dpy =d, s$ps = 5) > 0} > w,(d, s) > —o0,
obs

wy(d, s) = sup{u : Pr(wns <u| Dyt =d, spr =5) <1} <wi(d,s) < oo,

with Fy,, ,(d)[sn.—=s continuous and strictly increasing on (w,(d, s), a;(d, s)) U (a¢(d, s), w(d, s)) for

10



some a;(d, s) < a(d, s), and F,,,, |, ,=d,s .—s cOntinuous and strictly increasing on (w;™(d, s), a7™(d, s))U

((a™(d, s)), w™(d, s)) for some a$™(d, s) < (a2(d, s)), as well as continuous at both endpoints:

thn Fw"at|Dn¢:dvsnvf:5(w) =0, thn Fwn,t\Dn,t=d,3n,t=s(w) = 1.
w—w(d,s) w—w3(d,s)

Define the shock €, +(d) (finite) endpoints as:
w(d) =inf{u e R: F, ,a(u) >0} > —o0, we(d) ==sup{u € R: F,,(q)(u) <1} < oo.

Then:

(a) (Observed wage endpoints are identified.) For every s € S;, w?™(d, s) and w?™(d, s) are iden-
tified:

Obs(d S) - llm an t‘DVLt dsnt S(T) Obs(d 8) - llm an t‘DVLt dsnt S(T)

(b) (Sharp bounds for latent endpoints.) For every s € S, a lower (resp. upper bound) bound for
we(d) (resp. w.(d)) and a lower (resp. upper bound) bound for w,(d, s) (resp. w,(d, s)) are
identified:

Lu(d) = sup {™(d, 8) = ¢(d. )} < wild), Ul1) = inf {u5™(d,5) = 9(d, 9)} = w.(d),

gt(d,s)gmin{ Wwo(d, s), (d,s)+U€(d)},wt(d,s)Zmax{ W (d, 5), (d,s)+L6(d)}.

Moreover, these bounds are sharp under the stated assumptions.

(c) (Upper endpoint point identification under no top truncation at some s*.) If there exists a known
s* € S with w?™(d, s*) = wy(d, s*) (i.e., the finite upper endpoint of the selected observed
wages equals the finite lower endpoint of the potential wages; in other words, selection does
not affect the rightmost support of wages at s*), then, for every s € S;, w.(d) and w,(d, s) are
identified:

w5<d) = 71—% [an,t‘Dn,t:dysn,tZS* (T> - gp(d7 S*):|7

wt(dv S) = @(da 8) + 71_1_{% [an,t|Dn,t:d75n,t:3* (7—) - (p(d, 3*):| :

(d) (Lower endpoint point identification under no bottom truncation at some s'.) If there exists
a known st € S; with w$™(d, s") = w,(d, s") (i.e. the finite lower endpoint of the selected
observed wages equals the finite left endpoint of the potential wages, in other words, selection
does not affect the leftmost support of wages at s'), then, for every s € S, w_(d) and w,(d, s)
are identified:

ﬂg(d) = lim [antant =d,sn,t= sT( ) - @(d> ST)]»

7—0

w,(d, 5) = p(d, ) + 10 | Qi ==t (T) = 2(ds ).
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Proof: We present the proof for the upper endpoints; the argument for the lower endpoints is sym-
metric. Without loss, consider d = 1.

(a) Fix any s € &;. By Assumption (iii) of Proposition @, F ¢|Dni=1,5n4=s 18 continuous and
strictly increasing on (a2™(1, s),w?®(1,s)) and continuous at the endpoint. Therefore, its upper
quantiles converge to the endpoint, yielding (a).

(b) Fix any s € S;. It holds that
wi(1,8) = @(1,5) + we(1). (116)
By Assumption (i) of Proposition|G.1] w¢™(1, s) < w;(1, s), so
W™ (1,5) —o(1,5) < w(l,s) —(l,8) = w(l).

Taking the supremum over s yields a lower bound for w,(1). Adding ¢(1, s) gives a lower bound for
wi(1, s). These bounds are the best possible (sharp) without further restrictions.

(c) Fix any s € S;. If there exists a known s* € S; with w9™(1, s*) = w,(1, s*), then by (a), wy(1, s*)
is identified:

(.Ut(l, S*) = }_11}} an,t|Dn,t:175n,t:3* (T)

Using written for s* and recalling that (1, s*) is identified by Proposition gives w (1) =
wi(1,s*) — (1, s*). We plug this into (IT6)) and complete the proof. O

G.3 Proposition |D.1{ with Location and Scale Parameters

Propositions[D.1]and [G.1|extend to wage specifications in which the shock ¢, ;(d) is multiplied by a

scale parameter o(d, s,, ;) > 0:

woy = Y I{Dpy = d}[p(d, 50) + 0(d, 5p1)€ns(d)]. (117)
de{0,1}

Proposition G.2 (Identification of ¢(d,-) and o(d, -)—Simplified Wage Equation (I17)). Let t €

{1,...,T} and d € D. Assume that the conditional wage distribution Pr(wn,t < w ‘ D, =

d, sn; = s) is identified for each w € R and s € S; (see Proposition for sufficient condi-

tions), and that the conditional choice probability Pr(D,,; = d | s,; = s) is identified for each

s € §; (see Proposition for sufficient conditions). Moreover, assume:

(i) (Supports.ﬂ For each s € S;, wi(d, s) == sup{u : Pr(w,,(d) < u| s, =) < 1} = oo and
wo™(d, s) = sup{u : Pr(wns <u| Dpy=d, s, = 8) < 1} = 00,

(ii) (Tail Limit.) There exists an (unknown) constant q;(d) € (0,1] such that for every s € S,
lim,, oo Pr(Dn,t =d | spt =5, Wp(l) > w) = q(d).

(iii) (Tail Regularity.) For each s € S, there exist (unknown) thresholds a,(d, s) < oo and a?™(d, s) <

>3We focus on the case of unbounded supports. The bounded-support case follows analogously, with the technical
modifications highlighted in Appendix of the Online Supplementary Material.
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oo such that the cumulative distribution functions F,, ,(a)|s, .—s and Fy,, D, ,=ds, ,—s are con-

tinuous and strictly increasing on (as(d, s),00) and (a?™(d, s), 00), respectively.

(iv) (Location and Scale Normalizations.) There exists a known § € S, with ¢(d,s) = 0 and
o(d,z) =

For each s € S, fix the following sequences

R R P g R T R

and let
k) ._ Pr(Dm =d | Snt = 5) (k) ~(k:) ) PI"(Dn,t =d | Spt = 5) ~ (k)
1— 1—757 =1- 1—7,7.).
Tdst Pr(-Dn,t = I Sn,t — S) ( d,s,t)’ dst Pr(Dmt —d | Sn7t _ S) ( Td,s,t)
Then,
(k) ~ (k)
. an,tlez,t:d15n,t:5(Td,&t) - an,tan,t:dvsn,tZS( d,s,t )
o(d,s) = lim ® -()
Q'wn,t|Dn,t:d75n,t:'§(7—d,§7t) - an,t|Dn,t:d75n,t:s( d,s,t )
and

k k
gO(d,S) kli)m ant|Dnt =d,5n,t= S(Tcgs)t)_o-@l ‘9) ant|Dnt =d,5n,t= S(Tcgs)t)

Hence p(d, s) and o(d, s) are identified.
Proof: Let s € S;, and without loss, consider firm d = 1. For any threshold w, Bayes’ rule gives

Pr(w,(1) > w | spt =5) Pr(Dpr =1 sp1 = 5, wp(1) > w)

Pr(wn,t>w|Dn,t:173n7tzs): PT(D t:1|3 t:S)

Letting w — oo and using Assumption (ii),
Pr(wn,: >w | Dpr =1,8,:=5) ~ (1,s) Pr(wmt(l) >w | Spp = s) (w— o0), (118)

where

c(l,s) = Pr(D,

and “~” denotes that the ratio of the two sides converges to 1.
Write Sy (w) = St (1)]5n,1= s(w) and Sfift( )= wn,t|Dn,t:175n,t:5(w)' Then, (T18) reads as

S (w) ~ 1, 8) Siee(w)  (w— 00). (119)

By Assumption (i), both right wage endpoints are co; by Assumption (iii), the upper-tail CDFs
Fui(1)|sns=s and Fy, 1D, ,=1,5,,=s are continuous and strictly increasing beyond finite thresholds,
so their tail quantile maps are the ordinary inverses on the corresponding index ranges near 1. Hence,
by Lemma [D.T|(stated and proved in Appendix D),

1—71

an,t‘Dn,t:LSn,t:s(T) = an,t(l)lsn,tzs (1 - Ct(17 S)

+ oo,(1— T)> (r—=1),  (120)
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where 0,(1 — 7)/(1 —7) — 0. By w, (1) =¢(1, s)+0(1, s)e, (1) and the exogeneity of €, +(1)

ant 1) | sn,t= S(U) = 90(178)_’_0-(1’3)@6”,15(1)(“)

for all u € (0, 1). Plugging into (120)) gives

1—71
ct<17 8)

Quns | Dormtonoes(T) = 0(1,5) + 0(1,9)Qun 0 (1— + 08(1—7)> (r —1). (121)

Scale. Evaluate (I21) at 7 = Tl(,ks),t and 7 = 7:1(,]2&

(k)
an,t\Dn,t:Lsn,t:s (Tl(,lgs),t) = SO(L 3) + 0(17 S)Qen,t(l) <1 - lct(Tll:;jt + 05(1 - 7_1(711)’0)’
- (k) L7 - (k) (k= o)
an,t | Dn,t=1,5nt=s (Tl,s,t) - (70(1’ S) + 0-(17 S)QCn,t(l) (1 - Ct(ll;jt + Ow(l - Tl,s,t))’
(122)

Take the difference between the two equations in (122):

(k) ._ (k) ~ (k)
Al,s,t T an,tIDn,til Sn,t=S (Tl ,S t) - an t‘Dn,t:LSn,t:S(Tl,S,t)

1— T(S k — ~(k
=0(1,5) [ @t (1~ S5 01 =) = Qi (1= it 0,1 = #5)) | (h = o0)

Repeat analogous steps for 7 = TI(Z)’t and 7 = 7'1( S)t and use the normalizations in Assumption (iv):

k k ~(k
A:([,g),t = an t‘Dn t=1 Sn,tzg(Tl(,g)t) an t‘Dn t=1,8n = 3( 1( ),t)
1—7'1(2)7]5 - %l(ks)t ~(k)
:[Qen,t(l) <1 ) +o0s(1 =7 st)) ant ( T a9 +o0s(1 =7 st))] (k — o00).
(124)
By the definiti ") and 7"
y the definition of 7, ¢, and 7y 4,
k k ~(k - (k
I 7'1(,5),t - 7_1(,5),15 - Tl(,s),t 11— 71( s)t
= - 1 =1
c(1,s) (1, 5) a1, s) (1, 5)
Thus, as & — oo, (123) and (124) can be written as
(k) -T2, (k) =1 (k)
Ay st a(l,s) [Qem(l) (1 a(1,3) +o0s(1 -7 st)) - Qen,t(l) (1 ~ s +0,(1 — 1,s,t>)]
1), 1-7%), - (k '
52 = |:Qen +( < - (1 B) + Os(l 7—l ,5 t)) Qent ( - ct(ll:§j + Og(l B 7-1(7;75))]
(125)

Take the ratio between the two equations in (I23). Assumptlon (iii) implies that )., (1) is continuous
and strictly increasing near 1. Since Tf?t =1-—2"%and 7 7'17§7t =1-3"%are dlstlnct for all £, the
denominator of the ratio is nonzero for all large k. By continuity and o4(1 — Tl(i),t), 0s(1— 7'1(275) — 0,

1—7®) k 1-7%) (k
. Qen,z(l) (1 — Ct(ll;gjt -+ 05(1 - Tl(,s),t)> - Qﬁn,t(l) <1 - ct(ll:gjt + 093(1 - Tl(,s),t)>
,}gfolo ) 1-78),

1-77% —T1,5, ~(k ‘
Qent(l ( Tl’g)t + Os(]- - 7—1 )) Qent ( - ¢ (1,5) + 05(1 - 71(,5),15))

14



Therefore,

k ~(k
1 _ l an,t‘Dn,t:LSn,tZS (Tl( S) ) an t‘Dn t=1,5nt= 5( 1( S),t)
o(1,5) = lim ®) =) )’
an,t‘Dn,t:LSn,t:g(Tl 5.t ) an t‘Dn t=1 sSn,t= 5( 1 §,t>

Location. Evaluate (121)) at 7 = Tl(i,),t and, with s = 5, at 7 = Tl(f;{tl

(k)

k 17'5 k
Qu | Pr=tomms (51) = (1,8) + 0(1,8) Qe (1= S5+ 0s(1 = 72))),

(k) 1l (*) (6= o),
an,t | Dn,t=1,5nt=5 (Tl,g,t) = Qén,t(l) (1 o (1 S)t + 05(1 -7 sgﬁ))a
(126)
where we use the normalizations in Assumption (iv). By the definition of 7'1( o>
k k
- Tl(,s),t _ - 7'1(,5),1&
c(1,s) c(1,8)
Therefore, (I26)) can be written as
& 1— T(S k
Quns | Dr=tiomams (51) = (1,8) + 01, 8) Qe (1= S5+ 0s(1 = 72))),
o L o (k — o0).
an,t | Dn,t=1,5n,t=5 (Tl,g,t) = Qén,t(l) (1 - (1 S)t + 03(1 T1,5 t))
(127)

As k — o0, subtracting the two equations in (127):

k k
an,t | Dn,t=1,5nt=s (Tl(,s),t) - 0(17 S)an,t | Dn,t=1,5n,t=5 (7—1( §)t)
L(8)

=¥ 1—r{®) k
=¢(1,s)+0(1,s) [Qen,tu) (1 — oy Tos(1— Tlst)> ant(1)< —as +0§(1_Tl(,§),t>>]’

Also note that os(1 — Tl(l?t) — 0 and o5(1 — Tl(l?t) — 0 as k — oo. Therefore, by continuity of

Qe, .1y near 1 under Assumption (iii),

1— T(kg)
Qeni(1) (u—l—os(l—rl(i)’t)) Qe (1) <u—|—0§(1—7'1(?7t)> =o(1), U= 1_le§)7t (k — o0).
t )

Therefore, as desired,

. k k
llm [an,t | Dn,tzlysn,tZS (Tl(,s),t> - 0(1’ S)an,t I Dn,tzlysn,tzg (Tl(,g),t) :| = SD(]" S) D

k—o0

H Extension to Search Models

The quantile approach in Proposition[G.2]can be used to identify key parameters of equilibrium wage
equations with inherent conditional heteroskedasticity as in standard search models. For example, in
the spirit of Bagger et al. (2014), consider the potential wage of worker n at time ¢ in firm d € D is

Wi (d) = WG HY % eni(d) + (1 —w)(1—0) Ug(Hpy), (128)

n,t
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where 0 < w < 1 is the worker’s bargaining weight, 74 > 0 is firm d’s productivity, oy € [0, 1) is
the elasticity of wages with respect to 74, € (0, 1) is the discount factor, H,,; denotes a worker’s
human capital at time ¢ with support ;, and Uy(H,, ;) is the value of unemployment,

Ud(Hn,t) =z + 5E€n,t~Fenyt [f(S(Hn,ta Enty W, 0d, Vd, 5)):| y

where z is the flow value of unemployment; S(+; w, o, 7q4, 9) is the match surplus; f(-) is a functional
of the surplus; and the expectation is taken with respect to the shocks €, ; == (€,+(d) : d € D) with
distribution F ,.

0 and w as known. The parameters to be identified are then 74, oy, and z. The functions f and S are

The index d on Uy reflects the dependence of S on (g, 74). As is standard, we treat

known up to (vg4, ag, F,

€n,t

). We consider two cases: (1) H,, is observed (or unobserved with known
distribution and support); (2) H,,; is unobserved with unknown distribution and support. Hereafter,

we denote by F, () the marginal CDF of ¢,,(d) and by S, ,(a) the survival function of €, ¢(d).

n,t

Remark. Hereafter, for simplicity, we focus on the case in which observed and potential wages, as
well as shocks, have unbounded support. The bounded-support case follows analogously, with the
technical modifications highlighted in Proposition|[G.T|of Appendix [G.2]of the Online Supplementary
Material. In that case, it is also possible to nonparametrically identify the finite lower and upper

endpoints of potential wages and shocks, as shown in Corollary [G.1]
Case 1: H,,, is Observed or Unobserved with Known Distribution and Support. As a preview,
Proposition Proposition and Corollary stated below follow immediately from Proposi-
tion [G.2)and Proposition For Proposition replace s, ; with H,,; and define

y(d, H, ) = (1 —w)(1 —6) Usg(Hpy) and o(d, Hyy) = w5* Hyy

n,t

Then, Proposition [G.2] identifies y(d, H,,;) and o(d, H,). As for Proposition once y(d, H,;)
and o(d, H,,) are identified, the joint distribution of the shock vector, F¢ ,, is identified under
the conditions of Proposition As for Corollary once y(d, H, ), o(d, H,,), and F. , are

€n,t

identified, the parameters o, 74, and z are straightforward to recover.

Proposition H.1 (Identification of y(d, H,,) and o(d, H,;)). For each firm d € D and period
te{l,..., T}, assume:

(i) (Supports.) For each h € H;, sup{u : Pr(w,(d) < w | H,y = h) < 1} = oo, sup{u :
Pr(w,, <u|Dpy=d, H,y =h) <1} =00, and 0 < Pr(D,; =d | H,y = h) < 1.

(ii) (Tail Limit.) There exists a constant q;(d) € (0, 1] such that for every h € Hy, lim,, oo Pr(Dn’t =
d| Hpp = h,wy(d) > w) = q(d).

(iii) (Tail Regularity.) For each h € H;, there exist thresholds w;(d,h) < oo and w™(d,h) <

oo such that the cumulative distribution functions F,, ,(a)\m,.—n and Fy,, D, —d,H,.—h are

continuous and strictly increasing on (w;(d, h), 00) and (w¢*(d, h), o), respectively.

(iv) (Normalization.) There exists a known h € H; with y(d, h) = 0 and o(d, h) = 1.
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Then, y(d, h) and o(d, h) are identified for each d € D, h € Hy, and t € {1,...,T}.

Proposition H.2 (Identification of F,, ,). Suppose that Assumptions (i) to (iv) of Proposition
hold so that y(d,h) and o(d,h) are identified for each d € D, h € Hy, and t € {1,...,T}.
Moreover, for each firm d € D and periodt € {1,...,T}, assume €, +(d) belongs to a parametric
family indexed by the p, 4 x 1 vector of parameters i, q that is tail-ratio identifiable. Namely, for any
pra+1 distinct large thresholds 0 < eg < e < --- < ey, 11, the map

Sens(d) (€15 Ht.a) Sens(@)(€pa5 He.d)
SEn,t(d) (60; ,ut,d) ’ ’ Sﬁn,t(d) (e(); H’t,d)

W d =

is injective. Under these assumptions, for each periodt € {1, ..., T}ﬁ

(a) (Marginal Identification.) For each firm d € D, the parameter |1, 4 is identified.

(b) (Joint Identification.) If the shocks {€,.(d) }4ep are mutually independent across d € D, then the
joint distribution of €, is identified as the product of the identified marginals. Alternatively, if
a copula C,,, is specified so that

Fen,z (Ula o 7U\D\) = Cut(FEn,t(l)(Ul; :U’t,l)a o 7F€n,z(|D|)(U|D|; :U’t,|D|>) v (Ulv ce 7U\D\) € R|D\7

with i, known, then the joint distribution is identified via the identified marginals and C,,,.
Absent further restrictions on the dependence among {¢,, +(d) }acp, the joint CDF is partially
identified by the sharp Fréchet-Hoffding bounds, namely, for all (v1, ..., vp|) € RIPI

maX{;Fen,t(@(vd;m,d)—(ﬂ)l - 1), 0} < F, (v1,...,9p)) < gggﬂn,t(d)(vd;ut,d)-
S

Corollary H.1 (Identification of oy, 74, and z2). Assume that y(d, h) and o(d, h) are identified for
each d € D, for every realization h of H, ;, and for some period t > 1 (see Proposition for
sufficient conditions). Assume also that the joint distribution of the shock vector F,_ , is identified for
the same period t > 1 (see Proposition[H.2) for sufficient conditions). Then, the parameters o, Yq,
and z are identified for each d € D.

5Note that our identification result in Propositionis established period by period. Accordingly, the shock vectors
€nt YL, are allowed to be correlated across periods, and we impose no restrictions on their time dependence. If one is
tIt=1 p p P
willing to assume that €, ; follows a (covariance-)stationary VAR(p) process,

€nt = AO + Alen,t—l + -+ Apen,t—p + Uty

and that the (population) mean y and autocovariances I'; for j = 0, ..., p are known, then the autoregressive coefficient
matrices A, ..., A, (and hence Ay = (I — 5.’:1 Aj)u) are identified under standard conditions such as orthogonal-

ity/whiteness of u,, ; with respect to past €, ;5 and the usual rank conditions. Note, however, that without parametric
assumptions on the distribution of w,, ;, the marginal distribution of each ¢, ; is not identified even given knowledge of
u, I'j,and A; for j =0, ..., p. To recover these marginal distributions, one can instead rely on Proposition
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Proof: The proof proceeds in three steps.
Step 1: Identification of a4 from o(d, H, ). For any h, b’ in H,,

O'(d, h) B w,ygd h 1@ B ﬁ 1-ayq
U(d, h/) - w,yzlld (h/) l—ag — \ B/ .

Taking logarithms and rearranging,

_ log (o(d,h)/o(d,R))
log(h/h')

g =

Note that oy is identified without relying on the scale normalization o(d, h) = 1 in Assumption (iv)
of Proposition[H.1] because the ratio o(d, h) /o (d, I') is identified without any such normalization, as
shown in the proof of Proposition @ Also, to identify a4, we do not need to know the distribution
of €,,¢, namely, F¢, ,.

Step 2: Identification of 4 from o(d, H, ). Recall that for any h € #;, we have that o(d,h) =
wg? h1=*d. Solving for ~, yields that

i = (o(d, )™ hoamtyes,

Note that, unlike o4, the identification of v, relies on knowing the level o (d, h) and therefore depends
on the scale normalization o(d, h) = 1 in Assumption (iv) of Proposition As is the case with
oy, to identify 4, we do not need to know F,

€n,t*

Step 3: Identification of z from y(d, H,+) and F,

€n,t*

For any h € H;, we have

y<d7 h) = (1 - 5)(1 - (.U) z + 5E€n,tNFen,t [f(S(h, €nt; W, Od, Vd,s 5))} i| .
Solving for z yields that z is identified as

d,h
° (1 —y((S)(’l )— (,u) N 6]E€”’tNF€n,t [f(S(h> Ent; Wyad>7d75))} .

The identification of z relies on knowing the level y(d,h) and therefore depends on the location
normalization y(d, h) = 0 in Assumption (v) of Proposition Differently from oy and 7y, to

identify » we need to know F_,. [

Case 1: Alternative Proof. Rather than relying on Proposition we can use a quantile-based
approach that directly leverages the parametric structure of the wage equation in (128). We show
how this approach works to identify a4 and ~4 in Proposition[H.3] We discuss how the nonparametric
approach illustrated so far and the parametric approach behind Proposition[H.3|differ from each other
after the proof of the proposition. We start by defining

y(d, Hyy) = (1 —w)(1 — 8) Ug(H,;) and M, ,(d) = w~5*H, ;" €p4(d).

n,t
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Proposition H.3 (Identification of oy and ). For each firm d € D and some periodt € {1,...,T},

assume:
(i) (Unbounded Upper Tail of Human Capital.) The upper tail of human capital H,, ; is unbounded,

that lS, llmp_”_ Q]og Hn,t‘Dn,t:d(p) = Q.

(ii) (Negligible Quantile Reminder Relative to Human Capital.) For each p € (0,1), define the

conditional quantile reminder

Rt a(p) = Qioguwn.s|Dy.i=d(P) — {logw + aglog g + (1 — aq) Qg Hn,t|Dn,t:d(p)}- (129)

Then, the contribution of this reminder to the selected wage w, | D,,; = d grows strictly more

slowly than the contribution of human capital H, ; as the wage increases, that is,

lim Rt’d(p)

—0 (130)
p=1 Qlog Hy 1| Dui=d(P)

(iii) (Normalization.) The upper tail of the remainder R; 4(p) has a known finite limit. That is,
lim Rea(p) = Lia (131)
p—1

with Ly g known.
In addition, assume that H,,; > 0, w,; > 0, and €, ,(d) > 0 almost surely, so that all logarithms

above are well defined. Then, for each d € D, the parameters o g and 7y, are identified.

Proof: The proof is articulated in two steps.
Step 1: Identification of ay. Fix a firm d € D. Using the structure of the wage equation,

log wy, +(d) = log M,,+(d) + log (1 + yﬁf’&?). (132)
Using the definition of M, ;(d),
log M, +(d) = logw + aglogvq + (1 — ay)log H,, ¢ + log €, +(d). (133)

Therefore, substituting (133) in (132,

log wy, +(d) = logw + aglogva + (1 — o) log Hy + log €,.4(d) + log (1 + y}é’ﬁ&?). (134)

Now condition on D,,; = d and apply the conditional quantile operator Q.|p, ,—q(p) to both sides
of (I34). Using only that adding a constant shifts quantiles, we obtain that

(p). (135)

y(den,t)

o W - = logw + aylo +
Ql g Wn,t|Dn,e d(p> & d 108 d Q(l—ad)loan,t—i-logen,t(d)—&-log (1+—Mntd )IDn,tZd
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Define the conditional quantile remainder R, 4(p) as
Rt a(p) := Qlogwn|Dpi=d(P) — |logw + aglogya + (1 — aq) Quog Hn,tIDn,tzd(p)] : (136)

Plugging (135)) into (I36) yields that

Ry q(p) =logw + aglog v+ Q (d,Hp 1) (p)

Yy
(1—aq) log Hy 1 +log €n ¢ (d)+log (1+W) |Dp,t=d

— logw + aulog a + (1 = @) Quog 1,10,,=a(P)]

which implies that

y(d,H.) (p) = (1 = aq) Quog Hy 1| Dri=d(P) + Rea(p).

(1—aq) log Hy ¢ +log €n ¢ (d)+log (1+ M2(d) ) |Dp,t=d

By substituting this expression into (133]), we obtain that
Qlog wn.i|Dn.=d(P) = logw + aglogva + (1 — o) Qrog i, oDy = (P) + Rea(p)- (137)

Fixany p € (0,1). Let Aw (p) = Qiogwn1|Dp1=d(P) = Qlogwn 1| Dny=d(D)s Ar () := Qlog H, 1Dy 1=d(P)—
Qlog Hy 1| Dn.—d(D), and Ag(p) := Ry 4(p) — Ry 4(p). Subtracting (I37) evaluated at p and at p yields
that for all p € (0, 1),

Aw(p) = (1 — aq) Au(p) + Ar(p). (138)

By Assumption (i), lim,_,; Qiog 1, ,|D,,..—d(P) = 00 so that

lim Ay (p) = oo. (139)

p—1

By combining (139) and Assumption (ii), we can show that

A
lim 220) _ (140)
=1 Ay (p)
Indeed, note that
3 R a(p) _ Ryt,qa(P)
AR(p) — Rt,d(p) - Rt,d(p) — QIOan,t‘D'rL,t:d(p) QIOan,t|Dn,t:d(p) (141)
AH(p) QIOanytan,t:d(p) - Qloan7t|Dn,t:d(ﬁ) 1 J— Qloanvt‘Dnvt:d(ﬁ) ‘

Qlog Hp ¢ Dn,t:d(p)

As p — 1, Assumptions (i) and (ii) imply that

Ria(p)
Qlog H7L,t|Dn,t:d<p)

R a(P)
Qlog Hn,t ‘Dn,t:d (p)

Qlog Hn,t|Dn,t:d(p)
Qlog Hn,t|Dn,t:d(p)

— 0,

— 0,

— 0,

so that the numerator of (T4T)) converges to 0 whereas the denominator of it to 1, which yields (T40).

20



Now divide both sides of (I38]) by Ay (p) to obtain

Aw (p) Ag(p)
Ap(p) Ap(p)

Taking limits of both sides of (142)) as p — 1 and using (I40)), we obtain

oy Aw@) e Ly AL
o AH(p)_}Hl{<1 d)+AH(p)} b

:1—CKd+

(142)

which identifies 1 — a4 and hence ay. Note that we have not used the normalization in Assumption
(iv) to identify oy. Assumption (iii) will be used below to identify ~,.
Step 2: Identification of .. Rearranging (137/]) gives

Rt,d(p) = Qlogwn,tIDn,tZd(p) - (1 - ad) Qloan,t\Dn,t=d(p) - (logw + aq IOg ’Yd)

Taking limits as p — 1 on both sides and using the tail normalization (I3T]), we obtain

Liq = lim Rt,d(p) = lim {Qlogwn,t\Dn,tzd(p) — (1 —aq) Qloan,t|Dn,t=d(p)} — (logw + aglog va)
p—1 p—1

and, by re-arranging terms,

aglog vy = Zl)lg% {ngwn,tmn,t:d(}?) — (1 —aq) Qloan,t|Dn,t=d(p)} —logw — Ly 4.

Hence,

Yd = €Xp (Ozid Ll)lg% {Qlogwn,t\Dn,tzd(p) - (1 - ad) Qlog Hn¢t|Dn,t=d(p>} —logw — Ltvd]) :
The right side of this expression is identified from the conditional joint distribution of (w;, s, H,, ;)
given D, , = d, which determines the limit of Qg uw, ,|D,.=d(P) — (1 — q)Quog Hy 1| Dy, —=a(P) aS
p — 1, the known bargaining parameter w, the known constant L, 4, and the already identified a.
Thus, 7, is identified. O

Remarks. We now compare the approach of Proposition Proposition and Corollary
(hereafter, the “first approach”) with that of Proposition (hereafter, the “second approach’) to
recover oy and 74. The first approach identifies the scale function o(d, H,, ;) from the upper tail of
the observed selected wage distribution w,, ; conditional on (D,, ;, H,,;). Given the structural relation
o(d, Hny) = w59 H, ;*, aq is then identified from ratios of o(d, h) at different values of h, which
do not depend on any normalization for o (d, -). By contrast, -, is identified from the level of o(d, h)
at some h and thus requires a level normalization, for example, that o(d, h) = 1 for some h.

The second approach does not involve the intermediate identification of o(d, H, ), but instead

directly focuses on the log wage equation expressed as
log wy, +(d) = logw + aglogya + (1 — ag4) log H,, ; + error,
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in particular on the equilibrium relationship between the upper quantiles of log w,,; and log H,, ;
given D,,; = d. Under Assumptions (i) and (ii), we obtain that as p — 1,

Qlog wn | Dpi—d(P) = logw + aqlogva + (1 — ) Quog Hy 1| Dn.i=a(P) + 0(Quog Hy 41 Dri=a(P)),

so that ratios of differences in this expression across different values of p identify the slope term
1 — ag4 and so the parameter oy without the need for any normalization. The parameter 7, is then
recovered from an intercept- type tail normalization of the composite error term encoded in Assump-
tion (ii1). In this sense, the second approach resembles an asymptotic linear quantile regression of
Qlog wn.t| Dot (P) ON Qlog i, D, () at high levels of p: the slope 1 — oy is identified from the limit-
ing ratio of quantile differences, whereas the intercept logw + a4 log 4 is pinned down through a
normalization of the extremal tail of the composite error.

Thus, both approaches are fundamentally based on upper-tail identification. The first approach
relies on the upper tail of w,, conditional on (H,, D, ), whereas the second approach relies on
the upper tail of log w,; and log H,,; conditional on D,, ;. Under both approaches, « is identified
through a slope argument. Instead, the recovery of 7, requires a normalization condition.

Under the first approach, the key restriction is a tail limit condition (Assumption (i1) of Propo-
sition [H.T). It requires that, conditional on human capital H, ;, the probability of working at firm d
upon receiving a very high potential wage w, (d) converges to a firm-specific constant ¢;(d), as the
lower bound for the potential wage to be considered large grows arbitrarily large (w — o0). This
stabilisation of selection in the upper tail allows the tail of the potential wage distribution to be recov-
ered from observed wages. Under the second approach, the key restriction is a dominance condition
(Assumptions (ii) of Proposition [H.3) on the quantile reminder of observed wages, which leads to
a relation between Qiogw, D, —d(P) and Qiog i, D, ,—a(p) that is asymptotically (p — 1) affine.
From the identified slope and intercept of this relation, respectively, oy and v, can be recovered.

Case 2: H, ; is Unobserved with Unknown Distribution and Support. In this case, we proceed
in two steps. First, in Proposition we account for the fact that H; is unknown and work in the
human-capital rank space by mapping H,, , to its quantile (percentile) index via its CDF, namely,

y°(d,Uny) = y(d, Fyy, (Uny)) and 0°(d,Uny) = o(d, Fy' ,(Uns)),

defined on the support of U, ; rather than on the support of /), ;. Second, in Proposition we
assume that F,

€n,t

is known and that two values of H,;, h, and h, corresponding to the values u,

and uy, of U, 4, are known to identify o, 74, and z.

Proposition H.4 (Identification of y°(d, U,,;) and 6°(d, Uy, +)). Givend € Dandt € {1,...,T}, let
Ura C (0,1) be the set of realizations u of U, such that Pr(D,; = d | U, = u) > 0. For each
firmd € D and periodt € {1,...,T}, assume:

(i) (Supports.) For each u € U4, sup{w : Pr(w,:(d) < w | Uy = u) < 1} = oo and
sup{w : Pr(w,; <w | Dy =d,U,; =u) < 1} = o0.

(ii) (Tail Limit.) There exists an (unknown) constant q;(d) € (0, 1] such that for every u € U, 4,
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hmw—)oo Pr(Dn,t =d | Un,t =1u, wn,t(d) > w) = qt(d)

(iii) (Tail Regularity.) For each w € U, 4, there exist (unknown) thresholds w,, ;4 < oo and wfftfd <

oo such that the cumulative distribution functions F,, (v, ,—u and Fuy, D, i=d,Up ,—u aT€

continuous and strictly increasing on (wy ;. 4,00) and (WS, 00), respectively.

(iv) (Normalization.) There exists a known u € Uy g with y°(d,u) = 0 and 0°(d,u) = 1.
Then, the functions y°(d,u) and 0°(d, u) are identified for each u € Uy 4 and d € D.

Proof: The claim is an immediate consequence of Proposition after a change of conditioning
variable from the latent value H,; to its rank U, ; = Fp,, (H,.+). Note that this reparametrisation
is without loss, because by the probability integral transform, U, ; is uniformly distributed on (0, 1),
and conditioning on f,, ; is equivalent to conditioning on U, ;. Since the support of H,, ; is unknown,
identification can only be stated for the rank-indexed objects y°(d, u) and o°(d, u) rather than for the
cardinal objects y(d, h) and o(d, h) at the unknown levels h. O

Proposition H.5 (Identification of F¢, ,). Suppose that Assumptions (i) to (iv) of Proposition
holds, which imply that y°(d,u) and o°(d,u) are identified for each d € D, u € U4, and t €
{1,...,T}. Moreover, for each firm d € D and periodt € {1,...,T}, assume ¢, ;(d) belongs to a
parametric family indexed by the p, 4 X 1 vector of parameters i, g € M, g C RP4? that is tail-ratio
identifiable. Namely, fix any u € Uy 4 and choose py q+1 thresholds 0 <wo <w; <--- < wy, ,. Define
the function ® 4, : M; 4 — RPt4 as

°(d,u wp, ;—y°(d,u)
—d,(s)’ )§Mt,d) Sén,t(d)(%;:ut,d>

Yy

(
wo—y°(d,u) . Ty wo—y°(d,u) .
%,(u))’ ,ut,d) Sen’t(d) ( Ogol(ldfu) ) ) Mt,d)

(I)t,d,u (ﬂt,d) =
€n,t(d) <

If O; 4., is injective, we say that €, (d) belongs to a parametric family that is tail-ratio identifiable.

Under these assumptions, for each periodt € {1,...,T}:

(a) (Marginal Identification.) The parameter . q is identified.

(b) (Joint Identification.) If the shocks {€,+(d) }4ep are mutually independent across d € D, then the
joint distribution of €,, ;(d) is identified as the product of the identified marginals. Alternatively,
if a copula C,,, is specified so that

Feo,(vi, . o) = Cul(Fo sy (vis i) - Fo wop (0 o))V (01, vypp) € RIP

and the copula parameter |1, is known, then the joint distribution is identified from the iden-
tified marginals and C,,,. The joint CDF is partially identified by the sharp Fréchet-Hoffding
bounds, namely, for all (vy, . .. ,U‘D‘) e RIPI

maX{;Fen,t(d)(vd;Mt,d)—(|D| — 1), 0} < F, . (v1,...,9p) < {ifggFen,t(d>(Ud;Mt,d)-
S
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Corollary H.2 (Identification of a4, 74, and z). For each firm d € D and for some period t €
{1,....,T}, assume that:

(i) y°(d,u) and 0°(d, u) are identified for each u € U, 4 (see Proposition[H.4|for sufficient condi-

tions).
it) The distribution F,_. of €, is identified (see Proposition |H.5|for sufficient conditions).
n,t ) p

(iii) There exist two distinct ranks u, # w, in Uy 4 such that the corresponding levels of human

capital h, = Fy;" (uq) and hy, = Fp;' (uy) are known to the researcher.
Then, ag, V4, and z are identified for each d € D.

Proof: The proof proceeds in three steps.
Step 1: Identification of oy from o°(d, U, ;). Recall that

o°(du) = o(d, Fy! () = wyg (Fy!, (@) ™"
Pick two ranks u, # u; and the corresponding levels h, = ngt (uq) and hy == Fy;' (). Then

o°(d,ua) _ Wy hy % (ha>1ad.

o°(d,up) WGt hy —\n

Taking logarithms and rearranging terms yields that

log(0°(d, ua)/o°(d, up))
log(hq/hy)

Qg = —

Hence, given knowledge of the two ranks u,, u;, and their corresponding levels h,, hy, a4 is identified.

Step 2: Identification of 4 from c°(d, U, ;). Using any anchored pair (., h.) with * € {a, b},

o°(dus) )1/ad

I—«
wh, @

0°(d,us) =wqgth, ™ = 7d=<

which identifies ;.

Step 3: Identify z from y°(d, U, ;) and F, ,. Pick any anchored pair (u,, h.) with x € {a,b}. Since

y°(d,u.) = y(d, hy) is identified, (a4, 74) are now known, and F,, is known by assumption, z is
y°(d, u.)

z= 01— 5Een,t~F€n7t[f(S(h*, €nt; W, O,y Vd, 5))},

which completes the proof. ]

identified as
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